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Transmission filters have always occupied a 

relatively large proportion of the overall equipment volume 

in communication systems. The main reason for the large size 

of these filters is the size of the inductors. Inductor 

size (and cost) increases with decreasing frequency which 

is one reason_ for the excessive space occupied by filters 

in low frequency and voiceband communication systems. As 

more and more of the remaining circuitry, in particular the 

digital circuitry, in these systems is being microminiaturized 

using semiconductor integrated devices, the discrepancy between 

filter size and overall equipment size is. becoming increas-

ingly apparent. Because this discrepancy is widespread in 

communication systems today, much effort is presently being 

devoted to filter size reduction. The seemingly obvio~s 

approach to attaining this objective would be to microminia-

turize inductors. Unfortunately, this cannot be done for a 

variety of technological reasons [1,2,3]. The only alternative 
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~s to build inductorless filters. This is possible by com-

bining passive RC components with active devices such as 

reedback amplifiers, negative impedance converters, gyrators 

and the like. 

Engineering 'has been defined as the application of 

scientific principles and knowledge to produce an economic 

solution to problems. Thus the subjett discussed in this 

memorandum may be considered as an attempted engineering 

approach to integrated filter design. That such an approach, 

whether it be the one discussed here or another, is called 

ror at the present time is evident from the disparity between 

the abundance of literature on active RC filter designs for 

microminiaturization and the almost total absence of any 

commercial implementations. One reason for this is that 

active RC f'ilters are generally designed individually ror 

the wide variety of applications, such as exists in the com-

munications f'ield. The individual production quantities 

are thererore invariably too low to absorb the high tooling 

DATE FILE 

and handling costs that go with integrated circuit production [4]. 

Thus integrated active filter networks have remained far too 
)~ _.:.-

costly ror commercial use. 

To overcome the problem or economical reasibility, 

we have taken the same approach with integrated linear cir-

cuits that has proven to be highly successful with integrated 
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digital circuits. It consists of reducing the number of 

filter varieties by breaking complex filter networks up into 

a small family of basic second-order building blocks. If 

these building blocks can be designed to be sufficiently 

versatile to cover a large range of low-runner applications, 

then they will be required in large enough quantities as to 

justify the high costs involved in integrated circuit pro-

duction. This concept of circuit standardization is vital 

to the economical success of any type of integrated circuit 

and introduces design guidelines that differ fundamenta.lly 

from those pertaining to conventional circuit design [5]. 

Thus integrated circuits designed with the fewest number of 
{ 

components to satisfy a particular requirement may be very 

much less economical than a more complex design that covers 

a larger variety of applications, thereby increasing the 

total production volume. 

It has been shown recently [6] that hybrid active 

networks, consisting of tantalum thin film passive networks 

and semiconductor integrated active networks are ideally 

DATE FILE 

suited for the design of low sensitivity active RC filters. 

Also the building block design approach, besides being economi-

cal, is particularly suitable for low sensitivity networks. 

This is because network sensitivity increases rapidly with 

the order of the network. Since sensitivity is a particu-

larly critical parameter in RC active networks, it becomes 
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impractical to design high Q networks with more than one 

pair of conjugate complex poles per active section.* Higher 

order networks then result as a composite combination of 

the separate active sections, i.e., building blocks, each 

realizing one pair of conjugate complex poles and the re-

quired transmission zeros. For ease of implementation it 

is desirable to have building blocks possessing inherent 

isolating characteristics so that there is negligible inter-

action between them. In this way the transmission poles 

and zeros can be individually realized by the corresponding 

separate sections. 

This memorandum describes the design .of second­

ordert hybrid integrated filter sections consisting of[tanta-

lum thin film RC networks and semiconductor integrated 

operational amplifiers. The sections display excellent iso-

lating properties and thus lend themselves particularly well 

to cascade design. Other configurations, such as parallel 

DATE FILE 

connections of the single building blocks are also practicable. 

The same building blocks are used for any desired filter 

* 

t 

Negative real poles may be added without detrimental 
effects on the sensitivity, as they can be realized by 
passive RC networks. 

The network order here refers to the number of conjugate 
complex poles. 
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configuration such as low-, high-, or bandpass filters, 

notch filters, etc. They therefore possess the uniformity 

~ necessary for high production quantities, batch processing 

and the economical advantages that go with these methods. 

Amongst other things the filter design approach described 

here is a result of making full use of the design features 

afforded by operational amplifiers such as ideal summing 

points (i.e., virtual ground), very high input and very low 

output impedances. Operational amplifiers in themselves 

are attractive economically since their versatility ensures 

· DATE FILE 

them a very wide field of applications outside that of active 

filters. 

In the filter design method described here, the 

required second-order network is decomposed into two sepa-

rate sections in cascade. The first consists of a passive 

RC approximation of the desired transfer characteristic. 

It provides the asymptotic response of the desired filter· 

transfer function .. The second is an active RC correcting 

network, consisting essentially of an RC null network and 

two operational aptplifiers. This is required to provide a 

frequency emphasizing response in the vicinity of the natural 

frequencies of the preceding passive RC network. Connected 

in tandem the two sections provide the initial filter char-

~/ acteristic accurately. 
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The big advantage of this scheme is that all basic 

second-order networks can be obtained by simple variations 

of the passive RC configuration only. But for changes in 

the RC time constant of the null network, the active RC 

. correcting network following remains essentially the same 

ror all filter applications. As will be shown, even these 

circuit changes can be minimized by fully utilizing the cir­

cuit peculiarities inherent in thin film circuit technology. 

It should be emphasized again here that it was precisely 

with a view to this circuit standardization at the cost, 

perhaps, of circuit simplicity, that the filter design method 

described here evolved. Thus, for example, a medium damped 

. second-order low-pass filter could certainly be designed 

using a simpler active·Rc network than is suggested here. 

· On the other hand, however, that same simpler circuit could 

not be used to obtain a high Q second-order bandpass network. 

For convenience to the reader, this memorandum 

has been broken up into three parts. In Part I the circuit 

design considerations leading to the second-order filter 

building blocks are discussed. The hybrid integrated imple-

mentation of these networks is also briefly described. In 

Part II the sensitivity and stability characteristics of the 

networks will be analyzed and predicted performance com­

pared with measurements made on laboratory models. Practi-

cal filter design examples will also be described in detail. 
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Finally, in Part III the ceramic substrates presently being 

prepared that combine tantalum thin rilm resistors and capaci­

r', tors with semiconductor integrated operational ampliriers 

will be discuised in detail. 
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II. PRINCIPLE OF ACTIVE RC FILTER DESIGN USING FREQUENCY 

EMPHASIZING NETWORKS 

1. Decomposition of Nth Order Networks 

The transmission fl.lnctton of an Nth order Linear, 

Lumped-Parameter, Finite (LLF) Network can always be obtained 

·as' the ratio of two polynomials with real coefficients in 

the variable s, namely: 

b sm 
= y = m 

X sn an 

m-1 + b 1s + m- (1) n-1 +a 1s + n-

where: x = input signal 

y = output signal 

n>m 

and the roots of the numerator and denominator polynomials 

are either real or occur in conjugate complex pairs. 

In the active RC .L'ealizatio.l of this type of func­

tion it has invariably been found impractical to design 

higher than second-order networks at a time. This is pri-

marily due to the relatively high transmission sensitivity 

to component variations of active linear networks and to 

the fact that this sensitivity increases rapidly with the 

order of the network. Another reason is that active linear 

DATE FILE 
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networks are potentially unstable inasmuch as their trans­

mission poles are not inherently constrained from crossing 

~· the jm-axis into the right-half plane. Therefore networks 

of higher order are also more difficult to stabilize. Thus 

it has become common practice in active filter design to 

realize any given Nth order transmission function by a cas-

·fA cade of first and second-order networks. The corresponding 

second-order transmission functions are obtained by factor­

ing the given Nth order characteristic into simple and 

biquadratic terms each having real coefficients. The trans­

mission function then has the form: 

m/2 

IT (s
2 

+ 2crzis + m~) 
{ ) i=l 'i To s . = K -n/""7.2:o:----------- {2) 

. IT (s2 

J=l 

~/ 
for m and n even, and 

m-1 
~ 

(s-z) IT (s
2 + 2cr s + (j)2 ) . 

zi zi ; 
T {s) = K i=l (3} 0 n-1 

~ 
~ 

(s2 + (s-p) II 2cr s + ID2) 
pj pj 

j=l 
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·for m and n odd. Because the coefficients of each term are 

real, the correspon~ing roots are either real or conjugate 

complex. 

2. Decomposition of Second-Order Networks 

From the foregoing remarks it follows that indue-

torless filter design generally consists of designing 

cascadable active RC networks to realize transmission func-

tions whose most general form is given by: 

2 CD 
+ C02· z s +- s 

qz z 
. T( s) = K 

CD 
(4) 

s2 + ...E. s + C02 
qp p 

·where 

CD 
q = 2o ·(5) 

q is called the inverse damping factor and the subscripts 

z and.P stand for "zero" and "pole 11 respectively. Ingeneral, 

Equation ( 4) defines a pair .of conjugate complex zeros and 

poles as shown in Figure 1. 

It is in the design of active RC equivalents to 

the basic second-order networks generally required, that 

available active synthesis methods differ. In general, 

·, 
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different active RC configurations are used for each basic 

network. In the method to be described here, the required 

second-order network is decomposed into two separate sections 

in cascade. ·The first provides a passive RC approximation 

of the desired transfer characteristic. The second is an 

active RC correcting network sucq that the two sections in 

tandem provide the initial characteristic accurately. By 

following this approach, basic second-order networks can be 

obtained by simple variations of the passive RC configura-

tion only. Furthermore, the active RC correcting network 

provides isolation between section pairs so that complex 

filter configurations can be obtained by cascading second-
' 

order stages without the need for buffer amplifiers . 

. We first consider the passive RC approximation 

of Equation (4). Theoretical~y the RC realization of the 

numerator is not restricted in any way, i.e., the roots of 

this polynomial may be located anywhere in the complex fre­

quency plane. If we confine ourselves to three terminal 

RC networks, however, then the zeros of Equation (4) are 

excluded from the positive real axis. It is in the realiza-

tion of the denominator that the major limitation imposed 

by passive RC networks becomes apparent. The roots of the 

denominator are the natural frequencies or the transmission 

poles of the network. They are therefore restricted to 

the negative real axis of the complex frequency plane 
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(including the origin and infinity) and they must be simple,_ 

i.e., of first order. 

The roots of the depominator of Equation (4) are 

defined by an equation of the form: 

Figure 2 shows the locus of the roots of Equation (6) for 

q varying from zero to infinity. As q is increased from 

(6) 

zero, the two poles approach each other on the negative real 

axis starting at zero and minus infinity, respectively. The 

. two poles coincide at 

s1,2 = ·- (1) (7) 

where 

q = q = 0.5 cr (8) 

For q > 0.5 the two poles become conjugate complex and lie 

on a semicircle of radius ru. For infinitly high q the two 

poles finally end up an the jru-axis at a distance of ±ru 

from the origin. 

From the foregoing discussion, it follows that 

Equation (4} can only be realized accurately by a passive 

RC network so long as qp is smaller than 0.5. In general, 

DATE FILE 
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. 
the specified inverse damping factor will.exceed this limiting 

value, i.e., the required transmi~sion pol~s will be conjugate 

complex. This is the case ·to be considered here, since from 

a practical point of view it is the starting point for active 

RC network synthesis. 

For the general case tqat qp is larger than 0.5 

Equation (4) can be approximated by selecting a new param-

eter qR in the denominator such that it is realizable by a 

passive RC network. Therefore, 

. (9)* 

and the corresponding passive RC transmission functionris 

given by: 

B2 
(I) 

+ (J)2 +~ s 
qz z 

TR{s) = KR (J) 
2 +_£. + (J)2 a. s 

qR p 

where KR is a scaling factor determined by the _impedance 

level of the RC network. The pole-zero diagram of TR(s) 

is shown in Figure 3a. 

(10) 

To obtain the· characterist-ic originally specified 

by Equation (4} TR(s) must now be multiplied by a correct­

ing function TA(s} such that: 

* qR may not equal 0.5 since the negative real poles of an 
RC network must be simple. 
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..... 

s2 
(l) 

+ (J)2 .... · ·. 
+_.£ s 

· TA(s) ~ 
qR p 

= KA • (.1) = R (11) 
2 +_.E. (s) + (.1)2 s . . q p p 

,· 

where f 

(12) 

and by definition: 

. (13) 

{ 

·Since the inverse damping factor in the denominator of this 

function is larger than 0.5, it can only be realized by an 

active RC network when inductors are not to be used. 

At this point it is of interest to examine the 

active correcting function TA(s) more closely. Since we 

are restricting ourselves to second-order networks the ex­

pression given by Equation (li) is the most general to occur. 

By definition, the zeros of TA(s) are negative real, the 
.:-·~ 

poles conjugate complex. They are geometrically related as 

shown by the corresponding pole-zero diagram in Figure 3b. 

Introducing the normalized angular frequency 

·,' . :,· . 
I 
. I 

. .. ": .. 

. ':_.._.~::~::z·;~~;·:::.C ~ ~~··-=· ~ _. : 

(.1) 
0=­(.1) 

p 
(14) 
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the amplitude response of the correcting function is given 
by: 

( ~- oY 
1/2 

+ 1 
J TA(o) cw = KA 2 (15) 

(~- n) +..!... 

~ 
ForO>> 1: 

(16) 

·and for 0 = 0: 

(17) 

Thus-- the response approaches the _G.9IlStant value KA at high ; . .-.~~ 

and low frequencies and is symmetrical to the normalized 

angular frequency 0 = 1. The peak response occurs at this 

frequency and is given ·.by 

(18) 

DATE FILE 
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As a result of the· expressions given by Equatfons (13), (16), 

{17), and {18), it is clear tnat the correction function TA(s) 

defines a frequency emphasizing characteristic as shown qual!-

tatively by the plot of Equatlon (15) in Figure 4. Thus 

frequency emphasis is required of the active correcting net-

work in the vicinity of the undamped natural frequency a.>p of 

Equation (4). In effect it s+mulates the resonance or energy 

storage properties common to LC, but unobtainable with passive 

RC networks. 

The frequency selectivity of a Frequency Emphasizing 

Network (hereafter referred to as an FEN) can be defined in 

the conventional way namely by the quality factor Q (see 

Appendix A ) • 
( 

This is the ratio of the normalized center fre-

quency (0= 1} and.the bandwidth corresponding to the two 

-3 db frequencies. Referring to Figure 4, the lower of these 

two frequencies is 

where 

1 
- 2qA . (19) 

(20) 
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Since the two -3 db £requencies are geometrically symmetrical 

to the center frequency 0 = 1, the higher frequency results 

,...
1 

as 
. r--

r 

and 

1 
'h = 0.8 (21) 

(22) 

The proposed method of active network design can 

now be summarized as £ollows: 

1) -A given nth-order transmission £unction T (a) is . 0 

partitioned into a product o£ second-order charac-

teristics with real coe£ficients: 

n/2 

To= IT Ti(s) 
i=l 

(23) 

.If n is odd a first-order factor will be present in 

this product. 

2) Each second-order term Ti(s) is in turn decomposed 

into the product of two second-order functions. The 

£1rst is realized by a passive RC 3-terminal network 

DATE FILE 
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that determines the basic, i.e., the asymptotic 

filter characteristics of Ti(s). The second is a 

universal active RC FEN that is independent of the. 

filter type specified by Ti(s) and provides fre­

quency emphasis or LC resonance properties in the 

vic_inity of the undampeq natural frequencies of 

Ti(s). 

These two steps are represe?ted symbolically in 
Figure 5. By following this procedure we shall see later how 
active filters can be realized by a family of general-purpose 
integrated circuits. They can be obtained by simple modifi­
cations of a single universal filter building block. First, 
however, the decomposition of some representative second-
order networks is illustrated. 

DATE FILE 
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III. ILLUSTRATIVE EXAMPLES OF SECOND-ORDER NETWORK DESIGN 

It may already be clea~ to the reader$ at this 

point, that the only network synthesis involved in the pro­

cedure described here is the pas~ive RC realization of the 

·transfer function TR( s). Since we are initially restricting 

ourselves to second~order networks, this is not a very for­

midable problem. It becomes sti+l less so if TR(s) can be 

selected as a transfer immitance. In this case, the passive 

RC networks can be synthesized wtthout having to consider 

their driving-point properties. As can be seen from Fig-

ure 6, this is possible, if for example, the input impedance 

to the FEN is negligibly small. In this case, 

(2.4) 

If this expression is valid, a passiye RC 2-port must be 

designed to realize a specified short circuit transfer ad­

mittance. Numerous synthesis techniques exist for this 

purpose [7,8,9]. RC ladder networks are obtained for trans-

mission zeros on the negative real axis including zero and 

infinity. When imaginary transmission zeros are required, 

balanced networks with more than one transmission path between 

input and output invariably result [10,11]. Applying some 
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of the circuit configurations resulting from these synthesis 

methods, in particular those suggested by Balabanian and 

Cinkilie [12],* the short circuit transfer admittances of 

a number of representative second-order RC networks were calcu-

lated in Appendix B. The results are compiled in Table 1. 

To obtain a specified voltage transfer function 

T(s), the transfer function of the active correcting network 

to be cascade~ with the passive RC 2-port, characterized by 

Equation (24), results as: 

(25) 

where the designations refer to Figure 6. 

The decomposition will now be·illustrat~d by some 

examples: Equations (24) and (25) have been assumed to apply. 

We' first consider a sec~md-order low-pass filter whose vol-' 

- tage transfer function is given bys 

* 

T( s) = ---:
1:::----

s2 ~ 2 + q + (.l)p I 
p 

(26) 

These configurations were derived using the synthesis method 
advanced by Hakimi and Seshu. 
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; 

{_ 

( 

where 

and 

K=l. 

The amplitude response defined by this transfer function 

depends on the parameter qp as shown by the plotted curves 

in Figure 7a. ; .... 

The decomposition into two sections first consists 

of finding the corresponding passive RC network to approxi­

mate the response specified by Equation (26). Any one of 
{ 

the three networks under (1) in Table 1 can be used. With 

the configuration (lc) and assuming p = 1 we obtain: 

. (J) 2 

= [y2·l]R = ~·s2 l 2 
.)lL + 2 .66m s + w p p 

(27} . 

where qR = 0.375. The amplitude response for this value of 

qR is shown in Figure 7a. 

The response of the FEN results as: 

(28) 
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The amplitude response of TA(s) can be obtained 

from Figure 7a by substracting the curve for qR = 0.375 from 

the curve for the particular value of qp required and sub­

sequently scaling it to obtain a peak value of 8qpR/w~. 

Cascading the RC network with an appropriate FEN, the second­

order low-pass filter specified by Equation (26) can thus be 

realized by the low-pass configuration shown in Table 2. 

The other examples shown in Table 2 were derived 

by using Table l and following precisely the same procedure 

as described above. The normalized characteristics of the 

first four are shown in Figures 7a to 7d for a limited range 

of the parameter qp. 

The poles of the RC networks were chosen arbitrarily 

in these examples. The considerations determining their 

choice will be discussed later. Amongst other things it 

will be shown that for simplicity of FEN design, they should 

always be chosen with the same inverse damping factor qR. 

IV. THE DESIGN OF FREQUENCY EMPHASIZING NETWORKS 

~~ In this section the design of the active correcting 

network whose response is specified by Equation (11) will 

be discussed. As was pointed out earlier, this response is 

invariably that of a Frequency Emphasizing Network (FEN). 

Depending on the application in question, the main difference 

between FENs, beside the particular frequency of operation, 
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is in the degree of frequency emphasis required. Highly 

· selective networks, such as high Q bandpass sections, will 

require very much more frequency emphasis at the "resonantn 

frequency than say a critically damped low-pass network. 

FEN design will therefore be considered separately for these 

two different types of applications. It will be shown later, 

however, that the design of the one is very similar to that 

of the other - so that both configurations can be simply 

derived from.one and the same network. 

The analysis in this section is made assuming 

idealized active devices and passive components. It is in-

tended primarily to show the circuit design principles with 

. which the FENs can be obtained. A detailed analysis .will 

follow in the sections on FEN sensitivity and stability, in 

Partn of this memorandum. 

1. Medium Selectivity FENs (MSFENs) 

Consider the block diagram shown in Figure 8. It 

consists of an inverting Voltage Controlled Voltage Source 

(VCVS) IJ.; a noninverting VCVS t3, and a feedback network 

TN(s). The transmission function of this network is given 

by: 

(29) 
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If TN(s) is the transfer response of an in.finite null network 

as given by 

(30) 

. then Equation (29) becomes 

(31) 

where 

(32) 

and 

(33} 

It is shown in Appendix D that a passive RC Twin-T 

network has the voltage transfer response given by Equa­

tion (30). For the potentially symmetrical Twin-T shown in 

Figure 91 we then get 
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The factor p gives a measure of the Twin-T symmetry. For 

values of p between zero and infinity, qN varies between 

zero and 0.5. The upper limit, of course, coincides with 

the constraint on q for passive RC.networks as expressed 1by 

Equation (6). Furthermore, it is clear from Equations (30) 

and (33) that when·~~ is larger than zero, qF will be larger 

than qN. Thus, as discussed in Section II, the transmission 

function given by Equation (31) is that of a Frequency Empha­

sizing Network. 

Setting Equation (31) equal to the desired correc­

tion function given by Equation (11) we require that 

(I) = (I) 
n P 

(37a) 

(37b) 

(37c) 
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and 

(37d) 

The required overall loop-gain of the FEN in terms 

of the specified correcting function TA{s) then follows from 

~ Equations (33), (36), and (37), namely:· 

(38) 

It will be shown later that as a feedback network 

the FEN must be stabilized by frequency compensation ne~­

works to avoid parasitic oscillations. This proc·ess can be 

greatly simplified if the gain .of the amplifier ~ in the 

.feedback loop does not exceed unity. This leaves the forward 

gain 1-L (see Figure 8) to satisfy Equation (38). This equa­

tion indicates that qR should be chosen as closely to its 

upper limit value 0.5 as possible to economize on the re­

quired gain IJ.. Equation (35) shows that qR can be made to 

approach 0.5 by using an asymmetrical Twin-T for the notch 

filter TN(e) in which p is much larger than 1. This, however, 

brings both a technological and a circuit problem withit •. 

In any available microminiaturization technique, high resistor 

values are difficult to produce with any precision. When 
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using tantalum thin fi~ resistors, for instance, it becomes 

· increasingly difficult to realize values in the order of 

250 KO or higher for reasons of resistor stability and re-

quired surface space. Furthermore, we have implied by our 

derivation of Equation (31) that the noninverting VCVS ~ in 

Figure 8 does not load down the preceding notch filter TN(s). 

This is desirable so as to be independent of variations of 

the input impedance of ~- It is only true, however, as long 

as the aeries resistor R(l+p) (see Figure 9) is negligibly 

small compared to the input impedance of ~. This, of course, 

limits the maximum permissible value of p. In any event, 

the moat that can be achieved by going to extreme asymmetry 

in the Twin-T is a factor of two,. since qN increases from 

0.25 to 0.5 as p is increased from unity to infinity. If 

we consider the maximum gain that can be obtained from the 

forward amplifier ~~ with say, no more than 1 percent drift 

in gain, it will be typically in the order of 40 db. Thus, 

from Equation (38), the maximum obtainable value of qp would 

only be increased from 25 to 50 by going to very large values 

of p. This is still much too low for most high selectivity 

applications. We shall see in the next section that there 

is a much more effective way of increasing the maximum 

available value of qp than to use an asymmetrical Twin-T. 

This method, incidentally, will actually require the Twin-T 

to be symmetrical, i.e., p = 1. 
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From the above discussion, it follows that the 

circuit configuration shown in Figure 8 is only suitable for 

f"". medium values of qp. In this class or applications the 

grounded unity gain VCVS ~ can be realized by an emitter­

follower or a Darlington pair. The forward gain stage ~ 

should have a summing point at which the input and feedback 

signals can be added independently. Its gain should be well 

controlled and easily adjustable and it should invert the 

incoming signal. These requirements can be satisfied close 

to ideally by an operational amplifier in the inverting mode. 

The practical FEN circuit is therefore realizable by the 

configuration shown in Figure 10. The corresponding t~ans­

mission function is given by 

-~ 82 
(1) 

+ (1)2 + _R s 

TA(a) 
Rq qR p 

{39) = 

+~ 
(1) 

2 +_B. + a)2 1 a a R . qp p Q 

where 

(40) 

From Equations {18), (39), and {40) the transmission at the 

peak frequency s = jiD is given by . p 

DATE FILE 



·1 

i 

i 
l • J 
l 

I 
" ! 
~ 

~ 
f: 
i: 
! 
r 

! 
i 
I 
1 

' ~ 
!i 
~ 

I 

IE-1328 Hl-63) 

"' 

f 

f 

- 29 -

(41) 

The response at high and low frequencies is given by·Equa­

tions (16) and (17) respectively, and equals 

(42) 

The approximation in Equation (42) is valid when RF >> RQ. 

·A noninverting unity gain operational amplifier 
. ! 

represents a closer approximation to an ideal grounded VCVS 

than a Darlington pair. The assumptions of zero input admit-

tance and output impedance made in the above derivations are 

satisfied more accurately for this case and the gain is 

closer to unity. The corresponding circuit configuration 

ie shown in Figure 11. The same transmission functions as 

those derived above hold for this circuit; in fact the approxi­

mations made in them are satisfied more accurately. 

· There are some important advantages inherent in 

the FEN configurations shown in Figures 10 and 11 when using 

operational amplifiers. Due to the .virtual ground at the 

input t·o the inverting amplifier in the forward transmission 

path, the signals from the passive RC network and from the 
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feedback path can be added independently of each other. Be­

cause of this and the isolation afforded by the voltage 

amplifier in the feedback path, the basic parameters of the 

. network can be adjusted for very simply and independently of 

one another. This follows directly from the transmission 

functions of the network. Equation (40) shows that the in-

~ verse damping factor qp which determines the selectivity of 

the FEN can be adjusted for by varying the resistor RQ. 

Neither the frequency nor the peak forward gain of the net­

work are thereby effected. Similarly the peak gain is inde­

pendently determined by the resistor RG [see Equation (41)] 

and the peak frequency by the RC product of the notch filter 

in the feedback loop [see Equation (34)].· We shall see later 

that this latter parameter will be adjusted for by selecting 

the corresponding capacitors so that the resistors and with 

tpem the de operation of the network can be maintained in­

variant. Due to the very low output impedance of operational 

amplifiers, another advantage obtained with the FENs shown : 

in Figures 10 and 11 is that the 2-section circuits shown in 

Figures 5b and 6 can be cascaded with essentially no inter­

action between individual circuits. 

In the sections on FEN stability and sensitivity 

it will be useful to know the root locus of the FEN trans-

mission function given by Equation 39. This is particularly 
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simple to obtain. We recall first the geometric interdepen­

dence of the zeros and poles of the FEN, which was illustrated 

in Figure 3b. By inspection.of Equation (30) we find the 

same interdependence between the zeros and poles of the notch 

filter TN(s). We recall that the poles of TN(s) are the open 

loop poles·· of the FEN at which the root locus must begin 

(i.e., for ~ = 0) and that the zeros of TN(s) are the open 

loop zeros of the FEN at which the root locus must end (i.e., 

for JJ. = oo) • , It is easy to see then that the root locus 

. starts at the negative real transmission zeros of the FEN 

and then follows the semicircle with radius ru about the . . . p 

or-igin. The root locus is shown in Figure 12 and, as is (to 

be expected, cqrresponds-exactly-to the construction- shown 

in Figure 3b. 

2. High Selectivity FENs (HSFENs) 

As a result of the expression given by Equation (38) 

the required loop gain IJ.I3 of the circuit shown in Figure 8 is 

proportional to the speciried value or qp and inversely pro­

po~tional to qR. Since qR is the inverse damping factor or 

a passive RC network, it is restricted to values between 

0.25 and the upper limit 0.5. Thus typically the required 

loop gain ~t3 is approximately three to rour times qp. For 

high Q bandpass networks ~t3 may thererore be required to take 

on very high values. It was pointed out in the previous 

DATE FILE 

-- ... _ 



~-1328 (11-63) 
I 

{ 

- 32 -

sect~on that this results in stability problems with the 

FEN. One way of alleviating the stability problem is to 

restrict the gain of the amplifier in the feedback loop to 

unity. This in turn introduces sensitivity problems, because 

a11 the gain required for high selectivity must be obtained 

from the forward amplifier ~. The larger ~ is chosen, the 

less it can be desensitized to ambient variations by feed-

back and the more the gain will drift. 

A solution to this problem that avoids critical 

stability is to use an active null network for TN(s) in 

Equation (29) whose inverse damping factor qN can be chosen 

arbitrarily but whose forward gain is unity. In effect, this 
{ 

means adding a second feedback loop in the configuration of 

Figure 8 without altering the loop-conditions of the origi­

nal feedback network. Instead of looking at the new configu~ 

ration as a double feedback loop, however, it. is simpler to 

consider it as a single feedback loop with an active unity 

gain null network in the feedback loop. 

Tbe active null network is shown in Figure 13a. 

\.J From Appendix E, Equations (E-12), (E-31), (E-32) 1 and (E-33) 

we obtain the following transmission function for this 

network: 

DATE FILE 



• 
• ~ 

1 ( 

~ 
4 

1 
~ 

• 

- 33-

E s2 + ru2 
TNa(s) 1 out K n = f3 • Ein = Na s 2 + run s + run2 

qNa 

(43) 

wh.ere: 

= __!_ RL 
KNa l+r = (l+p)R+RL (44) 

(45) 

(46) 

aqd 

r = (l+p) ~ (47) 

For the case that f3 = 1 (i.e.~ unity-gain voltage ampli~ier)~ 

I 
. 1 l+r 

qNa ~=l = 2 r (48) 

Expression (48) is plotted as a ~unction o~ r in Figure 14. 
-Clearly ~or large values of qNa, r must be made as small as 
possible. From Equation (47) it ~ollows then that RL should be 
made as large as possible. However~ similar considerations 
to those restricting the maximum value of p in the preceding 
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section (see discussion of Equation (35)) impose an upper 

~ limit on RL here. The input impedance of the voltage ampli­

fier following the passive RC null network is in parallel 

DATE FILE 

with RL. To be sure that the ratio r is determined by passive 

I 
~~ ! . 

resistors only, RL must remain very much smaller than this 

input impedance. Furthermore, when realized as a semiconduc-

tor or thin film integrated resistor, the maximum value of 

RL is limited in value to about 250 KO. On the other hand, 

contrary to the case of the passive infinite null network 

used in the preceding section fsee Equation 85)]nothing 

is to be gained in this case by making p larger than unity. 
( 

In fact, the required RL for a given qNa can be decreased 

by actually making p smaller than unity. (See Figure 47.) 

To accommodate both the passive and the active infinite null· 

network cases, it therefore becomes practica~ to use a 

symmetrical Twin-T network in the FEN with p = 1. With 

values of r << 1 

.· 1 
q I --Na f3=l- 2r 

(49) 

Referring to the network in Figure 8, but substi­

tuting the transfer function of the passive null network TN(s) 

by the active network TNa(s) (see Figure 13b), we obtain the 

new closed loop transfer function: 
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(50) 

Substituting Equations (43) to (47) into Equation (50) we 

obtain: 

B2 run + 2 
E2 

+- B run qNa 
TFa(s) = El (a) =~a run B2 2 

+- B + ID 
qFa n 

(51) 

where: 

= - _--~:!.1.::..-...,=-

1 + f-fr 
(52) 

(53) 

With (46), Equation (53) can be written as: 

_ .2 • . 1 +r+1.11 
qFa - 2 (1-~)(l+p + pr 

(54) 

For ~ = 1 th~B simplifies to: 

(55) 
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With r << 1 and ~ >> 1 this becomes: 

q ., -...!!. 
Fa f3=l - 2r 

(56) 

2R whereby r = R: when the Twin-T is symmetrical. 
L 

With a unity gain noninverting operational amplifier 

(13 = 1) and a symmetrical Twin-T (p = 1) we obtain the 

configuration shown in Figure 15. For this case the coeffi­

cients of the transmission function given by Equation (51) 

* become: 

R 
(l+r) • R F 

G 

1 + r + ~ 
Ret 

2r 

(57) 

(58) 

where 

* 

r 
_ 2R 

-Rr. (59) 

Strictly speaking Figure 8 is not the accurate equivalent 
diagram for the network shown in Figure 15 because in Figure 8 
the forward gain ~ is entirely within>the feedback loop. Thus 
Equ.ations (57) and (58) c. an only be d.erived dir.ectly f.r .. om 
Equations (52) and (53) if J.1 is assumed to represent the . 
forward gain of the network and the symbol uiJ.f3u represents its 
loop gain. Thus by inspection of Figure 15 iJ. = RF/RG and 
JJ.f3 = f3. RF/RQ. The same comments apply to Figure 8 with 
respect to Figures 10 and 11. 
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and·qNa is given by Equation (48). Since in general: 

, 
t 

t 
and 

I 
~ r· 

f 
~ 

r<< 1 

[ 

Equations (57) and (58) can be simplified as follows: 

t· 
~ 

(60) 

and 

(61) 

For this case qNa is given by Equation (49). 

The peak transmission occurs at the frequency 

s = Jm~ and equals: 

(62)' 

At high and low frequencies the response approaches the r. constant value KFa ,. i.e. r. 
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{63) 

~ In general this value is approximately equal to R • 
G 

At this point it is instructive to consider the 

root locus of the FEN with an active null network in the 

feedback loop. It can be derived from the transfer function 

given by Equation (50). The root locus startsat the open 

loop poles and ends at the open loop zeros, which in this 
[ 

. case are identical to the poles and zeros respectively of 

TNa(s). The zeros of TNa(s) result directly from the 

numerator of Equation (43). The poles depend only on the 

resistor ratio ·r when, as assumed here, t3 = 1. The root 

locus for this particular case was derived in Appendix E 

-and shown in Figure E.2. The zeros and poles of TNa(s) for 

a specific value of r can therefore be assumed as in Fig­

ure 16a. The root locus of the poles of TFa ( s_) (see Equa­

tion 50) as a function of ~ (since t3 = 1) then lies between 

these two pairs of critical frequencies as also"shown in 

Figure 16a. A typical pole pair for TFa(s) for a given value 

of r and 1J. is shown in Figure 16b. The zero pair, which 

coincides with the poles. o1 TNa ( s) is also shown. 

DATE FILE 



~ -1328 (11-63) 

-. 39 -

From Equation (53) it follows that 

(64) 

Therefore the expression given for TFa (s) [see Equation (51)] 

and the. corresponding pole-zero diagram shown in Figure 16b 

derine the frequency characteristic of an FEN as required. 

The next step therefore is to equate TFa(s) with the required 

active correcting network TA{s) given by Equation (11). To 

do so we should list a set of four required identities such 

as those given by Equations G7a' to d). However, in this 

case only three are possible, namely: 

qFa = q p 
(65a) 

cnn =en (65b) 
p 

and 

KFa =K 
A 

(65c) 

The fourth, namely that qNa = qR is, of course, not possible 

since we have generated conjugate complex FEN zeros (i.e., 

conjugate complex open loop poles) with the active null net­

work. These cannot accurately cancel out the negative real 

poles introduced by the approximating RC network preceding 

~ the FEN. Therefore, when cascading an RC network whose general 

short circuit transfer admittance is of the formgiven by 
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Equation (10), with a high selectivity FEN characterized by 

Equation (51) an error in the overall response is introduced 

of the form: 

(66) 

Since qNa is larger than qR' TE(s) defines a Frequency 

Attenuating Network of medium selectivity. Its response 

approaches unity at high and low frequencies and is symmetrical 
{ 

to the normalized frequency 0 = 1. (See Equation(l~.J Minimum 

transmission occurs at this frequency, namely: 

(67) 

Assuming qR = 0.25 and the unity gain amplifier in the feedback 

loop (i.e., ~ = 1) the maximum transmission error can be 

expressed with Equation (48) as: 

(68) 

A qualitative plot of the frequency response defined by TE(s) 

is shown in Figure 17. 
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The frequency selectivity of a Frequency Attenuating 

Network (hereafter referred to as an FAN) can be defined in 

the same way as for an FEN (see Appendix A). Referring to 

.Figure 17 we find the same expressions for the -3 db frequencies 

·as those given by Equations (19) and (21) except that ·here: 

(69) 

Therefore: 

\70) 

In many highly selective filtering applications, 

in particular those involving single high-Q bandpass sections 

only, the er~or TE(s) can be ignored.· Generally such applica­

tions require the filtering of a particular frequency or group 

of frequencies (e.g., "tone pickoff filters") . or the exclusion 

of others and are not concerned with the detailed shape of the 

frequency response. In those cases, however, where an accurate 

amplitude or phase response is required and specified by a 

particular transfer function, then the addition of what might 

be termed the parasitic zero-pole pair defined by Equation (66) 

will be unacceptable. It must then be compensated for by 

:.··~. 

·,· .. ,._-: 
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cascading an MSFEN of the type described under IV.l. The 

response of the MSFEN will, of course, be the inverse of 

that given by Equation (66) ~ An example of a high Q bandpass 

network whose response is accurately given by: 

T(s) = (71) 

where 

< . 

is shown in Figure 18. As shown in Appendix A, Equatiqn (A.41) 

r 

the Q corresponding- to this transmission function is equal to 

qp. Without the compensating MSFEN network the Q is a more 

complicated expression and is given by Equation (A.84) in 

Appendix A, if we let: 

and 
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~ssuming given values or qR and qNa the required value qp 

corresponding to a specified frequency selectivity Q is 

solved for in Equation (A.86).· This expression is plotted 
~- - --- - -

in the Appendix in Figures A.7 and A.B. 

In general, a double FEN section will only be 

required for the dominant poles of a high selectivity, 

precision filter. In some cases it might even be possible 

to utilize the parasitic pole-pair defined by Equation (66) 

to realize part of a desired frequency response in which 

case no double FENs would be necessary. 

The same advantages of independent network 

parameter adjustment that are obtainable with the MSFEN cdn­

rigurations shown in Figures 10 and 11 apply to the HSFEN 

configuration of Figure 15. In fact, as a comparison of the 

two network types shows, the only difference in the HSFEN 

configuration is the added.feedback loop and the RC network 

, loading the Twin-T. Beside using RQ for independent FEN 

selectivity adjustment, we now also have the variable r for 

this purpose. The choice of these two variables for a given 

value of qp will be discussed in the sections on FEN sensi­

ttvity and stability in Part II of this memorandum. 

V. FREQUENCY REJECTION NETWORKS (FRNs) 

Theoretically there is no justification for picking 

out second order Frequency Rejection Networks (hereafter 
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referred to as FRNs) from the family of networks realizable 
by cascading an RC network with an FEN. As was shown under 
Section III in Tables 1 and 2 they can be realized in 

precisely the same way as any of the other second order 

networks listed there. Practically~ however~ there is an 
important reason for doing so. FRNs require transmission 

zeros as close to the jru axis as possible. The RC approxi-
mating networks that will supply these conjugate complex 

zeros are invariably networks with more than one transmission 
path between input and output terminals. The Twin-T is an 

example of such a rietwork. Transmission zeros are obtained 
I by crit;tcally balancing the two parallel signal paths for 

zero transmission at the desired frequency. This entails 
high precision trimming of the network components - generally 
of the resistors. Methods of efficiently performing this 

tuning process are available [13~14]. Nevertheless~ due to 
the high degree of precision required the procedure is always 

* relatively time consuming and therefore expensive in production. 
It is, therefore, desirable to restrict this type of balanced 
network to a minimum. 

* Unless very high quantities (yearly business in excess of one million dollars) justify full automation~ the tuning process is a manual one priced at approximately 20 cents per minute. 



t-1328 {11-63) 

- 45 -

Since a precision tuned Twin-T is already incor­

porated in the FEN, the question naturally arises whether it 

alone could not be used to realize the general transmission 

function of an FRN, which has the form: 

2 + 2 a cnn 
T (a ) = K ---cn---...:1;;;...._-

s 2 n2 + 2 + -- a ron 
~ 2 

(72) 

instead of cascading a second Twin-T with an FEN as shown for 

instance in Example (4) of Table 2. Fortunately this is 

indeed possible with the active null network used in the 

HSFEN as shown in the following. 

FRN With Active HSFEN Null Network 

a. Voltage Amplifier With Gain Larger than Unity 

·We consider here a network configurat.ion that is 

more general than that discussed in Section IV.2 (see Fig­

ure 13a). It is shown in Figure 19. The difference between 

the two networks is that here: 

r f. c {73) 

and 

t3 > 0 (74) 
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From Appendix E we can readily find the network parameters 

required for a specified transmission function of the ~ype 

given by Equation (72). 

we find: 

From Equations (E. 20) and (E. 21) 
; 

(75) 

(76) 

From Equation (E. 30) the necessary gain ~ is given by. 

J:l.=l+1._e_ 
..... 2 l+p (l+c) 

If a noninverting operational amplifier is to 

provide the gain ~s then one of the following 

must be satisfied: 

~ [(:::Y 
CD 

1 
n2 

+-
CDn 

1 
r~ 

~~~:)2 
CD 

+ 1 
n2 ---

CDn 
1 

+ c - 1 (77) 

be used to 

two inequalities 

(78) 

" ;. 
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(79) 

These constraints guarantee the required value of ~ to be 

larger or equal to unity. 

The modifications required of the active null 

network used in the HSFEN to provide the geheral FRN trans­

fer function given by Equation (72) are not very extensive. 

The fact that the resistor ratio r and the capacitor rati<» c 

need not be equal does not affect the circuit configuration 

but only the actual resistor and capacitor values. A slight 

change in configuration is necessary when ~ is required to 

be larger than unity (assuming that one of the inequalities 

given by Equations {78) and {79) is satisfied), since the 

HSFEN is designed with ~ equal to unity for stability reasons. 

Referring to the HSFEN network shown in Figure 15, the gain 

of the noninverting operational amplifier designated An can 

be increased from unity by adding an appropriate resistor 

from the inverting input·terminal to ground. Since this may 

effect the de offset voltage of An, some adjustment of the 

feedback resistor may subsequently be necessary. 

DATE FILE 



[cE-1328 (11-63) DATE FILE 

- 48-

It is shown next that if a unity gain amplifier 

is used so as to retain the HSFEN active null network exactly, 

the realizable transmission functions will be limited. 

b. Voltage Amplifier With Unity Gain 

Setting ~ = 1 in the network shown in Figure 19 

does not affect Equations (75) and (76). From Appendix E, 

[see Equation (E. 34)] the inverse damping factor however 

now becomes: 

J.. 
= r< 1 +r )( 1 +c ) ] 2 

r+c (80) 

i.e., it depends only on the resistance ratio rand on the 
I 

capacitance ratio c. Furthermore from Equations (E.35) and 

(E.36) of the Appendix, these ratios are no longer independent 

but related by the two requirements that: 

(81) 
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and 

qp [1 (:n2 )

2

] + :n2 

1).1_ - n1 .· (82) c = 

qp [(~:r 1]- (l) 

+ 
n2 

CDn 
1 

For physical realizability, r and c must remain positive. 

As can be readily derived from the results given in Appen­

dix E this limits the range of realizable frequency ratios 

wn /wn as a function of q ., as follows: 
2 1 p 

(l) 

1 { I 2 } n2 1 { I 2 } 2qp . ..; 4qp + 1 - 1 < ill < 2q ..; 4qp + 1 + 1 ( 83) 
nl. P 

---rrhe-s-e limit-s ·are plotted on semilogarlthmic paper in Figure 20. 

Clearly the range of obtainable frequency ratios decreases 

rapidly with increasing qp. Thus the configuration shown in 

Figure 19 with ~ = 1 is only of general use in realizing 

transfer functions of the type given by Equation (72) when 

low values of qp are required. 
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VI. HYBRID INTEGRATED CIRCUIT TECHNIQUES 

. ~) In the preceding ,sections, the circuit techniques 

l 

with which to realize the proposed method of active RC filter 

design have been discussed. We will now consider the device 

techniques at our disposal with which to realize these net­

wo:t•ks in microminiaturized form. 

The two most important considerations that deter-

< mine the choice of a particular integrated circuit technique 

are the cost of production and the required degree of circuit 

insensitivity to ambient variations. For sufficiently high 

production quantities, however, production costs will not 

~iffer appreciably with the integrated circuit technique 

applied. In thi<s case the circuit sensitivity requirements 

decide the approach to take. This is particularly true in 

the field of active linear networks which often have to com-

pete in performance with the low transmission sensitiv2ty of 

high quality passive LC networks. It has been shown [see 

Reference 6] that hybrid integrated circuits, in which semi-

conductor integrated active devices are combined with tantalum 

thin film resistors and capacitors, are very well suited for 

the microminiaturized implementation of linear active networka" 

provided that circuit characteristics can be made to depend 

almost exclusively on the tantalum thin film components. 
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Highly stable circuits then result~ due to the high quality 

· of presently available tantalum thin film components (see 

Table 3). In fact if indeed it is possible to design networks 

whose characteristics are determined by the thin film charac-

teristics~ then the resulting network may actually exhibit 

less sensitivity to ambient temperature variations than is 

obtainable with high quality passive LC networks. This is 

evident from Table 4 in which the frequency drift with 

respect to temperature of tantalum thin film RC networks is 

compared with that of standard and high quality LC networks. 

Due to the capability of matching thin film resistor and 

capacitor temperature coefficients~ the maximum frequency 

drift of a second order network will not drift by more than 

0.15 percent over a temperature range of 50°C. Furthermore~ 

again assuming that pole stability is determined by the 

thin film components only, the Q of a second order network 

will remain essentially constant with temperature variations. 

The ·method of desensitizing active RC networks that 

affords the most versatility in network design is to minimize 

separately the active and passive sensitivity coefficients 

making up the pole sensitivity of a second order network 

rsee Reference 6~ Section III.2]. In the present context 

this specifically means stabilizing the active devices of the 

FEN individually with high precision thin film feedback 

networks to the extent that the closed loop gain is determined 
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by these netwo~ks only. For this to be possible high open 

loop gain devices are required. Fortunately,they are also 

available and at reasonable cost in the form of semiconductor 

integrated operational amplifiers. As was pointed out 

earlier the use of operational amplifiers also provides the 

is-olation within the FEN to provide independent parameter 

~· adjustability and, between building-block stages, to provide 

independent cascadability. 

DATE FILE 

An important advantage of tantalum thin film resis­

tors is that they can be very accurately adjusted after deposi­

tion by trim anodization [15). This provides a one-way 

resistor vernier adjustment by converting the top layer of 

the metal (e.g., tantalum nitride) resistor film into an 

insulating film of tantalum oxide. Thus, individual resistors 

that determine either the frequency, gain or Q of a network 
·/ 

can be adjusted while it is in its normal mode of operation [16). 

This process of resistor adjustment is limited to within 

approximately 50 percent of the initial resistance value. To 

provide initial coarse resistor adjustments, scratchpad 

techniques are used. For this purpose the resistor is tapped 

at given intervals by a short circuiting shunt path. The 

resistor can then be increased to the desired amount by 

scribing open a particular shunt path. The taps on the resis­

tor can for instance be distributed to give a binary series of 

resistor values (see Figure 21). 
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The possibility of scribing open thin film con-

duction paths can be further utilized to increase the 

versatility of thin film networks. Multiple conducting 

paths corresponding to a variety of circuit configurations 

can be initially deposited on a ceramic substrate. Sub-

sequently~ all paths excluding those required for a particular 

application can be scribed open and thus made inoperative. 

This approach is used extensively in the design of the hybrid 

active filter networks described here. 

In developing the hybrid integrated TOUCH-TONE 

Generator the "piggyback" circuit construction~ using separate 

resistor and capacitor substrates, was found to offer a useful 

solution to two technological problems [17]. The first is 

the fact that tantalum thin film capacitors require some 

.degree of protection as they are sensitive to humidity and 

cannot withstand physical abrasion. Therefore, with the 

"piggyback" construction the capacitors are deposited on one 

substrate and a protective substrate placed on top of it 

with a .003 to .oo6 inch gap between the two. · This gap is 

filled with a polyethylene-polybutene compound by a vacuum 

impregnation process which has been shown to improve the 

humidity sensitivity of the capacitors appreciably. ·The thin 

film resistors are then deposited on the exposed surface of 

the upper substrate .onto which the semiconductormtegrated 
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active devices are also either bonded or beam-leaded. This 

leaves the resistors accessible for final precision adjust-
' . 

ment by trim anodization. It also simultaneously alleviates 

the second problem, namely that the fabrication of thin film 

resistors requires a processing sequence that is different 

from that required by thin film capacitors. By depositing 

the capacitors on a separate substrate a high yield of 

~esistors and capacitors can thus be maintained. 

For the same reasons as those mentioned above, the 

· "piggyback" construction is being adopted for the development 

of' the hybrid active filter networks. At the same time, how-­

ever, this approach lends an added degree of versatility to 

their design, Since the ·FEN circuit is essentially a de-coupled 

f'eegback network, it is desirable to maintain essentially the 

same de resistance level in it for all applications. This is 

also desirable to insure minimum offset voltages due to the 

operational amplifiers. By using a separate capacitor sub­

strate, the RC products determining the frequency of operation 

can .be varie.d by selecting an appropriate capacitor substrate 

without affecting the de operation of the network. This does 

no-t;, however, involve manufacturing a completely new capacitor 

substrate for each required frequency. This can be seen by 

considering the physical configuration of a thin film capacitor 

as shown in Figure 22a. The narrower of the two capacitor 

, _______ ..::___ 
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electrodes determines its capacitance. Thus the range of 

~. capacitor values required for a given frequency range can be 

covered by making the lower {larger) electrode large enough 

to produce the largest required capacitor value. All the 

remaining {smaller) capacitors are then obtained by appro-

,., priately narrowing the upper electrode. Thus only a variety 

of upper-electrode production masks are required to cover 

a given frequency range. For a given application requiring 

a limited number of operating frequencies the corresponding 

capacitors can be obtained in a very much simpler way. This 

is illustrated in Figure 22b. The upper electrode consists 

DATE FILE 

of as many interconnected sections as the number of frequencies 

required. By scribing open, i.e., disconnecting specific 

,_ 

sections, the capacitors can be coarse adjusted to the fre­

quency of operation. Fine adjustments are then obtained as 

before by trim anodization of the corresponding resistors. 

VII. ALL PURPOSE FEN/FRN BUILDING BLOCKS 

By affectively utilizing the above mentioned hybrid 

integrated circuit techniques, basic second-order circuits 

can now be obtained with one and the same resistor-capacitor 

substrate pair. A multipurpose RC ladder network can be 

realized by the configuration shown in Figure 23. The con-

("'1 ducting paths corresponding to the various filter options 

required are initially deposited on the upper of the two 

substrates. Subsequently to obtain a specificfilter charac-

teristic, the appropriate paths are opened as indicated. 
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The multipurpose network shown covers only the 

first four transfer admittances listed in Table 1. By 

adding two resistors and one capacitor together with the 

corresponding conducting path options, the remaining trans­

fer admittances listed under 5) and 6) of Table 1 can also 

be obtained as shown in Figure 23b. To prevent a substrate 

from becoming too crowded with conducting path options, two 

basic substrate pairs designated Types I and II respectively 

are foreseen, which cover the applications 1 to 4 and 5 and 6 

listed in Table l,separately. 

In Figure 24a the combination of the multipurpose 

RC network with the active correcting network as deposited 

on a single substrate pair is shown. Again, all conducting 

paths are deposited allowing for the various filter options 

mentioned earlier. Also, although not shown in the figure, 

the conducting paths leading to the noninverting VCVS ~ are 

arranged in such a way that either an operational amplifier 

or a beam-leaded Darlington transistor pair can be directly 

bonded onto the filter substrate. The terminal connections 

required for the various filter options and the methods of 

adjusting the parameters of the network which were discussed 

under Section IV are summarized in Table 5. 
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~he RC notch filter incorporated ·in the FEN/FRN 

is shown in Figure 24b. As d:t.scussed in conjunction with 

Equation 48, the Twin-T used :1.s symmetrical. This choice 

constitutes a compromise between the requirements of the 

MSFEN and the HSFEN •. As a result the inverse damping ratio 

corresponding to the RC notch filter [see Equation (35)] is 

equal to 0.25. As a direct consequence rsee Equation (37a)] 

the inverse damping factor of the RC networks TR(s) must 

have the same value, thus in all cases: 

( 84) 

Operational amplifiers have very low output 

impedances •. This means that when used as an FEN, in which 

case the terminals are connected as shown in Figure 24a, 

-the output impedance of the total building block is very low. 

·Similarly, when applied as an FRN with the terminals con­

nected as shown, we again have an operational amplifier at 

the output of _the network and the output impedance is very 

low.- In both cases there is essentially no interaction 

between a cascade of filter building blocks. Due to these 

isolating properties, complex filters can be built by cascad­

ing appropriate building blocks. Typical filter configurations 

~) might thus look like those shown in Figure 25. The network 
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configuration of a sixth order maximally flat low-pass 

filter with a single rejection frequency is shown in 

Figure 25a. It consists of an RC ladder network inter­

spersed with two FENs and an FRN to give the rejection fre­

quency. Similarly a typical fourth order equiripple bandpass 

·filter would also consist of an RC ladder network with two 

DATE FILE 

FENs as shown in Figure 25b. In Part II of this memorandum 

some practical design examples of complex filter configurations 

are given in detail. 
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APPENDIX A 

DEFINITION OF Q 

Some confusion exists with respect to the definition 

of the quality :ractor Q of a network. This is reflected by the 

numerous discussions that have been published on the subject 

recently [A.l-A.6]. It is even more evident from the fact 

that the definitions vary quite widely in textbooks on network 

analysis and synthesis. There may be some justification for 

ambiguity 1n the field of conventional LCR networks, since a 

· differentiation must be made between the quality factor of 

reactive components and the quality :ractor of, say, a tuned 

LCR-tank. In the field of inductorless active networks however, 

it seems unnecessary. 

Let us consider the second order bandpass network 

whose transmission function is given by 

(A.l) 

. The corresponding pole-zero diagram is shown in Figure A.l, the 

frequency response in Figure A.2. Referring to these two 

figures, Q has been defined by roc/2a, ror/2a which is identical 

with 1/2~, and rop/(~-rol). Only when a is very small, i.e., 

when the poles are very close to the jru axis, are these terms 
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\. 

approximately equal. However in RC active circuit design, where 

passive RC networks are often considered by themselves, the 

expressions above can vary significantly. 

It seems sufficient to distinguish between two 

different terms for the characterization of active RC networks, 

namely the inverse damping factor q and the frequency selec­

tivity Q. They are related to one another but are only 

identical in special cases. 

The inverse damping factor is a theoretical term 

that determines the location of a particular pole. It is 

given by: 

where ron is the undamped natural frequency, cr is the distance 

of the pole from the jm-axis and C is the cosine of the angle 

between the pole and the negative real axis. 

The frequency selectivity Q is a practical, easily 

measurable term defined as: 

(A.3) 

mp is the frequency at which the steady state transmission is 

maximum and c~~t> is the bandwidth between the two frequencies 

at which the maximum transmitted signal power is halved or 

the signal level reduced by 3 db. The high and low half-power 

4J1 
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rrequencies are the geometric mean of the peak frequency, 

· namely: 

(A.4) 

The theoretical term q is quite general and can be 

applied to any second order network for which it specifies the 

location of the corresponding conjugate complex pole pair (see 

rootnote on Page 4 of main text). On the other hand, by nature 

of its practical derinition the frequency selectivity Q is only 

applicable sensibly to symmetrical bandpass and bandstop 

networks. 

A.l Second Order Bandpass Networks 

The inverse damping factor q results directly from 

the location of the poles of the specified transmission func~ 

tion and requires no further elaboration. As we shall see 

further on, its use can be expanded to characterize the zero 

location of a network. In both cases q increases as the pole 

or zero approaches the jiD-axis. 

The frequency selectivity Q has so far only been 

defined in physical terms and it remains to be shown that it 

is directly related to the inverse damping factor. To do so 

we must first find an expression for the frequency of peak 

transmission in terms of the transmission poles. 

Let us consider the pole-zero diagram of the trans­

mission function given by Equation (A.l) which is redrawn in 
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Figure A.3. The corresponding frequency response can be 

expressed in ter.ms of the vectors shown in Figure A.3 as 

.follows: 

I T( jru) I = KBP -~ f 
~1~2 I 

The area A of the triangle formed by the three 

points p1,p2 and s = jro can be expressed by: 

and also by: 

Equating (A.6) and (A.7) we find; 

* 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

But for a constant scaling factor, this is the frequency 
response of a second order lowpass filter expressed as a 
.function of the angle ~· The peak value KLp/2ruccr occurs 
when~= 90°. The corresponding peak frequency [rop]LP 

* 

occurs at the intersection between the jro-axis and the circle 
whose diameter is the line segment between the conjugate com­
plex pole pair, (see Figure A.3). Therefore [rop]LP equals 
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Referring again to Figure A.31 

cp=a+t3 

. CD -v c tga·= --- . a 

· from (A.9), (A.10), and (A-.11): 

' tgcp 

So1ving(A.l~ for v, we obtain 

From (A.S), (A.8), and (A.l3) we therefore find: 

I T( jCD) I = a [b+ctgcp ]l. sin cp 

where 

a = 

DATE FILE 

· (A.9) 

(A.lO)_ 

. (A.ll) 

· · . r (.A.12) 

(A .. l3) 

(A.l4) 

(A.l5) 
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and 
2 . 2 

CDC - a 
b = 2cn a · c 

(A.l6) 

~o obtain the angle cpp at which the transmission is maximwn 

·the derivative of (A.l4) with respect to cp is taken and we 

obtain: 

d I T(.jcn) I= 2_ [2(b+ctgp)cos !f - sin q>-l] 
dcp 2 . (b+ctgcp)2 

(A.l7) 

Setting (A.l7) equal to zero we get: 

[ . 

Therefore 

b•sin 2cp + cos 2cp = 0 

With (A.l6) this becomes: 

. Q) 
2....£ 

tg2cp = q (A.l8) 

- ("';)2 1 

or 

Q)c (A.l9) tgcpp =-
0 
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Substituting this value in (A.l3) we find% 

(A.,20) 

~tEte peak frequency of a second order bandpass filter with a 

conjugate complex pole pair is thus equal to the undamped 

natural frequency IDn.• This is shown graphically in Figure A.4. 

The peak transmission value follows from Equation (A.l) as: 

. (A.21) 

If the two poles of the transmission function given by 

Equation (A.l) are negative real, the corresponding pole­

zero diagram is of the type shown in F1-gure A. 5. · The fre- · 

quency response, . expressed in terms .. of the. vectors shown in . 

the figure are ~again given by Equation (A. 5). Similarly the 

area A of the triangle formed by the points p1, p2, and 

s = jiD can be expressed by1 

(A.6) 

and also by: 

(A.22) 

Letting 

(A.23) 
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. .and equating (A.6) and (A.22) we find: 

sin ~ (A.24) 

Substituting this expression in Equation (A.5) we get: 

'T(s) =~sin cp · (A.25) 

( 

J 

I 
t 

T(a) can now be expressed in ter.ms of v. Referring to 

Figure A.5. 

and 

'!'here fore: 

Yram (A.l) we find: 

. pl 
tg(l =­y . 

cp = f3 - Cl 

(A.26) 

: {A.27) 

{A.28) 

·(.A.29) 

(A.30) 
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and with (A.23), Equation (A.29) becomes: 

Since: 

tgcp 

sin cp = tgp 

/l+tg2cp 

Equation (A.25) becomes: 

T{s) = v 

[(v2 + ro'f:/ + p2v2Jl/2 

(A.31) 

(A.32) 

(A.33) 

Taking the derivative of (A.33) and setting it equal to zero · 

we can again solve for the value of v = vp for which 

Equation (A.33) has a maximum. Thus we find. 

(A.20) 

This is· the same result as was found for the case of conjugate 

complex poles. The peak transmission value is therefore also 

given by Equation (A.21). 

It may be of interest to obtain the peak frequency 

mp = mn graphically. For the conjugate-complex pole case, it 

is of course simply the distance from either pole to the 
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~oordinate origin. In the negative-real pole case it is the 

graphical solution to Equation (A.30). This is given by the 

fa~liar geometrical construction shown in Figure A.6. 

Having obtained the peak frequency cop, the half-power 

bandwidth 

(A.34) 

remains to be calculated. From Equation (A.l) the amplitude 

response is given by: 

(A.35) 

[. 

The half-power frequencies for this expression can be obtained 
A 

by setting it equal to TBP/~ •. From Equations (A.35) and 

(A.21) these frequencies are given by the two ·solutions to the 

quadratic equationz 

.. (A.36) 

which are: 

(A.37) 
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and 

Forming the product of ~ and ml we get: 

(A.38) 

(A.39) 

which, with Equation (A.20) proves the statement of geometric 

. symmetry expressed by Equation (A.4). The 3 db bandwidth 

follows from Equations (A.37) and (A.38) as: 

(A.40) 

This expression. is valid accurately whether the two trans­

mission poles are conjugate complex or negative real. In the 

li:1tter case however it is more convenient to express th~. band­

width in terms of the real poles p1 and p2 than in terms of a. 

From Equation (A.l) we find: 

(A.41) 

DATE FILE 

Comparing Equations (A.20), (A.30) and (A.41) with Equations (A.2) 

and (A.3) we find that for second order networks of the general 

for.m given by Equation (A.l): 
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. (A.41) 

Furthermore this relation applies accurately whether the two 

transmission poles are conjugate complex or negative real. 

A.II Freguencz EmEhasizins Networks 

The transmiss~on function of an FEN is given by: 

s2 + 2azs + (J)2 

'!F(s) = KF • 
nz 

(A.42) 
62 + (J)2 + 2aps 

~ 

where 

.a < az (A.43) p 

TO derive the steady-state frequency characteristic 

of TF(s), it is useful to introduce the normalized angular 

frequency_ 

() (J) 
= run 

. and the inverse damping factor given by Equation 

amplitude response then follows as: 

~1 r 1 --o +-
Q) Oz z q2 

I TF( jO) I = KF 
nz z . -. e r l 

(J) 
~ --o +2 

~ p q p 

(A.44) 

(A.2). The 

1/2 

{A.45) 
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. (A .. 59) 

Mul,tiplying out we obtain 

(A.60) 

With the substitution: 

(A.61) 

-Equation (A.60) takes on the same form as Equation (A.52) and · 

all subsequent results are formally the same e~cept that qFEN 

DATE FILE 

· is substituted by qFAN• Therefore, by substituting Equation ( A.61) 

into Equation (A.56), the frequency selectivity of the FAN result 

as: 

(A.62) 

Due to the limitation given by (A.58) this expression always 

remains real. 

.l 
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!• .. \1. [' ) 

where 

(A.46) 

·For the symmetrical FEN, ronz = ro~ and Equation (A.45) becomes: 

(1 \ 2 1 
\!)~OJ + 2 
. q z 
(1 . \ 2 . 1 
\{)-OJ + 7 

. p 

1/2. 

(A.47) 

As under Section A.l, it can be shown that the peak varue of 

(A.47) occurs at 0 = 1 and is given by 

(A.48) 

The half-power frequencies of Equation (A.47) can be obtained 
A 

by. setting it equal to Ty/ ~ . thus: 

(A.49) 
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This can be simplified to: 

· (A. 50) 

By introducings 

(A.51) 

Equation (50) can be further simplified as follows: 

o2 + 0 . - 1 = 0 (A.52) 
qFEN 

This.is the normalized version of Equation (A.36). Thus,·the 

two -3 db frequencies in normalized for.m are given byr 

DATE FILE 

(A.53) . 

\ 

and 

O.e=~-2q~ 

These two frequencies satisfy the condition for geometrical 

symmetry# namely 

(A. 55) 
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The frequency selectivity of the FEN results from Equations (A.53) 

and (A.54) as 

Q__ 1 = qFEN = /qp2 - 2q2z 
. -v.ll'b;N = Oct -ol (A. 56) 

Since the FEN is characterized by condition (A.46) the expres-

sion under the square root cannot, of course, become negative. 

A.III Frequency Attenuating and Rejection Networks 

We start out here with the same transmission func-

tion as is given by Equations (A.42) and (A.45) except that 

hereJ 

(A. 57) 

In ter.ms of the inverse damping factor: 

(A. 58) 

- Under these circumstances and considering only the symmetrical 

r PAN, we get the amplitude response given by Equation (A.47). 

~ ). 

This is maximum at zero and very high frequencies where it 

approaches the constant value Kp• For this case, therefore, 

the half-power frequencies are obtained by setting Equation (A.47) 

equal namely: 
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The frequency selectivity of an FRN (i.e., Frequency 

Rejection Network) or notch filter is characterized by the 

special case of Equation (A.42) when a = o. This corresponds ' z 

to Equations {A:45) and (A.47) when qz = oo. Thus we can derive 

the frequency selectivity of an PRN by letting qz approach 

infinity in Equation (A.62}. We obtain: 

A.IV 

From the main text (Section IV.2) it follows that a 
- { 

high Q second order bandpass network is generated by cascading 

an RC ladder network and an HSFEN (High Selectivity Frequency 

Emphasizing Network). The corresponding transmission func·tion 

:lB of the form: 

(I) 

+ 0)2 "S
2 +...,!! S 

T(s} S q2 n 
=K • • (A.64) 

(I) (J) 
"2 + _!! S + (1)2 s2 + _!! S + 0)2 S . ql n q3 n 

q1 corresponds to the poles of the RC transfer admittance and 

q3 
is determined by the poles of the specified selective net­

- work. Being a high Q network, q
3 

is by definition much larger 

than q1 • Finally the characteristic of the HSFEN is that its 

zeros are not restricted to the negative real axis, in other 

words q2 is larger than q1 • Thus: 
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(A.65) 

Equation (A.64) can be written as follows: 

(A.66) 

where 

(A.67) 

(A.68) 

and 

(A.69) 

·TBP(s) is the actual transfer function desired, TE(s) con~ 

stitutes an error in the resulting frequency response. 

C Obviously if, as is the case for the MSPEN (Medium Selectivity 

Frequency Emphasizing Network), q2 were equal to q1 than the Q 

of the overall network would be equal to q3• Since this is 

not the case here, the Q or the overall network represented by 

the transmission function Equation (A.64) must be calculated 

separately. 

DATE FILE 
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The normalized amplitude response corresponding to 

Equations (A.64) or (A.66) is given by: 

~- o)2 
1/2 

K +..!... 
(J) q2 

IT( .10) I n • 2 = 2 1/2 ~- o)2 [~- o) + : 2 ] 
+ 1 

2 
ql 

3 

(A.70) 

The peak value occurring for 0 = 1 is given by 

(A.71) 

The -3 db (i.e., half power) frequencies can ~ow be obtained 

DATE FILE 

as before. For convenience we first introduce the substitution: 

w = ~- o) (A.72) 

( ) 1\T/. 1?5 Setting Equation A. 70 equa 1 to y "" and· making the above 

substitution we find: 

2 (A~73) 

I 0~ 
l'....,.._ __________________ l_:__ 
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This can be multipled out to give: 

(A.74) 

-With the new substitutions: 

(A.75) 

(A.76) 

and 

(A• 77) 

Equation (74) becomes 

(A.78) 

(" The roots of this equation can be found by inspection. The 

negative root has no physical meaning. Thus we are left with 

the solution: 

1 
z = 2 [ ~ 1] /Qi~Q!-Qi 

(A.79) 

DATE FILE 
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From ~uations (A.72) and (A.75) this becomes: 

Making the substitution 

q2 - 2 

HF-r ~ 1] 
. l!Qi-r~-Qi 

Equation (A.80) becomes: 

2 0 0 +--1=0 
qHF 

(A.80) 

(A.81) 

(A.82) 

This equation is formally identical with Equation (A.52). From 

Equations (A.56), (A.76), (A.77} and (A.81) we therefore .find for 

the Q of the HSFENz 

..j'l qlq3 
. ~FEN = ______ __.:=......:::.-------__...;,-~---=1-r::::/2 

qi + q~ - 2q~ + 4qiq~ - (qi + q~ - 2q~) I 
-

(A.83) 
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as written in another form: 

2 
2q2q2 

1 3 
QffsPEN = q2 + q2 2q2 

• 
1 3 - 2 

(A.84) 

As to be expected, for the limiting case that q1 = q2 the 

above equations give 

:(A.85) 

In general q
1 

and q2 will be given and the value of q3 will be 

required that corresponds to a specified frequency selectivit~ Q. 

Solving Equation (A.84) for q3 we get: 

we have: 

2 2 
QHSFEN + Jq2) _ 1 

q2 ~ql 
. 1 

"2 
QffsFEN + l 

q2 
1 

1/2 

(A.86) 

Using the terminology of the main text (Section IV.2) 

(A.87a) 

0~ 

' 
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(A.87b) 

(A.87c) 

Let us consider the circuit con~1guration of Figure 15. 

Assuming a symmetrical Twin-T in the HSFEN and a unity gain 

r . noninverting ampli~ier ( ~ = :1-) we have 1 

{ 

and 

where 

q = l1:t£. 
Na 2 r 

2R 
r = Rt 

(A.88) 

(A.89) 

Subst~tuting Equations (A.87) to (A.90) in (A.86) we get: 

ll_6_QH_2_sFE~N-+ _e\_1_;r_)_2 ---1]. 1./2 
q ·= QHSFEN 
P · 16 ~FEN + 1 

(A.91) 

A typical value ~or r is 0.1 in which case qNa = 5o5o Sub-

{ stituting these values into Equation (A.86) we get: 
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= Q [16 Q~FEN + 967] l/
2 

qp HSPEN l6 Q2 . + l 
. HSFEN 

( A.92) 

Expression (A.91) has been plotted in Figure A. 7a and A. 7b with 

the resistor ratio r as parameter. For r values larger than 

. 0.05, 'the required inverse damping factor qp is approximately 

equal to the specified frequency selectivity ~FEN• For 

smaller r values than 0.05, qp is required to be appreciably 

larger than the desired frequency selectivity. This is to make· 

up .for the effective FAN that is generated when using an 

uncompensated HSFEN to obtain a second order bandpass filter 

of the type defined by Equation (A.l). In Figure A.8 the 

~atio of qp to ~FEN has been plotted on semilog paper for 

different values of the parameter r. 

. I 
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APPENDIX B 

ANALYSIS OF THE SHORT-CIRCUIT TRANSFER ADMITTANCE 

OF SECOND ORDER RC NETWORKS 

General Network Configurations 

A. Five Element Ladder Network 

We consider here the configuration shown in 

Figure B.l. By straightforward ladder analysis the short­

circuit transfer admittance results as: 

E =0 0 . 

1 
= zlz2z3yly2 + zl{Z2+z3)Yl + z3(zl+z2)Y2 + zl + z2 + z3 . 

(B.l) 

B. Three Element Ladder Network 

This configuration is shown in Figure B.2. The 

short-circuit transfer admittance results from Equation (B.l) 

( by setting Y2 and z3 equal to zero. Thus: 
J 

1 (B.2) 

DATE FILE 
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··or rewritten: 

1 
(B.3) 

where: 

(B.4) 

· C. Six Element, Partially Bridged Ladder Network 

The configuration considered here is shown in 

Figure B.3. The short-circuit transfer admittance is obtained 
{ Qy.first calculating the y-matrix of the T-network shown in 

. Figure B.4. This is given by: 

[y], 
(B.5) 

Connecting the two-port shown in Figure B.S in parallel with 

the T-network of Figure B.4, the y-matrix of the resulting 

bridged-T becomes: 

DATE FILE 
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[y] = (B.6) 

~ The three elements o£ the pi-network shown in Figure B.6 can 

,r -

i (; 

be expressed in terms o£ its short-circuit admittance'-t'&N:meters 

· as follows: 

''h. = yll + y21 (B.7) 

1 [ 

22 =- (B.8) 
y21 

lJ-2 = y22 + y21. (B.9) 

With these equations the bridged-T network characterized by 

the y-matrix given in Equation B.6 can be transformed into the 

pi-network shown in Figure B.6. We find for the corresponding 

network elements: 

- . yly3 
'i-1 - Y1+Y2+Y

3 
· {B'.lO) 

Yl+Y2+Y3 
(B.ll) 

and 

(B.l2) 

lfb 



I 

i 

"E-1328 (11-63) DATE FILE 

( 

Appendix B - 4 

Final~y, adding Za and Yb as shown in Figure B.7, we obtain 

. the four element ladder network shown in Figure B.8 for which: 

(B.l3) 

and: 

(B .14) 

The elements ~ and ~2 remain unchanged and are 

given by Equations (B.ll) and (B.l2) respectively. The 

short-circuit transfer admittance for this network is the 

same as that for the configuration shown in Figure (B.2) 
I 

which is given by Equation (B.2). Therefore, substituting 

Equations (B.ll) to (B.14) in Equation (B.2) we obtain the 

., short-circuit transfer admittance of the configuration shown · 

in Figure (B.3) as: 

D. Nine ElementJ Partially Bridged Twin-T Network 

We consider here the network configuration shown 

in Figure B.9. From Appendix D (see Figures D.2c, D.3 and 

Equations D.9 to D.ll) we know the elements of the equivalent 

T-network of a perfectly nulled Twin-T to be (see Figure B.lO): 
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,. . 
. 

where: 

( 

·~ ( 1) 
1f 1 + st 

1 + _g_ 
T 

(1 + !) 
Z = R - -
3 S S·T + l_ 

s 8'r 

-r
8 

= R C s s. 

-r = Rpc3 = R3Cp 

c = clc2 
s C1+c2 
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(B.l6) 

(B.l7) 

(B.18) . 
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The y-matrix of the 11'"-network in Figure B.lO is given by 

[y], = 
1 -z; 

1 
- z3 

(B.l9) 

As with the preceding case under C, the effect of the admit-

tance Y4 across the Twin-T can be taken account of by con­

·necting the 2-port shown in Figure B.5 in parallel with the 

T-network shown in Figure B.lO. The resulting y-matrix is 

given by: 

[y] = 

1 . 1 -.·+-. +Y4 zl z3 

(B.20) 

.·and the modified T-network in terms of the network elements 

shown in Figure B.6 can be obtained from Equations (B.7 to 

B.9) as follows: 

1 
y,l = z 

1 

1 
li-2 = z 

2 

(B.21) 

(B.22) 

(B.23) 
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From here the 

za and yb (see 

Figure B.6 and 

Figure B.8 for 

and 

steps follow exactly those under c., i.e., 

Figure B.9) are added to the T-network 

we obtain 

which: 

the ladder network shown in 

I 1 . 
M-1 = Yb + z· · 

1 

of 

(B.24) 

(B.25) 

The elements Y-2 and 22·are given by Equations (B.22) ana. 

(B.23)., and the short-circuit transfer admittance results 

as: 

(B.26} 

Substituting Equations (B.l6), {B.l8), and (B.22) to (B.25) 

in Equation B.26 w~ get: 

(B.27) 

DATE FILE 
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II~ Some Network Examples 

Some examples are given here or how the preceding 

general network configurations were used to derive the 

short-circuit transfer admittances or the representative 

second order RC networks listed in Table 1. 

Example 1. We consider here the network shown in Figure B.ll. 

It belongs to the category or circuits analyzed under I.e., 
ot this appendix. In terms of the elements of the general 

' 
network of this kind shown in Figure B.3 we have: 

Za = R a (B.28a) 

Zb 
1 (B.28b) =-

Rb 

yl 
1 (B.28c) = Rl 

. y2· = 1. . (B.28d) 
R2 

y3 = sc
3 (B.28eJ 

y4 
1 sc4 . (B.28f) =-+ 
R4 

Substituting these values into Expression (B.l5) the following 

short-circuit transfer admittance is obtained: 

DATE FILE 
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where: 

Ral\ 
Rm = Ra+~ 

R4(Rl+R2) 
Rq = Rl+~+R4 

This case is tabulated under 5a) in Table 1. 

(B.29) 

t(B.30a) 

(B.30b) 

(B.30c) 

Example 2. Here the circuit configuration shown in Figure B.l2 

is considered. In terms of the elements of its general equivalent 

shown in Figure B.9 we have here: 

(Cont) 

(B.3la) 

(B.3lb) 
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I 
J 
I 
t 

·~. 

Rl = R 

R2 .~ p·R 

R3 - ....L R - l+p 

cl = c 

c2 
c '=-p 

c3 
= l+p 

p 

y4 = sc1 • 

DATE FILE 

(B.3lc) 

(B.3ld) 

(B~3le) 
-,._, 

(B.3lf) 

.. 

(B.3lg) 

(B.3lh) 

(B.3li) 

Substituting these values in the expression for the corresponding 

short-circuit admittance matrix as given under I.D. in 

Equation (B.27) we get: 

I 
8 2 + 8 • a + 1 · 

l {l+a)RC (l+a)R2c2 
-y 21 ·= -R-

1 
-s-=-2-+--a---:-+--=!3-+~2::-:(r-.::l~+-p~) ...... +-~"'-::l"""'+~f3--

s. (l+a)RC (l+a)R2C2 
(B.32) 

'.·.,. ", where: 

a= (B.33a) 

(B.33b) 

·. 
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The network discussed in this example is tabulated under 

5e) in Table 1. In precisely the same way all the other 

networks in Table 1 were obtained by using the transfer 

admittance expressions derived for the general configurations 

considered under I. of this appendix. 

DATE FILE 
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APPENDIX C 

SYMMETRICAL AND POTENTIALLY SYMMETRICAL NETWORKS 

Consider the cascade connection of the two networks 

shown in Figure 1. By multiplying out the transmission param­

eters of the two networks and converting these to open-circuit 

impedance parameters the overall z-matrix results as: 

[zjab = -z-.;;;.+
1
z--

22a llb 
• 

zl2azl2b l 

z22az22b + l>zbj 

(C.l) 

If the two networks Na and Nb are identical and con­

·nected in mirror-image symmetry with respect to a vertical 

center line as shown in Figure 2, then the total network is 

said to be structurally and electrically symmetrical. The · 

·open circuit impedance matrix for a physically symmetrical 

. )) 
l 
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. Therefore 

zlls = z22s (C.3) 

for a symmetrical network. If tne symmetrical network is also 

pa~sive1 then 

zl2s = 2i21s (c.4) 

-

The open-circuit impedance parameters of the network can 

· be easily obtained in terms of tne open- and short-circuit im-

pedances of half of the total symmetrical network by applying 

Bartlett's theorem. This says that 

(c.s) 

and 

(c.6) 

Thus the z matrix of a symmetrical network can be expressed as 

zoc+zsc z -z oc sc 
2 2 

[Z]s = (C.7} 

z -z zoc+zsc oc sc 
J 2 2 
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Substituting the expressions given by (C.2) into (C.5) and (c.6), 

we can therefore also write 

f::,.z 1 
zlls - z2ls = --- = --­:z;22 yll 

(c.8) 

(e.g) 

A potentially symmetrical network can be defined in 

terms of a structurally symmetrical network whose right half 

has been impedance scaled by a constant_factor p. This is shown 

in Figure 3. With Equation (C.l) ~nd referring to Figure 3, the 

corresponding open~circuit impedance matrix then become~: 

zll 
1 z212 __.£_ z212 l 

- l+p ·- ·- I z22 l+p z22 
I 

[Z]ps = (C.lO) 

z212 2 z212 
l~p • pzll - _£__ 

z22 l+p z22 I 
' -

Utilizing the expressions given by Equation {C.2), the open­

circuit impedance matrix of the potentially SJ7lDIIletrical network 

can be given 1n ter.ms of the impedance parameters of the sym­

metrical network, namelyl 
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(C.ll) 

Finally,_using Bartlett's theorem, the impedance 

matrix in terms of the open- and short-circuit impedances of 

one half of the symmetrical network becomes 

r pzoc+zsc 
l~p (zoc-zsc>l l+p 

[Z]ps = I (C.12) 
I 

l~p (zoc-zsc) l~p (zoe +pzscJ . 

·. 
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APPENDIX D 

ANALYSIS OF A TWIN-T INFINITE NULL NETWORK 

The voltage transfer function for the general Twin-T 

ehown in Figure D.l is given by 

(D.l) 

where 

and 

(D.3) 

·In order for TN(s) to represent a null network it must equal 

zero at a frequency s = j~. Thus at this frequency 

(D.4) 
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S · From (D.2) and· (D.4) we therefore ~btain two conditions for a 

perfect null to occur at ~· They are 

(D.5) 

and 

(D.6) 

where 

and 

·Substituting (1>.5) and (D.6) into (D.l) and after some straight-

forward manipulations, the general voltage transfer function for 

· the Twin~T follows, namely 

(D. 7) 

where ~ is given by (D.5), and 

(D.8) 

!37 
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Comparing (D.7) with {D.l), (D.2), and (D .. 3) we see that the 

transfer function of a general Twin-T ~s simplified by .a pole­

r, zero cancellation when it satisfies the two conditions for a 

perfect null given by Equations (D.5) and (D.6). 

It is often useful to know the general equivalent 

'If-network for the Twin-T. · This can be simply obtained by 

~ -converting each of the two T-networks into their equivalent 

r~ 

r\ 

,.~networks. This is shown in Figure D.2a and b, assuming 

sinusoidal input signals. The two resulting v-networks can 

then be connected in parallel (as shown in Figure D.2c), and 

the resulting impedance directly calculated. With the two 

conditions for a perfect null given by Equations (D.5) and 
[ 

(D.6)we get a simple 1r-network as shown in Figure D.3. The 

corresponding impedances are given by 

(D.9) 

zb 
~ (1 + _;T) (D.lO) = 

"'2 1 +-T 

and 

zc = 
R {1 + :~) (D.ll) 

s s-r + l 
S S't' 

;56 
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·where 

In terms of these impedances the open-circuit impedance matrix 

for the Twin-T _simply follows as 

21a(Zb+Zc) za~ 

DATE FILE 

[z] 1 
(D~l2) · = 

Za+Zb+Zc 
zazb Zb(Za+Zc) 

-

So far we have considered a general Twin-T that. has an infinite 

null at a specified frequency ~· Because the general transfer 

function given by (D.7) has the form of a quadratic fraction, 

it has geometric symmetry around ~· 

The most frequently used Twin-T is structurally (and 

electrically) synunetrical. For this case 

(D.l3) 

(D.l4) 
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and 

(D.l5) 

The impedances of Figure D.3 then become 

(D.l6) 

and 

(D.l7) 

The open-circuit impedance matri4 consequently becomes 

. 2 2 l+s2-r2 l 1+4s-r+s -r 
s-r(l+s-r) s-r(l+s-r) 

R 
[z]s = 4 (D .. i8) 

. l+s2-r2 1+4s-r+s2--r2 
s-:r(l+s-r) s-r(l+s-r) 

The voltage transfer function for the synunetrical Twin-T then 

follows as 

TN (s) = 
s 

{D.l9) 

Comparing with Equations (D.5), {D.7), (D.8), and {D.l3), we 

have 

1 
~=w s 

(D.20) 

~~·---------------------~----~---)~~-~ 
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(D.21) 

and the inverse damping ractor derined by Equation (E.l3) 

(D~22) 

It can be shown [D.l, D.2] that the selectivity, 

i.e., the inverse damping ractor can be increased by modiry.ing 

the symmetrical Twin-T into a potentially symmetrical network 

(see Appendix c). This is possible with any structurally 

symmetrical network ror which Bartlett's.bisection theorem 

holds. A symmetrical network can be converted into a pot1=n­

t1ally symmetrical network by impedance scaling one half of the 

network by some factor p. This is shown for the Twin-T in 

Figure D.5. We can now utilize the results of Equation (C.ll),· 

Appendix c, in which the z-matrix of a potentially symmetrical 

network is expressed in terms of the z-parameters of a symmetrical 

network and the conversion ratio p. With Equation (D.l8) we 

thererore obtain 

l+s2-r2 
s'T(l+s-r) 

/ 
/ 

+ 1 l+s2-r2 
s-r(l+s-r) 

I 
2 2 I s -r + 2(l+p~s-r + 1 

s-r(l+s-r _ 

(D.23) 

I Lj/ 
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The voltage transfer function thqs results as 

(D.24) 

.In terms of the expression given by Equation (D.7) we find 

·~ that 

and 

1 
~ps = RC 

{ . 

(D.25) 

(D.26) 

q · = .!. __E_ (D.27) Nps 2 l+p 

p gives a measure of the Twin-T symmetry. For the extreme 

asymmetrical case for which p >> 1~ q takes on its maximum 
Nps 

value, namely: 

jr 
q I (D.28) 

! ,, 
'~ 

Nps 
p-+oo 

This is in agreement with the constraint on passive RC networks 

r: .expressed by Equation ( 69). (D.28) also indicates that the most 

frequency selective Twin-T network is the extreme asymmetrical 

one. This is a well-known fact that was first demonstrated by 

A. Wolf (see Reference D.2). 
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APPENDIX E 

SALLEN AND KEY INFINITE-NULL NETWORK WITH AMPLIFIER 
GAIN LARGER OR EQUAL TO UNITY 

Noninverting operational amplifiers are presently 

available conunercially in semiconductor integrated form. They 

present an almost ideal equivalent to the grounded voltage 

amplifier as required by Sallen and Key 1 s method of active 

filter design [E.l]. The only problem is that Sallen and Key 

require gains of less than unity whereas with noninverting 

operational amplifiers only gains of unity or higher can be 

obtained. Design and synthesis methods have been developed 

that expand Sallen and Key 1s method to include noninverting 

voltage amplifiers of gain equal to or larger than unity [E.2, E.3]. 

However, these methods do p.ot allow for a simple adjustment of 

the inverse damping factor of the network that is independent 

of the natural frequency. Because this independence is required 

for the synthesis method described here, another modification of 

Sallen and Key 1 s method employing noninverting operational 

amplifiers has been developed here. 

The basic configuration used is shown in Figure E.l. 

It consists of a voltage amplifier t3, a three terminal RC net­

work T(s) and a two terminal RC network Y(s). Referring to 

Figu.re E.l, we can write the following mesh equations 

(E.l) 
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(E.5) 

(E.6) 

Solving these equations for the voltage transfer function, we 

get 

where 

to 

· z21 
(3.-

E · t zll 
_EE_ = T0( s) = ---------­
Ein 

1 + ~(Z21 - 1) + y 12J 
~zll zll 

. (E. 7) 

With a unity gain voltage amplifier, E.7 simplifies 

(E.8) 
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A potentially symmetrical Twin-T network is used for the· three 

terminal network T(s). From Appendix D, Equation (D.22), the 

corresponding z matrix is given by 

[z] ._e_ R 
= l+p • 2 

s
2T

2 + 2(1 + t)sT + 1 

sT(l+sT) 

l+s2 T2 

sT(l+sT) 

l+s2T2 

sT(l+sT) 

(E.9) 

where p is a measure of the Twfn-T symmetry and T = RC. (see 

Figure D.5). From (E.9), we obtain 

(E.lO) 

·and 

(E.ll) 

DATE FILE 

With (E.lO) and (E.ll) the voltage transfer function E.7 there-

fore becomes 

(E.l2) 
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where 

= con y'l + ( l+p )RY 
1 

and the inverse damping factor 

= -m-11 + (l+p)RY 
qN 2 + pRY - 2f3 

(E.l3) 

· (E.l4) 

(E.l5) 

(E.16) 

(E.l7) 

In terms of the inverse damping factor of the passive 

potentially symmetrical twin T as given by Equation (D.27) in 

Appendix D, E.l7 becomes 

• I 1 + ( 1 +p ) RY 

1 + p~Y - f3 

Equation (E.l2) represents the voltage transfer 

function of an infinite null network as described under II.3 

of the main text. Equations (E.l3), (E.l4), and (E.l8) pro­

vide us with sufficient design information to realize this 

transfer function with the circuit configuration of Figure E.l. 
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Let us now consider the special case for which Y con­

sists of a resistor Rr, and a cap~citor CL in parallel, i.e. 

(E.l9) 

Substituting Equation (E.l9) into (E.l2) and using a prime on 

the parameters to characterize this case, we find that 

(E .. 20) 

m . = m' [l+r]l/2 
~ n1 l+c 

(E.21) 

(E.22) 

where 

r= (l+p) ~ {E.24) 

f . and 
~ 
:; 
1 . c 

. c = (l+p) ; (E•25) 

DATE FILE 
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The invers~ damping .factor is accordingly 

1.. 
q~ = q [(l+r)(l+c)] 2 

Nps 1 + (r+c)qN - ~ 
. ps 

(E.26) 

It is· clear .from Equations (E.21) and (E.26) that. a given ratio 
, , 

o£ ID~/illnl can be obtained by an appropriate ratio o.f (l+r)/(l+c) 

and that any specified value o.f qN results .from the appropriate 

* selection of the gain ~. 

Since we have one degree o.f freedom too many for the 

realization of Equations (E.21) and (E.26), we can use it to 

make certain that the required gain ~ will not be less tman 

urii~y. In this way, a noninverting operational amplifier can 

be used for ~. With (E.21), Equation (E.26) can be written as 

y = q (l+c)x 
Nps 1 + (r+c)qN 

. ps 

(E.27) 

where 

* 

X= (E.28) 

It can be seen .from Equation (E.26) as well as the general 
Equations (E.l7) and tE.l8) that qN is not restricted to any 

maximwn level. This is as it should be since qN is the in­

verse damping factor of an active RC network. 
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and 

, 
y = q - N (E.29) 

are introduced ror conveniencep 

Eliminating r and solving for ~~ we get 

(E.30) 

For ~ .z.·l we get the following condition from this expression 

x2 ( 1 +c} + c > 4 ( 1 +c) + 1 
qN 

Solving for c we find that 

- 2 
· Y(l-x ) + x 
c > 2 

- y(x +1) ~ x 

In the same way we find that 

- 2 
r < y(x -1) + x 
- - y(x2+1) - x 

(E.31) 

(E.32) 

(E.33) 

Within the constraints established by Equations (E.32) and 

4:' (E.33) either r or c can be chosen arbitrarily, and the other 

then determined by Equation (E.2~). The required ~ follows 

from Equation (E.30), and is guaranteed to be larger or 

equal to unity. 

- DATE FILE 
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For the case that ~ = 1 1 i.e., a unity gain amplifier 

is used, the inverse damping factor simplifies to 

Y I ~=1 
l 

= [(l+rHl+c)J2 

r+c (E.34) 

For this case the inequalities given by (E.32) and (E.33) take 

on equal signs, namely 

and 

_ y(l-x2 ) + x 
c - . 2 

·y{x +1) - x 

r = y(x2
-l) + x 

y{x2+1) - x 

I I 

(E.35) 

(E.36) 

The obtainable f~quency ratio x = ron~/ron and inverse damping 
, -~ 1 

factor y = qN is now limited to that range of Yalues for which 

:r and c remain larger than zero, i.e., are realizable by passive 

resistors and capacitors. This range of permissible values is 

readily obtainable. Considering the resistor ratio r first, it 

can be expressed as the ratio of two functions of two variables, 

namely 

(E.37) 
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For physical realizability x apd y can only take on positive 

values. For r to be positive ~ and D must both be either 

positive or negative. The boundar:tes are readily obtained by 

setting N respectively D equal to zero. For N = 0 we get 

For D = 0 

y = X 
2 1-x 

X 
y = 2 

. X +1 

· (E.38) 

(E.39) 

DATE FILE 

Both boundaries are plotted in Figure E..2a and the corresponding 
t 

regions within which r is positive are shown. Using the same 

notation for the capacitor ratio c the boundary corresponding 

to N = 0 is given by 

X 
y = 2 

X -1 
(E.40) 

· ·The boundary corresponding to D = 0 is the same as that for -r r [see Equation (E.39)]. These boundar:ies are plotted in 

Pigure E.2b and the regions within which c is positive are 

shown. Sirice r and c must both be larger or equal to zero the 

attainable range of x and y values must lie in the overlapping 

~- region shown in Figure E.2c. Furthermore, since any values 

corresponding to y < 0.5 can be obtained with passive networks, 

the region of interest is bounded by the curves corresponding 
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to r = o, c = 0, and y = 0.5. Thus by eliminating one degree of 

freedom and setting ~ = 1, the range of realizable frequency 

ratios x and inverse damping facto~s y is limited. The boundaries 

r = 0 and c = 0 correspond to ~he network with only a capacitor 

CL or a resistor ~ respectively. In these two cases there is 

no independence at all betweeq x and y. ~ese two variables are 

then related according to Equ~tions (E.38) and (E.40) respectively. 

One configuration tqat is often very useful results 

when we let r equal c. From Equations (E.24) and (E.25) this 

means that 

(E.41) 

From Figure E.2c we see that this corresponds to the case when 

the frequency ratio x equals unity. This is the only value of x 

for which the range of y values, attainable by varying r in a 

configuration 1n which ~ = 1, is unlimited. The relation be­

tween y and r for this case follows directly from Equat:lon (E.25) 

. or (E.36),. namely 

I l+r 
y ~=1 = 2r 
·· x=l 

(:E.42) 

This express:lon :ls plotted in F:lgure E.3. With (E.24) :lt can 

("\ be expressed in terms of the actual network resistors R and ~~ 

the inverse damp:lng factor of a potentially symmetrical Tw:ln-T, 

qNPS and the asymmetry coefficient p, namely 
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y I t3=l = qN 
x=l ps 

Rr, + (l+p )R 
pR 

Finally, using a symmetrical twin T, we get 

and 

l ~+2R 
y I t3=1 = '2l" R 

x=l 
p=l 

-~ 
KN I = Rr,+2R 

{3=1 
X=l 
p=l 

(E.43) 

{E.44) 

(E.45) 

For the case that t3 = 1 and r = c, the pole location 

of T0 (s) {see Equation (E-.12)) depends on the resistance ratio· 

r only. This dependence results directly from_the root locus 

of T0 (s). It can be derived very simply from Equation (E.8) 

~ -w~ch can be written as 

(E.46) 

From Equations (E.l9), (E.24), (E.25) 1 and (E.41), we then 

:find 

Y I r-c = ( 1:;, )R ( l+s-r) (E.47) 

DATE FILE 



,_ 
I 

-and with Equations (E.9) and (~.11) 

To(s) J t)=l = ___ 1_( s_+ro_n_).,...2 

r=c 1 + r 2 
s +an 

(E.48) 

where 

The root locus of Equation (E.48) results by inspection and is 

-shown in Figure E.4. Clearly this network configuration (i.e., 

t) = 1 and r = c) is only practicable for small values of r as 
{ 

the transmission decreases with increasing r and in the limit 

goes to zero. 

DATE FILl 

. :~ 
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Q) ---I 
TABLE I : TRANSFER. ADMITTANC-- · 2ND ORDER RC TWO PORTS 

o­
w 

TRANSFER 
ADMITTANCE I RC NETWORK 

1) LOW-PASS 
Fll TER 

(a) Rl Rz 

~~ c1J Jc2 
0 

• 

• I l(b)~~v-rv·vv . · 
KR 2 wp S ::L(.v 2 _._c·h 

. s + iiR . " p . • Et c I I f':J 0 

0 

(c) -

-L( 

!9 0 

-· s-
t...5'. 

PARAMETER- COMPONENT RELATIONS 

I • 
KR= Rl Rz R3CI C2 > 

Rl+ R2 +R3 
w~ = R1l'i'2R3C1 C2 

i R1 Rz R3 (R1 + R2 + R3) C I C 2 q = ....;.._ ---:-----.::-----~-~ 
R - R1 (Rz+R3)c1 + R3{R1 + R2)c2 

· K . _· l • w2.... I 
R=92R3c2 , p- R2 c2 

qR = t]+2 +·g2 
2 1+9 

L!±2d) ~j_ 

K = I . .. . . . ) w2 = . I . 
R R3c2(1 .. 9-'"92) P R2c2 ' 

q _ __2,__ 1+9+92 

R- I +9 . t-+9 +292 0 
>. .... 
m .., -,... 
m 
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TABLE I CONT.) D 
TRANSFER 

ADMITTANCE 
I 
I 2) HIGH· PASS 
I FILTER 
I 

I 
\ 

-G"' 
<$"" 

z· . § ... 
i<R· 2 Wp s + wG 

S +. qR 

RC NETWORK 

(a) C 

cr-4:r' .c~ 
Et R 

. I 
"""--.-

~) c1 c2 ~ 
·cr-i t--=!0 
El 

-... 

(c) 

~cT· C/g .. 9R .r 
'I ~· 
E1 R 

"' ... 

' ' 
PARAMETER- COMPONENT RELATIONS 

K I .· w2 = I j 
R = ~ J P R1 R2C1 C2 

·- lRiR2CIC2 
qR - R1(c1 + Cz) + RzC2 

I · 2- · I · · 
KR= Rj) Wp- Rl RzCtC2 J 

l R1R2C1 Cz 
qR = (R1 + Rz)C1 + RzCz 

. 1 • 2= I .• 
~R= 9R ) wp R2 c2 J 

~ .: 

9 
qR= 1"+29 

·;·l.:~. .. ~ 

-m 
I -w 
~ 
co ---I o-
w -

c ,.. 
.... 
m 

"" -.... 
m 
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FILTER 
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'••-"' 

~ .., 

RC NETWORK 

(d) C C/9 Io 
o---1 E ~ ' I C --a 
El 

· ·(a) · Cz R .lo 
R1 · 1. ~~2 ~ ~ ··~~ 

El . CIT . 0 

0 

s 
KR· 2 ~S+t4 l(b) C1 -

S + qR . o-j 

I El Czr o 
0 

~ 

----~---~ ----·-· ---~ , .. , 

~ .-~. 

PARAMETER -COMPONENT RELATIONS 

I 1 • · 2 I • q - _, ·-. 
. KR; R) wp= R2c2 ' R- 2 +9 

K = I • w2= I • 
R· R1 ~CI ' P -RrR2c1c2 ' 

lR1R2C1C2 
qR = R1(c1 +<2) +RzCz 

· I · 2 I . 
KR= RtRzCz ) Wp == RIR2CIC2 ) 

· ·~ .. 1R 1~c1c2 · 
qR :: (R1 + R2) c1 + RzCz 

I -w ...., 
CD ---I 
(). 
w 

0 ,.. 
-t 
m ..,.. -... 
m 
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TABLE I CON'T 
TRANSFER 

-ADMITTANCE 

4) RESONATOR 

s+wz 
KR· Wp 2 

s2+ qR S+ Wp 

~ 

RC NETWORK 

(C) C/9 · . gR Io 
R_ --~ ~-. - . '_j_ I . 

E. (·I.·· .. · .·'' I o. 
0 

(d) c 
~ 1----f\AI\~f\/\.r--i--0 

Et 

0 0 

(a) . C2 

R2 I R3 ~ 

El 1CI 
0 0 

-=~~~-----~, .... ,.._ iii'"'" -, ~ 

PARAMETER -COMPONENT RELATIONS 

K = 1- i W2 ::;: . I . j q = J 
R gR2c · P R2c2 · .R_ 1+2g .. 

I 2 I .. I 
KR= R2c i Wp = R2c2 j qR = 2+9 

_ I . • _ I • 2 _ R1 + Rz +R3 
KR- Rt R3C~ 'Wz- R2Cz' Wp- Rt RzR3 

, _ -iR1RzR3(R1 tR z t R3)C I c2' 

;. q-R- (Rz+R3)R1c 1t(R1tR3)R2C2 

····,' 

' -w ...., 
C» ---I 
w -

I 
cjc2 

0 
:J> .... 
m ., -r-
.m 
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TABLE l CON'T 
TRANSFER 

ADMITTANCE 

I 

I 

.RC NETWORK 

(b) · C/9 

. PARAMETER-COMPONENt RELATIONS 

KR= I . I . 
· O((l-t9 t~R2C ,wz =Rc j wp2: I 

co ----I 
0. 
w -

. E1 TC(I +9 -14) 
0 

I qR= (9+ocJ(I+9 +0()+1 ~ 
0 

i(X (I+ 9 +C)() 

------------~--------+-------------------------~---4------
5) CONJUGATE- I (a) 

COMPLEX POLES 
AND ZEROS 

wz 2 
s 2 + --- s +' (.J z 

K . qz 1 
R w 1 · · Ra 

S 2 + q . p S 1- w p 2 I ()-.,'\.AAr-4-+--\ 

R . 

c4 . 

·~ 

R ~Io 2· .... 
\AI\ . 0. 

I :' Rbf T c3 
o 

I 
I 

. • . . ! 

~ 
--&::; 

I l 
I 

; 

\ 

. - --------------. ., 

·. i(1+~~RtRpR4C§4 
I . 2 I . ~ qz - _ _:_-=::----=---

KR:RaJWz =RpRq.C34' - RpC3tR4C4 

. . i R Rq - 1 

( 1-+ ~R)(' T- } RpR4 c3c4 
. Rq . Rrt ~ Rm 

wp2- I _ (I+ -) i QR = i, R R.! ] 
. ·. _-RpRqC3C4 Rm . ~C4+RpC3r+R~ + Rni 

RIR2 . Ra Rb ·R = ~(RI+ R2)~ 
WHERE: Rp;: o. "c- ,Rm = Ra + RbJ q R1+R2TR4;;: 

..., -.... 
m 
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TRANSFER 
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wi··~ 
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i-~~ .·· 
it' . 
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RC NETWORK I 

\ 
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I ·f-

R4. 
...__,..../\/\; • . . Io __.. Ra 
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. 'J 

· .. 

R4 

c4 
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Io 
-+ 

- ____ .,..............,... ... ~ .. ~ --~-.. ~·-
-·-·-·---...,~--------··---r 
_., ~ ··~ -

---I 
PARAMETER-COMPONENT· RELATIONS 

w -
I . .· . 1-+9+~/R • _]9(1 •9 ·~jR)RR4C3C4 

. 'KR= Ra) wz
2

.= 9R~c3c4 . > Qz- 9RC3+(1+9)R4C4 

2 _ t + 9+R4/R Rq . 
Wp - 9RR

4
c
3
c
4 
0 + Rm) 

R4 (l+ 9) 
Rq= 0+9) + R4/R 

lct+9+ RJR)(t+ Rq/Rm)9R~C3~ _ Ra Rb 

qR= (1+9)~c4 ~ 9RC3 ~·R.tjR+R4jRm J Rm- Ra-tRb 

I. 2_ I .. , _lR;,R4CpCq 
KR: Ri> Wz- R3R4CpCq , Qz- . R3Cp + R4 C4 

z I . ~jRm • _1/(1 + R4jRm)R3R4CpCq . 

Wp = R3R4 Cp Cq > qp- (I+ R
4

fRm)R
3

cp .. R4
(C

1
+C4) 

. . . . Ct Cz • _ Ra Rb 
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RC NETWORK 

c4 
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~· 
/ ~ 

PARAMETER- COMPONENT RELATIONS 

2 9 . • l[9R3R4 c 
K I • w .. 2 ) qz . "' 
· R. Ra > Z R3R4c 9R4c4 -t(I•~R3C 
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_,/ ---TABLE 2: EXAMPLES OF BASIC 2NO ORDER FlLTERS USING FEN'S I 

o-

FILTER TYPE VOLTAGE TRANSFER RATIO NETWORK -
1) Ez I S2 +2.66Wp5 t Wp2 R R 

- =K• • 
LOW- PASS I E, s2 +2.66 wpS + wp2 

[I c ]* . s2+ Wp S+wp2 
Qp I E I -3( 

/f". 

WHERE: qR = 0,375 

2) IE2 s2 I c O.IC 
52+2.1 WpS+wp2 

HIGH- PASS ~- =K· • 
[Zt] E1 . s2+_2.1wpS+wp2 s2 + Wp 5 tWp2 I Et ~-R 

WHERE: qR = 0.475 
Qp . 

3) I . . ... ·. . . . . ' R 0.2C 

. Ez . S s2 +2.2wpS+ wp2 ~ 
. BAND- PASS - =K• 2 · • w · 

(:3] E1 s· +2.2wpS+wp2 s2 P S w 2 E · .· c 
c · t-q- + p I /f" 

WHERE: qR ~ 0.455 . p 

4) 
FREQUENCY 

REJECTION 
[6] 

-~j 

Ez s2+wz2 s2+3.54wpS+wp2 - = K • , ..,..;__ _______ __.__ 

Et s·2 +3.54wpS+wp2 s2+ Wp S+wp2. 

1 R~ Rb . Q.p 
WHERE; R = l Ra +Rb AND q R = 0. 283 

R 

-c 
l"'f" 

10 R 

l>J *NUMBER IN PARENTHESES REFERS TO RC CONFIGURATION IN TABLE I. 
r 

IE I E 2 

I ~.I Ez 

F 

El Ez. 
N 

c ,.. ... 
m 

"" -.... 
m 



·.~ ~ 

' ~ 
' ,/ 

,/ 

TABLE 2: EXAMPLES OF BASIC 2ND ORDER FILTERS USING FEN'S 

FILTER TYPE VOLTAGE TRANSFER RATIO I . NETWORK 

1) 
LOW- PASS 

(I c.]* 

' 2 
Ez 1 s2+2.66wps +up 
- =K• • 
E1 s2+2.66wpS+wp2 s2twpS+wp2 

Qp 
WHERE: qR = 0.375 

2) 
I E ~ ' 

HIGH- PASS t =K• S • 5
2+ 2.1 wpStwp2 

[2c.] I s2 + .2. I Ups+ wp2 s2 + Wp S t wp2 

3) 

BAND-PASS 
[3c] 

4) 
FREQUENCY 

REJECTION 
. [6] 

WHERE: qR = 0.475 

Ez s 
-=K·~---
Et s·2 + 2. 2 wpS +wp2 

WHERE~ qR ~ 0.455 

• 

Qp . 

s2 + 2.2 wpS + wp2 
·w 

s2t2-s+wp2 
Qp 

Ez . s2+wz2 .~2+3.54wpS+wp2 
- =K• • ----------
Er s·2+3.54wpS+wp2 s2+wpS+wp2· 

· 1 R~ Rb Cl.p· 
WHERE~ R = 2 R.:4 +Rb AND q R =- 0. 283 

_j ' 

El ·R 

· R . 0.2C 

~~ 
Et """' C 

v:> *NUMBER IN PARENTHESES REFERS TO RC CONFIGURATION IN TA BL£ I. 

Ez 

Ez 

F 
EIEz 
N 

"" • -w 
N 
CD -·-..... I 
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:FILTER TYPE 
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1r:· CON JUGATE ,.., . . 
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r POLES AND. 
~ ZEROS 
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......--

[5a] 

RESONATOR 
[4b] 

..5 
~ 
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TABLE. 2 CONT 

VOLJAGE TRANSFER RATIO NETWO.RK . 

c 

. ·~52·.+, t o3··WzS +wz2 s2 +2.5~ wpS.t~p2 . 
K.. .. . . • . . . . . . • . . 

· s2 +·· 2 sz· w s + wp 2 · wp·· · 2 1· · 
- · . • p 52 + - S + Wp c--'\/\I\J+e--IAJ\-e-.1\1\A,......... 

qp 

.. R 
1· ., 

Ra Rb 
WHERE: R = AND qR = 0.396 

Ra +Rb 

. S+Wz 
K· . 

s2 +3.35wpS +wp2 

s2 +3.35wpS +wp2 
• 

s2+~S+w 2 
qp p 

C/z 

WHERE: QR =0.296; Wp = _I wz 
2 
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-.n 
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TABLE 3 

CHARACTERISTICS OF TANTALUM THIN FILM 

PASSIVE COMPONENTS 

Routine Available 

RESISTORS (Ta2N) 

Range - 10 o-250 KO 1 0-5 .II() 

Precision 0.1~ 0.02~ 

Aging (20 years) 1~ o.o5~ 

Temp Coe:rr. d~~ -70 ±30 ppm/°C -200 to 1000 ppmj°C 
{ 

TUnability +20% ±0.1% +5~ ±0.1~ 

Tracking ±5 ppm/°C 

CAPACITORS 
(AuJNiCr/Ta2o5jTa) 

Max C/Substrate 0.05 J,L:f' 1 J,Lf 

·Precision 2 - 5~ 1% 

Stability (Humidity 
and Aging) 0.5~ 0.1~ 

Temp Coe.f:f'. dC/C 200 ppmj°C c 

Guaranteed Matching 
+30 ppm/°C of' Temp Coeff. 

I. 
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:'lABLE 4 

. --·-~---· .. ---------·-~---·--·-
--------~-~ '"'' ---~-

-··----------

.COMPARISON OF LCR AND TA THIN FILM FREQUENCY STABILITY 

I 
'I ! lToperty 

Ta Thin Film 
Resistors and Capacitors· 

Ferrite Core 
Ind 
and 

Polystyrene 
Routine Available Cap 

Permalloy 
Powder Core 

Ind 
and 

Polystyrene 
Cap 

(Hermeti-
cally Sealed) 

3 to 5% 

< 1.0% 

+410 ppmj°C 

I 
I 

0.1% ;t r'r--------------+------.,---------i---- ~-----~--------~ 

f .nductor Precision 

~ 
t& 

Aging 

Temp Coeff 

Capacitor Precision 

Aging 

· 'l'emp Coeff 
I 

I 
~ -·· ------ ___ · ·-·-· ___ · ______ .. 

Resistor Precision 

Aging 

Temp Coeff 
\. . 

( yuaranteed Matching 
, of Temp Coeff 

2 to 5% 1% 

0.5% 0.1% 

200 ppmj°C -

0.1%. 0 .. 02% 

1% 0.05% 

-70 -200 to 

±30 ppmj°C 1000 ppmj°C 
.. 

±30 ppmjoc· 

0.1% 

135 

±45 ppmj°C 

2 to 5% 2 to 5% 

0.3 to 0.35% I . 0.1% 

-130 -130 

±20 ppm/°C ±20 ppmj°C 
~~--·-----

~ 

±150 ppm/°C 

. ~-

___________________ _, ________ ~~--~~~-~~------~~-+-----------~· 

Relative Frequency 
Drift over 50°C 

Temp Range 

0.15% ·. 
(±1.5 cps ~r .. -. 

1000 cps)·· 

- 0.38% 
(±3.8 cps 

per 1000 cps) 

0.18% 
( ±1.8 cps 

per 1000 cps) 



--~~~~~~.~~r~·.~-. .-----~--~~; 
\ 

TAB~E 5 
-------- ·--- -- ----- --··---·· 

FEN/FRN PARAMETER ADJU STEMENTS (See Figure 24). 
-- --·-- -----. --------

FEN FRN 
------------ -------

Input/Output Terminals, Type 1 2/3 11/10 

Input/Output Terminals, Type II 2' /3 11/10 

Open between terminals - 11&10 

----· 

Loop Gain (damping factor Q) 

determined by RQ,r t3,r 

Forward Gain determined by RI RQ 

Peak Frequency determined by fNull of T2(s) -
Null Frequency determined by - fNul1 of T2(s) 

--- ·····------- -- -

Pole - Zero Frequency 

Ratio determined by - r,c,~ 

High-Q operation 

- Noninverting VCVS Op • Amp. Op. Amp. 
.. 

- Open between terminals 4&:5 4&5 
----- -

Low-Q operation 

- Noninverting vcvs Darlington 
8&:9 

Pair Dar1ingt.on 
4&5 

Pair 

- Open between terminals 6&7 
·----- -

_ _. -···· 



TAB~E 5 
------- ~-~-----~--------------------------- -- --- - - --- --·--·-····-·· 

FEN/FRN PARAMETER ADJUSTEMENTS (See Figure 24). 

--------~ . ---------------,.----------.------------
FEN FRN 

-- ··-- --- -----------------+---------+-------------

Input/Output Terminals, Type 1 

Input/Output Terminals, Type II 

Open between terminals 

2/3 

2'/3 

ll/10 

11/10 

11&10 

- ---- ------------------+---------+---------1 

Loop Gain (damping :factor Q) 

determined by 

Forward Gain determined by 

Peak Frequency determined by 

Null Frequency determined by 

RQ,r 

RI 

:fNull o:f 

-

/ 

t),r 

----

RQ 

T2 (s) -
:fNull of T 2 (s) 

-·-· -. --------- ----------------~--------..--------~---
---

Pole - Zero Frequency 

Ratio determined by r,c,l3 

----------------------------f-----------'r-----------t 

High-Q operation 

- Noninverting VCVS 

- Open between terminals 

Op. Amp. 

4&5 

Op. Amp. 

4&5 
---~---------~----------:----+-----~

---+----~-----1 

Low-Q operation 

- Noninverting VCVS Darlington Pair Darlingt.on Pair 
8&9 4&5-

- Open between terminals 6&7 

-- --------~---~---------!----------------'----
··---------·---


