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ABSTRACT
(:) : Preliminary results are presented for a thrustor

firing control law for holding X-~POF attitude 1in missions

AAP 1/2 and AAP 2/3A. It is shown that significant reductions
in the number of thrustor ignitions and iu the amouni of
propellant consumption can be achleved if a control strategy

is used in which the gravity-gradlent and aerodynamic torques

produce a bounded oscilllatory attitude motion about all three

spacecraft axes,
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C:) I. INTRODUCTION

A recent study(l)* for MSFC by IBM indicates that,
in ordar to maintain the Orbital Assembly (OA) in the POP
mode ‘during missions AAP 1/2 and AAP 2/3A, the Workshop Attitude
Control Sysiem (WACS) must provide a total impulse per orblt
of 100 pound-seconds and fire the thrustors an average of
80 times per orbit. These figures, when calculated over
16 orbits per day and a combined mission duration of 84 days, :
represent 500 pounds of propellant and 107,52C thrustor :
firings. The baseline figure of 220,000 pound-seconds of ‘
total impulse represents 815 pounds of fuel. The malntenance :
of the POP mode, therefore, is estimated to expend over 60%
of the total impulse. Further, the thrustor-ignition estimate
is such as to cause concern about the reliability of the
reaction control system. - .

TR

. The following presents a physically-motivated control
strategy which could significantly reduce the aforementioned
measures of control system performance. The basic strategy
is to cause the thrustors to synchronize the motion in such a
way as to have the turning polints of the attitude motion produced
by the gravity-gradient and aerodynamic torques acting on the
spacecraft, This strategy is applied to all three axes and
leads to a "natural" selection of deadbands. For the OA these

(:) deadbands are approximately 1+9.5° for the long axils of the
: vehicle, which is nominally perpendicular to the orbit plane (POP),
and +U° for the axes that are nominally in the orbit plane, The
. maximum rates are on the order of 19.5 x 10-3 degrees per second
for the long axis and 5 x 10~3 degrees per second for the others.
. These figures depend, of course, on the moments of inertia
of the spacecraft and on the magnitude of the dlsturbances.

B3 B o5 5 SRR A s .

(Z) The result of'applying this control strategy to the
OA in the POP mode is a reduction in control system activity
which is so significant that, under ideal conditions and

¥ Superscripted numbers indicate references listed at the
end of the report. ,
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assuming no dlurnal bulge in the model of the atmospheric
density,¥ only the initialization process requires any

propellant consumption or thrustor firings.

A more detalled exposition of this ldea is glven
in subsequent sections: Scetion II discusses some of the
physical principles which motivated this strategy; Section III1
conslsts of a pertinent Jllustrative example which 1s free of
mathematical difficulty; S=zction IV is concerned with the
application to an idealized representation of the OA; and
Section V considers some practical matters and initial thoughts
on the implementation of this strategy. Appendix A demonstirates
the .method of successive approximations which is used to apply
this control policy to the rather complicated equations of
motion of a spacecraft in the POP mode. :

IT. A PHYSICAL APPROACH TO OPTIMIZATION

The first step In the design of a fuel-optimal
control. . strategy for steady--state reactlon contrcl of a
spacecraft in the presence of environmental disturbance is to

-ascertalin that the control torque always produces a motion

which opposes the effect of the disturbing torques. An
implication of this statement is that the disturbance must
be caused to produce at least one turning point in each limit

- ‘eycle period. This is optimal in the sense that no control
" torque 1ls ever required to offset the motion produced by a

previous firing. Having established this criterion, the number
of thrustor ignitions is reduced by causing the vehlele to
"coast' after a firing for some maximum time which depends on
the environment and on the size of the deadbands.

Regetz and Nelson have shown for a single-axis
inertial plant subjected to a constant disturbance torque that
the control which minimizes the firings is that which causes
the spacecraft to just miss contacting the opposite side of the
deadband. Smaller than optimal control torque will still yleld
a-minimum--fuel solution 1f the control opposes the disturbance.
There will be, however, an increased number of ignitions. A
control torque which exceeds the optimal will cause the vehicle
to contact the opposite deadband and result in a firing which
produces a motion in the same directidn as the disturbance.

T e

¥ These assumptions are considered in further detail in
Section V,
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III. AN ILLUSTRATIVE EXAMPLE

¢
¥> Consider the dynamical system represented by the ;
relation: §
Ix = Tpsinut + T, (t)u(t-t#)’ (1) %
| where
I = moment of inertia about the X axis
; = angular accelération about the X axis
TD = amplitude of dlsturbance torque
T (¢) = control torque
0o = pradian frequency of disturbance
- s aa. w . ‘ 1 ’b*<t<t2
p(t-t¥) = '
B 0 ©Ga<t<t®

Dividing through by I and consjdering T to be a constant,
equation (1) becomes

.
> v ¢ e e owe s -
- L3

X = ADsinwot' + Acu(t—t*) | (2)

- Integrating from t;, a time before thrustor lgnltion, to t>t,, -
_ the Instant at which thrustor firing is terminated, ylelds

. 5 ( -
O | | |
- x(t) = {flx(ty) + mﬁ2~co ty + At
! w, ©9%0UY I Aobon
A .
D
" o, cosu b } ) (3)

.ﬂ , _ | ﬂmﬁmﬁhsﬂw
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where t 4 t2 - t#. Jf the term in parentheses is set equal f
to e(t;) and another integration is performed, equation (3) i
(:) evolves into i
N ]
\ |
D * ;
X(t) = (x(tl) "l‘ o2 sinmotl) "“ e(tl)(tz»tl) V
. : o
0 A6 2 2
1 -ec.on D i
+ =52 - =2, sinet (4)
)
: Define n(t;) equal tc the term in parentheses in eguation (4).
: Then,
5 1
I | i
| ' _ . . . At 2
% ' x(¢) = In(ty) + e(t)(t-t;) + Zc’on
p
- B;g sinwot (5)

et e

If 4, t2,and the sign of A, can be chosen to null the bracketed

terms in equations (3) and (5), then the state equations for a
time t>t,, ‘

I O () p
‘ XT t) = - -0.3;'2 sinwot

} < (6)

| \ .

~2 - x(t) = « Eg coswot .

i -\ . o
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define the motion of & harmonlc oseillator, Notice that all
future turning points in the trajectory of this model are
‘produced by the disturbing torques and the amplitude of the
osci?]atjon is proportional to AD

In order to formulate a precisc conclusion from this
example, the following defin}tions are made:

1) Ideal System
An ideal system 1is one:
1) whose inertia is constant and known exactly,

i1) which is able to measure Ty, wys © and the
state (x and %) perfectly, and

1i11) which is able to control the state perfectly.

2) Constant Environment

(4

An environment is deflned to be constant if 0 and
'I'D are invarlant wilth time,

Conclusion

If the dynamlcal system given above 1s considered to
be ldeal and in a constant environment, no further control
action is required after lnitlallization.

Of course, no system 1is ideal and the environment
which will influence the OA is not constant. There will,
therefore, be some thrustor activity. However, as shown in
Section IV, the environment has periodic properties which can
be treated in a manner which is entirely analogous to this
example.

'}IV. APPLICATION TO AAP 1/2 AND AAP 2/3A

Missions AAP 1/2 and AAP 2/3A are scheduled to fly
in the ?OP mode which is defined here by the following coordinate
system:

X'— lies along the intersection of the orbital plane and
the noon meridian plane, positively directed toward -
the sun.

Gificial Fila Cony
Eolicoim bus,




: BELLCONMM, INC. -6 -
7 - gprpendicular to the orbital plane (POP). Positive
(:) ~ direction makes acute angle with the North Pole of

S the Earth.
'Y - completes the orthogonal right triad.

The Euler angle sequence which defines the spacecraflt
axes (x, y, and z) relative to X, ¥ and Z is given by:

O 1) ¢ (roll) about the Z axis,
2) o (pitch) abouv the new Y axis,
3) ¢ (yaw) about the new X axis.

. This sequence is described more precisely if a transformation

| symbol is defined. Let ’I‘iv represent a positive rotation about
| I the 1°® axis through an angle v. If x; 1s a vector defined

: ‘ in the inertial system and Xs/c is the same vector measured
relative to the spacecraft coordinate system, then

L3

| - b O ¥ .
e e e e s .:S.s/c , Tx Ty Tz l(.I . ) (7) «

The linearized equations of motion for the OA in
clrcular orbit and acted upon by gravity*gradient and aero-
dynamic torques* are given by:

e R eI e s AT £ e o

]

0 = 202 _ a2 "
a) ¥ 20,%ycos20 t o, ?8in2u t (8)
. [ - 2 ] ¢
b) e oy E(l‘icosawo’c) - ¢sin2w°‘c} + )‘y sin(motftp) |
: (:) o + Ayplsin(mot—w)lsin(wotuw) | (8)

# This particular form for the aerodynamlic torque results
from considering the OA to be a cylinder with rectangular solar
panels. However, this model is not essentlal to the proposed

control strategy. All that is necessary is that the aerodynamic
torque acting on the space rgrg ze expressible in a Fourier series,
g

The diurnal bulge is not indil J%Wthis model but 1s discussed
in Section V. [erftnr oo
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. c _
c) ¢ = axz[?(lucoa2mot) - 9”1n2“o€] Ay cos(wot V)

O |
! P
oo, |sin(w°t~¢)[cos(wot~W) (8)
where )
O 4] 2 3 30’0 (Iy . Iz)
X 2 Ix
2 3‘”02 (1X - IZ)
™ F 7B I
\ 3w 2 (I, ~ le
¢y % 77 T
Aic = maximum value of aero torque acﬁing about the
e 1th axis on the cylindrical portion of the

spacecraft divided by appropriate principal
moment of inertia

Aip = maximum value of aero torque on the solar

panels about the ith axlis divided by appropriat:
principal moment of inertis
(6)

K = g coefflcient of reflectivity

Although equations (8) are significantly more complicated
than the example given in Section III, they are amenable to the
same type ol solutlion. That is, assuming an ldeal system ina -~
constant environment, proper initlalization of the state of fh:
system results 1n an oscillatory type motlion about all three
(Z) axes, Purther, all turning points are caused by the environment
and, ideally, no further firing is required.
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The techniquye for determining the "natural" osecillatcry l o
type motion of the spaceccralft 1s as follows:

(:> 1) Solve equation (8a) by the method of successive ;
1 approximations., Determine the initial values of

v and ¢ such that ¢(t) is a libration. This is done
in detuail in Appendix A.

S st e B

2) Using the derived value of ¢, solve equations (8b)
and (8c) by the method of successive approximations.
(:) Determine the initial value of the four-dimensional

state veetor (0,6,¢,4) such that the motions ¢(t)
and 6(t) are oscillatory. The amplitudes of these

oscillations are functlons of the appropriate A's
and a's, .

4
H
§
2
3

The results of this analysis using AAP 1/2 moments

of inertia(3) and assuming an average atmospheric density® of
0.7 x 10~1% slugs/rt3 and a 210 nauticel mile circular orbit are:

| v (t)

= 9.7 sin2u t deg
| ‘ 6(t) = -K.2 sinu t deg . (9)
f $(t) = =3.05 cosw t deg

To verify the validity of the linear analysis, a
simulation was run which used the same environment as above
; . but with the exact, nonlinear equations of motion, The results,
! given in Figures (la) and (1b) in Appendix B, are seen to be
\é (:) quite close to the results of the linear analysis, equations (9),

V. PRACTICAL CONSIDERATIONS

In an effort to achieve mathematical simplicity,
several assumptions have been made. It 1s the purpose of this
section to review these assumptlions and discuss their effects
on the design of a practical thrustor firing control law.

; (:) | The assumption of a constant environment is, of course,
crude, In particular the aerodynamic disturbance exhibits .

considerable variation with orbital pcsition, altitude, and solar

activity. A linear analysis including the effects of the

o g TSR T

* The density assumed is the MSFC +20 estimate at the midpoint :,
i of the AAP 1/2 mission, |
{ Official Fila Copy

"y ]
My e Rae,
p» tanili bioap Bauta




S NI RR———ry

BLELLCOIN, INC, -9 -

-

b ]

diurnal trulge revealed’thal the aerodynamic torque equation
(:) included a constant term. This resulis in an accumulation of
angular mowentum which must be dumped from time to time, (2)
If this dumping is done in the manner of Regelz and Nelson,
) initial values for the state can still be chosen In a way
such that the environment produces two turning peints per
period of the motion. Figures (2a) and (2b) are the results
of the simulation described ‘above with the atmo:pherlic density
) taken to be

s e A A s v e i g e
=

p = {é.? + 0.ﬂ5cos(wot - y{] x 10~1Y slugs/ft3 (°.0)

where y locz2tes the peak of the diurnal bulge in the orbita1
aay.

The two essential properties of a control regime then
are an ability to determine the aerodynamic torque acting on :
the spacecraft and a numerical strategy for obtaining the :
deslred initlal state. For example the torque may be determined ;
by caleculating the angular accelerations from the rate informa. .
tion supplied by the rate sensor package and inseriing them into i
the equations of motion.¥ The storage of fuccessive values of
the aerodynamic torque would enable 1ts pericdic properties to
be calculated by Fourler techniques. Then a strategy which
periodically nulled the average value of the angular momentum
can be considered. Note that the continual updating of the , .
properties of the aerodynamic torque and the subsequent
reevaluation of the desired initial state can be thought of
as an adaptive control policy. ‘

»esteieri

T v " The second assumption made was that the system is
ddeal. Some of the deviations from the 1deal that can be
A(:> expected in any attltude control system are: uncertainties in

the values of the moments oi inertia, uncertainties in the ]
location of the principal axes, sensor errors in the measurement §
" of the state vectors, «nd the imperfection in the ability of

the controller to achieve the desired state exactly. Also,

as In any system, the effects of these errors are not

immedliately apparent. A full simulation which utllizes the

actval control policy is needed to determine these effects

(Z) on the performance of the policy. The exact determination of
a control law and the development of a simulation are the
principal goals in the subsequent investigation.

¥The gravity-gradient torque can be calculated from
attitude information.
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<:> APPENDIX A - THE METHOD OF SUCCESSIVE APPROXIMATIONS

ER—

This method is a standard approach in the solutlon
of differential equations when the initial conditions are :

specified, Struble(u) provides a rigorous exposlition nf the

' method, but it is more simply stated by Bellman.(S) Following
(:> Bellman, then, consider the scalar dlfferential equation

%% = g(u,t), u(0) = ¢ (A--1)

; ' Let uo(t) be an initial guess and let u;(t) be determined as
: the solution of the differential equation

‘: d ’ :
- S = oglug,t), w(o) = ¢  (a-2)

In general, a sequence of functions {un(t)} can be generated
by means of the recurrence relationcship,

] .' dun ) .
(“ Q at = g(un—l’-t)’ un_(O) "’“‘ c ‘ . (A.-.B)

i :
ii 4 Equation (A~3) can now be wriltten as an integral equation,
| ' |

: t :
: O | up(€) =f g(u, ,s8)ds + ¢ ‘ - (A=l

o

{

and under reasonable assumptions concerning g(u,t), it can be
shown that the sequence {un(t)} converges to the solution of

| (A-1) in some interval [b,tOJ;

|  Official Fila Copy
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These techniﬁues arc applied to the roll motion
equation (9a) with one change; the control is assumed able to
<:> specify a set of initial conditlons. Followlng the example
in Section II1, the problem 1s essentially to find the initial
! state vector which results In an oscillatory roll motion.
The initial time, t;, is taken to be zero. Rewriting (8a),

’

. . ) 9 ‘ ' _ 2 ‘ -
¥ 20, 2ycos2u b o, 28in2e t (A-5)

z

PIRST APPROXIMATION - y_=¢,(0)=0, §_=¥1(0) to be determined

P

v = 0 implies that (A~5) can be written,
L - - 2 .
V3 ¢, Sitho'C 4 | (A-6)

Integrating from 0 to ¢,

.. ') azz uzz
o) o .
. o, ?
Selecting ¢,(0) = §§~ and integrating once more ylelds
» 0
O e | :
- P, = Eﬁgz sin2w b, since ¥y(0) = 0 (A-8)

SECOND APPROXIMATION ~ ¢=yq1, $5(0)=0, §,(0)=p;(0)

O | o

b2 = -og?sin2e bt + E§;2 sinbu_t (A-9)
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. azz az" u az" y
(’. v, = -é-aww; co%Zmot - '1-6(;-03 cos wot + iﬁ;s (A-10) ;
‘ 2 | ;%i- inl il (A-11)
V2 = gy 8in2w_ t - -y sinku t + 3 t A-11
| | Ewo o‘ o IE"“
(:) There are several observatlons which may be made at this point:

. 4
1) A betver selection for ¥2(0) 15 $,(0) - TEa3
o

2 2
2) If a fog, <1 (as it is for the parameters of the 0A)
- then |¢2 - ¥1] < |v1 - vo] and the series is converging

AR g R

to y(t).
THIRD APPROXIMATION ~ y=¢,, ¢3(0)=0 ' . ;
~ |
;‘ ‘ Y3 = "'@zz (l + W'q sin2w t + Ii"'"?- ginly 1:
! Ct 6
‘ gﬂ“‘q sinbw t | (A-12)
: . e e a 2 u b a 6 )

If §3(0) = §- - ~3~—3 ¥ ~3—~5 , then

O

+ _J a2 o b |
Vs ﬁ%‘ (l*'gm%rw) cos2w t 13&~3 cosliu t v
o 0

Aot o o
»

. o © | |
O ¥ *EE”“S cosbu b - (A-13)
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C,) v¢3 " 74‘;;;2 1+ '6‘1;“',;“0'1‘ 81n2w°t - 3‘5353 sin lwot
~ aZG | l‘
f §§5HE;5 sinbu t . (A-1h)

C:) , To get a physical "feel" for the rapidity of convergence,
the parameters of the OA are inserted into (A-14), The result is:

Yy = {0.1696 sin2wot - 0.007 sinllmo‘b

+ 6.00013 sinéwot} (A-15)

Considering Just the first term, the amplitude of y3 is .1696

radians which corresponds to 9.7°, Similarly &3 2 20 x 10~8
degrees/second maximum, ‘

' The application of this method to the simultaneous
solution of the x and y axis motion ylelds- the results stated
in the introduction.
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