
Copyright © 1978 American Telephone and Telegraph Company 
T H E BELL SYSTEM TECHNICAL JOURNAL 

Vol. 57, No. 8, October 1978 
Printed in USA. 

Boundary Integral Solutions of 
Laplace's Equation 

By J . L. BLUE 
(Manuscript received January 26, 1978) 

Although Laplace's equation is simple, the region over which it is 
to be solved is often complicated. Both the shape of the region and the 
boundary conditions can induce solutions Ö which are singular at iso­
lated points on the boundary of the region. 

Boundary integral equation methods are well-suited to the problem, 
reducing a two-dimensional partial differential equation to a one-
dimensional integral equation. Unfortunately, the standard boundary 
integral equation methods lead to an ill-conditioned set of linear 
equations, restricting the achievable accuracy in the approximate so­
lution. 

This paper describes an improved boundary integral method. A new 
integral equation is derived. Laplace's equation is reduced to solving 
two coupled, one-dimensional integral equations. The resulting linear 
equations are well-conditioned. 

A program package for solving Laplace's equation has been devel­
oped. The package solves Laplace's equation in two dimensions or in 
three dimensions with axial symmetry. The region may extend to in­
finity, and may be multiply-connected. In addition to smooth basis 
functions, the program automatically includes appropriate singular 
basis functions, greatly improving the achievable accuracy for regions 
with corners. 

I. INTRODUCTION 
Laplace 's equat ion frequently arises in modeling physical problems, 

especially in electromagnetism, in thermal flow, and in fluid flow. In two 
dimensions , Laplace 's equat ion is 

d2<S> t Ü 2 Ö _ 
d x 2 d y 2 
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Fig. 1—Region used in an analysis of an electrostatic lens. 

and in th ree dimensions, 

0 2 Ö ( Ü 2 Ö t Ü 2 Ö _ 
d x 2 ô y 2 ö z 2 

T o complete the specification of a part icular problem, a region on which 
to solve Laplace 's equat ion mus t be specified, plus boundary conditions 
on t h e boundary of t h e region. 

As compensation for the simplicity of the partial differential equation, 
t h e region over which Laplace 's equat ion is t o be solved is often com­
plicated. Figure 1 shows the region used by the author in an unpublished 
analysis of an electrostatic lens. T h e solution is singular a t the re-entrant 
corners. (By singular, we mean t h a t Ö has a finite l imit as the corner is 
approached, b u t t h a t some derivatives of Ö do not have a finite limit.) 
T h e singularity is a consequence of the region itself, not of any particular 
boundary conditions. In fact, t he solution is singular unless very special 
bounda ry condit ions are prescribed. 

Even with a rectangular region, the solution can be singular a t isolated 
points . Figure 2 is an example, a thin-film capacitor with metal t op and 
bot tom contacts . T o obtain its capacitance, Laplace's equat ion mus t be 
solved inside the rectangle. T h e boundary condit ions a re Ö = 1 on t h e 
t o p contact , Ö = 0 on t h e bo t tom contact , and zero normal derivative, 
ÜÖ/ön = 0, on the remainder of the boundary . (The definition of t h e 
normal derivative is given in the next section.) At the center edge of the 
t o p contact , t h e solution is singular. 

S t a n d a r d me thods for elliptic par t ia l differential equat ions include 
finite difference and finite e lement me thods . Bo th me thods require a 
grid, usually rectangular or t r iangular , everywhere inside t h e region. 
T h u s t h e region m u s t be bounded . Both methods are difficult t o apply 

2 7 9 8 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1 9 7 8 

Authorized licensed use limited to: University of Wisconsin. Downloaded on May 22,2023 at 15:03:19 UTC from IEEE Xplore.  Restrictions apply. 



Ö = 1 

\ 
\ 

'' » Ο SINGULAR POINT 

· Ι · - 0 

Fig. 2—Region used in an analysis of a thin-film capacitor. T h e potential is singular 
at the center of the top side. 

to complicated regions; if t he t rue solution has singularit ies, accuracy 
is usually poor unless heroic measures are t aken . Ne i the r me thod is 
sui table for a package for general regions and boundary condit ions. 

Laplace's equation is the simplest elliptic partial differential equation, 
and has been the subject of a great deal of analysis. Special methods for 
Laplace 's equa t ion are available, me thods t h a t do not work for general 
elliptic par t ia l differential equat ions . 

Special me thods for Laplace 's equat ion include t h e so-called "fast 
Poisson solvere ." 1 They can quickly solve V2<ï>(x,y) = f(x,y) if t he region 
and boundary condit ions are sufficiently simple. However, even Fig. 2 
is no t s imple enough because of the mixed boundary condit ions on the 
t o p boundary . T h e fast Poisson solvers have great ut i l i ty for special 
problems, bu t are not appropriate for a general Laplace package. Recent 
research (Ref. 2, for example) indicates how these me thods may be ex­
t ended in t h e future. 

1.1 The boundary Integral equation method 

T h e most useful special method for Laplace's equation is the boundary 
integral equat ion method . T h e basic me thod has been known for m a n y 
years , 3 - 4 bu t has enjoyed a renewed popular i ty since t h e adven t of large 
digital computers . A few representa t ive references a re Refs. 5 to 9. A 
two-dimensional par t ia l differential equat ion is reduced to a one-di­
mensional integral equat ion. Similarly, a three-dimensional par t ia l 
differential equa t ion can be reduced to a two-dimensional integral 
equa t ion . T h e integral equa t ion involves only t h e geometry and t h e 
values of Ö and ÜÖ/ďç on the boundary. Multiply-connected regions pose 
no added difficulty. After t h e integral equa t ion has been solved ap ­
proximately , ano ther integral can be done to evaluate ν φ and Ö a t any 
poin t inside t h e region. 

T h e boundary integral equat ion m e t h o d has been qu i te successful, 
providing fast and inexpensive solutions for Laplace 's equat ion in two 
dimensions . T h e usual implementa t ion does have several difficulties. 
Firs t , t he integral equat ion is a F redho lm integral equat ion of t h e first 
k ind for οΦ/dn, and consequent ly is i l l-conditioned. (For ei ther a Diri-
chlet or a N e u m a n n problem, a well-condit ioned integral equa t ion is 

β·é· 
an =0 
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Fig. 3—Illustration of the definitions of s, x„ y„ n , , and F. 

available, bu t no t for mixed boundary conditions.) Matr ices genera ted 
for approx imate solutions to the integral equa t ion are i l l-conditioned, 
and οΦ/dn cannot be found accurately. Second, three-dimensional 
problems with axial symmetry are essentially two-dimensional problems, 
b u t no provision is made for their solution. (The next two objections do 
not apply to Ref. 9.) Thi rd , the unknown Φ and ÜÖ/óç are approximated 
by low-order polynomials on sections of t h e boundary . Convergence 
requires m a n y coefficients if accuracy of more t h a n a few percen t is re­
quired. Finally, no provision is provided for dealing with singu­
larit ies. 

T h e p resen t paper describes an improved boundary integral me thod 
which counters all the above difficulties. Two coupled integral equations 
a re used; t h e combinat ion leads to a well-conditioned matr ix . Bo th Ö 
and οΦ/ôn can be ob ta ined accurately. Higher-order approximat ions 
for the unknown Φ and οΦ/dn are used. Corner singulari t ies are recog­
nized automatical ly , a n d special approximat ing functions are used. 
Axisymmetr ic problems are solved by the same program. Typical 
p rob lems cost only a few dollars t o run . A reliable es t imate of t h e accu­
racy of t h e approx imate Φ is available. 

1.2 The Lapiace package 

T h e me thod descr ibed in th is paper has been implemented in t h e 
Laplace program package. A user ' s guide for t h e Laplace package, with 
several examples , is available s epa ra t e ly . 1 0 T h e program package is 
wr i t ten in E F L , 1 1 an ex tended For t r an language. T h e o u t p u t of t h e E F L 
compiler is por tab le For t r an . 

T h e package solves Laplace 's equa t ion in two dimensions or in th ree 
d imensions with axial symmetry . Two-dimensional regions m u s t be 
bounded by s traight- l ine segments . Three-d imens iona l regions m u s t 
be figures of revolution whose cross section in the (r,z) plane is bounded 
by straight-l ine, segments . T h e region may ex tend to infinity, b u t t h e 
b o u n d a r y m u s t not extend to infinity. T h e region m a y be mult iply-
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connected. On each line segment , e i ther Ö or ďÖ/dn may be specified 
as a boundary condit ion. In addi t ion to smooth basis functions, t he 
program automatically includes the appropriate singular basis functions 
great ly improving the achievable accuracy for regions with corners. 

Section II discusses the mathemat ica l basis for the boundary integral 
equa t ion method . Section III describes the implementa t ion of the 
me thod . Possible extensions to t h e program package are discussed in 
Section IV. Section V has results for a sample problem. T h e appendix 
derives t h e new integral equat ion used. 

II. INTEGRAL EQUATION FORMULATION 
In th is section, Laplace 's equat ion is formulated as a pai r of coupled 

integral equat ions . T h e two-dimensional par t ia l differential equa t ion 
is reduced to a pair of one-dimensional integral equat ions . 

We wish to solve 

Ü 2 Ö Ü 2 Ö 
V ^ ( x , y ) = — + — = 0 ( P i a ) 

φxl dyz 

for (x,y) in a region D with boundary Ă. D may be mult iply-connected, 
in which case Ă has several dis t inct par t s . For now, we discuss only the 
two-dimensional " in te r io r" problem, with D a finite region. At the 
conclusion of th is section, we discuss the two-dimensional "ex te r ior" 
problem, with D an infinite region, and t h e three-dimensional axisym-
metr ic problem, bo th interior a n d exterior. 

As in Fig. 3, let (x 5 ,y s ) be the coordinates of t h e po in t a t arc length s, 
and denote <t>{s) = Q(xs,ys). We will use Ö for t h e potent ia l of a general 
point, and φ for a point on Ă. Let n s be the outward-pointing unit normal 
vector a t s. For a point s not a t a vertex of Ă, define 

\(/{s) = l im n s · νφ(χ , í ) . 
( x , y ) - » ( j c « . y , ) 

T h e no ta t ion dä>/öns is also used for the r ight side of t h e above defini­
t ion. 

For the problem to be well-posed, a boundary condition must be given 
a t each point of Ă . 1 2 T h e Laplace package allows the specification 

</>(s) = O i ( s ) on pa r t of Ă, say Ăş ( P l b ) 

\f/(s) = bo(s) on the remainder of Ă, say I Y ( P i c ) 

For any fixed point F - (xF,yF), the Green's function, or fundamental 
solution to Laplace 's equat ion, is 

G(x,y;xF,yF) = - V 2 l n [(x - xF)2 + (y - yF)2]. 

Excep t a t point F, V2G(x,y;xF,yF) = 0. 
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Now let (x,y) be any point strictly inside D. Green's boundary identity 
i s 3 

2πΦ(χ,γ) = [yp{s)G(xs,ys;x,y) - 0 ( s ) n s · VsG{xs,ys;x,y)]ds. 

T h e gradient operator, V s , operates on the xs and ys. T h e above equation 
is usual ly abbrevia ted as 

2^(x,y) = [v^(s)G - ds, (1) 

with the a rgument s of G left implicit . 
If (x,y) is a po in t a t arc length t on a smooth p a r t of Ă, it may be 

s h o w n 3 - 1 3 t h a t 

đ ö ( ß ) = £ [*(s)G - 0(e) ^ ] ds. (2) 

T h e integral is now a Cauchy principal-value in tegral 'a t s = t. 
Suppose t h a t the correct <p{s) and i^(s) are no t known, b u t only a p ­

proximate values 0*(s) and iA*(s) are known. T h e n the function $*(x,y) 
defined by 

2*<t>*(x,y) = £ |V ( s )G - <b*(s) ds 

exactly obeys Laplace 's equa t ion for (x,y) s tr ict ly inside D. Ö* will no t 
obey t h e correct boundary conditions as (x,y) approaches the boundary 
unless 0*(s) and ^*(s) are chosen correctly. 

T h u s t h e bounda ry integral equa t ion m e t h o d is one of t h e class of 
"par t icular solut ion" m e t h o d s . 1 4 , 1 5 Any approximate solution obeys t h e 
par t ia l differential equa t ion exactly, b u t only obeys t h e boundary con­
dit ions approximately. T h e advantage over the usual par t icular solution 
m e t h o d s for Laplace 's equat ion, as seen in Ref. 16, for example , is t h a t 
t h e bounda ry integral par t icular solutions incorporate t h e exact 
b o u n d a r y of t h e region and do no t require a res t r ic ted region. T h e y a re 
more complicated to calculate, b u t are appropr i a t e for t h e region. 

Equa t ion (2) may be used to obta in an integral equa t ion for φ* a n d 

r-

*Φ*(ί) = -£ |V ( s )G - φ·(β) ̂ -j ds. (3a) 

Le t t ing R be t h e vector from poin t t t o po in t s , a n d R t h e length of R , 
(3a) m a y be wr i t ten as 

πφ*(ΐ) = -£ [ ^ T ^ ' O O - 1 1 1 < * ) * · ( « ) ] <k (3b) 
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This boundary integral equation has been used for many years for solving 
Laplace 's e q u a t i o n . 5 - 9 

For example , if <Ł(s) = bi(s) is given on all of Ă (Dirichlet problem), 
set </>*(s) = 0(s ) , and the above is then an integral equat ion for the un­
known ψ*(β). T h u s a two-dimensional par t ia l differential equat ion has 
been reduced to a one-dimensional integral equat ion. An approximate 
solution may be obtained by expanding \p*(s) in an appropr ia te set of 
basis functions, and taking a finite n u m b e r of these. 

**(*) = Σ Ojfjis). 

T h e / ' s are piecewise constant functions in Ref. 6 and piecewise quadratic 
in Ref. 7. We discuss an appropriate set of fa later. T h e integral equation 
(3a) then becomes 

N r r dG 
Σ a, 4" fj(s)G ds = 4- Ms) ds + icb^t). 

j=i J r J v � n s 

If Ě = Ν points f, are chosen a t which to make this equation hold exactly 
(collocation), a set of Ν l inear equat ions for the Ν unknowns , á,, is ob­
ta ined . If M poin ts ti, Μ > Ν, are chosen, an over-determined set of 
l inear equa t ions is obta ined for the á / s . Th i s reduces t h e sensitivity of 
t h e approx imate solution to the exact choice of the t,-. T h e equat ions 
a re 

Ν 

Σ AijOj = r„ = 1,2,. . . ,M, 
7 - 1 

where 

Au= -frfj(s)G(s,ti)ds 

' " f r 
dG(s,tj) _, 

0\(s)— ds + πο,(ί,). 
ons 

T h e s e may be solved in a least-squares sense, say, by a s t anda rd sub­
r o u t i n e . 1 7 

In addi t ion to t h e obvious advantages of this formulation, the re is a 
well-known disadvantage. T h e integral equation for *̂(s) is a Fredholm 
integral equa t ion of the first k i n d , 1 8 of the type 

u ( x ) = £ H(x,yMy)dy, 

where u and Η are known and ν is to be determined. This kind of integral 
equat ion is ill-conditioned (sometimes called ill-posed); it is difficult 
to obtain accurate solutions for j - . 1 9 - 2 0 The reason for the difficulty is easy 
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t o see. Since ν appears only inside the integral , i ts high-frequency com­
ponen t s are no t well-determined; by the Riemann-Lebesgue lemma, 

lim Η H{x,y) sin (ny)dy = 0, 

if Η is not too badly behaved. T h e difficulty numerical ly is t h a t the 
mat r ix \Ajk) is i l l-conditioned. Small errors in calculating e lements Ajk 
or rj lead to much-magnif ied errors in the coefficients c^. If a sequence 
of approx imate solutions with increasing Ν is done, t h e larger matr ices 
are increasingly ill-conditioned. T h e typical failure mode is t h a t iA*(s) 
does no t converge as Ν increases, after a cer ta in point ; ra ther , spurious 
and unphysical oscillations in \p*(s) are seen. 

Various me thods of ameliorat ing the difficulty have been suggested, 
such as regular izat ion 2 1 and matr ix singular-value d e c o m p o s i t i o n . 1 9 , 2 0 , 2 2 

Be t t e r yet is to derive a F redho lm integral equat ion of t h e second 
kind. 

In the appendix, we derive t h e following ident i ty for t any point a t a 
smooth pa r t of Ă. 

iriMO = - f (*(*) ψ- - [Φ(*) - Ö(0] Jr [ ont �nsdnt 

ds. (4a) 

For t h e Dirichlet problem, this ident i ty leads to a F redho lm integral 
equa t ion of t h e second kind for î *(s) and is no t i l l-conditioned. Ap­
parent ly , bu t surprisingly, (4a) is new. T h e integral equat ion derived 
from (4a) may be wri t ten as 

1Γ^*(ί) = ^ { [ 0 * ( â ) - 0 * ( ί ) ] 

2 ( n s - R ) ( n t - R ) - f l 2 n s - n t n t · R ι 
X — + R 2 t*(s) ds. (4b) 

With two integral equations, one well-conditioned for φ* and the other 
for φ*, problem (P I ) can be reduced to a set of l inear equat ions with a 
well-condit ioned matr ix . If fit t ing point tj is on Ă 1 ( where </>(s) is speci­
fied, use (4). If tj is on Ă 2 , where i/-(s) is specified, use (3). A coupled pair 
of linear integral equations results. Analogously to the Dirichlet problem 
discussed earlier, appropr ia te basis functions and fitt ing points can be 
chosen, and t h e problem reduced to a set of l inear equat ions . Some of 
t h e complicat ions will be covered in later sections of t h e paper . 

For the Dirichlet problem, φ given everywhere on Ă, (4) cannot be used 
everywhere. Since (4) is independen t of the zero of potent ia l , (4) alone 
will lead to a singular matr ix , of rank JV - 1. Special me thods may be 
used for dealing with rank-deficient matrices, or the other equation, (3), 
may be used a t some fitt ing points . 
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2.1 Exterior two-dimensional problems 

We now consider solving Laplace 's equat ion in an infinite region, D, 
exterior to a finite boundary , Ă. T o have a un ique solution, it is insuffi­
cient t o specify ei ther 0(s) or ^ ( s ) a t each poin t of Ă. In addi t ion, the 
behavior of $(x,y) far from Ă m u s t be specified. Use s t anda rd polar 
coordinates , (r,0), with r = V x 2 + y 2 a n d suppose 

lim Ö ( ÷ ^ ) = — In - + Ö„ + 0 ( l / r ) , 

where Ö . and Ř» are constants. If Ř„ is specified, then a unique solution 
can be f o u n d . 1 2 Ö . is t h e negative of to ta l flux extending to infinity. 

T h e earlier equat ions apply with small changes. For example , (3a) 
m u s t be replaced by 

ôôř*(ß) = 2ΤΓÖ1 + J"r[ <*>*(«) jj^- - ds, 

and the unknown ÖŔ m u s t also be found. 
T h e user specifies as well as boundary condit ions. T h e Laplace 

package calculates an approximate value for ÖŔ as well as for φ* and φ* 
on Ă. 

2.2 Three-dimensional axlsymmetrlc problems 

Most of the preceding two-dimensional analysis needs only minor 
changes for the three-dimensioned axisymmetr ic problem. Unl ike the 
two-dimensional problem, the same formulation is adequa te for interior 
and exterior three-dimensional problems. We use s t a n d a r d cylindrical 
coordinates (Γ,Θ,Ζ). We wish to solve 

« 9 * , 0 í 1 á ι ď Ö \ , 1 ď 2 Ö , Ü 2 Ö _ 
ν 2 Ö Ě > 2 ) = - - ( Γ - ) + - - + — = ο 

in an axisymmetr ic region D; D is formed as a figure of revolution by 
rota t ing a region D, with boundary Ă, abou t the ć-axis. T h e boundary 
condit ions m u s t also be independen t of 0, 

For any fixed point F = (xF,yF,zF), t he Green 's function is 

G(x,y,z;xF,yF,zF) 1 1 

[U - X f ) 2 + ( y - y F ) 2 +(z- Z f ) 2 ] 1 ' 2 ß 3 

T h e integral equat ion corresponding to (3) i s 1 3 

2x0*(ξ) = - f U*(s)G - 0*(s) —1 dQ. 
JQ L d n s J 

T h e integral is an area integral on the boundary , the surface of revolu­
tion. 
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W i t h o u t loss of generali ty, let t be a t θ = 0. L e t Ă be t h e intersect ion 
of Ů with any plane θ = constant . Express the area integral as an i terated 
integral over θ and s, arc length along Ă. Since <p* and φ* are independent 
of Θ, all t h e θ dependence is in G and dG/dns. Ë 3 may be expressed as 

fi2 = Ä 2 - 2 r y t ( l + cos0) , 

where 

R2

m=(r, + rt)*+(zs-zt)*. 

W i t h m u c h manipula t ion , t h e θ integrat ion may be performed, giving 

2τφ*(1) = - Ł | 4 Ă . Ę ( é ç ) * * ( â ) 

+
 r ^ ° » ' R 2 g ( m ) + 2 n , - e r [ J i ( m ) - E(m)]~U*(«)| (5) 

L Ä „ ( l - m ) J ) Rm 

where e r and e 2 are un i t vectors in t h e 0 = 0 plane , and R 2 is t h e vector 
in the 0 = 0 p l a n e from t tos. 

R2 = (rs - ri)er + (zs - z f ) e z 

4 r s r t 

/C and Ε are the usual complete elliptic in tegra l s . 2 3 

E(m) = J ^ ' / 2 (1 - m s i n 2 u F 2 d u 

K(m) = JJ/2(l-m s i n 2 u j - ^ d u . 

T h e integral equat ion corresponding to (4) is considerably more com­
plicated. 

2τφ* (t ) = -Ç- £ ΙΓ nt · R 2 — ^ - - 2r s n f · e r φ* (s ) 
JrRm IL 1 - m m J 

+ J ( ç , • e r ) ( n , . e r ) ( 2 Ł - K) - n , · n t 

( ç , · R 2 ) ( n t • R 2 ) /2(2 - m) ÷ 
A i d - m ) V ( l - m ) / 

m 

2 
+ ß(ç» · â,-Ěç, · R 2 ) r t - (n , · e r ) ( n s - R 2 ) r e 

Un 

× (ăĆĂç\ +
 ^ç-^)][**(*)-^*(0][ds. ( 6 ) 

i f a n d Ł have been used as abbrev ia t ions fo r K(m) a n d E (m). 
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2.3 Error estimates 

If (x,y) is strictly inside D, t h e approx imate potent ia l (in two di­
mensions) obeys 

2x<P*(x,y) = £ |V ( s )G - ö·<«) ̂ -J ds. 

If (x,y) is on a smooth pa r t of Ă, 

*Ö*(×ĎΟ = ^ [ ^ * ( s ) G - ö · ( . ) ^ " ] d s -

If (x,y) is a t a vertex of Ă , the χ is replaced by t h e interior angle of t h e 
vertex. Similarly, V<i>* inside D and Ď Ö * / Ď Ă É on Ă may be obta ined by 
the analog of (4). 

T h e function Ö* as defined above exactly obeys Laplace 's equat ion 
inside D. Therefore, by the max imum pr inc ip le , 2 4 t he m a x i m u m error 
in Ö * occurs somewhere on Ă . 

<&*(x.y) - Ö ( ÷ ^ ) < max Ö*(÷„ í . ) - φ(β) . 

For the Dirichlet problem, a rigorous error bound is in principle possible 
by finding the largest discrepancy between Ö * and t h e boundary con­
di t ion φ. However, finding the error bound can be more expensive t han 
solving t h e integral equat ion. 

For mixed bounda ry condit ions, a rigorous bound is in general im­
possible. T h e above bound is still correct, bu t is not useful, since the true 
Ö is not known on all of the boundary . For certain restr icted regions, 
ano the r rigorous error bound can be o b t a i n e d . 2 5 For these restr icted 
regions, 

Ö * ( ÷ ^ ) - Ö ( ÷ ^ ) < max 
Ăé 

Ö * ( Χ . Ď ş ) -<Ms) 

, ń ,„ I ÜÖ*(÷„ í , ) .1 
+ tip max y\s)\, 

r2 I απ, I 
where RQ is t h e max imum perpendicular d is tance from any point of Ă 2 

to any other po in t of Ă. Th i s bound is in principle possible to compute , 
b u t is expensive in practice. 

An error estimate is available a t no extra cost in the Laplace package, 
because of the method of solution. T h e over-determined system of linear 
equat ions is solved in a least-squares sense, minimizing the total fitting 
error ( T F E ) , 

[ Μ Ν ş1/2 

Σ Σ (Aiflj - Ă ; ) 2 , 
i - i y - i J 
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and re turn ing this error. For t h e implementa t ion discussed in t h e next 
section, with M « 3/V/2, numerical exper iments indicate t h a t the T F E 
is a reliable upper bound on the error in the potent ia l on the boundary , 
and a subs tan t ia l overest imate of t h e error away from the boundary . 

III. IMPLEMENTATION 
Section II was general and discussed mathemat ics ; we now become 

more specific and discuss numerical analysis. We also discuss some of 
t h e myriad detai ls necessary to make a compute r program feasible. 

3.1 Geometry 

Section II considered regions of arb i t rary shape . T h e cur ren t imple­
menta t ion of the Laplace package requires t h a t Ă be composed of finite 
s t raight- l ine segments . Th i s is in cont ras t to the usual pract ice in anal­
ysis, of requir ing t h a t Ă be a smooth curve everywhere. Many practical 
problems have corners in their geometries, so it is essential to be able to 
handle such boundar ies . I t is easier to analyze exact corners t h a n 
" s m o o t h " geometries with a very small radius of curvature ra ther t han 
a corner. In t h e following, each of the straight-l ine segments is called a 
side. 

3.2 Basis functions 

In the previous section, the choice of the basis functions fk (s) was left 
arbi t rary . However, t he par t icular choice made strongly affects the ac­
curacy and efficiency of the program. At least four factors should be 
considered. 

(i) T h e basis functions should be able to model the behavior of <Ł(s) 
and ^(s ) with only a few functions. 

(ii) If enough basis functions are used, they should be able to ap ­
proximate 4>(s) and ip(s) arbi t rar i ly well. 

(Hi) The basis functions should be a Well-conditioned set, so t ha t small 
errors in doing the integrals do no t lead to large errors in t h e 
approximate solution. 

(iv) T h e integrals of the basis functions t imes G, dG/dns, and 
d2G/dnsdnt m u s t be t ractable , e i ther analytically or numer i ­
cally. 

Historically, (iv) has been dominan t . S y m m 6 approximated curved 
boundaries by straight-line segments and used piecewise constant basis 
functions. H a y e s 7 allowed boundar ies t o be s traight- l ine segments or 
arcs of circles, and used piecewise quadra t ic basis functions. B l u e 9 al­
lowed straight- l ine boundar ies and allowed piecewise polynomial basis 
functions. For all these choices, t he integrals in (3) and (4) can be done 

2808 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1978 

Authorized licensed use limited to: University of Wisconsin. Downloaded on May 22,2023 at 15:03:19 UTC from IEEE Xplore.  Restrictions apply. 



Fig. 4—Local polar coordinates used for eq. (7). 

analytically. T h e above authors did not t reat the axisymmetric problem, 
b u t the integrals in (5) and (6) are in t rac table analytically. 

If the boundary has corners, \f/(s) can be infinite a t t h e corners, and 
piece wise polynomial basis functions will not be able to approximate \p(s) 
well. For example , in Fig. 4, suppose the boundary condi t ions are as 
shown, and t h e interior angle is ym. Choose polar coordinates (p,y) 
centered a t t he vertex, with angle 7 = 0 on the ö = 0 side; let s = so a t the 
corner. T h e n for small ń, Ö has an expansion (in two d i m e n s i o n s ) 2 6 

Ö(Ρ.Ύ) = Σ CnPa" sin ( a „ 7 ) , (7) 
n = l 

where 

(ç - í2)đ 
«đ = · 

7m 
T h u s Ö is identically zero on the line 7 = 0. On the line 7 = ym, t he 
normal derivat ive is identically zero. 

On the line 7 = 0, where s 0 > s, t he normal derivat ive is 

t(s) = Ł « n C n ( s - s o ) " " - 1 . 

For the case ym > đ/2, we have « i < 1 , and we expect ^ ( s ) to be infinite 
a t t he corner, unless C\ happens to be zero. For \j/(s) to be approximated 
accurately with only a few basis functions, one of t h e m should be « i ( s 
— s o ) " 1 - 1 with the correct «1. 

Similarly, on the line 7 = ym, where s < s u , t he potent ia l is 

ΦΜ = Σ C n ( S o - s ) " " ( - l ) n + 1 . 
n = l 

Therefore a basis function ( s 0 — s ) " 1 is needed on the 7 = ym side. In fact, 
only a single unknown coefficient, C l t need be in t roduced to deal with 
the worst pa r t of ö{â) and i/<(s) a t s<> It may also be desirable to include 
a few of the less singular basis functions. T h e Laplace package includes 
singular basis functions for which a < amax, with a defaul t value a r a a x 
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= 1, a n d does n o t include any singular function whose a is wi th in 0.1 of 
a n integer . 

Similar singular basis functions are used a t corners where φ is specified 
on bo th sides and where φ is specified on both sides. Since t h e expansion 
(7) is n o t necessarily convergent far from t h e vertex, t h e singular basis 
functions centered a t a corner are used only on t h e two sides meet ing a t 
t h a t corner . 

For ax isymmetr ic p roblems , t h e expansion (7) does n o t hold, b u t t h e 
exponen t of t h e s ingulari ty is t h e same for off-axis points , since t h e 
s ingular i ty depends only on t h e highest order der ivat ives in t h e differ­
ent ia l e q u a t i o n . 2 6 For singulari t ies on t h e axis, t h e exponents a re dif­
f e r e n t , 2 7 and singular funct ions have no t yet been implemented . 

Addi t ional " s m o o t h " basis functions are also needed . A well-condi­
t ioned family of basis functions is B-splines. A brief description of some 
of the i r proper t ies fo l lows . 2 8 - 2 9 B-splines are defined on a line divided 
in to intervals by knots. B-spl ines of order k a re piecewise polynomials 
of degree k — 1. Each B-spline is nonnegative, has exactly one muTimnm, 
a n d has focal suppor t . T h e s u m of B-splines a t any po in t is identical ly 
one. In a n y i n t e r v a l exactly k B-spl ines are nonzero; each B-spl ine is 
nonzero in a t mos t k intervals . T h e B-spl ines on a line a re uniquely de­
t e rmined by t h e knots , which m a y b e mul t ip le . At a k n o t wi th mul t i ­
plicity m , a Ath-order B-spl ine has k — m — 1 cont inuous derivat ives. 
If m = k — 1, t h e B-spl ine is only cont inuous; if m = 1, t h e B-spline has 
k — 2 cont inuous derivatives. 

T h e user chooses a k, t he same for all sides, and the number of interior 
kno t s on each side. M e s h spacing proceeds according t o t h e following 
rules . A ver tex is called singular if i ts expansion, as in (7), has á÷ < 0.9. 
If a s ingular basis function is used, t h e vertex is called compensated. If 
t h e two vert ices del imit ing a side are each e i ther compensa ted or 
nonsingular , t h e inter ior knots on t h e side are spaced uniformly. O t h ­
erwise, t h e interior knots are spaced closer together near uncompensated 
singular vertices. 

For a given mesh, higher-order B-splines are potent ia l ly more accu­
ra te , since t h e approximat ion error can be 0(hk) [30], where h is t h e 
maximum mesh. However, the integrals for higher order splines are more 
difficult, a n d t he re a re more unknown spline coefficients for higher k. 
Current ly , t h e Laplace package res t r ic ts k t o be 2 , 3 , or 4. 

3.3 Boundary conditions 

If tŁ(s) or «/»(s) is specified as a n a rb i t ra ry function, t h e integrals in­
volving t h e b o u n d a r y condi t ions require special me thods . Ins tead , t h e 
Laplace package does a leas t -squares fit of t h e bounda ry condi t ion t o 
a B-epline. A separa te fit is done on each side; t h e same order a n d mesh 
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are used as specified by the user for t h a t side for the unknown \{/*(s) or 
Φ*(Β). 

For t h e N e u m a n n problem—φ specified on all of Ă—the problem is 
unde te rmined up to an addit ive cons tan t in Ö. A solution exists for the 
interior problem only if fr Ψ(ε) ds is exactly zero. T h e Laplace package 
current ly will no t solve the N e u m a n n problem; φ mus t be specified on 
a t least one side. 

3.4 Integrals 

With polynomial basis functions and boundar ies composed of 
s t ra ight- l ine segments , t he integrals in (3a) a n d (4a) can be done ana­
lytically. Th i s can cause condit ioning problems; B-splines are a well-
condit ioned basis only if calculated p rope r ly . 2 9 T h e integrals in (5) and 
(6) cannot be done analytically, even with polynomial basis functions. 
Wi th singular basis functions like (s — s 0 ) " , none of t h e integrals can be 
done analytically unless á is special. 

All t h e necessary integrals can be done accurately and efficiently by 
t h e numerical me thods described in th is section. We first consider (3a) 
and (4a), for any fixed t. For s t raight- l ine boundar ies , t h e integral over 
Ă is divided u p into a sum of integrals over the line segments . We con­
sider only a single segment, and eliminate any subscript referring to the 
segment . On t h e segment , n , is constant , and R may be wri t ten as 

R = Ä x ç , + ( s - S j _ ) e B , 

where e„ is a un i t vector along the side. Also expand n ( as 

n t = n±ns + çěâ,. 

T h e por t ions of (3a) and (4a) from the segments are 

* 0 * ( t ) = " f i 2 ( _ 2 f X ~φ*(8) 
Jsi \R\ + ( s - S j J 2 

- V2 In \R\ + (s - s±)2\t*(s)^ds (3c) 

2R±[n±R± + n\\(s - s ± ) ] - [Rj + (s - sx)2]n± 

[ Δ i - M s -Sx ) 2 ) 2 

+

 n - R

2 ^ s - ^ t H s ) \ d s . (4c) 
Δi + (s-sx)2 j 

We first consider t he case where the point ß is not on the segment in 
quest ion. T h e n the Green 's function par t s of the integrals are not sin-
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gular; e i ther R ± 9e 0 or s ± is no t in the interval [si,S2]- As an example, 
look a t the integral with t h e logari thm in it, and look a t one t e rm of t h e 
expansion of ip*(s), with the basis function B,(s) . F u r t h e r divide the 
segment into subintervals, between knots of the spline, so t ha t over each 
subinterval B t ( s ) is a polynomial . Over each subinterval , t he in tegrand 
is a polynomial t imes a nonsingular function. Gauss-Legendre quadra ­
tu re is ideal for such in tegrands , if t he order of t h e q u a d r a t u r e rule can 
be determined a priori. (An automatic quadra ture method could be used, 
such as Refs. 31 or 32, bu t these are usually less efficient.) Comput ing 
the order of the quadra tu re rule necessary can be done using t h e results 
of numerical exper imenta t ion . If s 7 l and Sj2 are the ends of t h e sub-
interval , l e t s c = (SJJ + Sj2)/2 and h = s ; 2 — s;,. T h e change of variable 
u = 2(s — sc)/h changes the t e rm in quest ion to 

where á = 2R±/h and b = 2(s± — sc)/h. Since the integral is over a single 
mesh interval of B*, we expect the error t o be no worse t han t h e worst 
error in any of the Ath-order B-splines with fe-fold knots a t —1 and 1, and 
no interior knots , since the la t ter B-splines vary more rapidly over t h e 
interval . T h u s we look only a t the errors in these k B-splines; call t h e m 
B(u) t o dist inguish them. 

Now consider t h e family of integrals 

Le t Ej(a,b,k,n) be the error in evaluating Ij(a,b,k) by an ç po in t 
Gauss-Legendre quad ra tu r e rule, and let 

Numerical experiments show tha t in the (á,ď) plane, the locus of constant 
E(a,b,k,n) is approximately an ellipse. For given ç and desired accuracy, 
(, there is an ellipse with semi-axes A(k,n,t) and B(k,n,t) so tha t the error 
is satisfactory if a and b are outside t h e ellipse, or 

For doing t h e integrals Ij(a,b,k) t o accuracy e, the functions A(k,n,t) 
and B(k,n,() are de te rmined experimental ly for a series of values of n. 
(The default values are η = 4 , 6 , 8 , 1 0 , 1 2 , and 16, and « = É Ď - 6 . ) For any 
par t icular a and b, t h e smallest satisfactory ç is used. If t he largest η 
available is insufficient, t hen the interval is divided; this is seldom 

4 J - i 
Γ1 [In (hV4) + In [ a 2 + (u - fe)2]]B;(sc + hu/2)du, 
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necessary. In t h e Laplace package, A(4,n, t) and B(4,n,t) are used for 

T h e other integrals in (3a) and (4a) are done similarly, using numer ­
ically derived ellipses for B-spline basis functions. For singular basis 
functions, Gauss-Jacobi quadra tu re formulas are used; these are Gauss 
q u a d r a t u r e formulas on (0,1) with weight function x ° _ 1 . Different 
quadra tu re formulas are used for each of the unique as used in singular 
basis functions. T h e same ellipses as calculated for B-splines are used; 
slightly smaller ellipses could be used, bu t the gain in efficiency is 
small . 

T h e Gauss quadra ture formulas are calculated portably by the method 
of Sack and D o n o v a n , 3 3 using programs in the P O R T l i b ra ry . 3 4 

T h e integrals of (5) and (6) are somewhat more complicated than those 
of (3a) and (4a), bu t are no ha rder numerically. T h e same ellipses are 
used. 

If po in t t is on the line segment , t hen t h e Green 's functions in the in­
tegrals have singularities. The integrals (3c) and (4c) simplify somewhat, 
since n , = n f , n\\ = 0, n± = 1, and R± = 0. T h e φ* t e rm in (3c) is iden­
tically zero; the φ* t e rm is 

Special care mus t be taken to get accurate approximat ions to these 
singular integrals. 

Firs t consider a B-spline basis function, B, (x), again dividing (s i , s 2 ) 
into subintervals . If t is not in the subinterval in quest ion, then the 
previous me thods are adequa te . (The Laplace package never t akes t to 
be exactly a t a knot.) For the logari thmic integral, t h e subinterval in­
cluding t is, for some positive äé and ä 2 , 

k < 4 . 

T h e φ* t e rm in (4c) is identically zero; the φ* t e rm is 

In (u)ß,(t - u)du -
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T h e integrals with In (v) are done by Gauss quad ra tu r e with weight 
function In (e); the others are done by Gauss-Legendre quadra ture . T h e 
Gauss q u a d r a t u r e formulas wi th logari thmic weight function are also 
calculated por tably by the method of Ref. 33. 

T h e Cauchy principal-value integral , for t h e subinterval including 
t, is 

't+*iBi{8)-Bi(t) 
ß-âé (S - t)2 d S 

•_t+»i_ds__ rt+l*Bj(s) - Bj(t) - (s - t)B'j(t) 
J T - I \ S — T »/t-i i (s -1)2 

T h e first integral is done analytically. T h e second has no singulari ty a t 
s = t and is done analytically as 

J» f + a 2 r i 1 1 

(-„ [-2B^) + -(s-t)Br(t) + ...]ds. 
This is adequate for low-order B-splines. For high-order B-splines, more 
care would be necessary. 

Now consider integrals with singular basis functions and with t on the 
same segment as s. If \p(s) is given on t h e segment , φ*is) may have (s — 
si)a or ( s 2 - s)a t e rms; however, if ^ ( s ) is given, (3) is always used for t 
on t h e side, and the φ* t e rms vanish because R x = 0. If 0 ( s ) is given on 
the segment , \p*(s) may have ( s — S j ) " - 1 or ( s 2

 — s )™ - 1 t e rms; however, 
if 0 ( s ) is given, (4) is almost always used, and the φ* t e rms vanish because 
R ÷ = 0. T h e exception, when φ(β) is given on a segment and (3) is used, 
occurs only for the Dirichlet problem, φ given on all of Ă. Then (3) is used 
a t t h e centra l fitting point of each side, and we need integrals of t h e 
form 

±V 2 a Ă " In [ ( s - i )2](s - Sl)"-lds. 
J SI 

As m u c h as possible of the integral 

J ' i n (t - s)(s - sx)a-lds, 
91 

start ing from s\, is done using Gauss-Jacobi quadratures . T h e remainder 
has only a logarithmic singularity. I t and the integral form t to s 2 are done 
by Gauss quad ra tu r e wi th a logari thmic weight function, as described 
earlier in th is section. 

3.5 Complete elliptic Integrals 

T h e complete elliptic integrals K (m) and E{m) are necessary for t h e 
axisymmetr ic problem. Sui table expansions a r e 3 5 
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K (m) = PK(l - m) - Qk(l - m) In (1 - m) 

E(m) = PE(l -m)- QE(1 - m) In (1 - m). 

Polynomial approximat ions for t h e Ps and Qs are given in Ref. 35. T h e 
a rgumen t (1 — m) is used instead of m to avoid excessive error a s m - » 
1, i.e., as s ß in (5) and (6). 

T h e combinat ion D(m) = \K(m) — E(m)\/m is also needed. As m 
0, D(m) — ô / 4 . For D(m), another approximation of the above type was 
genera ted . 

3.8 Fitting points 

At least Ν fi t t ing poin ts are needed to de te rmine t h e Ν unknown 
coefficients of t h e basis functions. T h e work to calculate the mat r ix is 
propor t iona l t o the n u m b e r of poin ts used. If more t h a n Ν po in t s are 
used, t h e sensit ivity of t h e solution to t h e p lacement of t h e poin ts is di­
minished, as is the amplification of any small errors in calculating matrix 
elements. In the Laplace package, approximately / t imes Ν fitting points 
a re used; t h e defaul t value of / is 1.5. In the subinterval between each 
pa i r of knots , t h e n u m b e r of fitting poin ts is / t imes t h e n u m b e r of un­
knowns associated with the subinterval , rounded up . T h e fitting points 
a re uniformly spaced wi thin each subinterval . 

3.7 Scaling, constraints, and matrix solution 

Each row of the matr ix corresponds to applying either (3) or (4) a t one 
fitting point, ß,·. T o keep the solution approximately independent of the 
scaling of the region, each row corresponding to (4) is mult ipl ied by the 
length of t h e side containing ß,·. 

For an interior problem, JV*(s) ds = 0. For an exterior two-dimen­
sional problem, / ^ * ( s ) ds = Ř „ . E i the r restr ict ion may be wr i t ten as 
a l inear equal i ty cons t ra in t on the unknown coefficients. W h e n the 
matr ix equat ions are solved by QR factorization, such linear constraints 
can easily be enforced using a me thod described by Lawson and H a n ­
s o n . 3 6 

3.8 Portability 

A por tab le s tack allocation m e c h a n i s m 3 4 is used for all t empora ry 
storage. T h e program is written in E F L . 1 1 T h e ou tpu t of the EFL compiler 
is por tab le For t r an . 

T w o pa r t s of the program are not portable. For t ^ 1 0 - 6 , new ellipses 
are necessary. T h e approximations to the complete elliptic integrals are 
accura te to a b o u t 1 0 - 8 . 
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IV. POSSIBLE EXTENSIONS 
In th i s section, we discuss several extensions to the Laplace package 

which could be implemented if there were sufficient incentive, and t h e 
difficulties involved with each. Combinations of the individual extensions 
pose fur ther difficulties, bu t will not be discussed. 

4.1 Higher-order B-splines and higher-accuracy Integrals 

B-splines of order higher t h a n 4 are useful if very high accuracy so­
lut ions are desired. T h e only change necessary to allow higher-order 
B-splines or higher-accuracy integrals is to change the ellipse semi-axes. 
Th i s feature was not included in the Laplace package, since calculating 
t h e ellipses por tab ly for any specified accuracy and B-spline order re­
quires too much code. Al te rna te me thods for doing integrals t o any 
specified accuracy are under considerat ion. 

4.2 Singular basis functions for axlsymmetrtc problems 

At a vertex away from the axis of revolution, an expansion similar t o 
(7) will hold; t h e exponents {«„) are the same as for the two-dimensional 
problem with the same shape as the cross section of t h e figure of revo­
lution. At a vertex on the axis of revolution, the exponents are different; 
on-axis singular functions have no t been implemented . 

4.3 General linear boundary conditions 

In some appl icat ions, it is desirable t o solve Laplace 's equa t ion with 
t h e general l inear boundary condi t ions on Ă 

α(β)φ(8) + b(a)M8) = c(s), 

with α a n d b s imultaneously nonzero. T h e n (3a), say, would become 

T h e difficulty here is in choosing a method for accurately evaluating the 
integrals involving a /6 and c/b, unless a /6 and c/6 are restr ic ted dras­
tically, say, t o being cons tan ts on each of the bounda ry line segments . 

4.4 Curved boundaries 

Many applications have par t or all of the boundary as a smooth curve, 
which the user might not wish to approximate by straight-line segments. 
In principle, all t h a t is needed to allow Ă to be any smooth curve is a 
parameter izat ion of x s , ys, and n s as a function of s. Again, the difficulty 
is in doing the integrals accurately and efficiently. T h e ellipse me thod 
would not be directly applicable. In addition, some of the integrals which 
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Fig. 5—A region which could be handled more easily by breaking it into two regions with 
an interface. 

vanished identically for s traight- l ine boundar ies would no t vanish. For 
example , t h e Φ* t e rm of (3b) for s and t on the same segment vanishes 
if t he segment is a s t ra ight line, because ç,-R is identically zero. If t h e 
Une segment is curved, n s . R / ß 2 in general has a finite limit as s—t, and 
th is t e rm needs to be kept . 

4.5 Interfaces 

In o the r appl icat ions, there may be interfaces. A common problem 
is ν 2 Φι = 0 in region D\ with boundary Ăé, ν 2 Φ 2 = 0 in region D2 with 
boundary Γ2, and interface conditions on the common portions of Ă÷ and 
Ă 2 . Typical interface conditions are Φι = Φι and κ\ψ\ = κ2φ2, where κ\ and 
«2 are given cons tan ts . 

Implementing this extension would require a significant change in da ta 
s t ructure , bu t otherwise would be easy. No new types of integrals would 
arise. T h e singular basis functions a t corners which are also poin ts on 
t h e common boundary depend on *i and κ2 as well as t h e ang le s . 3 7 

Th i s extension would also be useful for some single-region problems. 
A typical example is Laplace 's equat ion inside a U-shaped region, Fig. 
5. Th i s could be broken artificially into two regions as shown, with in­
terface condit ions φ\ = ö 2 and φχ = φ2. T h e full region requires ap ­
proximately 3 Ë/2 integrals, if Ν is t he n u m b e r of unknowns . T h e two 
half-size regions would each have N/2 unknowns , plus a few ext ra for 
t h e boundary values on the do t t ed line. Each region would require 
somewhat more t han 3(A//2) 2 integrals, so t h a t t h e tota l work would be 
somewhat more t han half. 
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Fig. 6—Geometry for a sample problem. 

V. AN EXAMPLE 
Figure 6 gives t h e geometry and the boundary condit ions for a sample 

problem. T h e boundary conditions are φ = 0 on t h e light sides, φ = 1 on 
t h e bo t t om da rk side, and φ = 0 on t h e t o p (L-shaped) da rk side. T h i s 
p rob lem was solved approximate ly wi th th i rd-order a n d four th-order 
B-splines, and with various numbers of interior knots . Each side had t h e 
same number of interior knots . Some of the information is summarized 
in Tab le I. Í is t h e number of basis functions. T h e running t ime is given 
in seconds for a Honeywell 6070 computer . T F E is the tota l fitting error, 
as defined in Section II . JVds is over t h e side from 1 to 2. T h e nex t col­
u m n gives φ a t vertex 3. T h e approximate Ö a t ( Y 2 , % ) is t he final column; 
ver tex 1 is a t (0,0) and vertex 3 is a t (2,2). T h e t ime goes approximate ly 
as N 2 ; mos t of t h e work is in calculating elements of the matr ix . Solving 
t h e mat r ix takes t ime propor t ional to N 3 , b u t t h e propor t ional i ty con­
s t an t is smaller t han t h a t of the N 2 term. Figure 7 is a log-log plot of T F E 
against N; T F E seems to be converging as N ~ 3 for third-order splines and 
as N - 4 for four th-order splines. T h e s e ra tes of convergence are t h e op­
t imum rates for approximat ing smooth functions by B-sp l ines , 3 0 i t is of 
interest t o see t hem apparent ly applying for nonsmooth functions. T h e 

Table I 

kord η knots Ν t ime T F E f<l>ds <pat3 φ( lkM 
3 0 15 1.19 0.1067 0.997242 0.5482 0.6189 
3 1 21 1.98 0.0255 1.000287 0.5069 0.6196 
3 2 27 3.21 0.0231 0.999932 0.5011 0.6193 
3 3 33 4.91 0.0123 0.999951 0.4999 0.6192 
3 4 39 7.09 0.0080 0.999965 0.4997 0.6192 

4 0 21 1.85 0.0235 0.999838 0.5041 0.6192 
4 1 27 2.89 0.0135 0.999958 0.4997 0.6194 
4 2 33 4.58 0.0066 0.999956 0.4987 0.6193 
4 3 39 6.52 0.0034 0.999961 0 .4995 0.6192 
4 4 45 9.29 0.0024 0.999968 0.4995 0.6193 
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Fig. 7—Total fitting error (TFE) vs the number of basis functions, for third-order and 
fourth-order splines. Lines proportional to N~3 and to N~* are shown for comparison. 

last three columns appear to have converged to the accuracy allowed by 
t h e finite precision of t h e calculations. Mat r ix e lements are calculated 
to a relat ive precision of abou t 1 0 - 6 , and t h e mat r ix has a condi t ion 
n u m b e r on t h e order of a few hundred , so accuracy of a few par t s in 10 4 

is all t h a t can be expected for boundary values. JV(s) ds can be more 
accura te , since t h e integrat ion can average ou t the boundary errors . 

For these examples, t h e same number of knots was used on each side. 
O the r examples may require differing number s of knots on different 
sides. T h e intuit ion of the user is valuable in deciding on the number of 
knots per side. 

APPENDIX 

Derivation of Integral Equation (A) 

Equa t ion (4) can be derived in various ways. We use a der ivat ion 
modeled on the derivat ion of (3) as sketched in Ref. 13. S t a r t with 
Green 's ident i ty in two dimensions . 

S SD ( " v 2 " ~ " v 2 " ) c M = X ( 

d o 
u 

dns 

SOLUTIONS OF LAPLACE'S EQUATION 2819 

Authorized licensed use limited to: University of Wisconsin. Downloaded on May 22,2023 at 15:03:19 UTC from IEEE Xplore.  Restrictions apply. 



η, 

Fig. 8—Integral equation (4). 

Thi s ident i ty is usually s ta ted t o hold for u and ν which are C 2 inside D 
and C 1 in D + Ă, b u t is more generally t rue . For example , t h e condi t ion 
on u can be weakened to include u ' s which have corner singularit ies as 
discussed in t h e body of t h e paper . T h e region D need no t be simply-
connected. 

Pick any fixed poin t (xt,y>t ) a t arc length t on Ă, a t a smooth p a r t of 
Ă. Le t n t be t h e outward-poin t ing normal a t t. Choose 

u(x,y) = <ï>(x,y) - Φ(χ{,>ί) 

v(x,y) = ç , · VG(x,y;xt,yt), 

and apply Green ' s ident i ty t o t h e region D ' , which is D m inus a sector 
of a circle, with radius f, centered a t t (Fig. 8). Le t Ă' be t h e circle sector. 
In D', V 2 u = 0 and V2i> = 0, so t h e area integral is zero. 

Consider the Ă ' integral , and use polar coordinates (r,0) centered a t 
t. Le t e r be t h e un i t vector a t (r,0) point ing away from t h e po in t t . On 
Ă', ç , = - e r , 

v = - n t · e r / ( , 

dv/dns = — n t · e r / e 2 . 

E x p a n d Φ(χ,;í) abou t (xt,yt)- For (x,y) on Ă', 

Ö(÷čĎ = Ö ( ÷ ^ ß ) + <e r · ν Φ ( χ ^ ( ) + OU2), 

ΟΦ άΦ 
τ (x,y) = - e r • νΦίχ, ,^) + OU), 
an ö r 

where νΦ(χί,;í() is an abbrevia t ion for V$(x,y)\xt,yi- T h e integrals over 
Ă' may be evaluated explicitly in the l imit as 
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lim Η u — ds = lim Γ* [cer · í Ö ( ú é Ë ) + 0(ί 2 )][-ç, · e r /e 2 ]edÖ 
<̂ο Jr �res ο Jo 

= - lim f * [ e r · í Ö ( ÷ ( > ^ ) + 0 (e ) ] ln t · e r ] d 0 

= - I ç , · í Ö ( × ( ^ ß ) = - I ř(ß). 

In performing t h e integral, we used the ident i ty 

X (a · e r ) ( b · e r ) do = — a · b , 
ο 2 

t r ue for cons tan t vectors a and b . T h e other integral is evaluated simi­
larly. 

lim Η (- í —-) ds 
«—o J r \ dns/ 

= lim f* r ^ L l l r l [ _ e r . v*(xt,yt) + OM]td6 
J o L « J 

T h u s t h e integral over Ă' gives — 7ôř(ß), in the limit t—"0. Again in the 
l imit e-*0, the integral over t h e remainder of Ă becomes a Cauchy 
principal-value integral, and (4) is obtained. The argument depends only 
on the mos t singular t e rms in the Green 's function, and so is easily 
generalized to t h e axisymmetr ic case. 
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