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SUMMARY

The solution of the problem of optimum stabilization of the equilibrium
position of a free solid body with the help of a guided gyroscope 1nsta11ed
on the body, is given in the work reference [1].

It is shown below that, with the aid of the very same means, one may
achieve the optimum, in the sense of minimum of a certain functional,
stabilization of the stationary motion of a solid body, constituting a per-
manent rotation around the axis of dynamic symmetry.

. .
* *

1. Statement of the Problem

Let us consider a free solid body, whose main central axes of inertia

are directed along the axes of coordinates Ox, x,x,. A balanced gyroscope is

so installed on the body on a Cardan (universal) joint, that the axis of the
external ring is directed along the straight line'Oxl, while the fixed point
coincides with the mass center O of the body. The gyroscope is guided with

the aid of three motors, inducing moments with respect to the axes of the ex-

ternal and internal rings and to rotor axis.

‘ Following were the transformed equations of motion of the examined
" mechanical system, considered in the work [1], without taking into account

the mass of the.Cardan suspension:
oo/oo .

. (*) oB OPTIMAL' NOY STABILIZATSII VRASHCHATEL'NOGO DVIZHENIYA TVERDOGO
TELA PRI POMOSHC N

Leantidig -l

e S S A M R 5




e Aummmmwﬂmﬂmmmmmm

.

Apy" = (Az ~ A3) pap; — uy
Azpa’ = (Ay — A\) pspy — uy sin @ tg f — u3cos a 4 usin asec P (1.1)
Aapy’ = (dy — A2) pipz + w1 cosa tg B — uzsin @ — u3 cos asec '

Qﬂ.=P3‘h‘2_P20\'3 ($=1,3,3) (129)
Ada'=G, + (Gysine — Gycosa)tgf— (A +A)p —
— (Az 4 A) (p2sin @ — pscos a)tg B
AB' == Gycos ¢ + Gysina — (A3 + 4)pscosa — (A;+A)p;sma

Gi= 2 B, hi=0  grmt2n

Here p,, p,, P, are the projections of the instantaneous angular velocity

of the body on the axes Ox Ax’ Az’ A3 are the body's moments of inertia

1¥2%55
relative to the mean axes O0x,X,X,, tightly connected with it; A is the equa-"
torial moment of inertia of the symmetric gyroscope; & is the rotation angle

of the external ring relative to the body; B is that of the internmal ring,

" counted from a plane perpendicular to the plane of the external ring, Y is

the angle of rotor's natural rotation; ui (i =1, 2, 3) are the guiding mo-

ments induced by the motors; ajj (i, k=1, 2, 3) are the direction cosines

between the axes of the mobile system of coordinates Ox;X,X; and the respective

-axes of the, inertial system of coordinates 0X,X,X3; Gy, Gz, Gy, are the pro-
jections of the vector of system's kinetic moment on the axes Ox X1X,X3; hy, ha,

. hy are the .constant projections of the vector of system's kinetic moment on

the axes OVXIXZX:_3 .

The equations of motion (1.1) ére obtained in the assumption that cosB # 0, -
i.e. the planes of the external and internal rings do not coincide, which is

quite justified on the basis of the expose presented below.

Eqs.(1.1) admit the particular solution

o =w--4-§6nst, pg=p;=0; a= —f 4 ag, P=Po Vox .(1.2)
Y =const, ui=0, hi=ho =133

» which représents the uniform rotation of the solid body around the main axis

Ox, with angular velocity w, while the external ring of the universal joint
rotates with respect to the body with the same angular velocity in the opposite
direction, whereupon the plane of the internal ring forms with that of the
external ring a constant angle "A T "'Bo‘ Consequently, the stationary motion
(1.2) means that the-gyroscope effects relative to the body a regular precession,
whereupox: the rotor'ax_is,maipcains an invaripble direction in the inertial space.

;



Utilizing the expressions for Gj, brought out in the work [1], it is easy
to see that cthe constants 0,, B, may be expressed by the initial values of the
projections of system's hio kinetic moment, corresponding to the regime (1.2),

in the form

ks h—4
tg(h::--f—. g Bo = ! 19 (h{l.}.h{l*O)

When investigating the stability of solution (1.2) with respect to pj, Ojy
(i, k=1, 2, 3) mathematical difficulties might arise, inasmuch as some of the

" @ik during the motion (1.2) clearly depend on time

gy =1, an=coswl a3 ==coswl, az = —sinwl
ap=sinwl, an=an=as=an=0"’

and this is why the corresponding equations of perturbed motion, composed on
the basis of the system of Eqs.(1.1), would contain periodical coefficients.
In order to avoid the appearance of periodical coefficients,it is necessary to
effect the passage from 0j} to new variables. With this in view we shall assume
that the Body is endowed with dynamic symmetry relative to the axis Ox;, i.e.
. A, = A,, and we shall introduce [2, 3] instead of the system of coordinates
. 0x;%,x, a new system of coordinates 0z,z,z,, in which the axis 0z, coincides
with the axis Ox,, while axes 0z;, Oz3 lie in the equatorial plane of the body
and do not participate in its rotary motion around the syﬁmetry- axis with the
angular velocity w. Let us denote by q;, q,, q3 the projections of the instant-

aneous angular velocity of the system of coordinates 0z,z,z, on its axes
P=qi+ 0, Ppr=grcosl+ a5inaf, p;==—gasinwl+ g;cos ot

We shall denote by G}, G, , G; the projections of the vector of system's
kinetic moment on the axes 0z,z,z,. Then, introducing the angles &, = o + wt,
B, = B and also the direction cosines Bix (1, k=1, 2, 3) between the axes of
coordinates 0X,X,X, and 0z,z,z,, we shall obtain in place of Eqs. (1.1), the

following ones:
_ - Aigy) == —u,

Azgs’ = (A3 = A1) qaqy — Aywgs ~— Uy sin @) 1g By — U €08 @) + 3 sin a; scc By
A3y’ = (A, = A2) 0192+ A10gs + 81 cos ay tg ) — uzsin @y — uy cos &1 soc By

Bu’ == qaBiz =~ gafis (2.0, 9) (113)

Am =G + (G: sina; — Gy cos au)tg Bi — (A1 A) gy —
s . A = (A2 A) {gasin @) — gscos a;)1g B:

- A{h == G; cos a4+ Ga sina; — (A3 —A)(q2cos a1 4 g3 sina;)

(1 -.3)




In the last relations (1.3)

= 2 hubas =0 (i, hm1,2,9
&

Assuming as previously in [1] that By, =0, i. e. h %= Aw, we shall re-

write the particular solution (1.2) in new denotations

q.'=0., ﬂu.'=i (iem h)e ﬂ.\==.0 (6 om &) Qa; == gy = const

Bi=0, G/ =dw, G/=h=const (juga U=0 (i=1,2,3) .4)

Let us assume the motion (1.4) as an unperturbed one and compose on the
basis of (1.3) the equaiions of perturbed motion maintaining for perturbations
the denotations of the initial variables. It is not difficult to verify thét;

these equations have the following form:

= wi, ¢ =—w'gy+ w4 sz 9’ = w'gs +wy+ Q,
Bii = Biigm1, 3.0, B =—qs+ Bz, By =q+ Bl{ (a89)
A = b+ 2 (ha® = s g +{[h:°+kz+ 2 (ha°+ba)ﬁn] X .
X A

X sin(ao =4 af) — [h;’ +hy+ E (h;."-l- h;) p,.,] cos (ao = a) }tg Bi—
= (A A) g = (As+ 4){gain (a0 + 01) = s c03(aa + s} 1g By

ABS = [hz°+hz+ 2 (h,,‘-{-k;.)ﬁﬂ] cos(ao-Fat)+[ka.+hl+ . (. 6)

-+ Z(h;. -*-Iz;.)pu]sm(ao-i-a,)-(A;+A)[qz~os(ag+m)+q:ain(ao+at)]

=0 egzn

o' =(4;/ Ao, Biy= @aBia— @afs  (mi2n - (29

Here Q2, Q, denote the terms of an order of émallness nbt below the 2nd
relative to q, uj, 61, P1; h, (k =1, 2, 3) denote the initial perturbations
of the system's kinetic moment, wi are new guiding moments, linked with uj by
the relations

~A_.w. == i), Aw;== —uyco8 ay 4 u; sin a
A,w; = =iy sing@o — i3 €08 Go

Let us set up the following problem [1]: to determine the controls Wy
. in the form of functions of body's phase coordinates Q. B:Lk’ such that the
zero soldgion of the szstem of Eqs.(l,S), (1.6)

qi=s0, Pim0, by e 0 a.a;-t_.a.:). @ 51.-‘0 a.7n
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be asymptotically stable with respect to Yis Bik.and that at the same time
the condition of minimum of the functional

4 S Q{q1, 92 95 Bass Baav o .« Bus, 0y, Wy, ws, ay, pi)ae (1.8)
0 o .

be fulfilled. Here § is a certain specificially positive function with respect

to q4i, Bxn» which shall be found in the process of problem's solution.

For the solution of the stated problem we shall take advantage
of the basic theorem of the second Lyapunov method of investigation
of problems of optimum stabilization [4], demonstrated by N. N. !
- Krasovskiy. Inasmuch as the asymptotic stability of motion (1.7)

B may only be achieved by part of variables qi, Bix (phase coordinates
of the body), one must also bear in mind the corresponding theorems

,  established by V. V. Rumyantsev [5]. The impossibility of assuring

f with the aid of inner controls wi the asymptotic stability of motion
! (1.7) by all variables of the system q4 Bik’ hyx, @3,8: is obvious

f ) from mechanical considerations: no inner forces can reduce to zero

' the perturbations of system's kinetic moment (body + gyroscope) hp;
however, by a corresponding selection of inner forces one may achieve
the constancy of the kinetic moment of one part of the considered me-
chanical system (body) at the expense of the variation of the kinetic
moment of its other part (gyroscope), and to assure, by the same token,
the asymptotic stability of the system (1.7) by part of variables

93> Bik.

NI

ﬁ; . . 2. Analysis of Approximate Equations

The problém is resolved according tc a scheme proposed in the work [1].

Let us consider at the outset the approximate system of equations obtained
from Eqs.(1.5) at Q@ = Q; = 0

@ =0, 92' - —w'qy = w;, fh' - w"?z + Wy

. . . ’ (2-1
Bii =8u  wmraam - Pu=—qtbia P =@t baaiy )

and study the question of optimum stabilization (in the above indicated sense)
of the zero solution of Eqs.(2.1)

a1 =0, By =0 (1, k=1,2,3) (2.2)

The integrand &, is searched for in the form

A A A RBHTE  nocn r —cc

gg- Ft(?lo G Q3) 4+ Fa(Bis Pizeecoy pﬂ)"'z ﬂ(lﬂ;’-l- (2.3)
) +Al(mv“qioplhpﬂo"u ﬂ:‘.w‘,w;.“’l)
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Here the function

E (41, 92, q3) "Eeikqiqk
i,h

is a definitely positive form of qi, the function F, is a definitely posi-

tive form of Bik; the terms of higher order of smallness are denoted by A
the constant coefficients ny > 0.

We construct the optimum Lyapunov function V° in the form of linear

 combination

2V° =20, + ) ky0yy. (2.4)°
Here

200 = =2 3 kiic+ > mig + 2¢: 3 aupn + 22 b + :

+2q, 2 cnbia (ki>0, m¢ > 0)
* ik :

0&& B+ B + 2 Brbu . asenzimacn
The last expressions represent the trivial integrals of Eqs.(1.5), (2.1).
Applying the basic theorem [4], we obtain a system of algebraic equations
linking the coefficients of functions 1, and V°. These equations allow us
to express all indeterminate coefficients ajks biks ©1ks e (4, k =1,2,3)
by the basic parameters ky, my, ni (n = 1,2,3)

‘Denoting ) 2-
d{ -~mi/2ni (1=1,2,3)° .'l./(dzd3 ') =y,
we have :
ay=b,=c;=0
@12 =0, biz = ~pkiw’, Cia== —pukid;
@iy =0, byy = pkid;, 6y ==—pkiw’ :
a-== 0,‘ bn = pk;(o', Cz; == ykgdg . (2.5)
ap==lp=cp=0, an==—k/d,: bn=cy=0
ay =0, by = —pksyds, 3 = pkio’

ay = k3 / dy, "byy s c3ymm 0, du-ba-?'c”zof

The coefficients ey are found in the form 4 .
ey = d®my gy =3y, enmmding e b, = by, e medyny o013 — oy
: 3653-4..:-"—4:3—6::+bu. . den=ap—an —cu+on (2.6)
ey ' (my— m3) + bu = b3y = iy’ cu




For the function Fa(fui, Pizy++., P3s) we have
, 1 gy 3 1. 3
¥ 1P e o ey = e— - — .
a(Busy Paa Bas) /m,( ,‘2“ duﬁu) + i\ ‘.2. bnﬁu) +% (‘.2“: cuﬁu)
Considering for simplicity

ki=k mi=m niws=n dimd (=i

we obtain the controls

0} o e IV :
! Zngog; (heO

in the following form
' wy = —dq + Li{fas — Paz) :
Wy = —dgs = l3(Bas — Bia) + (P12 = B21) : (2.7)
Wy = —dgy <+ l3(Bia = Bai) — ba(Bai - Bua)

Here ‘
h=k/m, bLe=kdp/2, Ilym=ko'n/2n

Passing to initial control moments uy, we find

uy=Adq, + Al (ﬁ:z — Ba)’
uz = d (1392 cos ag + Aaqs sin @o) + (Bia — Pa1) (Aalz c0s ap~—
— Asly sin ao) + (Bai — Bia) (Aala sin ao + Al cos ag)

u; = —d(A2q; 8in ap — Aaly cos ag) — (Biy — Bai) (Azlzsinao +- '(2' 8
-+ Aslycos ag) + (Bay — Pi2) (Aala cos @ — Aals sin ao)
The int.egt"and of the minimized integral will take the form
Q= cugs® + ea (a2t + 97) + 12 { (B = Bus)? o P (Bua — Pus)* + 2.9

o+ (B = Ba)q + ) Nud+ A,
‘

Here

'c.,. == (J‘ ~4l)n, ey = ey == d'n — 2kdy, Ni=n 143 ((ms,2, )
A== 3 (0160 + qabin + gsca) Bun
‘.‘

~ The main part of Q, will be a definitely positive quadratic form from
qis Bjx. The parameters k, ‘x_ai, n may, in particular, be chosen in such a way
that the relations '

&1 = Ay, Ca2 ™ A; = A,

be fulfilled.




In the first case the first three terms of (2.9) will conscitute a
doubled kinetic energy of the body

Let us now pass from dependent variables Bik to two independent Krylov
angles 6, y, determining the position of the nonrotating system of coordi-
nates 0z,z,z, relative to the inertial system of coordinates 0X;X2X;, having
taken OX, and Ox, for the basic axes and postulating in the table of direction
cosines ¢ = 0. Then, for uj we shall obtain (refer to [6])

. uy = Adgy + Ui (0, %)
uy == d{A3q;3 cos ag <+ 4395 sin ao) 4= 20 (Axlzcos ag —
— dAaly sin ao) =+ 29 (12l 8in ag < Al cos ao) + Us(6,v) (2.10)

| uy == =d(A2q2 sin g = 303 cos ap) — 20(Aslzsinao
+ Asly cos ag) -+ 2y (A3l3c08 0o = Al sin ao) + U (8, })

Here the functions Uj(b, ¥), (1 = 1,2,3) begin from the terms of second

order of smallness relative to 6, Y. For the function 1, we have

0, = e g + e (g + ¢) + (B -+ V) + 3 Nud ... (2.11)

The multiple-point imply the terms of higher order of smallness with
respect to' 6, P, and the following denotation:

= Ma’d’“

is introduced.

3. inalysis of Total Equations

We shall now establish that the optimum Lyapunov function (2.4) and the
optimum control (2.7), (2.8), found for the approximate system of Eqs.(2.1),
assure the optimum stabilization of motion 61.7) conforming to qf, Bix on the
strength of total equations (1.5), (1.6). Upon substitution of expressions
(2.8) into Eqs.(1.5), the functions Q,, Q, will assume the form

A0y == (A3 — A;) 39y + Qa®(uy, ua, us, &y, B1)
AS?& - (Al - A’)ql'h + 03. (uh uy, Uy, @3y #K)

Here Q,*, Q,* are linear functions of u,, u,, u, (and consequently of
94, Bik) With coefficients being analytical functions of &,, B, and becoming
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Zexo at a;=§, =0, The total derivative in time from function (2.4),
will have, on the strength of Egqs.(1.5), (1.6), the form

Ne=Q+ Qe+ Q0 ' (3.1)

The function @, is determined by the expression (2.9), 1, represents an
alternating quadratic form from Q4 B:I.k with coefficients depending on a,, B,.

Q.'- 'o ‘
3 } ,,2;. INCIAT YN | (3.2)

while the terms of third order of smallness conforming to Q> B;k, not influen;
cing the sign of 9, are denoted by 0,. According to a well known theorem (ref.
to page 31 of [4]), the sum of quadratic forms of %, -and 1, (and together with
it the whole function Q) is definitely positive conforming to qi» Bix, provided
the coefficients 3ik(“1' B,) are Sufficiently small. Obviously, the latter
takes place provided the motion (1.7) is steady conforming to a,, B,.

The demonstration of motion (1.7) stability conforming to a,,B8, is con-
ducted on th:= basis of the theorem of [7], according to which the problem is

" reduced to the study of stability of the zero solution

a == f, =0, hy =0 Aty 2,8 . (3.3)
of the "shortened" system of equations
Aa, == hy + [(h + h3) sin (uo+ a1) = (hs* 4+ h3) cos (a0 -+ a)) ] ig b

APy = (hg® 4= ha) con (ap + @) 4 (hs® 4 hy) sin (a0 + a1)
' =0 (Komp,3,9

(3.4)

obtained from (1.6) at
@m0, Puamm0 ' @iminm

The stability of the solution (3.3) of the system (3.4) was establighed
earlier [1]. Consequently, the control (2.7), (2.8), really resolves the pro-
blem of optimum stabilization of motion (1.7) relative to qy, By, on the
strength of total equations (1.5), (1.6), whereupon the integral of the mini-
mized functional (1.8) is determined in the rorm (3.1).

Tha fact of motion's: (1.7) stability relative to a,, B, demonstrates
the validity of the usunption cosB + 0, made during the deriving of Eqs.(1.l1).

L1 2]
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comparing the optimum control (2.8) with the correspond-
ing control obtained in the work [3], let us note that control
(2.8) is simpler, and consequently, more practical from the
standpoint of technical realization., This simplicity is due
to the fact that control (2.8) is not explicitly dependent on
time and on the initial perturbations of the kinetic moment of
system (1.1). The latter is the consequence of the fact that
the initial equations of body motiom (the first three equations
of system (1.1) or (1.3)) do not contain constants hx. The noted
case did not take place in [3].

A practical realization of the found control (2.8), (2.10)
is conceived as follows. So long as the body effects a rota:ry
motion (1.4) and the external perturbations are absent, the cor~
trolling (guiding) motors are switched off (u = 0). As soon as
initial perturbations hj appear, the hody emerges from the sta-
tionary regime (l1.4), acquiring displacement by angular veloci-
ty (q;,. 95, q3) and angles (8, ¥). Special devices must measure
these perturbations of body's phase coordinates q,, 925 q93» 6, V¥
and feed the corresponding signals to control motors. The lac:er
act upon the gyroscope, f~rming on the basis of obtained signals

the moments u,, u,, u, in the form (2.10).

dkkk T HE E ND #anx
Manuscript received in 20 Feb.1969
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