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ABSTRACT

A study 1is made on the stability of equilibrium atti-
tude of a space vehicle contalning a gyrostat with respect to
the earth-polnting rotating frame in a circular orblt. Based
on the first-approximation stablllity analysis incerporated wilth
damping, criteria for asymptotic stabllity are obta;ned for a
few equilibrium attitudes 1in whlch the gyrostat.is oriented
normal to the orbital plane. One interesting result is that
the attitude configuration with the axis of minimum moment of

inertia being the axis of rotation, which is asymptotically

unstable in the classicél case, can be made asymptotically

stable by the gyrostat.
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TECHNICAL MEMORANDUM

STABLLITY OF ATTITUDE MOTION OF AN
ORBITING VEHICLE CCONTATINING A GYROSTAT

I. INTRODUCTION

It is of interest to find the stable attitude motion
of an orbiting vehlicle contalning a gyrostat (a symmetric,
constant-speed rotor with its axis fixed to the vehicle). The
attitude equilibrium and the stability bf‘motion of such a |
gyrostat-mounted orbiting rigid body is a Simple generalization
of the classical problem (without the gyrostat). Recently,
Roberson and Hooker1 have studlied the existence of the gravi-
tational equilibria in the case of circular orbit. For a
special gyrosztat orientation their result 1s explicit, whereas
in the general orientation they reduce their result to a
tedious numerical computational algorithm. We wish to state
that»the problem of fiqding the equilibrium for a given arbi-
trary orientation of the gyrostat (the so-called most general
case in Reference [1]) will not be considered here, since an
arbitrary equilibriﬁm is of little usefulness. What particu-
larly interests us, in as far as astronautical applicétion ié
coﬂcerned, 15 the equilibrium in which the principal axes of
inertia of the body are in line with the earth-pointing rota-

ting coordinates. Such an attitude equilibrium can be achleved




by aligning the angular momentum of the gyrostat with the nor-
mal of the orbital plane as has been proved mathematically in
Reference [1] and can also be realized from the physical point
of view. |

The stabllity of motion is studled here by including
damping in the linearized equations of motion as damping will
actually be provided in the vehicle. (The practical damping
ééheﬁé will not be discussed here.) The criteria for asymp-
totic stability obtained here in the first-approximation

2 nonlinear asymptotic stabllity.

stabllity theory also imply
It will be shown that a useful orientation in the attitude

motion, which would have béen asymptgtically unstable in the
cléssiCal case, now becomes asymptotically stable as a result

of the stabilizing effect of the gyrostat.

II. EQUILIBRIUM

Following the notations of Reference (1], the Euler
equation of motiqn, in matrix rorm; of é figid body, contain-
dng a symmetrig rotor,_orbiping in a circular orbit around the
.earth without tak{ng any extefnal disturbing torques into

account 1s

JI& + w(Iw + h) = 30° 23 I, | (1)

y
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Here, I = [IaBJ is the 3x3 inertia matfix of the body (includ-

ing rotors), w = [w&] is the 3xl1 matrix of body components of

. ' N y ri
inertia angular velocity, Q = [;aAB wA] the 3x3 matrix, (em)‘8 F
the "Epsilon symbols" of tensor analysis), h = [ha] the 3x1
maﬁrix of body components of internal angular momentum from

the rotor, and 2 the constant orbltal angular speed. The unit §

x
—— . . , - L . !
vectors in the body coordinates, Xy and 1in the earth-pointing é

rotating COordinates,'Ea, are related by the Euler angles

transformation matrix [@aAJ’ 1.e., - |

X =0 . E.

a ax 5y 2 a=1,2,3 (2)

where 23 is along the outward local vertical, §,parallel to
the orbital velocity, and 52 normal to the orbital plane. The
body components of EA are glven as 3xl1 matrices, 1l.e.,

£, = [OaA] so that gx = [e ] are 3x3 matrices,

ayB Oyk

According to Likens and Roberson,3 a necessary and %
sufficient condition for equilibrium is that o = Q 62 or | //{F
from (1)

o | |
£ (I gy + H) = 385 T g5 (3) 3

where H = h/q. .Roberson and Hooker's formulation for the solu-

- tion of (3) is to express I, and H as a linear combination of f
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) the bases aA, A=1,2,3, in the physical vector space, e.g.,

fi -zJa Ec’ etec. They then reduce the problem to the determi-
nation of the elgenvalues and the corresponding elgenvectors
(Ela PEyy £3a), from which one can determine the three
directions (or the three Euler angles) in the physical space.
We will not reproduce thelr work here, though we will present
the expliclit results of their two speciél cases with refine-
ments. These explicit results willl be obtalned here otherwise
By a brief, simple-minded analysis of Equation (3), since it
enables us to gain insight into the equilibrium, stated in

I gt

Reference [1] in the form of mathematical theorems.
First, we consider the case when either side of (3)

1s zero. From 323 It 3= 0, we have §3A/I £3s indicating that

23 is in line with a principal axis, 1abelled as x3, and that
Ig, and Ig, are on the ¢{,¢,-plane. From ?2(152+H) = 0, we find
that either (1) IE, = -H or (i1) (If, + H)//f, so that H must
lie .on the 18, oOT the local horizontal plane, with the ex-

treme case belng 152 AVH,yf;2. In Reference [1], this is the ///
case Jl 3 0, J3 = 0 (s0o H = Jl;l + Jggg) and is covered by

Theorem 2 there. This result 1s plotted in Figure 1 for the

case of I1 < 12 (Ii = moments of lnertia about the Xy~ axes,

1 =1,2,3, respectively), where the indicated angles are

8 = cos'l(il- ;l) and ¢ = cos—l(gl-ﬁ)- For given magnitude and

direction of H, the angle 6 (or ¢) can be determined either




by graphical method or analytically by the equilibrium condi-
tion, 22(1;2 + H) = 0, written out as

(I2-Il)sin B cos 8 - Hcos(¢+6) = 0 (4)
or in the notatlon of [1] as
cos (6+¢) = k,ySin 20 (5)

where Koy = (12—11)/2H. Relation (5) is plotted in Figures
2a,b, for various values of Koy (>0 for 12>Il) and K12(=—K21 > 0
for I1 > 12) between 0 and «. The extreme case «k = 0, 1.e.,
I; = I, indicates o+¢ = n/2 8o that H 1s always pointing nor-
mal to the orbital plane. The case k»1l, which 1s not noted
in [1], signifies the small magnitude of H, with the limiting
case belng the classical situation since as H-»0 or Knq™>® the
curve shrinks down to a single poiht (e = 0, ¢ = n/2) or
(e=n/2, ¢=0).

The only other case i1s when neither side of (3)
is zero. Since in (3) the R.H.S. | &; and L.H.S. |-€,, their
equality signifies that they are both parallel to El so that
both 153 and 152 + H lie on the 5253-p1ane. But H may or
may not lie on the 5253-p1ane. When H does not lie on that
plane we héve the most general case as it is called in Reference

[1], which, as indicated earlier, is of no practical interest




S

"to us and is thererope'not considered hare. When H»iies on
the 5253-p1ane (L.e., H = 3232 + 3323), 80 does 152; hence,
it can be shown that 21 4 il' This 1is the other special
case, J1 = 0, J2 + 0, consldered in Reference [1]. As shown
in Figure 3 for I3>12, where 8' = cos'1(§2-22) and ¢' =
os'l(ieoﬁ), the equilibrium condition (3) is written out as

(12-13) sine'cose’ + Hsin(e'+¢') = 3(13-Iz)sine'cosuf
or in the notatlon of [1]
sin (6'+¢ ) = x3?sin26' ' (6)

where ka, = ([3-15)/(H/2), (k5, %0 as I 3I,). The plots of
" (6) are the same as those of (5) in Figures 2a,b if the rela-
tioh 8' = ¢~ % 1s used (or if the origin is pranslated to the
‘1eft by
by n).
III. STABILITY

% and at the same time the curves are moved down

For stability, let us first consider the equilibrium
‘fcr the case with H in the glen-plane We denote the coordin.

ates situated at the equilibrium position by (xl, 2,X ), where
Vi3 4'53 and(x X,) aré obtained by rotating about the §3-axls

with a constant angle 6 given in (5). The angular position

of the body coordinates (xl,xe,x3) from the equilibrium is




resulted from rotatlons by angles 03?01592 in the 3-1-2 order
with the X3-axis being the rirst’and the xe-axis being the
last axis of rotation. For the linear stabllity analysis
treated here, we assume that these three angles are small.

»~

Then the transformation matrix in Qu = eax‘A is glven by

cose~0331n0 sine+e3cose ~92
0 = -o3coso -sineg -e3sine+cose 0, (7)

azcose+olsin0 ezsine-elcose 1l

and the components in the body coordinates of the absolute
angular velocity are

-» * a
w = [el + Q(sine +e3cose)]x1 +

[62 + (coso -e3sine)];2 f
Lé5 + a(o,sine - elcose)J§3 (8)

where éi’ 1 = 1,2,3 are assumed to be of the same order of
smallness as By Furthermore, viscous damping 1is provided in
the vehlcle to dissipate the angular 6scillations wiﬁh respect
to the earth-pointing rotating frame, with the damping coeffi-
clents Cy> 1-=1,2,3 being all positive definlte. Then the

linearized equations of motion 1ncorporated with viscous

damping can be shown to be, in matrix form,

E
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Iv" + Dyt + 612y 4 k(12)) g (9)

Here, the primes denote derivatives wilth respeet to rt=Rt, and

the matrices are

0y I, 0 o\\ ¢, 0 0
v =lo, I={0 I,0 | p=lo ¢, 0
03] 0 0 I, 0 0 C,
‘{ G<12) : 0 g)3 1) kll k12 0
= 0 83 K™= kyy ko
813 83 O Vo 0 K33

(105

where B3 = (I1 + I3 - Iz)cose - Hsing, Bag = -(12+13~Il)sine+ﬂcos¢;
kll = (IQ—IB)(3 + cosze) + Hsingrose, k12 = ~(12-I3)Sin0008G-Hsin¢sin6,

ko = -(11—13) sinecoso-Hcos¢cos0, ky, = (Il-I3)(3 + sin20)+Hsinecos¢,

and ko, = (I,~I,)cos20 + Hsin (¢+e). (11) {

33
First of all, it is noted that when the gyrostat

is not provided then, with H=0 and =0, equation (9) reduces,

in the absence of dampling, to the classlcal set of equations

with the equation in 6, decoupled from the equatlons in el and 93.

The stability criteria in the classical situation are well known,

namely, the Lagrangeu configuration as that of the moon belng




-9 -

12>I1>I3, where I, of the axis of rotation is the largest, and

che otner ¢onfiguration, sometimes referred to as the De1p5’6

configuration in the modern attitude control literature, beiﬁg
Il>13>I2, where I, of the axls of rotatlon is the least.

Criterla of asymptotic stabllity for the solution
of Equation (9) in the case when K(le) 18 not symmetric can he
obtalned from the characteristic equation, !IsQ+(D+G(12>)s + K(12)| =

or

5 4 3

5
t ays’ + ags

aos + als + a“s2 + ass + a6 = ( (12)

] where

ay = I,T,14, &) = I;T 0 + I Tge + LiTe,,

a, = 1112k33 + 1213k11 + I3Ilk22 + I1°2°3 +.12c301 +
Lieyep 1*5232 ¥ I28132 |

ag = Il(k22c3+k3302) + 12(k11c3+k33cl) + 13(k1102+k22c1) +

c18232 * c23132

ay = 11k22k33 + I2k11k33 + 13(k

+ k&

+ I

118,07k 0Kop) + kyqepeqt

2, K 2

k 22813

20¢3%) * kggcqey + k54

(kyp *+ 37083854

a5 = (kg koo-kypkpydeg + kopkazey + kygkyyep,

ag = k33(k11k22-k12k21). (12a)
The necessary condltions for asymptotle stability are that
all the ai's are positive definite, or simply that

kll,k22,k33 >0 (13a)
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and
K1y kg
>0 ‘ .
k21 k22 ' (le)

To obtain the sufficient conditions we have to construct
either the Routh array or the Hurwltz determinants from the
coefficlents, ays from which four additional inequalities are
obtained. éhese conditions are lengthy and complex and are
rather difficult to interpret; so they are not presented here.

In the case when h lies on the 5253—p1ane, the

linearized equation of motion 1s the same as Equation (9)

except that the matrices G and K are defined as

- - . - - . - -

0 B1p 813 ki, O o
6(33) =g, o 0 k23 =0k, Kps
€3 O 0 /’ N0 kpy kpgf (W)
where 8.0 = (I1 + I'2 - I3)sine' + Hsing', _ f ﬁ

-

gy3 = (I + i3 —'iz)co§e' - Heos¢',

kll = M(Ié - I3)cos2e' + Hcos (¢'+0'),

kyo = (Il; 13)(3coéée'~$in29') - Hs1595s1n¢',
kyg = 2(13-11)sin29"- Héih¢'cose',
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k32 = 2(12-Il)sin29' + Hcos¢'sine',

2 2

and k33 r (12- 1)(cos 6'-3351in“e') + Hcos¢'cose'.

The neceasary condltions for asymptotlc stability are the same
as those in (13a) and (13b) for the preceding case except (l3b)
be replaced by

22 7231 | o ‘ (15)

We may now reduce elther of the two foregolng cases
to an aligned equiliprium attitude in which the Xy-axes are.
in line with the £y-axes, 1=1,2,3, and h points 1in the Xy= Or
En= direction. This may be effected by turning h elther
from,algz-plane until 6=0 and ¢=r/2 or from the 5253-p1ane
until 6'=0 and ¢'=0. Then Equation (9) (either with
G(le), K(lz) or with G(23> and K(23)) reduce to
Iv" + Dv' + 6@y 4 k(B g (16)

0 ¢ g
13 ( kll 0 0
2)_ |
0 0 0 and K = 0 k22 0 |
\gyg 0 0 | 0 0 kygfQin)
!

= 4(12-13) t H, k,, = 3(11-13), kg é (I,-I,) + Hf
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Equation (16) consists.of an equation in 6, alone and a

set of two equations in el and 63. This_  indicates that

to the first order, the gyrostat along the xe-axis affects
not the pitch motion (about the same axis) but the yaw and
roll motions.. Thus the gyrostat in the pitch diéection will
elther stiffen or soften the frequency of the roll and yaw
librational modes, depending on the magnitude of H and the
moments of inertia. Now since the k(2) matrix 1s symmetric,
we may apply the Kelvin-Tait-Chetayev 'I'heor.em7 for asymptotic
stabllity of the solution of Equation (16), where I and D

are symmetric positive definite and G is skew symmetric. The
eriteria of asymptotic stability are simply that the three |
eigenvalues of K(2) in (17) be positive definite, namely,

4(I 3) + H >0
(12-11) + H >O

I, -I3»20 . ” » (18)

1
This result adds nothing new to the Lagrange confilguration,
I >Il>I3, since the Lagrange configuration is already asymptot-
ically otable without the gryostat (Note: ﬁhe gyrostat
though not needed to achlieve asymptotic stabiiity for the p
Lagrange configuration, would probably have a stabilizing effect
so far as to reduce the error angles produCed by an external

disturbance is concerned ) Nevertheless, for the attitude

O
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configuration Il>13>12,'the inequalities in‘(18)‘mean that this
attitude equilibrium which was s.t:ables’6 but not asymptotically
stable7 can now be made asymptotically stable by theladdition
of a gyroséat'(See Figgfe Nf. The'pole’of the gyrostat 1s

K(g) from negative

simply to convert two‘of the eigenvaiues'of
to positive. 3Suech a result may be'statéd as follows: The
attitude configuration, Il>13>12, can be made asymptotically
stable by adding along the axis of rotation with the minlmum

of inertia a gyrostat of an angular momentum,
H(=h/Q) » larger [”‘13‘13)’(11'12)3 (19)

For an axisymmetric body wilth Il = 12, the criteria for
asymptotic stability reduce from (18) (or directly from K(lz)-in

(10) with 6 = 0 and ¢ = 5/2) to

4(12-13) + H>0

H>20
Hence, as long as I3 is the minimum moment of inertia, the earth-
pointing‘attitude motion of such an elongated body (see Figure 5)

1s asymptotically stable. Here, the gyrostat is used to control

.

the yaw motion as may be seen from the equatlons in el and 03.
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If the body 1s symmetric with respect to the xl-axis,
i.e., 12 = I3, then the criterla for asymptotic stabllity reduce
from (18) (or directly from k(23) 4p (14) with e'=0 and ¢' = 0)

to

H>0

I.-I. >0 (21)

1 72
Hence, a flat drum-shaped body, Il>I2, equipped along the x2-axis
of rotation with a gyrostat of angular momentum H>Il-12,(see
Figure 6), will have an asymptotically Stable attitude motion.
| It is worth remarking here that for an axisymmetric
body with Il=I3 Equations (16) reduce in the absence of démping
to the ones investigated in References [8], [9] for the case
of spin stabllization 1f the spin angular momentum there 1s
identified as our gyrostat angular homentum here. But when
thé dissipative effect Is taken into consideration, the re- ’ ’/
sults in these two cases are divergently different. This is
because of the fact that in the spln case energy dlsslpatlon
tends to 1ncrease the anglé of precession when the spin axis
has a minimum moment of inertia whereas here with the gyrostat
energy dissipation results in asymptotic stabllity. For this
reason it is of no significance to study the oseillation stability

(with D=0) as‘done in [8] and [9].
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Suppose that the gyrostat 1s not perfectly in line with
the axis of rotation, let us now calculate the error angles induced
by the misalignment. Denote $5 (= 7/2 =-¢) as the angle that h
is deviated from the x2-axis in the xlxz-plane and ¢, as the
out-of-plane misaligned angle (¢1 is positive 1f h has a positive
x3-component). Within the linearized framework we assume that
¢1 and ¢, are of the same order of smallness as 615 055 63. It

can be easlly shown that there result a cocked angle in 91
* = . -
6y Hyy /[H(I,=I3) + H]

due to the out-of-plane misalignment and a cocked angle 1in 93
63* = H¢2/[12-Il + H]

due to the in-plane misallgnment. For the attitude configuration,

I2>Il>I3, we see that the gyrostat makes the cocked angles

smaller than the misalignment angles. For the attitude con-

figuration, Il>I3>12, we find that the magnitude of H should

not be chosen to be nearly equal to the minimum value specified

in (19) if small cocked angles are desired.
IV. CONCLUDING REMARKS

It has been shown that stable attitude motions can be

achleved I'rom a vehicle containing a gyrostat. For the equilib-

rium attitude of the Il>I3>I2 configuration where I, 1s the
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moment of inertia of the axls of »otatlon, which 1s asymptotically
unstable 1n the classical case, we found that the gyrostat, |
oriented normal to the orb;tal plane, will make 1t become asymp-
totlcally stable. For the Lagrange configuration, 12>Il>13,

which 1s already asymptotically stable in the classlcal cése,

the gyrostat would prnobably render a stablllizing effect in.the
presence of external distﬁrbances, such as aerodynamic énd solar
torques. Sucl a stability problem remalns to be lInvestigated
though the result depends on the particular nature of the dls-
turbance.

The gyrostat employed for stability purpose could.
already have been avallable in the vehicle. An example of this
would be that in the Apollo Applications Program mission for solar.
or stellar astronomy observations the vehicle i1s oriented toward

a fixed direction in the inertial frame by means of gimbal-mounted

control-moment gyros. Whenever deslred, the glmbals are turned
and locked so that the attitude motlon of the vehlcle 1s con-
verted to an earth-pointing one. Such a stable motion (either
in the Il>I3>I2 or the‘12>Il>I3 attitude configuration) may

then be used for earth observation or, by use of a counter-

rotating device at an angular rate of -Q, for star observation.
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