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SUMECT: The Analysis of a Countdown pATE: August 16, 1965
as a Stochastic Sequential ‘
Process with Recycle Policies - moM: J. S. Engel
Case 130

TM-6S-1031—2

TECHNICAL MEMORANDUM

1. Introduction

This memorandum presents a method for analyzing large
programs which consist of the logical combination of several
activities. FEach activity is a stochastic process, in that the
time required for its performance may be a random variable. In
addition, during the performance of an activity, equipment
failures may occur, at random times. In the event of an equip-
ment failure, various recycle policies may be pursued. After the
failure has been repaired, the activity may be continued from the
point of failure, the individual activity may have to be reini-
tiated, or the process may be required to recycle to some prior
point in the program, so that some completedactivities may have
to be reperformed. The entire program is thus a stochastic
process, and the total time required to complete the program is
a random variable. The analysis consists of determining the
probability density function (or cumulative distribution function)
for this random variable, the total time required to complete
the entire program, given the distributions of the basic random
variables for each activity. ' The distribution may also be
presented implicitly, in the form of the characteristic function.

The particular problem which has prompted this study is
the analysis of the countdown process, and the model which is
considered in this memorandum was generated to represent that
particular process. However, the model is quite general and
is descriptive of many programs which consist of the combination
of several individual activities. The analysis procedures which
are presented here may be applied to many other similar problems.

A recent Technical Memoranduml has discussed this prob-
lem and has described a method of solution utilizing a Monte
Carlo simulation on a digital computer. The Monte Carlo tech-

Instatus Report on Countdown Simulation-Case 140", E. B.
Parker III and P. S. Schaenman, December 17, 1964,
TM-64-1031~ 3.
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nigue consists of selecting a single value for each of the basic
random variables from an appropriate distribution and combining
them in the proper manner in order to determine a single value
for the total time required to complete the countdown. If

this is done many times and a histogram of the resulting values
is constructed, the probability density function for the time

to complete the countdown may be "experimentally" obtained.

The procedures described in this memorandum comprise
an analytic technique for deriving the distribution for the
total time as a function of the individual component distribu-
tions. The end result is a mathematical expression for the
probability density function (or the cumulative distribution
function) of the time to complete the countdown. The evaluation
of this expression involves a series of integrations and convo-
lutions and may, for complicated cases, have to be performed
using numerical methods on a digital computer. The distinction,
however, is that the computer is then used as a calculating
machine; it is not programmed to simulate the operation. In
addition, the computer is not always required for the evaluation
. of the expression. For many cases, the integrations and convo-
lutions may be performed symbolically. ) '

The general problem may be described as follows. The
program consists of a collection of individual activities which
are logically interrelated. Certain of the activities may be
performed concurrently. Others must be performed serially;
that is, the completion of certain activities is necessary
before certain others may be initiated. These logical interre-
lationships may be represented by a "PERT-1like" network. The
deviation from the normal PERT representaticen results from the
introduction of recycles. During the performance of an activity,
an equipment failure may occur. Depending on the nature of the
activity being performed and on the nature of those activities
already completed, the failure may merely introduce a "hold";
it may require that the individual activity be reinitiated; or
it may necessitate recycling to a prior point and repeating some
of the completed activities. The problem is to "reduce" a complex
network, including recycle paths, to a single branch or composite
activity, representing the entire countdown, and to determine the
distribution of the times to complete this composite. This is
done in a sequence of steps. Small groups of two or more activi-
ties are combined to form composite activities. Then, small
groups of composite activities are combined in the same manner.
The procedure is repeated until all activities have been combined
into a single composite. This memorandum presents the techniques
for combining activities which have various logical interrela-
tionships.
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2. Summary

In Section 3, the single activity is discussed. An
individual activity may be described statistically by three
basic independent random variables. The first of these is the
time required to perform the activity when the effects of failures
are excluded and 1s denoted To' The second random variable is

the time between failures of the equipment used in performing

the activity and is denoted Tf. The third is the time required
to locate and repair the failure so that the process may be
recycled and is denoted Tr' It is assumed that the distributions

of these random variables are either known or well estimated.
From these three distributions, the characteristic function. for
the total time required to complete the activity, including

the effects of failures and recycles, is derived. There are
two possible recycle policies, and both are investigated. When
the activity is "held" during each repair and then continued
from the point at which the failure had occurred, the total
time required to complete the activity, denoted TA’ has a char-
acteristiec function given by: L '

M (w) = M, ()M (w) - (2-1)
T, w T, w Tx w

where the characteristic function MT (w) is given by:

R

f f ( .f
Jx[1-M, ()M, (x)
© Tr ? Tf

My (o) e [1Mp (0O IMg (Mg (-x)
S S dx (2-2)

When the activity is reinitiated after each failure, tpe Fotal
time required to complete the activity has a characteristic
function given by:

(1—p)MT,(w)
o)

M, (w) (2-3)

Ty T 1-p MT,(w) Mo, (w)

f r
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where the probability p is equal to:

14 \ . : Y
f(to)fTo\tO)dto . (2-4)

p FT

the characteristic function MT,(m) is the Fourier transform
o
of the probability density function given by:

1
- D

fo (£2) [1-Fp (£1)] (2-5)

f.. (') =
T0 o 1 o £

and the characteristic function MT,(m) is the Fourier transform
_ f
of the probability density function given by:

- _]_“ 1 1
P = Iy (v [1-F, (3] (2-6)

f

The procedures for reducing two successive activities
to a single composite activity are derived in Section 4. There
are two possible recycle policies, and both of these are con-
sidered. When the recycle policies for the two activities,
denoted activity A and activity B, are independent so that a
failure in the second activity only affects that activity, the
characteristic function for the time to complete the composite
activity, denoted TC, is given by:

M, (w) = M, ()M, () (2=-7)
To Ty, " Ty

When the recycle policies are dependent and a failure during

the second activity, activity B, requires that the first
activity, activity A, be reinitiated, the characteristic function
for the time tc complete the composite activity is given by:
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(1=-p )Moy (w)M,, (w)

BT, w Tlg w (5-8)
(m)MT (w) -
rB A

M. (w) =
T Ipl., (o)W
C B TfB T

In Section 5, procedures are derived for combining two parallel
activities, performed concurrently. There are six possible
recycle policies, and these are all considered. When the recycle
policies are independent, so that a failure in either activity
affects only that activity, the time to complete the composite
activity has a probability density function given by:

P (bG) = fp (b0)Fp (80) + Fy (80)Tp (b) (2-9)

B A B

and a characteristic function given by:

© MTA(x)MTB(m—x5
_
. MTC(w) = 5;:Jr % (omx) dax (2-10)

There are two possible semi-dependent recycle policies. When

a failure in activity A requires that both activities be held
during repairs and then continued, while a failure in activity B
does not interrupt activity A, the characteristic function for
the time to complete the composite activity is given by:

M (w) o M (x)M,, (w-x)
Tra ‘/’ Top  Tp

MTC(m) = —5= TR o) dx (2-11)

When a failure in activity A requires that both activities be
reinitiated, while a failure in activity B does not interrupt
activity A, the characteristic function for the time to complete
the composite activity is given by:

(l—pA)MT (w)
IT (w) = 1-p .M (m)i
1
C A TfA T

oy (2-12)
rA
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where the characteristic function M (w) is given by:

M 1 (X)MT (w-x) .
B
(w) ——f dx

jx’m—x)

where the probability pA is equal to:

!t = -
Pp = Py [QA-pp) + pg| Py (top)fp (top)dt gl
o A B

and the probability pé is equal to:

-]

! = -
Pp = Py LUlopy) +py | Fyp (te))fp (te)dte,]
o |

(2~13)

(2-17)

(2-18)

When a failure in activity A requires that both activities be
reinitiated after repairs, while a failure in activity B requires
that both activities be held during repairs and then continued,
the characteristic function for the time required to complete

the composite is given by: -

(-p Mg ()M (w) |
Trp s( ) .
1-p, M., (w)M
c ATTYL, w T A w

MT (w) =

(2-19)

Section 6 considers the non-series-parallel combination
of activities. There are an infinite number of such combinations
which are possible, and a general method for reducing them to a
single composite activity is presented. The reduction of one
particular non-series-parallel combination is shown as an example
of the technique. This general method may be extended to other

such combinations.
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3. Single Activity

The basic.building block for the entire process
is the single activity. Excluding the effects of failures,
the activity takes a time TO to perform. This time may be

a random variable with a known, or well estimated, probability
density function fT (to). Before the activity has been
o

completed, however, a failure may occur in the equipment used
in performing the activity. It is assumed that the reliability
of the eguipment is known in the sense that the time between
failures i1s a random variable Tf with known probability

density function fT (tf). If a2 failure should occur, the
f

failed item is repaired, taking a time Tr’ which may be &

random variable. For the total set of equipment used in per-—
forming the activity, the probability density function
fT (tr) is assumed to be known or well estimated. It should be

r
noted that these density functions are considered as generalized
functions. In particular, they may include Dirac delta functions.

There are two possible recycle policies in the event
of a failure. After the failed item has been repaired, the
activity may be continued from the point at which the failure
occurred, or it may be reinitiated. Let the random variable

TA be defined as the total time required to complete the

activity, taking failures and repalirs into account. The
problem, then, is to find the probability density function
fT (tA), in terms of the known probability density functions
A .
fTo(to), L (t,.); and o (t.).

f r r r

3.1 Single Activity with "Hold and Continue" Policy

When the activity is "held" during each repair and
then continued from the pceint at which the failure occurred,
the total time required to complete the activity is equal to:

T =T + 7T (3-1)
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where TR is equal to the sum of all the repair times Tr
required. Let Py be defined as the probability that 1 or
more failures occur while performing the activity:

Py 4 pr [1 or more failures] (3-2)

This is equal to the probablility that the sum of 1 independent

values of the random variable Tf i1s less than To:'

py = Pr [Tfl + sz + ...+ T < T ] (3-3)

- and this 1s given by:
Py =[ Fp e, + ...+, (8)9Fp ()
o fl f2 fi (o}

0

Py =[ Fp a1, +...4m, (o) () dt, (3-4)
o 1 "2 i

Where FT (tf) and F (tb) are the cumulative distribution functions

f To

‘for Tf and To’ reciectively. Equation (3-4) is equivalent to:

|t

o

= -— . 25 . \

pi‘[- J—[i fold convolution of fo(ﬁf)with it e]f]dtf I‘To(to,dtO
o |/o ' .
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By Parseval's theorem, this is equal to:

=S (-v) dw (3-5)

where MT (w) and MT (w) are the characteristic functions of
f 0

Tf and To’ respectively, and are equal to the Fourier
transforms of their respective probability density functions.

Given the condition that exactly one failure occurs,
which has a probability Py - Pys TR is equal to Tr and has a

probability density function equal to fT (tR). Given the
r
condition that exactly two failures occur, which has a probability
P, - P,, T, is equal to T + T and has a probability density
2 3 R ry r,
function equal to fo (tR) ¢ T (tR), where the asterisk denotes
r r :
convolution. Summing over all the possible numbers of failures,
multiplied by their respective probabilities of occurrence, ylelds
the probability density function for TR:

-

fTR(tR) = (pi—pi+1) [i-fold convolution of fTr(tR) with itself]

(3-6)

Taking the Fourier transform of both sides of equation 3-6 with
respect to tR yields the characteristic function for TR:

©0

, 5 -
M, (v) = (P,-pP:,+) My (w) (3-7)
Tx w § 17Pi+17

i=1
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Substituting equation 3-5 for p, and p
yields: + '

_ 1,01 [ 1] 141
MTR(m) -§E: MTr(w) zﬂ_j:w 3% MTf (x) - MTf (x) MTO(—X)dx

i+1 into gquation 3-7

The order of the integration and summation may be interchanged,
yielding: )
i

} M N ) |
MT (w) = —?jim 3% 1 MTf(x) MTo (-x) MTr(w)MTf(x) dx

(3-8)

The characteristic function for a random variable has an
absolute value bounded by one, and therefore, the power series in
equation 3-8 may be written in closed form, yielding:

M_ (w)

f f o]
TR 2n

L [1-MT (m)MTf(x)] dx (3-9)

MTr\m) jw [1-mT \xj MT (x)r-iT {(-%)

r

The characteristic function for TA is equal to:

M, (0) = M, (o), (w) (3-10)
TA ® To ? TR ¢
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The probability density function fon (tA) may be
' A
obtained by taking the inverse Fourier transform cof equation 3-10.
However, subsequent operations involved in combining activities
are often in terms of the characteristic functions of the random
variables, so that the results may be retained in this form.

3.2 Single Activity with "Reinitiate" Policy

When the activity is reinitiated after each failure,
the failures and subsequent repairs are assumed to constitute
a renewal process. After each repair the process begins again.
The time until the next failure has the same probability density
function fy (tf). The attempt to perform the activity is
f

reinitiated, and the time to perform it has the same probability
~density function fT (to). '
o

The process described above may be represented by
a flow graph of sorts, as shown below, in Figure 3-1:

(1-p) To
(p)

—>0

12+1}

-

Figure 3-1

The subscripted "T" associated with each path denotes the time
to complete that path. The parenthesized expression at each
path out of a node denotes the probability of taking that path.

The "primes" which distinguish Té'and T% in Figure 3-1 from

TO and Tf should be noted. These will-be explained shortly.

For any given attempt to perform the activity,; the
random variable Tf may be smaller than the random variable

TO, in which case a failure is said to occur. The probability
of failure, denoted p, is thus defined by:
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|2
n
|

>

Pr [Tf<Toj (3-11)

and this 1s equal to:

(to)fT (to)dt0 . (3-12)

p = FT (to)dFT (to) = FT
o f 0

b
o o

It is desired that the flow graph of Figure 3-1
be reduced to a single path, as shown below, in Figure 3-2:

Ta

Figure 3-2

where TA is the total time required to'complete the activity,

with all possible failures and recycles taken into account.
Before deriving the expression for fT (tA), however, it is
A

necessary to define the random variables Té and T% and to

derive their respective probability density functions.

The random variable TO has been defined as the time

to perform the activity, excluding the effects of failure. It
is the time required to perform all the actions associated with
the activity, not including any actions required as a result of

failure. This has a cumulative distribution function defined by:

A
FTO(tO) = Pr [T <t _] (3-—13_)
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The random variable Té is the time to complete the forward

or "success" path of the flow chart of Figure 3-1. The set
of times Té is that subset of the times To for which the

attempt to perform the activity is successful; it is the subset
consisting of those times T0 which are less than the associated

Tf. The cumulative distribution funetion for Té isrtherefore
the conditional probability:

1 = 1 -
.FTé(to) Pr [T <t! | T, < Tl (3-14)
By the definition of conditional probability, this is equal to:

L
Pr[Toito 5 T0<Tf]

F.,.(t!) =
To o Pr[TO<Tf]
e O 1
B (51} - Pr[T <t!]-Pr[t >T >T.]
1
Ty o Pr[TosTf]

-

Substituting the definitions given in equations 3-11 and 3-13
yields:

- N
t'
Fo(t1) = == {F_ (') - ° [F. (£1)-F. (t.)1dF., (t.)
Tt o T 1-p T, O ) T, o T, T T, 'f >
. v
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tl
1 [0}
1 - e 1 | - 1 3
. 8]

f
(3-15)
The probability density function fT,(té) is obtained by
o]
differentiating equation 3-15 with respect to t!'. After
o
rearranging terms, this is equal to:
£, (81) = =2 (£")[1-F, (t')] (3-16)
Té o 1-p 'I‘O o] Tf o) :

The random variable Tf has been defined as the time

between equipmenht failures. Its cumulative distribution function:

>

Fo (t

. PI‘[Tff_tf] (3—17)

f)

is a property of the equipment and is independent of the
activity for which the equipment is being used. The random
variable T% is the time to failure for only those failures which

occur before the activity is completed. Failures occurring
after the activity is completed are not encountered. The set

of times T% is thus the subset of those time Tf which are less

than the asscciated To. The cumulative distribution function

for T% is therefore the conditional pfobability:

FT%(t%) = PrlT <t T,<T ] (3-18)
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By the definition of conditional probability, this is equal to:

[P <tt .« m o 7
P (b1) = rrestr 3 el
Tf. f Pr[Tf<T0]

2 I ]
_ Pr[ngﬁf] Pr[tfle>To]
Pr[Tf<To]

Substituting the definitions given in equations 3-11 and 3-18
yields:

W
t'
vy = L 'y - vy .
Fpg (1) = 5 Fr (t8) fo [FTf(tf).FTf(to)]dFTo(to)>
- J
3
tl
F,(th) = L{F (t[1-F, (t1)] + fF (t )f, (£ )dt >
T% £ p< Ty f T, f A Tp" "0 T 70’70
. ) J
(3-19)

Differentiating equation 3-19 with respect to t% and rearranging

_terms yields the conditional probability density function:

; _ 1 1 1 '
g, (6) = § T (6 [1Fy (61 (3-20)
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Given the condition that no failures occur, which
has a probability (1-p), T A is equal to Té and has a probability

density function fT,(t ). Given the condition that exactly one

fajilure occurs, whlch has a probablllty p(l—p), TA is equal to
T' + T% + T and has a probability density function equal to
T,(t ) ¥ fT,(t )*fT (t'), where the asterisk denotes convolution.
T
Summlng over all the possible numbers of failures, multiplied

by their respective probabilities of occurrence, yields the .
probability distribution function for T

A
= —-— i * i -
fTA(tA) (1-p) p fT.(tA) i-fold convolution of [f (t ) ¥ fT (tA)
o f -r
i=0
with itself ) (3-21)

Taking the Fourier transform of both sides of equation 3-21 with
respect to tA yields the characteristic function for TA:

My (8) = (1) Z Mgy ()P M ()M ()7} (3-22)

f r
i=0

The characteristic function of a random variable has an absolute
value which is bounded by one. The probability p is also bounded
by one. The power series of equatlon 3-22 may thus be written

in the closed form:

(1_p)MT| ((.0)

MTA(M) = 1-p M (w)M (w) (3"23)

f r
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L, Serial Succession

4,1 Independent Recycle Policies

The simpler type of serial succession is one with
independent recycle policies. Activity B follows activity A
and is not initiated until activity A is completed. Should a
failure occur during activity B, only that activity is affected.
After the failure has been repaired, activity B may be reinitiated
or it may be continued from the point at which the failure had
occurred. A failure in activity B does not require that
activity A reperformed. If the composite of activities A and B
is denoted activity C, then the time to complete activity C is
equal to the sum: :

T.=T, + T - (4-1)

where T, and T, are the total times required to perform the
individual activities, with all possible failures taken into
account. The characteristic function for TC is therefore equal

to the producﬁ:

M, (0) = M, ()M, () (4-2)
TC“’ TA“’TB“’ /

4.2 Dependent Recycle Policies

A complicating modification of the serial succession
of two activities occurs when a failure during the second
activity results in a reinitiation of the first activity.

This recycle policy is shown below, in Figure 4-1:

Ta P Gt ) Tos >0

Q%)

Teg+Tvs
Figure 4-1
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| . where TéB’T%B’TrB’ and Py have the meanings previously given
; _ for Té,T%,Tr, and p, respectively. The added subscript "B"

denotes the activity to which they refer. Activity A is
completed, taking time TA' Note that this time includes the

effects of failures. Then, activity B is lnitiated; each time
a failure occurs, T%B has elapsed, and TrB plus TA must be

completed before Té can begin. The flow graph may be redrawn
as shown below, in Figure 4§-2:

. Ta D) Tor 20
(Ped |

-‘;‘B + T +Tp

Figure 4-2

"In a manner which exectly parallels the reasoning of Section 3,
it can be shown that the characteristic function for the time
to complete the composite activity is given by:

(1-pg) Mo (0)Mn, (w)
_ B Tyttt
l—pBMTf‘B(w)MTrB(m)MT;\(w)

M. (u) (4-3)

Te

Note the similarity between this result and equation 3-22.

5. Concurrent Activities : ’

A second type of combination is the concurrent carrying
out of several activities. 1In the development which follows,
two concurrent activities are considered. Since each of these
may in turn be a combination of two or more concurrent activities,
no generality is lost. : -
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|

Activities A and B are initiated simultaneously when
their common predecessor activity is completed. Their common
successor activity is not initiated until both activities A and
B have been completed. The composite activity C is defined as
the completion of both activities A and B. :

5.1 Independent Recycle Policies

The simplest combination of concurrent activities occurs
when their recycle policies are independent. A failure in either
activity affects only that activity; the other activity continues
undisturbed. This is represented below, in Figure 5-1:-

Ta

T8
Figure 5-1

The time to complete the composite activity is therefore equal
to: ,

T, = max (TA,TB) i (5-1)

If the distribution functions for TA and TB are available
explicitly, then the distribution function for TC may be found
directly. For TC to be less than some number tc, both TA and
TB must be less than tC. Therefore: '

Fo (t5) = Fp (£,)Fq (t5) (5-2)
T, C T, C Ty 'C

and:

fp (£0) = £ (£)Fq

K \ () + Fp (60)0p (vg) (5-3)

B
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It is possible, however, that the distribution functions for
TA and TB may not be available explicitly. Activities A and B

may themselves be composites, and, as the results of prior

manipulations, the characteristic functions for TA and TB may

be given. The distribution functions could be obtained by taking

the inverse transform,and the distribution function for TC may

be found in the manner described above. It may sometimes be more
convenient, however, to obtain the characteristic function for
T. directly from the characteristic functions for T, and T,. From

edjuation 5-2: A B
F, (tn) = F, (£)F, (tL)
TC C TA C ATB C
Taking the Fourier transform of both sides yields:
(w) (w) M, (w)
et L mt M
Juw 2w Jw Jw
where the asterisk denotes convolution. Therefore:
) o MTA(x)MTB(d—x)
MTC(N) T 243 x (w-Xx) dx (5-4)

5.2 Semi-Dependent -Recycle Policies

The recycle policies for the two activities may be
semi-dependent in the following sense. A failure in activity A
affects both activities, while a failure in activity B affects
only that activity. There are two possible seml-dependent re-
cycle policies. A failure in activity A may require that both
activities be held during repair and then continued, or it may
require that both activities be reinitiated after the repairs
have been completed. These will both be discussed.
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5.2.1 _"Hold and Continue" Policy

When a faillure in activity A requires that both
activities be held during repairs and then continued, while
a faillure in activity B does not interrupt activity A, the
time required to complete the composite is equal to:

To = Tpp + max (ToAsTB) . (5-5)

where Tp, is the sum of all the repair times T By an

rd’
extension of equation 5-4, the characteristic function for 7T

is given by: C.

wMT (w) © MT (X)MT (w-x)
e i [ T e e

5.2.2 "Reinitiate" Policy

A failure in activity A may require that both activities
be reinitiated; when a failure occurs in activity B, activity A
continues undisturbed. This process may be represented by the
flow graph shown below, in Figure 5-2: :

(1=Fa) T2 max (To, )Ts)
S

Figure 5-2
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From the derivation of Section 5.1, resulting in equation 5-4:

©w M ,A(X)MTB(w~x) :
_ W o
MTS(w) T [ X (w-X) dx (5-7)

and, from the results of Section 3, equation 3-22, the
characteristic function for the time to complete the composite
1s equal to:

M, (w) = S v (5-8)
T 1-p, M, ()M, (w)
C ATTL, w Tpa w

5.3 Dependent Recycle Policies

The recycle policies for the two activities may be
dependent in the sense that a failure in either activity affects
both activities. There are three possible combinations of recycle
policies. Both may be "hold and continue" policies, both may be
"reinitiate" policies, or one activity may have a "hold and
continue" policy and the other a "reinitiate" policy. These three
combinations will now be investigated. -

5.3.1 "Hold and Continue" Policies

When a failure in either activity requires that both
activities be held during repairs and then continued, the total
time for the composite is equal to:

TC = Tpy + Tpg + T (5-9)

where Tm is defined as:

>

T = max (ToA,ToB) | (5-10)
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From the derivation of Section 5.1, resulting in equation 5-U4:

o MT (X)MT (w-x)
- W oA oB
MTm(“’) 213 f x(0=%) dx (5-11)
The characteristic function for TC is equal to:
() = My ()M, ()M, (w) (5-12)
1 Tra " Trs  Tn |

5.3.2 "Reinitiate" Policies

A failure in either activity may require that both be
reinitiated after repairs are completed. With such a recycle
policy there are two possible modes of failure requiring re-
initiation. If a failure occurs in activity A, and no failure
has yet occurred in activity B, then both activities are stopped.
So far, a time equal to T%A has elapsed. The equipment is re-

paired, requiring a time equal to TrA,-and both activities are

reinitiated. Similarly, if a failure occurs in activity B, and
one has not yet occurred in activity A, a time equal to T%B +

TrB is used up and both activities are reinitiated. The first, or

o s . .
A" failure mode occurs when TfA<TOA and either:

1. T,g<Trp

2. Typ>Tpp but Tep<Tpp

The probability of failing in this mode is thus equal to:

pp = py [(2-pg) + Pp Pl - (5-13)
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where Pup is defined as:
ppp & Pr [Tp, < Tppl (5-14)

This is equal to:

roo

‘ re
Pyp = F (t,. )AF, (t.) = F (t. ), (£, )dt
AB j . Tep g Tep 1B . Tea 8" Trs " T

(5-15)

Similarly, the probability of failing in the "B" mode is equal
to: ,

where Ppy 55 gefined as:

and is equal to:

Ppa = F (t.,)dF (tap) = F (t..)f (t.,)dt
BA Jz Teg LA Top fA o Teg LA tp,  fA fA

(5-18)
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Note that:
Ppp * Ppy = 1

For any one attempt, the probability of successfully performing
the activity is equal to:

Pr [success] = 1 -~ Py - P

and this is also equal to:

Pr [success] = (1~pA)(l—pB)

The parallel combination of two activities with dependent
recycle policies may be represented by the flow graph shown below,
in Figure 5-3: 3

Jea +Tp

Pa) ,
(1- PA-P&) T

np

JToz )

b“

max (To

Y

13347}3 Figure 5-3

Taking into account all possible numbers of failures, in each of
the modes "A"™ and "B", with their respective probabilities of
occurrence, ., (t,) is equal to:

TC C
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. 4

- 1
Ty (be) = {(1‘pi‘pé) § (pp) (Pé)JfTi(tC)*[i-fold
- 1i=o0 =0
.
convolution of f,, (t.)*f, (t,) with itself]
my, e’ et

%[ 4 %
[j-fola convglution of fo. (tC) fip (t.)

B rB ©

with itself] >

J

Taking the Fourier transform of both sides with respect to tC yilelds

the characteristic function for TC:

M. (o )=(1-p!-p&) () [Pgig, (o) (o) IpiM., ()M, (@)1
T\ A"PB MT wILP s T, i SRS
i=o j=o0

(1'pA'pé) MT' ( w)

My () = ' ~ }
To'w T Tipgly, (ol CaTlI- o1 ROUO) (5-19)

5.3.3 Mixed Recycle Policies

The recycle policies for the two activities may be
mixed, in that a failure in activity A requires that both
act1v1ties be reinitiated after repairs have been completed,
while a failure in activity B requires that both activities be
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held during repairs and then continued. This process may be
represented by the flow graph shown below, in Figure 5-4:

(-7a) Tep+Ts

QEB

Figure 5-4

where, as in Section 5.2.2, TS is defined as:

1) '
TS max (ToA,ToB)

From the results of Section 3, equation 3-22, the characteristic
function for the time to complete the composite is equal to:

-

(1-p My ()M (w)

RB S
Yl T T, (0 (w) (5-20)
c ATTL, ”‘ Ton

6. Non-Series-Parallel Combinations

In Section U4, consideration was given to activities
which are done serially, in Section 5 to activities performed
in parallel. There exists, in addition, a class of combinations
which are neither serial nor parallel. An example of such a
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combination is represented below, in flow graph form in
Figure 6-1:

Figure 6-1

Activities A and B are initiated simultaneously. At the completion
of activity A, activity D is initiated. At the completion of both
activities B and C, activity E is initiated. The composite activity
is completed when both activities D and E are completed. The

.time to complete the composite activity is then equal to:

Ty = max [T, f T At T+ Tg] (6-1)

T, + T_ T
M s >

D,™B E

The distribution function for TM cannot be derived in the manner

previously used for the maximum of a set of random variables,
since the variables are no longer independent. Anotheér procedure,
presented below, must be employed. - )

The combination of five activities described above is

only one type of non-series-parallel combination. By including
“additional activities, an infinite number of such combinations
may be formed. It is not possible, in a paper of finite length,
to discuss all of these, nor is it necessary. They all may be
handled by extensions of the same procedure. It is sufficient
to discuss one such case, the one presented above, and show

how the distribution function for TM may be derived.

e
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Let a2 new set of five random variables be cdefined

by:
T, =T, 4Ty )
T, = T, + Ty
Ty =T, + T+l - (6-2)
Ty = Ty
T, = T

7

The time to complete the composite activity is then equal to:

Ty = max [Tl’Te,T3] ‘ (6-3)

and the distribution function for TM is equal to the joint

distribution function for T, T and T.,:
1,72, 3

F., (t

F
Ty

) = (t,, t., t.) (6-4)
M Tl,Tz,T3 M, "M, M A

The original random variables, in terms of the new ones, are
equal to:

Ty = Ty

Ty = T,-Te

Ty = T3=Ty=Te S | (6;5)
Tp = T1-Ty

T, = T
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and the Jacobian:

: aT
BTA BTA B_A BTA ETA
BTl 8T2 3T3 BTu 8T5
BTB BTB aTB 3TB aTB
BTl 3T2 3T3 aTu 3T5
5 - 3TC BTC 8TC BTC BTC
BTl 8r2 3T3 aTu BTS
BTD STD aTD BTD BTD
3T1 8T2 aT3 aTu 8T5
aTE BTE BTE BTE BTE
aTl 8T2 3T3 aTu STS

is equal to 1. Therefore:

£ (t, t, t, t, t.) = f (t, t, t. tn to)
Ty, Ty Ty Ty T 1,72,73, 74,75 TA,?B,TC’TD’TE’ A,"B,"C,"D,"E

) = £ £ (¢
Tp g TM,TB(tl,tz,t3,tu,t5) fTA(tA)fTB(tB)fTC(tC) TD(tD) TE( E)

1,72, 3,

f tl&,ts) = fn (tu)f‘l‘ (t2_t5)f‘1‘c(_t3—tll—t5)

oo r,or, T (F1,%0, 03, A 5

1,72,73,Ty,T5 " 15

pn (b=t ) f (t2) (6-6)
TD 1 74 TE 5
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Integrating equation 6-6 over the entire range of tu and tS’ and

the range of tl t2 and t3 less than tM’ yields the joint distribu-

3 > -
tion function for T, T and T,, evaluated at t,:
1,72, 3 M

F (t ) =
Tl T, T3 M, M 3y

at (t) %,
j [ [ f u[ TTTBTLIS 83,0,

From equation 6-4, this is equal to FT (tM). Rearranging the
M

order of integration, and substituting equation 6-6 yields;

FTM(tM) =

f dtufTA(tu)f dt f (t )f dtlfTD(tl-tu)f dtefTB(tz—tS)
o) o] 0 o

tM _
3 T (t ~t)-t ) (6-7)
(@]

).
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Recoﬁnizinv that the density functions are zero for negative
arguments and that the cumulative distribution functions are
Zero when their arguments are zero, yields:

e e

by o wty | ‘
F.. (t,,) = at, f, (t,)F., (t,-t,) at . (t)F., (t,~t )P, (t,.,~t,-t)
TM M . i TA, i TD 174 . 5 TE 5 TB M 75 TC M "4 "5
(6-8)
By means of equation 6-8, the distribution function for TM may

be determined from the dlStrlbuthD or density functions for

TA TB TC TD and TE

7. Conclusions

In the preceding -sections, the various ways in which
activities may be logically interrelated and the recycle policies
which may be employed in case of failure have been considered.
For each type of interrelationship and each recycle policy,

a technique has been presented for combining several activities
intc one composite activity. For each such combination, the
probability density function for the time to complete the
composite activity has been derived. By successively applying.
these techniques, the network representation of a large program
of activities may be reduced. After each such reductiocn, the
number cf branches in the network is decreased, with each
branch representing the performance of a greater number of
activities. The probability density function for the time re-
quired to traverse each branch is derived. After several successive
reductions, the network is reduced to a single branch, and the
time required to traverse that branch is egual to the time re-
quired to complete the entire program. The probability density

function for this time is thus derived.

VoA teal
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