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n o t  a f u n c t i o n  of  the  s i g n a l  and n o i s e  energy  parameters. I n  

a d d i t i o n  t h e  performance of t h e  M'ary s y s t e m  i s  d e r i v e d  and 
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TECHNICAL MEMORANDUM 

INTRODUCTION 

S e v e r a l  r e s e a r c h e r s  have d e s c r i b e d  t h e  d e t e c t i o n  
o f  o p t i c a l  s i g n a l s  as a count ing  of  s i g n a l  photons .  The pre-  
dominant n o i s e  i n  these models a l s o  i s  d e s c r i b e d  i n  terms o f  
photons  whose a r r i v a l  times and t h a t  of  the s i g n a l  are assumed 
t o  be s t a t i s t i c a l l y  c h a r a c t e r i z e d  by t h e  Po i s son  p r o c e s s .  
P r e v i o u s l y  t h e  performance of t h e  optimum d e t e c t o r  f o r  a b i n a r y  
coded sys tem w a s  d e r i v e d .  lY2 I n  t h i s - D a p e r  w e  ex tend  t h i s  work 
and d e r i v e  the performance of the optimum d e t e c t o r  when t h e  
d i g i t a l  code i s  o f  a n  o r d e r  greater t h a n  two. I n  a d d i t i o n ,  w e  
have chosen a somewhat d i f f e r e n t  h y p o t h e s i s  f o r  t h e  b i n a r y  c a s e  
which leads t o  a d i f f e r e n t ,  less optimum, bu t  s i m p l e r  r e c e i v e r  
t h a n  R e i f f e n  and Sherman. 1 

The term optimum when used i n  communication t h e o r y  i s  

U n f o r t u n a t e l y  t h e  
normally i n t e r p r e t e d  t o  mean t h e  r e c e i v e r  which minimizes  t h e  
Bayesian r i s k  f o r  a g i v e n  set of  hypotheses .  
s e l e c t i o n  of t h e  h y p o t h e s i s  i s  l e f t  t o  t h e  d e s i g n e r  so  t h a t  some 
v a r i a t i o n  on optimum d e s i g n s  occur,  It i s  only  when w e  compare 
t h e  performance o f  the  s e v e r a l  optimum sys t ems  do w e  approach 
t h e  t r u l y  optimum s y s t e m .  

The fo l lowing  model i s  assumed i n  t h i s  pape r .  The 
data r e c e i v e d  at  the  t r a n s m i t t e r  i s  i n  b i n a r y  form. 
data i s  t h e n  conver ted  t o  one o f  M code words (M 2)  t o  be 
t r a n s m i t t e d .  The t r a n s m i s s i o n  format i s  as i l l u s t r a t e d  below 
i n  F i g u r e  1. 

The b i n a r y  

> < T log2 M 

where T i s  the t i m e  r e q u i r e d  t o  t r a n s m i t  one i n f o r m a t i o n  b i t  

z i s  the t r a n s m i s s i o n  p u l s e  width 

M z s T log2 M 

Figure 1 P u l s e  Position Modulation 
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A s  can be  seen  i n  t h e  i l l u s t r a t i o n ,  w e  assume t h a t  
Tlog2M 

t h e  t r a n s m i t t e d  p u l s e  o f  l e n g t h  z i s  a t  most e q u a l  t o  
s o  t h a t  t h e  t r a n s m i s s i o n  symbol  r a t e  for M=2 i s  a t  most hal f  
t h e  data r a t e .  The symbol ra te  and indeed  t h e  d u t y  c y c l e  i s  seen  
t o  decrease as M i n c r e a s e s  s i n c e  w e  assume z to be independent  
o f  M. R e i f f e n  and Sherman have shown t h a t  performance w i l l  
improve as t h e  t r a n s m i s s i o n  p u l s e  wid th  i s  decreased and the  t r a n s -  
m i t t e d  energy  i n  t h e  p u l s e  remains conszant .  Thus, t h e  minimum v a l u e  

I n  o r d e r  t o  be able t o  compare t h e  performance of t h e  M'ary 
systems i t  i s  assumed t h a t  f o r  a l l  systems t h e  ave rage  power i s  
h e l d  c o n s t a n t .  Then a t r a d e o f f  occur s  between i n c r e a s e d  p u l s e  
peak power w i t h  a decreased  average  du ty  c y c l e  f a c t o r  as t h e  
M'ary  a lphabet  i n c r e a s e s .  F i n a l l y  w e  n o t e  t h a t  i n  eve ry  T log2X 
seconds  one p u l s e  i s  t r a n s m i t t e d .  The r e c e i v e r  has to dec ide  
which of t h e  p r e a s s i g n e d  M slots c o n t a i n s  t h e  i n f o r m a t i o n .  
Therefore  w e  have a form of p u l s e  p o s i t i o n  modulat ion which i s  I 

r o u g h l y  t h e  d u a l  of M'ary FSK i n  more conven t iona l  rf s y s t e m s .  I 

I o f  z i s  de termined  by  t h e  u n c e r t a i n t y  p r i n c i p l e  r a t h e r  t h a n  M .  I 

I 

i 

PERFORMANCE 

Based on t h e  assumption l i s t e d  i n  t h e  i n t r o d u c t i o n ,  
t h e  optimum d e t e c t o r  d e c i s i o n  c r i t e r i o n  and its performance 
a re  d e r i v e d  i n  t h e  appendix.  I n  t h e  optimum d e t e c t o r ,  every  
Tlog2M seconds each  of  t h e  Mz photon energy measures are 
compared and t h e  z t i m e  s l o t  that c o n t a i n s  t h e  g r e a t e s t  number 
of photons i s  determined t o  be t h e  log2  M b i t s  o f  i n fo rma t ion  
t r a n s m i t t e d  i n  t h a t  Tlog2M t ime p e r i o d .  * 

* T h i s  system compares t h e  energy measure o u t p u t s  and s e l e c t s  
as t h e  s i g n a l  t h e  one which i s  g rea t e s t .  Thus, t h i s  d e t e c t i o n  
sys t em i s  no t  dependent upon a t h r e s h o l d  which i s  a f u n c t i o n  o f l  
t h e  s i g n a l  to n o i s e  r a t i o .  I n  t h e  paper by R e i f f e n  and Sherman 
t h e y  showed t h a t  t h e  optimum s y s t e m  t r a n s m i t t e d  on ly  one symbol 
i n  each  T log  M t i m e  i n t e r v a l  and i n  only  one z i n t e r v a l .  They  
however i m p d e d  from t h i s  t ha t  for t h e  b i n a r y  c a s e  t h e  optimum 
sys tem t r a n s m i t t e d  a lways  i n t h e  same z i n t e r v a l  s o  t h a t  a mark was 
r e p r e s e n t e d  by a p u l s e  and a space by no p u l s e  t h u s  r e q u i r i n g  a 
t h r e s h o l d  t o  de te rmine  b e t w e e n  mark and space  t r a n s m i s s i o n s .  
I n  addi t ion,Ross4 s t a t ed  t h a t  t h e  optimum M'ary sys t em also 
r e q u i r e d  a t h r e s h o l d .  T h i s  need no t  be  t he  c a s e  (M>2) s i n c e  t h e  
s y s t e m  p r e s e n t e d  i n  t h i s  paper meets t h e  r equ i r emen t s  o f  R e i f f e n  
and Shermanls o p t i m a l i t y  c o n d i t i o n  ( f o r  a l l  M'ary a l p h a b e t s )  
wi thout  t h e  use  of  a t h r e s h o l d .  T h i s  d i s c u s s i o n  may have i t s  
ana log  i n  rf systems between t h e  cho ice  of' on-off keying or FSK 
f o r  b i n a r y  s y s t e m s  and t h e  M'ary e x t e n s i o n  of PSK (no  M'ary  
e x t e n s i o n  of on-off keying  has s e r i o u s l y  been c o n s i d e r e d ) .  
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The d e r i v e d  Performance e q u a t i o n s  i n  t h e  appendix 

I n  each f i g u r e  the M'ary symbol e r r o r  r a t e  i s  p l o t t e d  
have been programmed and t h e  r e s u l t s  p l o t t e d  i n  F i g u r e s  2,  3 
and 4 .  
as a f u n c t i o n  of t h e  average  number of s i g n a l  photons  r e c e i v e d  
p e r  b i t  (a) f o r  v a l u e s  o f  M ranging  from 2 th rough  64. Each 
of t h e  f i g u r e s  d i f f e r  i n  t h a t  the  ave rage  number o f  n o i s e  
pho tons  received p e r  M'ary symbol 3; i s  a d i f f e r e n t  v a l u e  i n  
each f i g u r e .  
independent  o f  t h e  a b s o l u t e  v a l u e s  of s i g n a l  and  n o i s e  e n e r g i e s  
as t h e y  are i n  rf communications systems.  

It i s  t o  be noted t h a t  t h e  r e s u l t s  are n o t  

I n  F igu res  2 and 3 t h e  r e s u l t s  o f  Ross2 are p l o t t e d  f o r  
the  b i n a r y  c a s e  when on-off p u l s e  t r a n s m i s s i o n  i s  used .  The 
r e s u l t s  p l o t t e d  are f o r  c o n d i t i o n s  o f  optimum t h r e s h o l d . *  
f o l l o w i n g  conc lus ions  can b e  ob ta ined  a f t e r  I n v e s t i g a t i o n  of 
t h e  g r a p h i c a l  r e s u l t s .  

The 

1. For a g iven  average  n o i s e  background l e v e l  

a. t h e  keyed b ina ry  system w i t h  t h r e s h o l d  out-performs 
t h e  no t h r e s h o l d  p u l s e  p o s i t i o n  sys tems.  

b. A n  M'ary i m p r o ~ e a e n t  is cbta ined zs M i ~ z r e a s e s ,  
however, the  ra te  o f  improvement decreases as M 
i n c r e a s e s  i n  much t h e  same way as MFSK i n  a d d i t i v e  
g a u s s i a n  n o i s e .  Thus t h e  most s i g n i f i c a n t  g a i n  
i s  o b t a i n e d  i n  going from M=2 t o  M=4. It i s  t o  
be no ted  tha t  t h e  M=4 s y s t e m  out-performs t h e  
on-off keyed b ina ry  s y s t e m .  

2 .  I n  comparing t h e  system performance as t h e  n o i s e  
background i s  v a r i e d  w e  see tha t  t h e  r a t e  of  
improvement a t  first i n c r e a s e s  as t h e  n o i s e  background 
i n c r e a s e s .  T h a t  is, i n  going  from M=2 t o  M=4 w e  do 
b e t t e r  on a percentage  improvement basis f o r  l a rge r  
n o i s e  backgrounds than  f o r  t h o s e  t h a t  are smaller. 
However, t h e  r e v e r s e  i s  t r u e  f o r  v a l u e s  o f  M>4. 
i s  i l l u s t r a t e d  i n  Table I. 

T h i s  

*The d e r i v a t i o n  by Ross i s  n o t  q u i t e  optimum f o r  i n  t h e  
case  o f  a t i e  a t  t h r e s h o l d ,  t h e  s e l e c t i o n  should  be  p e r f e c t l y  
random. 
i n  such c a s e s .  
r a t e  f o r  a g iven  v a l u e  o f  a. 

ROSS'S d e t e c t o r  a lways  d e c i d e s  a mark was t r a n s m i t t e d  
The d i f f e r e n c e  is  a t  most 1/2 t h e  symbol e r r o r  



FIGURE 2 - PROBABILITY OF A SWBOL ERROR Pa AS A FUWCTIOW 
OF THE AVERAGE WWEER OF PHOTONS PER BIT 6 
(Ti = 4) 

*Curve obtafncd from Reference 2. 
. -. . .  
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THE AVERAGE R W B E R  OF PHOTONS PER B I T  (Ir = 4) 

*Curtre obtained from Reference 2 .  
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5 . 1  photons 
45.4% 

Reduct ion 

T a b l e  1 M'ary  Improvement (u - r e d u c t i o n )  

8 .3  photons 
74% 

Reduction 

as a Func t ion  of t h e  Normalized Duty 

F a c t o r  f o r  S e v e r a l  Noise Backgrounds 

9.8 photons 
45.8% 

Average Number 
o f  Noise Photons 

1 2 . 6  photons 
55.8% 

1/2 

13.4 photons 

Reduct ion 
47% 

4 

1 5 . 6  photons 
55% 

Reduction 
10 

- 7 -  

1/4(M=16) 

9 . 4  photons 
84% 

Reduct ion 

1 4 . 6  photons  
68.2% 

Reduct ion 

16 .8  photons 
5 9 .  % 

Reduct ion 

t o  be expec ted ,  t h e  a b s o l u t e  number o f  average  s i g n a l  photons 
r e q u i r e d  for a p a r t i c u l a r  sys t em performance i n c r e a s e s  as t h e  
n o i s e  l e v e l  i n c r e a s e s .  

Attachments 
References 
Appendix 

L .  Schuchmd 
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APPENDIX 

DERIVATION OF THE PPM OPTIMUM DETECTOR AND 
ITS PERFORMANCE 

D e r i v a t i o n  of the optimum d e t e c t o r  [ e q u a l l y  l i k e l y a  - p k L i u l ~ i  -- Binary  c a s e ]  

L e t  u s  assume o u r  code scheme i s  a s  d e s c r i b e d  by 
F i g u r e  1 w i t h  M=2. W e  f u r t h e r  assume t h a t  t he  a r r i v a l  t i m e s  of 
photons  f o r  t h e  two z p o s s i b l e  s i g n a l  i n t e r v a l s  are Po i s son  d i s -  
t r i b u t e d  w i t h  photon a r r i v a l s  i n  t h e  two i n t e r v a l s  s t a t i s t i c a l l y  
independent .  I n  a d d i t i o n  w e  assume t h a t  t h e  n o i s e  and s i g n a l  
p r o c e s s e s  are independent .  The d e t e r m i n a t i o n  of  the  optimum 
r e c e i v e r  assuming e q u a l l y  l i k e l y  t r a n s m i s s i o n  o f  t h e  two symbols, 
r educes  t o  t h e  computat ion of t h e  l i k e l i h o o d  f u n c t i o n  I1(x). T h i s  
f u n c t i o n  can be w r i t t e n  as 

( A - 1 )  

where P ( x >  i s  t h e  j o i n t  d i s t r i b u t i o n  f o r  t h e  number of a r r i v a l s  
i n  t h e  two z i n t e r v a l s .  

a , ( t )  is  t h e  r e c e i v e d  s i g n a l  f o r  t h e  t r a n s m i t t e d  symbol 
i n t e r v a l  (0, T )  when t h e  f i rs t  s i g n a l  i s  s e n t .  

a 2 ( t )  i s  t h e  r ece ived  s i g n a l  f o r  t h e  t r a n s m i t t e d  symbol 
i n t e r v a l  (0, T) when t h e  second s i g n a l  i s  s e n t  w i t h  P ( 1 )  = P(2). 

Applying our  Poisson  assumptions e q u a t i o n  
( A - 1 )  cam be w r i t t e n  as 

91 
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where 

- A-2 - 

- 
n i s  t h e  average  number of n o i s e  photon a r r i v a l s  p e r  z 

i n t e r v a l  o f  t i m e .  
- 

is  t h e  ave rage  number of  s i g n a l  photon a r r i v a l s  
p e r  z i n t e r v a l  of t i m e  when t h e  f i r s t  s i g n a l  i s  t r a n s m i t t e d .  

u 2  i s  the  average  number of s i g n a l  photon a r r i v a l s  

a1 

- 

per  z i n t e r v a l  of  t i m e  when t h e  second s i g n a l  i s  t r a n s m i t t e d .  

c o u n t e r  dev ice  (T-I I 1). 
TI i s  the quantum e f f i c i e n c y  f a c t o r  o f  o u r  photon 

Assuming tha t  - w e  t r a n s m i t  - e i t h e r  s i g n a l  w i t h  the  
same average  energy ul = a2 = a, e q u a t i o n  ( A - 2 )  r educes  t o  

(A-3) 

Taking loga r i thms  of  b o t h  s ides  w e  have t ha t  o u r  
d e c i s i o n  r u l e  s i m p l i f i e s  t o  

Thus if y1 ( t h e  a c t u a l  number o f  photons r e c e i v e d  i n  t h e  z 

i n t e r v a l  of s i g n a l  one) i s  g r e a t e r  t h a n  y 2  w e  dec ide  t h a t  t h e  

f i rs t  s i g n a l  was t r a n s m i t t e d .  
t h e  second s i g n a l  was t r a n s m i t t e d .  
a co in .  

I f  y2 i s  g r e a t e r  t h e n  we d e c i d e  
If t h e y  are e q u a l ,  w e  f l i p  

M'ary Ex tens ion  

I n  the M'ary  c a s e  we have My z i n t e r v a l s  i n  which t o  
look f o r  t he  s i g n a l .  The n a t u r a l  e x t e n s i o n  o f  the b i n a r y  c a s e  
f o r  t h e  e q u a l l y  l i k e l y  t r a n s m i t t e d  s i g n a l  c a s e  and a " h i t  o r  
m i s s "  l o s s  m a t r i x  i s  a r e c e i v e r  which d e c i d e s  t h a t  s i g n a l  i 
i s  t r a n s m i t t e d  i f  

If more t h a n  one i sat isf ies  equa t ion  ( A - 4 )  t h e n  w e  
randomly s e l e c t  from these,  one a s  t h e  s i g n a l .  

( A - 4 )  
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To Compute the M'ary Symbol P r o b a b i l i t y  of  E r r o r  

The p r o b a b i l i t y  of e r r o r  Pe can  be w r i t t e n  as 1 - Pc 
when Pc i s  t h e  p r o b a b i l i t y  of a c o r r e c t  d e c i s i o n .  
w r i t t e n  as (assuming that  s i g n a l  one w a s  t r a n s m i t t e d )  

Pc can be 

Pc = PCY, < yl; Y3 <Y1; e - *  Y, < Y 1 1  + 

( A - 5  

which can be w r i t t e n  more compactly as 

M-1 

( A - 6 )  i = O  

Using ou r  independence assumptions w e  have 

S u b s t i t u t i n g  i n t o  equa t ion  (A-7) t h e  Poisson  d i s t r i b u t i o n  
f o r  t h e  s e v e r a l  yi r e s u l t s  i n :  



. 
e 

. 

BELLCOMM, 

M-1 

i = O  

where 

INC. 

P-5 i 

- A-4 - 
OD 

e- > Cexp-(;;+<r)] 

M - 1 - i  

0 i = M - 1  

1 i#m-1 

(A-8 ) "  

*It i s  assumed the Ehoton e f f i c i e n c y  f a c t o r  rl i s  r e f l e c t e d  
i n  the parameters  n and a. 
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