BA~S8IN RETEE F

L .

BELLCOMM, INC.
055 UINFANT RATA NORM. SW  WASHINGION, DC 20024

COVER SHEET FOR TECHNICAL MEMORANDUM

TITLE=  Avpoadynamice Tovaue on 8 Opace Vehicle ™ (8-1022~10
DATE- Denember 12, 1968

FILING CASE NO(S)- 620 AuTHOR(S)- E. Y. Yu

FILING SUBJECT(S)~ attitude Control
(ASSIGNED BY AUTHOR(S)- Aerodynamice Toraue
Gar Dynamioe.:

APSTRACT

An analytical expression is obtalned for the pero-
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e B HVDUCT ON

AL crbital sltttuder bigher than 100 n, miler, the

alr deptity e at mont in the ovder of 16'13 ym/cm3 and the
melecular meun~froee=path 13 aL least in the wpder of 2500 ft,
T the mazimum 1nenr dimension of the vehlele 18 125 ft, the
Knudooetr pumber (= poegn-{res-path/body 1inear dimenstion) in at
Teast #0, Wit suep s lawme Enuwdnen number, the flow of
rarefied atp ovepr the vehiele 1 elassified a2 free=moleécular
flow, in which no ecliistions oeccur betwean molecuies Impliy-

| ing to and re=smitted from the vehiele, The flow effectr such
an drag, tapque, el heat trancfer, can be computed by agisum-
ing that the ipplnycing molecules have a Maxwelllan veloclity
distribution and are partially or perfeetly accommedated to
the vehlele rupfuce before preemisslon. The Maxzwellian distri-
bution function ir an eautlibrium solutlon of the Boltzmann
squation (which poverns the rarefied pas flow), Therefore,
the computatlion of free-molecular flow can completely bypass
the diffieult tusk of solving the BoltZmann equatllon.

Since free-molecular flow theory is pelatively alnm-
ple, many results on the drag, 1ift, and heat transfer of
bodlies of various shapes have appeared ln Jjournals, reports,
and monographa (fnes, &,+,, References [1], [2]). But very
few general resulta on aerodynamic torque are reported in the
literature. Thouse appearing in artlcles on dynamlics analysils
(see, e.g., Reference [3]) are not wholly analytical in that
they are obtained by fitting an analytical expression to
numerical data. It 1ls therefore the purpose of this report
to record a peneral way of getting analytlcal expressions of
aerodynamlc torque on several body shapes.

The essentlal effects of the aerodynamic torque on
the moution of the vehicle are two-fold., First, the torque
affects the attltude equllibrium and stabllity of the ripld
body motion. Second, i1f the vehicle is maintained inertilally
orliented by means of control moment gyros, as 1ln the case of
the AAP (Apollo Applications Program) cluster vehilcle, it is
of interest to know the nonzero time integral of the aerodyna-
mic torque per orbit for the deslgn of the actlve control
system, To investlipate these two problems, 1t 1s useful to
obtaln an analytical expression for the aerodynamlc torque.

e bt
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1l. pREE-MOLLCULAR TOKQUE Ol A FINITE CYLINDEN

A, lNotatlons and Coordinats Systems

Let us defing 0 - XQYQZQ as the coordinate system on

a finite eylinler of length L and radius RQ, wilth the crigin ¢

cltuutead &t the omter of geomebtry. Define 0-XYZ as the coordli-
Hates witn u;{{a;e and 0X,0Y muklng an angle ¢ with axq,uzc (3o

Filpupre 1), benote the paaitinn vactors of the cunter of mass
Ih the v = X Y A and U = AYD coordinate systems vy

qu(xg,Yg,a ) and i nlAqs¥pséy), respectively, so that

xm = xg coB0 + Yo 8ino

Ym = »xo sing + YQ cos0 (1)

Zm‘ ZQ

The unlform alr velocity is denoted by U, which lies in the
XZ=-plane and makes an angle ¢ with 0Z. On a front cylindrical
surface element we deflne a local coordinate system xyz, with
the x-axis pointing normally into the surface and the z-axis

being parallel to 0Z. The angle 8 that the component of U in
the XY-plane makes wlth the x-axls 1= negative when the sur-
face element 1s In the first quadrant of the XY-plane and is
posltive when the surface element 1s in the fourth gquadrant.
We define a back surface element as the one symmetric to the
front element wlth respect to the center of symumetry 0 when
projected on the XY-plane. The coordinates flxed to the back
surface element are obtained by a translation of those of the
front surface element.

The Maxwelllan dlstrlibution functlon of the moleculss
from infinity impinging on a surface element 1s

mn

1 2 2 2
R - U + mU )5+ =
m CB“RW exp{ e [(,00% + (g (s, >]}
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wuuite b Mbad o 4l Lhe nulbul density and temperature of the
uir at infinity, i 1s the gas constant and m is the moleacular
maas, ® Loty tne molecular veloeity, £, and the air veloaity,

if, are written n thelp components in the loecal coordinates,
nemely,

U, = J alnicose , U, = U sintsine , U, = ~U coss (3)

Hupe, 0 ranpes betveels O and -% when the local coordinate uys-

tem lu sltuated in the [irst quadrant of the XY-plane, and
butween v and n/2 wuen the local coordinate system 1s In the
fourtls quadrant. 7he unlt vectors of the local coordinate
systum are glven in the 0 -~ XYZ system as

i = =080 ﬁ + sline i
y ® =3ing ﬁ - cong § (4)

-

g =

T

The posltion vector of the center of a surface element from 0

is denoted by R and from M by ¥, with subscript £ or b to
indlcate the front or the back side. These position vectors
are related to each other by (see Flgure 2)

PomBp =K, BomB - R (5)

*Fm is actually the product of the gas density (m n ) and
the Joint probabllity density function of molecular velocity. Fm
has the significance that (l/m)Fmdxdydz dgxdsydgz 18 the number

of molecules within the volume element dxdydz having component
veloclties in the range ¢, and g, + dg,, ete. (see [U].
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b o= L, €040 A - ﬁo sint Y + 2Z (ba)
HO® iy oH A% Ru einy Y + 42 (ub)

1 Qg

B, Forec. on uw Czlindrieal tueface buw to Impinglny: Molecules

Yipe foupes Lensor produced by implnglng molecules to
a frout eyllidricul surrace ¢lement dA(=R dﬂdZ) (weltten in

the locwl couurdinatye systom) 1o

(£); 4 ()5, (), | e ap o .
= py k4 T A -J]‘ J; £x(5xx+€yy+&zz)Fmd§xasyd€z

ME® (s xe8 v,z 00 25 (Lesan (s, dere (15, 1))

(1
B¢r)

~
= [p U /2

+ axpinﬁi}J + (wl/z/a)[1+5gncsx)arr(stl))i> (La)

where i g a unit vector normal to dA. The force tensor on a
correspondlug baexk surlface element dA l1s

?ib) = pib) 1(h) tz', J]’ J‘ gx(zxx+5yy+gzz)F dgxdgydgz
-

= =, U8 20 5P (I8, k45 548,21 00" 25, (1-sgn(8, ere (|5, ]))

y

- exp(-si)] + (ﬂl/E/E)Ll-agn(Sx)erf(lsxl)]i) (6b)

where S8 = U/(2R ’I‘m)l/2 is the speed ratio, 8, y,z "
i ) " IJ 9
and p_ = m n_ 1s the alr density at Infinity.

1/2
X, ./ (2R T,)




Tanyential snd hormal Porces bue to Reflected Molecules

P
LR ]

Tangential and normal components of forces per unit
sren, T, and b,y produced by molewcules reflected from the wall,

pert diffusely eznd part specularly, may Le computed by assuming
n certain velue of the accommodation ca&rriclentsu defined as

g = ’i poa y or 1, = (l=g)ty (7a)
by = Py : .
g! = ;‘T:'T); ’ or pr = (1"@'393. + G'PW (71)

liere, p and rw(*G) are the normal and tangential components of

the fores resulted from the Jdirffuse reflection of the molecules
which assumc & axwelllan distributlon funetlon corrusponding
to & wall tomperatureg Tw and a uumber density '

mn

¥

W (2uit Tw)sf

5 expl-gpip (62 + 62 4 £2)] (8)
W
Une can caslly compute P, at the front and back surfaces as

péf) "J]P J; Ei Fy a8y diyde, = 3 (21R Tw)l/2 Néf) (9)

where

(r) . B o (1) ~ 1/2
N, ff J; = FE, dgac de, = nt (R T./2m)7° (9a)

S At AN 1 I
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L Vb onumber Piux of Lhe refloeto f moleedles. This shouly be

, { ,
viuul Vo Lhe pembopr Plux ikim i the Impinglae moleculus I Do

b utlon ogeurs 5l Lhy cuplteu, beps

(1) r 1. oo
¥ ! . 3 W ”K'l,‘
o I J w Fmta ettty
o g

x n_(n 'p‘f,fa)U‘"(x“*‘;;waugn{sx}w:‘(lsxi)} + MP(**S‘;:)}

(1)
Zi"ﬂ&’.‘ﬂ‘,
» Poan oinin g AWM 3p L2 . Jan
0 w2t MR, e (5, dere g 1
2\
+ exp(-&ix})x (11}

For the buck surfsace, Lt ls caleulatud in a simlilar way that

5\;(;b) = (%UE/M?)(Tw/ffw)1/2(..“1/25x[1-5gn(3x)¢rf( I8y 1)

+ exp(~82))(-x) (12)

Therefore, 1, and Py for the front surface are

r

Téfg - (l-a)réfz
e * (1m0)1g) (13)
péf) = (l“g!)pif) + quér)

Similar expressions are obtalned for the back surface,

ave—




Here we have wsgumcd the same accommodation coeffi~
clunt Tor the y=- and z~gomponents of the tanguntiel force. The
definition ol the accummedation coefficlents given in (7a,p)
significe Luut for & purfuct mccommodatlion (i.e., complotoly
diffuse reflection), o=l und o'=l, and for zero sccommodation
{l,e., complutely apeculier refloction), v=0 and o'=0, For s
cleun surface, the molecules ure partially sccommodated, and
veluve of ¢ andl 5" ucually range between 0,8 and 0,9%,

vhe forvgoing provedure of computing the forces due
Lo melegules reflscted from the wall Is steanderd as one may
dgu, 9,8, rom Keforouce (%), where the analysis is made only
on & 'ront surface clement. It should be polntud out thut in
Refuprcercee (L) the local coordinote nystem 1x taxken in such 2

way that the incidunt air veloecity U has & zero component in
onv conpdlnat. direction. Jonsequenily, the expressions given
there for the normal and tangoentlial components of the force on
o surfuce element eannol bu used with sn arbltrary direction

of 0 rfor an lutegeutlon over un wrbltropy conemve curface to yield
snitiyvlieal results for the forcee or tne torque,

e Toe Hesultuant Poreu Tengor

“he rosultant force tenmsor on & surface element dA
due Lo both the Implnging &nd reflected molecules ls, for the
front part,

BT o pi00% ‘éf}§ ¢ :éf}f (14)
where
p(f) " p§f) + péf) = EQ*Q’inf) + o péf)

2
u
. %({m*>sx[sxc1+umcsx>arf(tsxf>>
‘,‘

+ u"l/zexpiwﬁi}] + %(2~a')[l+agﬁ(3x)arf(lsxi)3

+ 3 o' (T, /T Y2022 (14sgn(s,ders (8, 1)) + exp(-82)])

(lha}
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£
. ( p U
(F) o (0 . (F) o r)  Pe ~

by Mg Lt g e g i o.;gisxll#égu(&xhrﬂlSxi}3
+ r‘*’qupiusii} (1hp)

13 P U?
el LU e Y ey s s Ckeen(s, Dert (13, 1))
b " o (2870 (be)

U the bac¢k surfive,

Bt . plbdy £b}y + 1€b)§ (19)

where
LD pﬁ' " p{t) - {2‘0,)p(b} + o Pib)

v o .

- n“llzaxp{mﬁi}} * %(Zns'iflmagnisx)erfflsxfi
+ ot (3,/1 )Y 20-nt s, (1-sgn(8,dere |8, )

+ exp(-£2)]) (15e)

P U2

€b> .- mumg 08, (8, (1-8gn(s,)ert([s,|)

({9

‘O‘l

- «"1/2uxp(«8§}3 (15b)

NS
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¢
ib} s &i'& y‘"l . ' Y \ g y ¥
¢ W Be e e nr -4 (u S §
. * b = ;53 B! &it L¥n x)srfii xil;
- ¥ ’
. *’~uzp<~x§}; (el

Pup wonyenleaee, ot ows define hy o sum and tue differonce of
L. Porees ob tue fropt ahd Laexk wurfece viemwnty as

¥
LS

* S ' g L
ot ) e G ae2af ) ments e (15 1)
;;3 & n’i £ 22

p&*}

R P O S NI TN TV A I L) B UI

~x
-
(b} o Al tey MeY o e Nt ]
R ’g + 3 - ,;22 duy[gnxﬂghiwx}tzfﬁfuxf)
+ ot Paxp(ast), (16L)
(4) o (), () o U2 »
T, = tz * b, ™ ~Eg? aﬁz{EQxﬁgnfﬁx}brf(isxl}
+ Er"lfzsxpc~$§)] {loe)
(=) » L(0) _ ((0)  Pat ,
?y = Tﬁ Tz x “;;ﬁ EGSxSX (17a)
, UE
(=) o () _ (L) Pet ,
P M P ~;§§saasxsz (17b)

. Torque Due to Forces on the Cylindrical Surflacs

Torque due to the forces on the oylindrical surface
is glven by the following integratlon

it ke AN RS SEre se
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*n/l .n/2
T, ¥y jr {ﬁfx?(r3 + ﬁbxﬁirjleﬁ& (18)
~n/2 -1./2

Intepration witn respuct to 2 and substitutlon of (H), (L},
CLh) wod v vicld

tr/e
Te,s, ™ Ha“jr / (l"Haﬂinﬂré")qu:§+)*zm(uinﬂp(+)~c¢auz§+})}X
-t/

(+y 3¢

+ L*Hucusut(")+thé*)+2m(caﬂﬁp(*)+§in&ty

%

(=) any atnaye(F)
+ | ﬁazy +(xmc056 Ymdinﬁ)ry

- (hmﬁinﬂ+¥m¢mh6}p(+)32>dﬁ (1)

in whieh the meaning of each term ls gqulte clear. Now, upon
substltuting (loa,b,e) and (17a,b) into (19) and carrylng out
the o-lntegration with the ald of the formulas tabulated in
Appendlx A, we [ina” ly obtaln the expression of the torque
due to the force acting on the cyllndrical surface,

”~

To g, = TgyX + Tgy¥ + UL (20)
Here, the componencs are given as

TSY = pw(ERGL)ERQ(wo/2)stinééosﬁ-xmﬁl(¢)+zmH2(®)j (20b)

-

- e U oo i AR i S st R
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wh Py

R J _ ] , 2 .
By G m M P aseon nexp (-55/0) LS 1 (557204831 (55/72) )
(20d)

(3 é njfﬁj'(?szw}ifzax + wl/?sanp(~$§/2)[(2~u‘)+c/21

L(L+% 3§}IG(5§X?) + %(1+zs§)1l(s§/g)3 (200)

liure Sx = 5 eind, p, = p N Tm, and Io,ll are the zeroth and
Llrst opder moddified Bessel functlions of the first kind.

| Tur§uu bue to Morces on the knd Surfaces of the Finite
Cylinder | |
Keferring to Mlpure 2, we denote 0'-x'y'z' ap the
loeal coordinates on the end surfaces of the finlte cyllnder.
Phe unit veetors of the local coordinates and those of the
NeXYe coordinate gyatem are related by

X' =X , y' ==Y , z!' =i (21)

Similar to the procedure followed in Sectlion B It can be shown
that the force (per unlt area) produced by implnging molecules
on & surface element of the front and back ends 1s

TR IR SRR

+ 5, (1+sgn(8,,)erf(]8,,1))] + 5 [l+sgn(s, Jere(is,,|)1z")

(22a)

e RS

i s, oottt
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By . ‘(bix‘ LRSI R (EMEAL ST [ EUR e T E A

+ éz.(£~agn($z.)crfilﬁz.l))] + % [l-sgn(ﬂz.}cvf(tﬁz,;}}z9

(22b)

AT I H%, = =0 ulnt and u b ® 85 oec3d,  Whe normal prousure pros-
duced by tne molueules rgflectad aiffuvely from tue front and

Liteh ends wree

B0 ad oy, /T“<?? 5,0 Llkugn(s, ers (S, )] + exp(-55, 1)z
(23a)

ll! ‘ -~
géb) = % pw“/Tﬁ(}f?sz.Lluagn(Sz.)ﬁrf(lﬁzq3)3 + eXP(‘Siv5>("z')
(23L)

Henewe, tue forec tensor on a surface element at the front end
produced by both the implnging and reflected molecules 1is

(L) . (r)x. + plf)5 (2)

where

r;f) = ar;fi = apwsx,[Sz,(l+sgn(sz.)@rf(!sz.l))
+ 1 2exp(-s2,)] (24a)
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The foreo

whule

(b)

(b)

(e piE w aplE) w p ((imo)s, L5, (Lemgn(s,  Derr(]s,, 1))

:”Ef‘mxpamuﬁ.;J * ; (mu! )Ll+&hn€u£'}ﬂrf( z")}
Lo /7 ‘
i‘f.é. \?:""‘i} L Lf&i,p(l*ugn(uﬁg}&?{f(‘ zg{)) + LX}J(“S"Z,}J)
(2kb)
tensor o tnhie vack end 1s
§(h} = (b)x'+ 1(h) (2%)

=up, i L8, (L=sgn (s, Jerr (]S, ,|)) - n" 2exp (- S 03]

(258)
P {(2=0")5,,[8,, (1=3gn(8,, err(]s,,|))

w4 Zexp(~85,)] + 3 (2-0")[1-sgn(s, Jers(|s,,|)

po (M2
£§ Tﬁ) [~n1/asz,(lmsgn(ﬁz,)erf(]sz,l)

+ exp(-aSi. )]) (25b)

i
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Lul Lo Jdelivbe the veotop from O to the eenter of the front end
by L = % LY and thiut from U to the center of the Lack end Ly

hd

h; = u% LY, Whien, the torgue duc to the forces on both ends o

foe o wanL G x B (iR e 540D

% m

S Wy 2 M7) o)

n ﬂisi{?mb(*);; +* [S‘ ’t(")"f
Wi e
p e U4 0wy Ca(e-0)s,, [, s8n(5, Jere (]S, |)

‘.L/lf _, ;12 1 S f gy ) o
+ o cap (=850 + (2-0 )agn(bz,)erf([uz,l)

oot (et 2 )%, ) (208)

ré+) = Tir} + ;;b) © ?apmsx,tsz,agn(sz,)erf(lsz,[)

+ 1 Zexp (-2 )] (26b)
(=) o (£) _ (o) o o ~
Ty Ty Ty Eapmsx,sz, (26¢c)
A ,
We may also write QEND as
o A ~ "~
QEND = DEXX + TEYY + TEZZ (27)

lere

; 2y = Y f
Tug/™RoP, = Y A5(0) (27a)




T, . ’n;uz = ~Ym&£f;} (£7e)

w it ghe
Al(P) ' 'd@@xgtuégﬁhn( Al}ﬂrf(t Z’!) + x -1/ ggxp(-gz')] (27d)

ﬁgii) = (2-@'}[(aﬁi x)ygn(uﬁ.)trf(}“ )

]

+ ?n”l/LS A tXp (=5 ““ )+ e (e /Y )l/2“4; (¢7e)

#

wird »:’zg = LG uxg = =35 sind .

G. Free-Moleeular Topgue on 4 Finite Cylinder

rrev-molecular torque on & finlte ¢ylinder is the
P »
sum of Ty o In (20) and Ty, in (27), L.e.,

WO

TUYL = TCXK + KCYY + 1055

Hi

ax + TEX, iﬂy = TSY + TEY’ TCZ = TSZ + TEZ’ with
Taxs Tgys» Ty, 8lven in (20a,b,c) and Tyy, Tpys Tyy glven in
(27a,b,c).

where wa T

III. FREE-MOLECULAR TORQUY ON FLAT PANLLS

The vehlecle under conslderation here has the geometric
configuration of a finlte cylinder fitted longltudinally wlth
two flat panels, wlth the plane of the panels lineclined to the
X-axis by an angle o (see Figure 3). Let us now take only the

BT e i aaiia i

RC T C T S I e R

sy,
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two junels (of «¢jual s2lzes), whleh have & wldih ﬂp and & langth
Lp; Whu peometrle centers of tue panvls, dencted Ly Uy and 32,
are oot ou o rmedlal distance hp from the axls of the eylinder, so

t;ﬁ;cshzir posttion veetors are wrltten in the 0-XYZ coordinate

}ﬁian L

Z&Si = hycwq:ﬁ + i p

f

* | (28)
"ﬁ' - "y e & - . / s
U .= Hpaﬁéuﬁ RpainuY + zpz
Wee denote the loval coordinate systems of the panels by
Uy =%9 % and 02~x2y233, und the unit vectors are glven as
iJ = cosak + sina¥ i
éd = ~slnua + cosaY , J=l,? (29)

The components of £ In the local coordlnate systems are

S. = =3 sindcosu , £, = S sindsine , 8 = ~5 cosd
“ 7y %

J=1,2 (30)
In the same way as In the foregolng sectlons, we obtaln the

force (per unlt area) tensor on the front surface of panel 1
as

BT w o fDxy wpgllyy 4 ple (31)
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R RS
f} v . L/w
b e (ay Ui, ert s, 1) 4o «.xpgmﬂ,}{
,&iu&}
(f} ' )¢ JR o g at 2 B W N ot [ :
iyl i (e w:;”y};uyi(;+y;ngugi)*zti;gyl}})
wl /st . 3 ¥ ' ‘
¥ a 1’“u3pf~3£ i ££~%*l Litepn(y, i)arfi« 1]
R » v
1 . s } \ R N .
+ o= Ct‘w‘/’* )V xp(wwyi, + Ni/ yi(;*uuz(w }*;:'iwuylh)
{31L)
(1“5 . . 8% At # oo f kb Y “x ”1:/2 . o uz
AL RE ”3l;llugn(q3})urf(luyi[}j + gxp(nhyli>
{3le)
and on the buck surface of panel 1
(L) (b): (D) (b)
I M SR it SR PN (32)

where
. wl/2 e
T:fati’) = npwaﬁxl(ﬁyl[l—*&gﬂ(Syl)erf(]Syll)J - exp(-s.jl)}
(322)

(b)

py1’ = *pm((a~c')Syltsyl(l-ﬁsn(syl)erf(!Syll)) - 12

+ (2-g' [1=g gn(syl)sxf(lsyll)] (T /T )l/“

. Lexp(-82)) = 17125, (L-sgn(syy Jers([5,, D)) (320)

"2

PRy

o - s MR



{32c}

Toe vapressions of tue forced vn panel o &Pv exactly the same
e LT et oL, Let ue deflne the ogum o the forevs on the

'road fida bade oopprfuees o

#+) o o=m(1) (b) . (+)] {+), e e
Fpomb A fx P TR S PTRE S UL Y (23)

Wi

(+) (f} "h} Ry [ . . Foox . * W
A P T T ““*»“xl<“?l“g”{”yl)kvi(f“ylf)

e i o
+ ‘L/’vx; ("3;%1}) (33a)

(i ) Y 4 o b o ¥t
i{} = pw(ﬁ(ﬁna’)uyl{gylugh(uyl)urffluy&()

+ ”l/‘iﬁx (_'Sff )J 4 (’:‘f*‘ ')',:5 ?n(s )’F'Pr(!“ i}
n - yl "9 BB Yyl

b oot (a0 )M RS ) (330)

(+1 - (f‘} (b) » £t o vy P
1,1 1,00 1, Eskmﬁzlcsylagn(syi)exf(igyll)

+ a”'l/gexp(wsil)) (33¢)

{
The expressions of §é+) for panel 2 are the same &s (33). The
torque due to both panels is then

Y R
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; j ¥ A ‘ (*} & {*}
g Tyl ¥ (3u)
YLy Lt !
C TN S AL E -z, 11t stna + v‘ﬁ’cosu)3fp.

- BatnYmS *(Zmnzp)leiina}Bl(QI

* (zmwzp}wm Baﬁé) { 34m)

Tpy/hppha = Lintyl) = (yrlp) (157 00ma = By aine) 1/,

= 20[% 8 (Zm“zp)3x1“°‘“331(*)

m-zl

ttttt

* (.’;’,m»?..’p)aim Bgié} {3ib)

Tpy/2LpDpp,, = [(~x 8lna + ¥ aasa)r( ) - (X cosa + ¥ sinu)pél)]/p“ |

= (-Xmsinm + ¥m¢°5“)2333131(*)

- (xmcow + Ymaim}Bz(%) {3lkg)

where
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Hrnd

IV,

gkt' 1

eylinder fitted «iln two
slven as the Jum of the tor

(.8)

Here,

: . ) . . e . =}, ve s
h;l‘J * . is{b » ilvt"finui’,.x%i ¥ - ! "xi.i"n;l}j
g <4 o ;

»

L4 ".’§ » - ¥ k3 ’g}‘,;z{“" i uf‘ ,', ?}
Y ’ T
“9 g | 2 4 S At
* - - t:‘;‘; \ ‘;* ”i‘ " KA gi/u,
. ¥ ) st * i

and thnt on the junels piven in f34), namel;,

s B ?xk + ’fg% + Tzi

Ty = Uy * Ypy = Tgy + Tg *+ px
Ty = Tey ¥ Tpy * Toy * Ty * Tpy

g = Toy * Tpy = Tgy + Tz * Tpy

riat ponels (eee Figure 3), May te
que on the finlte oy linder wiven In

LN

w“l
t rd
&
-
S

AL 131; 3;1} nre ws cdefined tn (o),
Fﬂbt*ﬁﬁh&ﬁﬂ&ahquﬂg?h b iBE UhaGE VERICLE

e wyepall fpeve=molecular torque BSLirg vn & vehl-
e geometry of whien io approximated 83t 8 singtle Tinity

(35)

where TSX’ TSY’ Tszvare given in (20a, b,c), TEX’ TEY’ TEZ in
(27a,b,c) and Tpy, pr, Tpy in (3ha,b,c).
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Proanguld Lo jointed gut that vhe farepolng ropre=
sopbation of try torguo uie the 2ludter Yo, i¢le 33 the syr of
Lhe Lo pavs i Ltd Cumponent units s ongy an sprroximation,
Wit 1o vecause of the neglect of the effeet OF the molecules
poelloatine vaey 8nd fortn Letveeny 2ore jart of the o iintrtand
sul faes ubd Yue Tial §oancis, Laen component unlit slone coun=
sttt atel v soneaVe Suefaee L1t preapeer to the fncidernt fiﬂﬂ%
Lyl Sl Lo bfﬂ} ul,ehl --H&s?. PO B A & i yut L+« f‘"{ !g‘“%’; ?.!ai';, 3L V% 318 14, glult'
%o onye Ak darfale we indlented by v ae dattea lineg in Flgure
3r nhy Surface viemunt o Lhe oonveX Junrface Zone will
dee ol ot part of L curface, and thue will recelve aone
Mulecuics premitte] fpom thepo, However, for Lhe ppesent
cvainelel e onileuprat] o L tre yehlele, It s Lelleved Lhbt
he contiitution 1o the topgue Ly the thnin peflections wl the
notecues 3 o bt conveX Jurfewe Jone Lo anmualle Thls 12 due o
the fadl tnat some ¢haln=preflevtlion el'f'rets ure cvancviivd out
and that the colid anyle cubtonded by the ¢onvex surfuace i
much: smallee Lhan 4+, jlence ; the exrresnion of the overall
Lor e on btha Yot lole slven (o (39 1s belloved to Lo & yo0d
spiroximation,

It L onose when tice center of mass M oand the gentep
of guaanetps o tlo on the = or Kunaxia, {ew,, when xu - ?5 = 0,

the expresnions fopr tue components of gerodynumie turque arc
simpllfiled Lo

&

b, = b“Isi!i»'},ff v. M “: }["t I :‘f~iﬁiﬁi§i»ic‘}:ﬂhi + g?{:‘;’:ﬁlﬁ“} iﬁ?ﬁ}

Ty = “LP e (z z Mesn sintcos” asl * ainnB ]

£

i . ,
v 2R Loz p  F o33 /r ) %S wine

+ 2125 sinsexp(=sZuine/2)[(2-0") # a/2]0(1 + % s“winy)

3

. T, (5%sinfes2) + % (1 + 2s“sin®e)1, (s%8in @/*)} !

+ a»u** nPedS $in¢(S coatsgn(cosd)err(S|coss])

+ =172 exp (=5 “cos @}} (37v)

T, =0 {37¢)



b
T
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If, furthermore, the speed pratio S is mu
than uniﬁy, and the angle ¢ is neither 0 nor n/2, gg %giger
V= |3 sine| or |3 cos#| >> 1, then we may asymptotically
expand the erpror function and the modified Bess~1 Punction as

crf(V) « 1

15079/2) o —Re exp(V/2)[1 + =2y + —Lqp #2001 (380)

2
VY KV 3ev
.

oy 1 2N 15 e
L (V /‘f} Y, vm— 2 R] (" /2 ) {:,L - P o ose J ( 58};)
. /7y l-&l? 32V

Yhe torque components in (374,b) are further simplifled to
Ty = QLPDPpw(Zngp)[-Egs sin¢sinacosaB] + cosaB)] (39a)

2

TY = ELPDPpm(meZp)EEQS sin@coa'aai + BinaBé] + TGY (39b)

where, as seen from (3id,e),

S|sin¢sing| for «>0 and S|sindsina|>>1
B~ (4oa)
‘ﬁ“l/a for an0
- P 4 2 2 2
(2-0')(1+28°8in“ ¢8in“a gpn(eindsing)
+ c'(ﬂTw/Tm)l/QS sin¢sina
BY ~ for o>0 and $|sinssina|>>1 (4Ob)

0 for on0
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Gl sy Laobne Lorvpue it L0 the findte eylinder only, glven as

o’

0 Fogr I “;‘e - 1 e B Y : i
Loy = »Q“JL;;mhm{y Iy +it=g') + a/2)sint|sing]
, . 1 1/ s - 2
boaie s tniienst ] 4 o3 e 2 )M P i

+ 0(L) + ul(n stn%)'gb (41)

dcipoviteh ane Wullaece [ 3] obtalned the following
pesitlt fur thit mepodyniamie torque on & flnlte cylinder

Yoy ™ qunggeltg.lscaael + l.SQCD/L)ﬁinBIJ (42}

which 1o analopous to the flrust term of (UL)# where

2

3 i y £
S Y Bl P,uv ® Do

:5'Zm,D~2RO,andeluﬂ/;§,¢

They employed the formulas givan in Reference [5] for the nor=-
mal and tangentlal forces on & front differentlal surface area.
Since tnese formulas are derived using a local coordinate system

In which one component of U 1 taken to be zero, the integra-
tlon over the entlre body surface has to be performed numerl-
calliy in order to yleld the total torque, as has been pointed
out previously. In facet, they computed the torgue numerically
for a number of discrete attitude angles 0, (or ¢) and approxi-

mated the resulting set of polnts by trlgonometric functions.

Thelr numerical value 2.106 of the coeffleient of cosgel
(sind|sint|)*calculated with ¢ = o' = 0,885, 1s very closes to

the exaet value glven here in (41), namely, %[(2-5'} + 6/2] = 2,077,
and thelr value of the coefficient of cos6,sin®, (vcosd|sine)#

¥Melroviteh and Wallace omltted the magnitude signs on ilLe
sinel and cosel terms Inside the bracket in (U42), evidently an

errnr.

JE—— e
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Clacta caltebly wall Lo value ro/fg = (L3 hepe ., PoWoeVer, they
nuve nol tneluded in thedy pesult the second term in (415,
abolen, ag vontrlbuted by Lhe reflected moleeules from thwe Loqy
surfiuec, 1o of the opder of (5 sint) and is not negligible
comptet witn the legaing term. AU uny rate, the esnalticxl
trrLd il o Loo gepodynmmile torgue slven here will ensblic ue to
eopule Lhe Lorgue mapnltude for any speelfled values ¢ff the
wastunbe et ton coerrletents and the tempersture ratio (3/0).

Yoo tLCLUD TG KESAKES

FPleo snalyticul expresslon of the werodynamie torjue
act i wy oa vehiely, vontlgured o g findte eylimder Flttud
with iwo flat solur pancls, 1s given in (35), The torque iu
eXpre8sed ae o funellon of two anpulur parameters, v and 4,
whleh def'ine tne dlrveetion of the uniform Incldent alr velo-

etty, 1, with roupect to the vehiele. For a given inertial
vrlentatlon of the vehliele (as In the case of the AAFP cluster
confipuratlion), we can lntegrote thie torque T(u,4) around an
orblt (L.e., Inteprate with respect to ¢ and ¢) to obtain the
net anguluar momentum per orblt that would have to Le countep~
acted by the aetlve wttitade control system ot thw vehilele,
It should Lu noted thut in the Integration the alr denslty,
p,y Or the pressurs, p_, 18 a varlable even ln a clrcular

orbit, rhlus 1s due to Lhe fact that the vurth atmousphere lu
not spherlecally symmctric and that the atmospheric denslty
varies from day to uipsnt,

The analytlical expression for T(0,4) obtalined here
for viw c¢luster vebilele 13 qulite lengthy in the general case
of arbltrary locatloun of the center of mass, M, with respect
to the euentoer of geometry, 0. If, however, M lles on the
axly of symmetry, tne torque expressions can be simplifiled
(to those glven in (37)). Furthermore, 1f the speed ratlo,

S(*U/(QRTN)I/R), 1o large and if the velocity, U, is nelther

normal neor parallel to the symmetry axis for a certain attli-
tude motlon of the vehlcle, the torque expressions can be
further simplified (to those glven iIn (39) and (41)). In any
case, Lhease analytical expressions of 1(0,%) may be used to
study the equilibrium and stabllity of the attitude motlon of
the vehlele ln the cuvth's gravitatlonal fleld. Such an In-
vestlgatlon remulns to be done.




BELLCOMM, INC. -2 -
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APFENDLS A

Fopmulas Us«i in the Integration of (19)

A, On b2poncntial Functlons:

LAV y ) ! 3
1. vipi=xtcor"n jdn = dx exp(=x* /231 (x*/2)
Juen /2 v

tn e e . A
o [0 wine npteiorstran = o
vy /2

»'f'uf&} ; 4 2
3. J[ - wonto exp{-x"con®e)de
-/
4§ mxp(=x"/2) L1y (x/2) = 1) (x%/2)]
+?i/:3 % 5 2
L Jf o oalnt e exp(=xTcoa®e)dy
-/ 2
R ) 2, £ sm : 2,
= by exp(~x"/2)[Ly(x5/2) + L, (x%/2)]
D Jr ainscoso exp(~x"cos“pldo = O
-1/ 2
B. On Error Functlong:#

+q/2
6. J[ cosg erf(xcose)de
-1/2

= +wl/zx &xp(uxafa)tla(xefa) * Il(xa/ZDJ

*¥In ail cases x 1s consldered to be positive,
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Appendix A (Contd.)

rbun /8
. Jr
-3/2
kg /2
g. J[
-1/2
te/@
. [
-%/2

rhn/e
. |
-n/ e

+n/3
11, Jr
Jen/2

60533 srl{x0080)ds

« ok vM/2x exp(-x?/2)121,(x%/2)
* cz*x"z}zitxzfi)l

sinecost erf{xaost)de = 0

2

sinscos” 9 erf{xcose)de = ¢

2

cosesin®e erf({xaose)ds

. *%.rl/zcxpiwxzfa)ileﬁleii

+ (1-x")1, (x%/2)]

1

sine erf(xcosg)de = 0
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