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MEMORANDUM FOR FILE

Attached is a useful compendium of graphs, expan-

sions, properties and integrals of the unnormalized asscciated
. m o

Legendre functions, denoted P, (x), for |x|< 1. The material

which is new (i.e., not available from the compendiums included

in the references) is

10
1. Expressions for Pﬂm(x) up to PlO .

m 10
2. Graphs of PK {x) up to PlO .

. . m, . AN

3. Fourier decompositions of Pﬂ (sin 6) and Pﬁ tcost)
10
10 -~

4. Least upper bound information.

up to P

5. Derivatives of solid spherical harmonics.
6. The integrals Ia(ﬂ, L, n, §) and Jp(é, n, mi,
The term "unnormalized" refers to a particular
convention in the definition of sz(x). The convention
adopted is the one used by Battin (1964), Emde and
Jahnke (1945), Kaula (1966), and Korn and Korn (1961),

as well as others. It differs by a normalization factor

from other conventions in use.




Additional copies of this compendium are available

from the authoré. Corrections and suggestions are solicited.
Mrs. Sheryl Watson provided the graphs in Figures 1

through 12.

-slr zeV1e, Jr.
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UNNORMALIZED ASSOCIATED LEGENDRE FUNCTIONS

Definitions, Functional Forms, and Graphs

The associated Legendre functions satisfy the

differential equation

It will be assumed that £ and m are natural numbers, 0O<m< [,

and |x|< 1. With these restrictions, the unnormalized asso-

ciated Legendre functions are completely characterized by

_J2ym/2 L+m
u = Pﬂm(X) = (1£x ) d rrm (x2—l)!' RODRIGUES®
278 dX£ FORMULA
L-m
[52]
_ _.2\m/2 L-m=-2k,
= (1-x7) E:‘ Tﬂmk X
k=0
in which ‘
[b] = greatest integer in b
T — (—)k (2£-2R) ! .
Lmk

oY Rt (2-R) 1 (L-m-2R) 1




When m=0 these solutions are called Legendre's polynomials,
denoted Pz(x).

The definitions above specify the "unnormalized”
associated Legendre functions, which are used throughout
this compendium. The formulas herein may be converted to
other fairly common normalizations with the following

relations:

|
m _ ,_\m I _ ) 2 (£+m) ! IT
P£ = (=) Pom = ﬂV/2£+l (Z-m) | Pﬂm

_ (2+m) 1 ! o III _.\/ (brmt ' 1v
T V(25 ) (22+1) (L-m) 1 TEm TN (2=8 ) 0) (£mm) ! £m

where

PK; is common in theoretical physics

1
IrT _. . 1 I 7 2
sz gives value unity for E'jil Epﬁm hd] dx

(latitude normalization)
!

PzzII gives value unity for

27 rl : :
L ' 2 o III 2
o -L J[l o8 m¢[P£m (x)] dxd¢ (sphere

normalization)

I

PﬂmV gives value 1/(2£+1) for

27 1
1 2 IV 2 .
ir jg j:1 cos m¢[P£m (x)] dxd¢ (another sphere

normalization) ,




The unnormalized associated Legendre functiong up
to Plolo(x) are listed in Table 1 as functions of x. They
are plotted in Figures 1 through 12,

The functions sz(sin 8) may be Fourier-decomposed

with the following formula:

min (£~-m,g+m) L—m

_— _ cos g6 (£-m) even §;“
PK (sin 8) = sin g6 /
% J(e-m)oda -

p=max (m-£,q-m) k=|p]

by 2 s - by 2's by 2's
(- )[(3lz+£-m p+l) /21 (R+2+m) 1 (-5 )
{z+£+m R1L1 0q
£ k m
x| k+L4+m k-p (m+g—g '
2 2 2
, , .. _)0-1f £ = even
where c= {1 if £ = odd
and ' [b] = greatest integer in b.

These decompositions are given explicitly in Table 2 up to
Plolo(sin 8). Table 2 also lists the Fourier decompositions
of Ptm(cos e) up to Plolo(cos 9), which are related toc the
decompositions of sz(sin 8) through the replacement of 6 by

m
E_eo




96¢/6819%

[ )

0

8cl/sslct

6p

821/965601 o
91/6E90
95¢/96€601— 0
0 ce/Seh9—
8C1/GEV9 0
9l/6¢y
8p Lp

8C1/Sv05Y
0
ce/e00Ee—
0
al/iee

e

xe x

%QL'
0
i3
&3
L3
&

[

0
79/6006
0
91/€69—
0
8/€9

Sp

0
PO/SE0SY
0
o
g/5ie

8C1/S106L—

0
¥9/59b¢
0
aL/G1e~
0]
8/g€

vp

.ccfim 0L dn
SNOILONNS 3HL 40 HOV3 HO4 ' 3HL aNy ‘¢ ‘w ‘¥ S1SIT 3189VvL IHL

0=t
w—y d

GL/G9PE
0
v/sie—

0
c/se

0
cE/eSLL—
0
al/sle
0
v/se—

0
z/S

£p

(XD =00 3a

0
ZE/58hE—
0
9L/5v6
o
/801~
0
¢/sl

99Z/99v¢
0
Ze/5Le~
0
ol/s01
0
/Gl
0
c/E

tp

‘WHOS 3HL NI NILLIHM 38 NYD SNOILONNA 3$3HL 4O HOV3
(¥ _oi OL <N SNOLLONNA 3HANIDIT dILVIOOSSY dIZITVINHONNN HO4 SNOISSIHIXI

0

L 37avi

o

0
#/G01
&
¢/S1L—
0
€

0
gel/ale
0
oL/se—
0

8/61
0
c/e—
0
t

Ip

geL/se
0
9i/88—
]
8/61
0
c/e—
0
l
9GZ/€9—
0
8cl/se
0
ol/6—
0
8/¢
0
/-

Op

©C 0O 0o O o0 O o Cc oo

u

s

o 0O 0O 0O 0 0 0O 0 0 00O —

S

N ™o @ e

—
—

— N M T N W~ 0O

o




Olp

giL/aeuepavt g SL/G/pagkLL—
g/66Li6eC 1]
8/6494L9
91/6088.0¢ 0 gl/66¢L6¢C— 0
91/69LG9L 0 91/G649G.9—
8/6E1GEL 0
8/ 0S¥
8C1/6088L0¢ 0 ¢E/G9L89L— 0 $9/GL9G/(9
91/66£601 0 91/G€LGEL— 0
91/4v0SYv 0 91/Gv05V—
8/6006 0
8/99vE
ép 8e Le e Sp ve

{J3INNILNODJ) L 3718VL

o
T
L
P
e
ie
Py
&

0
P/9L96L9~
g
¢/9v08Y

91/6£9G.8
0
v/Sp0Sv—
0
z/Sov¢E

0
91/9v05v
0
¥/99vE—
0
c/Sie

fp

gi/920L80¢
0
P/GELSGEL—
0
Z/96¢£01

0
gl/selsel
0
7/S6€01—
0
c/av6

Ze/Sp0Sh—
0
91/56€01
0
¥/Sv6—-
0
¢/s01

45

g/geigel
0
¢/a6e01L -
0
Gv6

91/9v0Sv—
o
8/4G6€0!
0
C/9v6—
0
S0l

]
91/99v€—
0
8/6v6
0
Z/s0L—
0
Gl

e

)]
Gv6
gL/sv08v—
0
8/496¢01
0
C/Gv6—
0
S0l
0
91/98vE—
0
8/6¥6
0
¢/s0l—
0
Gl
8Z1/69PE
0
glL/sLe—
0
8/401
0
Z/sl—
0
£

Op

[

NN NN N

Z/e
z/e
e/e
z/e
c/e
c/e
¢/t
z/e

— g e e T e

<

NN NN NN N NN MmN mmm T S

w

o

Wy W

o
et

)

o < 0 0w o~

—

N M T OO N0 M T N O~ 0O
-




Olp

op

8p

Z/9L06ZL1G9
z/azoevesle 0
YAl TA A
8/920¢evZ8ie 0 Y/8Cv6SYrE—
C/GLy98YLL 0
¢/sz0Leoc
8/5098¥9EY 0 v/SLY98YL L~ 0
8/GLv98PLL 0 v/920L202—
Llp % Sp 147] €p ip

(A3dNTIONOJ) L 371dVL

GL062L759

0
GLYeSYYE

Z/Sev6SrrE—

0
G20Lc0C

0
z/5e0L202—
0
SELGEL

8/G¢0L20C
0

3]

SL06CLVE9
0
GEvesyive
2/9ev6Shye—
0
§¢0Lc0C
0
¢/S20LC0C—
0
Ge149el
8/620LZ0C
0
Z/SELSEL—
0
S6E0L
0
8/geL8EL

Op

g
c/6
Z/6
12
%
14
¢/L
Z/L
c/L
Z/L

€
€
€
€
€

c/s
z/s

d

[ ¥ TR Yo BN (o B {= BN (o T {w B (~ TN o R A D S T o = o R = e S v B o ) B o |

-

o O QO
Lol

w o O
—

ol

—

O O~ N~
—




SNOLLONGOD dHONIBET 2AVID0SSY JEZUTYIR-HONND - | 380iDid

1437 3HL 1V G3AVYHSNN
JHV 3DVd SIHL NO SNOILINNG
IHL ONIZIH310VHYHD | § SIOIANI SHL

) 4
0L 80 90, 70 A 00 20 v'o 90- 8’0 o.e-o._‘l
|
; 50
L s P~
I A e Pa
. o.m\ / e \
/1 e B : y
o'y A o0
/ A N AN ik
[ 0'e d P N x
4 / 9 /
[/ \\m N \
[/ ) 50
avan
\\\W AT AN
‘ T 00 A\

oL




L1337 FHL Lv G3AYHSNA
34V 3DVd SIHL NO SNOILONNA
FHL ONIZIHILOVHYHT |, § SFOIANT FHL

O._\ 80 90 {0 ALl ] 06 &0 o a0 80 c._\.o. -
GQ-
) o'oL__|o'e| |08 0L 02
J A ) A <] A - |
FAVAVANA , N : v
[ AR AV.ANAN NI \ o
N :
| \
, -
o
$ G0
F A T S b4
R i ] L G - i 1]
N . 4 + » ’ v 4 4 § 4 S — ) 4 -
A M L L i i i oL

%, d




W%w S0 %w (]98] 041,08 | J0u] 1) ot
B1ghi B gl o8| 018101 .66
87101 ef 6148181 ,0) B0
gt gt et iehigll dint
e
of 1981 6% o8| 4"
wm ;
1437 3HL LV Q3aYHSNN 1©
3YV 39Vd SIHL NO SNOILLONNY N

IHL ONIZIYILIVEVHO |, § STOIANT 3HL

5\w$mﬂmwwmwmw
"WNHHYL BESHOL0YS 3HL A TYOIHAYHD 3HL

ONIATLILTINN A8 G3H3AODIY 38 AV S3INTVA TYNLOVY
‘SNOILINMd ZHAN3D3T G31LVISOSSY G3Z1TYINHONNN - € 34NDId

b
oL 80 90 LAY rA 00 ra iy v 90 80 0'L-
_ g ¥ OL-
R
i
D ;
“+ 4\ 4o L
e e w +— o
i G-
]
| |
T T L's "
¢ L'y _\m P
L L =N & 53
—— I | ey o
V i \ P | i\nwlhm A ooy 2 . g mlw
N L'z ~~ ) ™~ -
i
: Vi g
e ey }
- = ‘Ilh\‘ - — 3
_ .. . :\lo:ﬁp ]
] i, ST i 1 il ~
S T -

oL




1.0

/1
N NN AV

ANAERY

b/
0.8

\

U S

N

6,1

0.6

—4—

e

0.4

9,1

0.2

10,1

-

W
X
&—.
&)
= W
= o
N oo -
o = e
w @
a,._ (.9 d Lol
o g o= 5 @ﬁ
< i wloE
2 -
o L e
TEF % 2
EU 52 " e T
7, % & gl e e
WS @ e e e e
[ R :
2989 el T % e
- % = wp b ar e e e
w o B il R R R
g " y
= Sley boew ey e e Y
B TNl N % R T e 2
L i . s Ly ¢
e
P ] ' i e L5
1% B % i o8

Az

7,1
0.0

/

8,1

0.2

N

-0.4

0.6

WA

-0.8

=g

-1.0

-10

GEMDRE FUNCTIONS

8500

s

- UNMMNORMALIZED

URE 4

3

P

Fi{




11 otl osl otl oel w1l o1
110 1a% P18 8180500
RO R
e
Sl 280 : . ,
B 4E eS| 5|9 3HL AS SINIYA TVOIHAVHO JHL ONIATAILINN AB
s e SIMNTYA TYNLIV "SNOLLONNS IHANIDIT A3LVIDOS - G 3UNDIS
] 2| ot
128 |4% | o°
1437 3HL LV Q3AVHSNA 2 |45 o?
JUV 3DVd SIHL NO SNOILONN i
FHL ONIZIYILOVHVHO |, 5 STOIANT FHL tie
s K
. 0L 80 90 7’0 z'o 0’0 z0- o 90 80 0°L-
et T ot-
BEEEE
L ~
N
Al ml
- ) -
: 7 A8 NC
e o)z / P

1113




12

e

sl
it
g3 7
g5

13397 IHL LV G3aVYHSNN
JHVY J9Vd SIHL NO SNOILONNY
dHL ONIZIYILIVHVHI ¥ S30IANT 3HL

% ) 4
oL 80 9’0 70 rAY] 60 AL o Vo 8¢ oL
: 0oL
w 05-
\i./
, Ve z'oL \ ) N
6 ;

v AN < h\
17 S < > ALY,
177 y, 7

j = 4 7
| et [ A -
o
— + + g o - -+ -

+ 4 4 4 4 - R -t B - — 4

. + & 4 + ¢ — b — A e — - - -4 4 ‘mf»:l
N P [ w i E 4 - B ‘% +> _

|- . . | o1 | ! L

0oL

FOGZUTVINHONNG -9 34NDid




13

Lot Lo P[0 18 ot | ou! oul ol o) ot
e vl oA . .
18 e% 5% B PR
mm W% mm«mx .m«% m% wwwm wmm ww\w
s B e e et oot t iy s
; - e e 318Y0ITddY SHIHM ‘SISIHLNIHV
& % ol ,% NI SHOLOVY 3HL A9 SINTIYA TYIIHIVHD 3HL DNIATAILINN AS G3H3A09TY
—r % g papo 39 AV SIMIVA TYNLOV 'SNOILONNS JHANIDIT AILVIDOSSY AIZITVINHONNN - £ 3HADIS
vie|gitio
e ef | 1f ] of
1437 3HL LV G3AVHSNN 21 et
JHY 39vd SIHL NO SNOILINNS T
3HL BNIZIYILIVHVHD 5 SADIANI 3HL il il
e B
oL 8'0 90 0 z'0 00 z'o- o 9'0- 8'0- 0L
« T go0L-
PR .
]
- Wilwi!f:z B
R
- L 005
! i .
ot g0t \\
o = ™ £6 L~ N P Nt mﬂjlr /
] &L o mi\ﬂ g M ©
=
- %
\, : 1 // -
- Q > (,_OLIEEN ea | W 7V
{,_0LIEY 4
L 7
/ / 005
1/ \\«
- 1Awio:m.m1

0001




14

GO o0 08| o1l me] otl ot

2% a8 48 8188

i1 gh| 8 81,8 81,3

ettt m\% %w of wmm

o g% %) 0¥

mw @m U@m

o 1e¥

o

1437 3HL LV A3QYHSNA | a?
34V 39Vd SIHL NO SNOILONN T

FHL ONIZIHILOVHVHO ¥ SIOIANI THL

G5 0F

e

GYDIddY FHIHM SESTHINIY YL
NI SHOLOVE SHL AG SINTIVA TIVOIHEVED JHL SNIATHLLTININ A8 U353A003Y

28 AV SENTVA TIVNLOY "SNOILONNY SHGNIDET G3LVID0SSY QIZITYINHONNN - 8 3UNHid

s B
o't 80 g0 0 0 00 AN A a'g- 80 [ A
0001L-
; 00g-
T T ouvoL|
o ” < ) N
] dEVanN
. [ A /ouw's Wi N -
_ / N o wi
vy X
(oL)v'8 Mg A
B 7
yifm N | (0Lv'e Yy,
— T
T 7 T x\ /r R
M LMI N o
T ] 1 1T
e e SRS S + + -3 4 4 - - . - - — B e e SIS + 4
+ M i 4 ! ‘ 4 + —+ E . . b rd 4 P i 4 ¥
N M 4 ‘ . [ t + ! 4 4 4 1 +
| — s ] _ T 0001




wwww ﬁtw Wwwma %mww %&w W@M
68165 401451 6
o | 8 of| &0
e B
& o

915 379Y511ddY

g8 | AUIHM ‘SASTHLNTHVA NI SHOLOVS IHL AL SINTYA TYIIHAVED THL SNIATLLTNN AS

G3YIA0D3Y 38 AV SINTVA TYNLIYV "SNOILINAL THANIDIT AILVIDOSSY Q3ZITYINHONND - 6 IHADIL

1437 3HL LV G3AQVHSKN
34V 3DVd SIHL NO SNOLLONN
AHL ONIZIHILIVEVHD | § SIOIANT 3HL

s}
0 oL 80 2’0 AL Zo 00 20 70 9'0- 80 o.Joo_‘-
et ﬁ T W “ b W
& ) bt « ! _ - i
<+ 4 + “ i + S -
— 4 -4 * 4 Lu —
c e b4 S T R -
—t 006"
! ! k\
e - ; 4
e : ! (zotig'ot \\ // \.\ \
w ; TN TN
. i - ANaZm.m \
, LA . o
\ \y/ [y A 0 w
1 / e |~ = =
ANoSmw \ =
! 7 ~ 1 L] N P4
| “ oLig'e I/ N
LI A
- / 00%
-+ + -4 o] /
. S oL S -
.. SR L. : ]
! ; . a4
. +~ + + “+- -4 .“ LA R M s

0001




0108 01 §011 88| 00 8 o1l o) Jotl et
€5 1g%] 5 o° ww% e
e
et e letietigt f gt
el gl gl ot L

s w 122 %10 FIHVOUIddY U IHM SHSIHINIY Y

51,8 NESHOLOVL 3HL A9 SINTIVA TYOIHAYHD 3HL DNIATILTINN AT G343A003Y

— wﬂ : FE AV SINTYVA TYNLIVY SNOLLONNM 3HUANIDIT A3LVIDO0SSY aaZ I TYWHONNDA - 0L 34ADI4
B

4437 3HL LV G30QVHSNN
3HV 30Vd SIHL NO SNOILONNS
FHL ONIZIY310VHVHO | ¥ S3OIANT 3HL

16

T
oL 80 90 7o A 00 Z0 A 9'0- g8'0- oL
q T OL-
!
S——
- j
i R
_ / N o
. i 1. _llotjgol _ _\
; M S s N > =
L (01)9° - \vd L ~ =
- AT IAT)N Ve . 33
i -— o'y Vi — % %
- — ] < - g
T o g R
; 9'¢
N R N ANE
LN \ ' » .
TR G S A b - \ - L - - : T
D e — 4 . § - B S . - 404 4
“ . + 4 + > o \ } — — \ 4 } . 4
9'g m -
. B . ¢ . + + + 4 1 § ﬁ + - 8 < { + + 4
i , . | i [ i j




f 62 S £ 3 L3
Bk S @w@ w%wﬁ“ ”Nk i m\wm.
iy Biel v
e 218t

FTEVIIddY THIHM 'SISIHLNIHVL NI SHOLOV
FHL AS SINTYA TYSIHAVED THL DNIATILINN AS G3Y3A00IH 39 AYIN

SAMVIVATTIVALIVY SNOILONNS IHANIHIT GILVIDOSSY QIZITYWHONNA - L1 3HADI

L4377 IHL LV G3AYHSNN
dHY 3OVd SIHL NO SNOILLONNA
dHL ONIZIH3LOVHVYHD |y S301ANI 3HL

e ¥
0t 80 9’0 70 A 60 0 VA 90 g0 0L
¥ Q“\v
{ | !
G N I
+ ot -t -4 - + 4( o
nd - + 1“ MZJ;,' - i
" A” me
— e . P— ‘+,|‘.v\ , A \
[ A S ! oL)L'ot
oy Ve . €
A N S M -
—_ ]Hﬁﬁ 0 .
o P
- ] g
“ oLIL'6 Le Pa 3
e s {oL) 5 )
R ™~
: L's g
e . f e -
| [ S J——

oL




ge 0 |60t | g0t M1 0] ot ] ot| ol ot aul ot
o
%% 10% o® 1% e 281 8] o0
ct st gt |of et pt] 48] ot
168818201 ,3] 0 .
o8| o8| g8 28] (58 NI SHOLOVS FHL A8 SANTYA TYOIHAVHD FHL DN
bt A 39 AVIN SINTYA TYNLOV ‘SNOILONNS JHONIDIT 03LVID0SSY GIZITYIWHONNA - 2L JHNDI
@ 8
I
1437 3HL 1V G3AVHSNN ;
JHV 39DV SIHL NO SNOILINNJ 0
3HL DNIZIHILOVHYHD | ¥ SIOIGNI IHL il
i K
o't 80 90 v'0 20 0’0 zo 70 9'0- 8'0- oL
~ ‘ i
e 4 . . i . .
I N I - |-
e + 4.‘ e w w S s - - i - A.JW:[ - m..
+ s R wL‘ 1 A \ /»/
. _ )4 N
. ; o =
(oL)g'oL l,01)6'01 " m
M - =
o V\\A - — Mﬁw
—7 b
_M = mE
e [ / == - =
~— / 88 | =
< _ -
Ny .
I Y - -—1{0L)6'6 -
| j \ g
v oo S e e (P LA S o - - :
) 4 . w M H } g6 1 S RN S - 4o - 3 4 H 4
i . . . 4 + w W * - 4 *. 1 + ‘ . ‘ 4
m ~ s ] j A L I |




19

ZL0LEL/681 9 0 9€949/g6121 0 ZLOLEL/S0EBL- 0 veegL/sple 0 9£869/9808~ 1] 9EG59/696€ oL

89L2¢€/55121 0 89L2£/5EV3- ¢ 2618/482L 0 Z618/861 L 0 ¥8E£91/5022 0 6

v8E91/45€v9 0 8poz/6Zt- 0 960v/£69 0 8voz/aie- [} vaggL/sezL 8

veoL/ezy- 0 veol/Lez 0 veoL/e8L- o vZoL/sil 0 L

zig/1ee- 0 952/£9 ] Z15/501- ] 99z/52 9

8zL/e9 0 8zi/5¢- 0 ¥9/5L 0 S

vo/se 0 oL/g- [ /6 1 4

8/8- 0 8/€ 0 €

v/e- 0 v/t [4

i 0 8

3 o

(9s0D) Eum #01LS00— 66500 98S00 fLS00— 69500 45502 o ¥S00 GESOD— #2500~ §s00 i 3
(GNIS) Emm 90LS0D Q6NIS 68802 G LNIS 69802 GSNIS gvsoo GENIS 92802 anis 3

"WH31 HOV3 HO4d

S1NIIOI443090 IHL SIH1ddNS ANV (§SOD) w5d GNY (ONIS) ,,2d

' 40 SNOISNVdX3 IHL HOd WHOH FHL SIAID 379VLE IHL W
ANV 3 HOV3 HO4 "65 SAVMIV DNIZ8 JTdILTNIN LSIHDIH FHL

‘9 40 SATdILTNW A0 HO NIAT HIHLI3 40 S3INIS HO/ANV S3INISOD
40 SWNS OLNI 3S0dW023A (9S0I) ,’d ANV (9NIS) . d HLO8

0L = =3 01 dN {0S09) 5, d ANV (ONIS) 1, Jd 40 SNOILISOdN0D3Q H31HNOo4

Z3lavl




20

BEGGY/G0S8L0Z a 89LZE/SEEE0L- o GEGLO/S6L90E & ZeLa/aunty I HBLZE/SEELLY 4] geLze/eszale | L0t
SEOV/GELE0L- o 60V/SEVD o PEOLIBEYD [ ZOLIGAE0L- o BYOZ/GSZVE [ Z]86
8Y0Z/SH05T- 0 [} 0 Tig/50p¢ 0 ze/sLg- 0 810Z/G20LL zla
215/6006 0 ZLS/E69 0 ZLS/L6SE- 0 ZLS/82LY 0 z|L
952/S9PE 0 8ZL/SLE 0 952/98L1- 0 8Z1/925 z|9
ze/sie- 0 2£/501~ 0 91/801L (1] z1s
91/50L- 0 v/GL- 0 gL/sp v
/st 0 viSt 0 z ]t
z/e 0 zie z|¢
9502} , M4 #0LS00— 46502 98502 6 L5093~ 99500~ 98500 9S00 9ESOD— 92509~ 9502 1 w3
toNIs) 34 001509 O 6NIS 9800 OLNIS 995092 9SNIS 9 %S00 9ENIS 82S02 o NIS i
9ESS9/SV60EZ 1} 2618/85121- 0 9£589/G16L5 [ 960v/SPLE- 0 89£2£/5808 0 tjor
89/LZE/S6E60L 0 89LZE/SYOSY- 0 Z618/9EY9 0 Z618/59v€- [\] YREIL/SOZT [N ]
8Y0Z/SEv9- 1] yzoL/L8ztL 0 $Z0L/E69- 0 vZoL/S1E 0 [ ]
vzoL/co0e- Y v2ZoL/asLL [ b2oL/L95- 0 vzoL/SLL 1] ¢
, 952/£69 0 vo/e9- 0 952Z/501L 0 1|9
8ZL/SLE 0 8ZL/50L- 1} vo/sL t]s
9L/G€- 0 8/ 0 [ B4
8/G1L- 0. R ¢ 4 [
o ue 0 [ KA
) 3 (BN}
{gs09 3¢ HOLNIS #ENIS HBNIS— 9LNIS— HONIS gSNIS " gyNIS— QENIS— PZNIS GNIS wly
sy, 3y QOLNIS 96502 98NIS 91509 gONIS 98500 QYNIS €509 9ZNIS 909

(QINNILNOD) 2 318V




21

Z6LB/SESBFSYL- o 960V/GLYELYE- 0 2618/9029LELL 0 ¥20L/55051- o $60V/S60660Y" ¢ 60V/SEBLETE 6l
802/962L627 [ 8Y0Z/S0LB0LE 0 215/50v50~ 0 ZLG/SELGEL- 0 YZ0L/SYEGYE 0 6
¥201/GL95L9 0 BZL/SELSEL 0 962/559€6~ 0 8ZL/GL61G" 0 $201/S28E9E 8
8Z1/5Y0SP- 0 821/52998- 0 8ZL/96£0L 0 8Z1/SL6LS 0 L
v9/5650L- 0 ze/g8z2L- o v9/5ZLY- 0 ze/szLy 9
9L/5¢6 o gi/se8z 0 8/5V6 0 §
8/g01 o z/s0L 0 8/SLE v
1509, 34 §0LSOI— 96800 6802 94500~ 69500~ 9S00 §v500 §€S0D— 62509~ §s02 L 3
(gNIS) _“ﬂ 901500 HENIS 48509 QLNIS 69502 HSNIS 9vS0D QENIS 62s00 gNIS 5
Z648/5058L0Z 0 ¥Z01/S6£60L- 0 Z618/SVOZEEL 0 ZLS/SBLOL- 0 960Y/SLESLE 0 oL
960b/59L59L~ 0 960V/S0VS0b- o YZOL/SELSEL 0 ¥Z0L/58000L~ 0 8v0Z/S9L2L [
VIOL/SELSEL 0 FATI1 0 ZIS/SL61S- 0 Z19/981LLE 0 8
Z15/5v05y 0 ZLG/SLL8E 0 Z15/5589€- ] zLe/SLLbL L
v9/59ve- 0 91/5v6- 0 . v9/5€82 0 9
2E/5v6- o ZE/69€1- 0 OL/SLE ]
8/50L 0 $/50L 0 v
viat 0 T ey €
(9509, 3q QOLNIS GENIS HONIS— o LNIS— GONIS 9SNIS HYNIS— O ENIS— g ZNIS gNIS .
owis) 24 goLNIS 96502 9BNIS 94802 ganNIs §S500 gvNIS 9€S00 gzNIS 9s0D

(Q3NNILNOD) T 378V.L




22

960V/820£pZBLE 0 BYOZ/STLOBO8SE 0 9601/92690V08Y 0 214/82018095 ] 8v02/8LLy9868- g 8Y02/SL520LLEL | 9 | O
ZLG/5Lve8PLL- 0 [ARTLTA TR 114 0 8Z1/SZTISELOL- ] gzL/szL6TLY [ gsz/sL1e8Lvl 0 916
962/920L202- 0 b/SELSEL- 0 v9/SEBLEBT 0 0 ] gsz/szLezLy 918
PO/GELGEL 0 PO/SLOGL9 o ve/SLEsLTt Y +9/G£9GL9 0 8i¢L
ZE/S6E0L 1] g1/e8LLE [} 2e/9265S1 0 91/5L618 89
{§S00} Eum #0LS00~ 66500 8800 64303~ 9S00~ 6SS00 gvs0d €800~ 9€S0I— 9802 3 u gy
{gNIS) Eun_ 90Ls00 Q6NIS 6802 GLNIS #9800 gSNIS gvs00 QENIS §2s02 GNIS ]
960¥/S098VIEY 4] ZLs/sivespll 0 960¥/620£202- 0 96Z/SLEBLEE 0 8102/5298V9EC 0 S {oL
810Z/SLyosyLL 0 8p0Z/SL920LLL 0 Z18/51z9121L 0 zZ19/5eLeeLy- ] vzoL/seLezly 1S5 | 6
wm.N\mhwmnwn [ 8Z1/6v6616~ 0 9z1/50v50Y- 0 8Z1/9L9G.9 0 §18
gzL/seLsel- [} 8z1/9869vv- 0 82ZL/SE0EVE [} 8Z1/6L865C S |Z
ze/s6eol 0 8/56€01 0 2E/GL61G 0 s |9
91/5¥6 0 oISy 4] /ey si{s
{gS02) Emn_ GOLNIS G6NIS 8NIS— QLNIS— G9NIS QSNIS gyNIS— GENIS— gZNIS ) GNIS wi ¥
(gNIS) Emm GOLNIS 66800 g8NIS 94502 GONIS 09500 gyNIS HESOY . fTnis #S00

{Q3NNILNOD) T 378V.L




{G3NNILNOD) Z 318V

YZO0L/SLO6ZLYSY- [ ZLS/SL0SDLEE0Z 0 P20L/SLS6LLYLOG [ 8Z1/SZOLOLLELL- ] TLS/ST6LYIETL o ZLG/SLLEVBOLLE oL
98Z/STYESPYE 0 9582/GL6S1ZLYT ¢ v9/SZLL6ZTLL 0 +9/GL6SLELYE 0 8Z1/SL68LZLYT 0 6
8Z1/520£202 0 9L/5204202 0 Ze/sLLesiyl 0 9L/GLLE8LYL 0 8Z1/8LGY60L 8
(602} Eun_ 601800~ 66800 98502 §4800— §9S00— #SS02 4vs0o 9£S0D— 62S00— 68090 l 3
Sz_waulnﬂ 60LS0) G6NIS 98s00 GLNIS 69802 GSNIS gvs0od GENIS 62ZS0D GNiS 1
" .
N
YZOL/SZTOEVZBIT- 0 8ZL/92T1SE9ZL- (] YZOL/SL2SSLLBYL 0 Y9/SLYSBYLL- 0 Z16/6L2L€8295 0 oL
ZLG/STYEShVE- 0 C16/G2LS0v081 - 0 8Z1/920801 €8~ 0 821/5252952%~ 0 9G2/92ZYZE66 6
) 8Z1/520L202 0 +9/5L04809 0 v9/5L168101 0 v9/SL168LYL 0 8
yo/seLeel 0 v9/Sr6516 ] ¥9/S£8LE82 (] ¥9/9TL6ZLY L
SmOovEun_ QOLNIS O6NIS G8NIS— GLNIS— O9NIS GSNIS GYNIS— QENIS— 9EZNIS ONIS 3
(ONIS) E.mm QOLNIS 66803 G8NIS §4S00 GONIS §SS0D GYNIS PESOD GZTNIS §S02




ZLS/SL06ZLYS9 0 9GZ/GLESYIELTE 0 Z1G/SLEB08ZOVEL 0 ¥9/6Z19£60286 0 95Z/6€19L0L2 0 8zi/606zLL5€ELEL-f 0L OL
(gS02) Eua_ §0LS00—~ 66500 48S02 64800~ #9S00— #6800 §%s02 €SO0~ £2S00— 6802 3 wly
{gNI1S) Eum 60102 g6NIS 08802 GLNIS 09s02 GSNIS g¥s0d GENIS 6203 gNIS i
<
()]
Z1S/SL062LV59 0 Y9/SL06TLYSS o Z16/G205989LL941 o ZE/GTTLBLYO5L 4] 9L/S8ESEILEVE- 0 6 |ot
952/SZHESIVE 95Z/SZBYELOLE 0 $9/4Z8YELOLE 0 Yo/ST6LYaEZL 0 B8ZL/GLLEYSOLIZ 1 6 | 6
SwOO-Eum GOLNIS GENIS @8NIsS— GLNIS— g9NIS HSNIS GUNIS— AENIS— GZNIS gNIS uy 3
(gNIS) Eu._ GOLNiS 96S0D O8NIS L8002 GONIS §5S0D AL HESOD QETNIS 4803

{a3aNTONO0D) Z 318VL




- 25 =

Zeros, Symmetry, and Special Values

The function sz(x) has (£-m) zero crossings on the

interval (-1, 1). 1Its properties include the following:

p,"(-x) = (=) P, (%) SYMMETRY
m _
Py (1) = $mo
‘ L=m
2
m = (=) (L+m) } . =
P,7(0) = ; 0 [£+m = odd]
£ YA (ﬁ:_’ﬂ]n (&".ﬂ 1 x {l [£+m = even]
2
Pzﬂ(x) _ (4! (l_x2)£/2
ZEK!
' Asymptotic Values
Let L2 >> % >> % and 0 <e <6 <1m~=-¢g,
and define ¢ = (£+%)6 + %.
Tﬁen ‘
" :
P, (cos 6) X (-n)" \/z;—éiﬁ—g sin(¢+%;)
and

PL (cos 98) % W/Z?_E%H—F [(1— %f) sin ¢ - g% ctn € cos ?EQ
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Upper Bounds

Table 3 gives the least upper bounds (LUB's) for
the unnormalized associated Legendre functions up to P}@i
The values were taken from Figures 1 through 12. Empirically,

up to Plolo(x) it is found that

m 2 (£+m)!'
LUB|P,"(x) | > (1+6 ] W/;£+1 T=-mT -

Analytical relations are

L (24) !
LUB|P," (x) | = ~p——
2y (] 221
LB |P," (x) | < LUB|P££(X)| . CONJECTURED
L+m) ! 1 .
p,"(x) ] <« 22— 4 12501
b4 L1 (l_x2)£+l/2

Tl
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Recurrence Relations

The argument x is understood in the following recur-
rence relations, which have been taken from [Magnus and
Oberhettinger, 1949] and [Emde and Jahnke, 1945]. Restric-

tions on m may arise due to the convention on page 1.

-m _ (L=m)t pom

Py = TFmt £
m _ -m
Pop-1 -~ F2

m m
g(2e4l) BN = (Lmmel) Byt ok (B4M) Fpoy

p,"2 - 2(mr1) =2 "+ (£-m) (L4mt1) P, =0
2
¥1-x

\

: g
(£-m) (R=m+1) B, " = (L) (LemeD) B, " - q2ee) Viex® 2"

Ppp’ = Ppyy * (28+1) Viee? P, = 0
Ppay = x B 4 (£mml) Vi-s? B,""* = 0

% P£m - PL+lm + (£+m) Vl-xz sz-l =

"x"‘(’e"m) P&m bl (l-l-m) P’C-lm L \/l—-;? P£m+l =
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m m 2 m+l
(2=-m+1) Ppey ~ X (£+m+1) Pz + 1-x Py = 0
m m_ m Vo2 m=-11 5. "
(£+1) P, " + LR, . = (2£+1)[x P,” + mVi-x" P, j ke, .
m
2 £ C m _ o, m
(1-x7) PR = x (£+1) Pz (£-m+1) P£+l
= - m m
= XEHPK + (L2+m) Pz—l
= l--X2 P£m+ - xXm sz
= = (L-m+1) (L+m) V 1-x2 sz*l + xm yg%
xdP dp
L £-1 _
= & - Ry
-xdp dp ‘
e+ L = (1) P,

dp dp
£+1 _ T -1
dax dx = (24+1) PK
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Recurrence Relations for Solid Spherical Harmonics

The infinite series

o« ‘E
u(h,o,4) = Z Z (aﬂm Uzm + bﬂm V/Zm)'

£=0 m=0
with
m m
U£ _ P£ (cos9) (cos m¢)
m| T I+l sin m¢ /'
Ve T

is a solution of Laplace's equation in spherical polar
coordinates. The functions Uzm and Vzm are called solid
spherical harmonics. These have the following useful

recurrence properties [DeWitt, 1962]:

Upar" = FrzmIy (2441 coss U, - S v, ")
Ven' - o }m+1 [(2£+l) cose U," - ﬁ%ﬂ Uz—lmj
szzl _ zf;l [Uﬂﬂ cs) - sz S(¢ﬂ

Vzﬁl = 2::';1 [VKK C(o) + vf sm] )

where

(5(8) = =in o (557 9)-
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Defining vV as the gradient operator, then

where

-1

m m
Co Yper T U

= Vsl

m-1 4 g

m
Co Upta £+1

m

cﬁm = (L-m+l) (L=m+2) .

m-1

m+l

-
m+1

Recurrence relations on u(r,o,¢) may be found in

[Tames, 1969].

Important Expansions

1

V1 - 2hx + n?

@

ne, (x)
&
)

L £=0

[h<l]
=<

frr Pe(®) [ho1]

?GENER&TINS FUNCTION

of
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Let o be the angle between two points with spherical polar
coordinates (6, ¢) and (8%, ¢').

£
— (L£-m) !
Pylcos o) = 2: (2=8,0) TFmyT
m=0 ADDITION
THEOREM

kPﬂm(cos ) sz(cos 8') cos m(¢-96")

Short Table of Integrals

1

m m . _' 2 (L+m) ! TR AT e
j” Pﬂ (x) Pﬁ,(x) dx = 2051 (Z=-m) 1 6££, ORTHOGONALITY INTECGRAL MO
-1

v

1 sz(X) sz (x) .l' (£+m)!

' == S : MO
i RS 0
1 1l - x

) o £ 5
Ia(ﬂ, 4, B, {) _J[ PK (%) Pn (x) dx

- 2(t+v) + (L+n) - (i+4)

i
N
<

Let 2p

4 . i} (=) (20-2v)!
an “BY 2% 1 (amy) ! (amB-2y) !

and i [b] = greatest integer in b

043

I (&, 4, n, §) =0 [if (L+n) - (i+f) = odd]




arcsin(a)

2
L ey g) = m JREROLEI Thjv

Lizt Tnjv 1+2p

[if (4i+j) = even and (L+n) = even]

sin®P () cos®(8) Ao  [if (i+) = odd and (L+n) = odd]

e

[zgzl [n;j i+i-1 fi+§ 1
=0 v=0 q=0 %

M

2p+2
1

x 2
(2p+1) 24P*2

p+1l

[if (i+f) = odd and (L+n) = odd]
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m

Ty (8, nyom) EJ( (sin6)%*™3 (cose)P an(cose) PnTp(cose) as
0
JO(O, n, m) = én+m)! (n2+n+m2—l) [(n—-p>m>2] HK
2m(m°=1) (n-m) !
¢
Jo(l, n, m) = %%%?%fT [n=p>m>1] HK
_ o 2(n#m) L .
Jo (2, n, m) = 2t (=) T [n=p>m>0] HK
_ n{n+m) i » .
Jl(O, n, m) = 5 [n=p>m>2] HE
2m(m©=1) (n=-m=1) !
Jl(l' n, m) = %%%?%%%}T [n-p>m>1] HE
Jl(2, N, M) = 2 (n+m) ! [n—p>m>01] HK

(4n°%-1) (n=m-1) 1

m - m,. 2
dpP " (coss)
n . = [ 2n(n+l) _ (n+m) ! .
J[ [__—_EE___—J sing d8 = (—EZ:I—— m) T T HK
0
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m dan(cose) 2 e
j ds sind
0
(
nn+l) . [m=0]
- m(n2+n+l—m2) (n+m) 1
2m2—1 (n-m) 1 [m#0]
\ ,
m danm(cose) 2
f 5 © sin® d6 =
0 da™sa
( 2 ‘ HK
n(n+l£éig -1) [m=01
< 2n2(l-m) + % m(n2—3n+m2+l)
[ms£01
2n4 (n+m)

-+

!
2n+l (n-m)!

\

Other integrals involving the associated Legendre
functions may be found in [Bateman, 1953], in [Gradshteyn
and Ryzhik, 1965], and in [Magnus and Oberhettinger, 1949].

The references abbreviated beside the formulas
listed above are:

MO: [Magnus and Obérhettinger, 1949]
SL: [Levie, 1971]
HK: [Higgens and Kopal, 1968]
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