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In this paper, a recur51ve dlfferEntlalkequatlon r

the nEE-moment of the time-to-cycle slip parameter (T) is der1Ved
for both the first and second order phase lock loop. Exp11c1t'

~

results are presented for the first four moments of T for both
the first and second order phase lock loops. While the moments

obtained for T in a second order loop are approximately correct,
the solutions for the first order loop are exact.

The mean of T had been obtained previously by Viterbi
and Tauseworthe. The results presented here agree identically
with those of these investigators. In addition, the results

~

indicate that the distribution of T can be approximated by a
Pearson Type III distribution.

The approach taken in deriving results for the first
order loop, was to demonstrate that the phase error in the loop
is a Markov process so that its transitional frequency function
satisfies the Chapman-XKolmogorov equation. Then starting with
the Chapman-Kolmogorov equation, a differential equation is
derived which the transitional frequency function satisfies.
Using this differential equation, one can derive the recursive

differential equation satisfied by the moments of T. This same
approach was used by Tikonov and Viterbi in the derivation of
the stationary probability density of the phase error. A
similar unified approach to the solution of the characterization
parameters of a phase lock loop is extended to a second order
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loop. In addition to the results obtained for the moments of T,
the phase error stationary density distribution is derived. The
phase error results agree identically with Viterbi's findings.

The solution for the moment generating function for
the first passage time of a process that satisfies the
Ornstein-Uhlenbech equation is also given, and explicit expressions
for the moments derived.
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I. INTRODUCTION

The estimation of the phase of a sine wave -in
additive white Gaussian noise is a problem whose solution is of
great practical significance. Control people require phase
information for tracking purposes while communication types use
the phase for coherent reception of carriers so that they may
optimally demodulate information transmitted by the carrier.
One device used to determine the phase is a phase
lock loop. There are two parameters used in measuring the perfor-
mance of a phase lock loop. The first is based on the assumption
that the phase estimate of the device does not differ by more than
# radians and is defined as the steady state probability density
of the phase error. However, at random times, the noise causes
the phase to jump more than m radians. Thus the instantaneous
frequency of the sine wave will change by a cycle each time the
phase error jumps ¥ 27, It is common to take the time to skip a

cycle (T), a random variable, as a second parameter whose statistics
are a measure of the loops performance.

The phase lock loop is schematically depicted in
Figure 1.

Y2 A sin 0 (t) (input)

x(t) Linear
X ) Filter

/2 kl cos 6 (t)

t————— VCO

e(t)

'Figure 1. Phase-Lock Loop
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The loop consists of three components, a multiplier,
a time-invarient linear filter, and a voltage controlled
oscillator (VCO). If the loop is operating on a noiseless
sine wave then the steady state output of the VCO is a quadrature
replica of the input signal which may differ only in amplitude.
The multiplier output x(t), under these conditions, will have
only a double frequency term which the linear filter and VCO
configuration will not pass. The linear filter has a second
and equally important function which is to reduce the effects
of noise that normally gets into the loop. A phase lock loop
is defined to be of n+l order when there are n finite poles
in the Laplace transfer function of its linear filter under
the restriction that the number of zeroes of this Laplace
transform is no greater than n.

Tikhonovl’2 was the first to attack the problem of
determining the behavior of the phase lock loop in the presence
of noise. He determined the stationary phase-error distribution.
He did this by showing that the Fokker-Planck differential equa-
tion describes the behavior of a first-order phase lock loop.

Viterbi3 extended Tikhonov's work by obtaining an approximate
solution for higher order loops and also obtained the mean of

T for the first order loop. In addition, viterbi4 obtained the
optimum detector for several binary modulation systems when one
has only a noisy estimate of the carrier phase. The significance
of this work is the following. In coherent FSK, for example,
results had been derived previously based on the assumption of
coherent detection. Coherent detection implied one knew the
carrier phase perfectly or that the phase estimate given by the
phase lock loop was the actual phase of the received signal.
Since noise is always present, the assumption is not valid. To
obtain a more realistic bit error probability, Viterbi showed
that the bit error probability given the phase error between the

carrier phase and the loop estimate P(E/eerror) had to be derived
anid then averaged with respect to eerror to obtain P (E).
I
P(E) = P(E/eerror)P(ee'rror)deerror (1)
-0
where
P(Qerror) is the probability density function of the

phase error and is taken equal to the stationary phase error
distribution.
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Viterbi has evaluated equation (1) assuming an

optimum partially coherent detection. Lindsey5 has extended
Viterbi's work and has evaluated equation (1) for several real
but non-optimum detectors.

Tausw.orthe6 extended Viterbi's results on cycle
slipping by determining an approximate solution for the mean

of T for an nEE order phase lock loop.

In this memorandum, additional results on cycleth
slipping are obtained. A technique for obtaining . the n—
moment of T exactly for a first order phase lock loop is given.

This result is based on the work of Siegert and Darling.7 Results
are obtained specifically for the first four central moments of

~

T. An approximate solution for the nEE moment of T for a second
order phase lock loop is derived. This solution is in agreement
with Tausworthe's result obtained for the first moment. In addi-
tion it is shown that the density function of T can best be fitted
by a Pearson Type III density function.

In the process of derivation, a technique for characterizing
the second order phase lock loop operation in terms of the Kolmogorov
differential equations is derived. This approach differs somewhat
from the one taken by Viterbi but leads to a simpler derivation of
Viterbi's result and in addition other results are obtained.

Finally, it should be pointed out that the Kolmogorov
equation to be solved is related to the Ornstein-Uhlenbeck equation
used to understand the behavior of certain types of diffusion
processes. Thus physicists may find this memorandum of interest
since the statistics for the first passage times to a symmetrical
boundary for such a process are also given.

II. FIRST ORDER PHASE LOCK LOOP

In this section, the statistics of T are obtained. To
do this, we briefly sketch the argument which shows that the loop
operation can be described as a homogeneous Markov process. This
allows one to describe the probabilistic behavior of the loop in
terms of differential equations known generally as the Kolmogorov
differential equations. The first of these equations is also

known as the Fokker-Plank equation and was used by Viterbi3 to
determine the steady state probability density of the first-order
loop phase error. The second equation was used by Darling and

Siegert7 to derive results relating to the first passage times of
diffusion processes. Our task is then simply to show how Darljing's
and Siegert's results can be used to obtain the statistics of T.
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It is assumed that the loop input is a sine wave
plus a stationary narrow band Gaussian process n(t) of zero
mean. n(t) may be represented as

n(t) = /2 [n](t)sinwot + nz(t)COSmot] (2) *

where nl(t) and nz(t) are independent Gaussian processes of

zero mean and identical spectral densities. The parameter
g g%% is taken as the quiescent frequency output of the VCO.

The spectral densities of n(t), nl(t) and n2(t) are assumed

flat over a sufficiently wide frequency range so that they

can be approximated as white with a magnitude equal to No/2.**
If we define the input to the phase lock loop as

Y2 A sin ©(t) + n(t), where o(t) = w t + 0, (t), and the VCO

output as V2 Kl cos é(t) where 6 (t) = wot + ez(t) then we may
write the multiplier output X(t) as

x(t) = AKlsin[el(t)-ez(t)] - Klnl(t)sinez(t) + Klnz(t)cosez(t)

+ AK 51n[2wot+el(t)+@2(t)] + K

1 l(t)sin[2wot+02(t)]

10
+ Klnl(t)cés[2w0t+92(t)] (3)

Since the VCO will not pass the double freguency
terms, they can be ignored. Therefore, when the control signal
to the VCO is applied the VCO frequency becomes W + Kze(t)

(where K2 is a proportionallity constant at the VCO whose dimen-

sions are radians per second per volt)and the time derivative
of the phase angle of the VCO output phase is given by

de(t) dez(t)

— = K
dt I

= w0y + Kze(t) ‘or e(t) (4)

2

*The reader is referred to Section 2.7 of Reference 3
for a more detailed development of the noise model.

**N, = kT° watts/cps and is the one sided noise spectral density

where k = Boltzmann's constant and T° = 8ystem noise temperature,
°Kelvin.
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where
e(t) = AK;sin[e; (£)-0,(t)] - K n; (£)sine, (t) + K;n,(t)cose, (t)
Defining
p(t) = 0,(t) - 0,(t)
K = KK,
n'(t) = —nl(t)sinez(t) + nz(t)cosez(t)

equation (4) can be written as

d@l(t)

dgét) = 3 - Kiasiny (t)+n' (t)]

(5)

A process is defined to be Markov if its transitio:
probability distribution (or density function) is a function
only of the present value of the process and not-.of
its past values. Letting el(t) = (w~wo)t, (assuming an input

signal of constant frequency w rad/sec) it is seen that the
rate of change of the phase error is dependent only upon the
present value of the phase error ¢(t) and the noise n'(t).
Since Viterbi has shown that we may treat n'(t) as a Gaussian
process with a flat spectral density of magnitude No/2 over a
sufficiently wide double=sided band of frequencies, we may
assume the noise is white. Thus n'(t) is statistically inde-
pendent of its past and the phase error process is Markov in a
first order loop. Viterbi also has shown the following

‘]ﬁ_txzo E[ﬁtlfbl - ‘Bl[Acbl(M = (w-mo) ~ AKsing (6)

K2N

. 2
lim E[86°1¢] _ B_[a¢?]4]= —52 (7)

At>0 At 2
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lim E[467[0] _ 5 . > 3 (8)

At>0 At

Equations (6) through (8) are obtained by integrating
equation (5) over an infinitesimal interval of time and noting
that if ¢ is known A¢ is a Gaussian random process.

We next define p(¢o,r; 0,t) as the following conditional

probability density function.

p(¢o,r; ¢,t) = p(phase error = ¢ at time t/phase error .= N at time T)

(9)

Then if we assume the following
9 .
Pogrti ¢,8), 55 [By(aofe)p (o ,ms ¢,t)]

and

22 1B (062]6)p (6 rrs 6,0)]
m 2 ¢P¢OJT: ¢,

exist, p(¢o,f; ¢, t) satisfies the forward Kolmorgorov equation
or Fokker-Planck equation which is:

3 > 10 2, .
32 = 55 [Bylaelelpl + 5 55 (3,184 [o1p] (10)

where we have used the short hand notation,

P = p(¢oT7 ¢lt)
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Viterbi used equation (10) to derive the long term
steady-state (stationary) probability density of the phase
error. We can use equations (5) through (8) together

2
with the assumption that %%— and 3~% exist,® to state that
o 36
o

p satisfies the backward Kolmogorov equation given by8

- EB = B.[A' I ] EB_ + l B.[A 2[ ] EEE (11)
5t T P18 1% 3 T 2 P2t * 202
O

Since the Markov process in question is homogeneous

p(t,t) = p(t-t), equation (11) can be written as**
B =g as o1 2B+ LB [as? ] 2% (12)
5t . D180, 1%, 30 3 Salle le, 3¢2
' o}

If we define ¢o(0) = ¢o with a > ¢ > b, then the first
passage time Tab(db) is the random variable defined as the time
to reach either boundary a or b the first time, given that ¢ (t)

starts at ¢,. Mathematically we say

T =T, (¢,) = sup{t|a > ¢(y) >b 0 g v S t} (13)

Now we will use the following theorem derived by
Darling and Siegert

*It is normally the practice of Engineers to assume functions
arising from descriptions ot parameters in the real world are well
behaved when there is no eviflence to prove the contrary.

**Tt is sufficient to show that B (¢,t) = Bl(¢) and
B, (¢,t) = B, (¢) for homogeneity.
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Let ¢o(t) satisfy the hypothesis of equation (12)
and 1if T = Tab(¢o) is a proper random variable whose moments

< Lt n e e
of order n = n, exist, then E[Tab (¢O)] satisfies

2
By[497]0]1 425 gD : : n
°2 a“E[T"] ae[t] _ on-1
5 d2 + Bl[A¢]¢] T ~-nE[T ] n ;‘no
%0 o
E[T_,"(a)] = E[T, " (b)] = 0 (14)

E[T°]

i
ft

Thus we can use equation (14) to find the moments of
Tab(¢o). In particular, we are interested in the time to slip

a cycle under the assumption that w = W In this case, we have

a=2r,b=2rand ¢ =0 so that T = T (0). Now if we divide
o 5 21 2m
B,[4¢%]¢]
equation (14) by — and use equations (6) and (7) then the
moments of T satisfy
2_ .50 n N -
LEEL - psing, S2IE1 - 280 ppntl (15)
d ¢O o L
where
p = Az
NOBL
and
- AK
BL = 2

By, is defined as the one sided effective noise bandwidth
computed from a transfer function at baseband.

p is defined as the loop signal to noise ratio. However,

2 . . .
one should note that A™ is the incoming signal power at the carrier
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frequency and N is the noise spectral density measured at the

carrier frequency. The parameter p is a useful measure of

performance, For example when p is large, the stationary -

phase error density function tends to a Gaussian shape and
2 1

the variance of the phase error O = 5

There are several ways that we canh solve for E{Tn].
The most direct method is to solye equation (14) analytically
and iteratively starting with E[T]. In Appendix A, the solution
for E[T] is derived in this manner with the result that

(16)

i
O
=
~
——
©
S

E[T]

This result is identical to the one obtained by Viterbi.3

To proceed further in this manner results in expressions
which are in terms of multiple infinite series of Bessel functions
which must be programmed if particular solutions are required;
the mulitplicity increasing more than linearly with n (the

nEE ordered moment).
A second method is to solve equation (15) directly by
means of an analogue computer as depicted in Figure 2. It can

be seen that two constants C? and Cg are required in order to

solve for E[T"], once E[Tn_ll is known.
n
1
n
F (¢ )
S S U 1 3 1 SH Vr WA G T 1
E[T"] = - (7]
[ I rs: s I s 4
- n
| [ o sin ¢o C2

. t o
Figure 2. Analogue Model for the Solution of the n—h-moment of T
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It is shown in Appendix A that

Cl = 0
for all n (17)
Cg = —Fn(2w)
so that
“n s} -}
E[T" (¢ )] = F (¢.) Fo(27) (18)

The analogue model given in Figure 2 was simulated on
an 1108 Univac computer using a Univac program called "Mimic".
Although the accuracy of the program in generating the mean
could be measured against Viterbi's results, that of the higher
moments had to be determined. This was done by programming
Mimic to find the moments of T (here interpreted as the first
passage time) for the Ornstein-Uhlenbech diffusion process.

The differential equation for the first passage times of this
process is very similar, although not identical, to equation 15.
The moment generating function and the moments of the first
passage time are derived in Appendix B. In addition the moments
generated by Mimic and those from the equations given in
Appendix B are compared in Appendix B. The results show that
Mimic can generate accurate results.

Returning to the first order loop, the first four
normalized moments of the time-~to-cycle slip as computed from
the simulation of Figure 2 are presented in Table 1. The
normalization used in this memorandum (commonly used by
statisticians) is the following:

mean = E[%]
variance = 02 = E[(§)2] - Ez[%]
ety 3
skewness = E[(ng[T]) ]
0]
E[(T-E[T]) 3]
Excess = 3

ot
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We assume the mean and variance is sufficiently
understood that they need not be explained except for the
following. Both the mean and variance of T are functions of

the bandwidth BL' However, the relationship is such that if
we define My and G; to be the mean and variance of T when
BL = 1, then to obtain the mean and variance for any loop

bandwidth we have the relationship

Because of normalization, both the skewness and excess are
independent of the loop bandwidth.

The skewness is a measure of the lack of symmetry
in the density distribution. Thus, the skewness of a normal
distribution is 0 since it is perfectly symmetrical while that
of the exponential is 2 which is a large skewness. The excess
is a measure of peakedness relative to a normal distribution.
Therefore, the normal distribution has no excess while that
of the uniform distribution is -1.2 showing that it is less
peaked than the normal distribution. Table II, taken from
reference 9, is a listing of several commonly used distributions
together with some of their statistical characteristics.
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ONE-DIMENSIONAL CONTINUOUS DISTRIBUTION FUNCTIONS

Probability Restrictions
Name Domain Density on Mean Variance Skewness Excess
Function £ (x) Parameters Y1 Yo
2.2
Error function —®<X<o JE e hox O<h<e 0 —lf 0 0
Vo 2h
_1 x-m)z
2 2
Normal —0<KX<® 1__ 2 —oo <M< ® m o 0 0
ov/2x O<o<>
Cauchy =<K <o Y ———%:5—7 —o<g<® not not not not
l+l_§_ 0<B<w defined defined defined defined
_(x—a)
. B 2
Exponential asx<w e —o<g<w a+f R 2 0
O0<B<w=
_]zti}
1 B 2
Laplace, or —© <K< 38 e —0<g <o a 28 0 3
double 0<B<w
exponential

Table II. The moments of some well known continuous distribution functions (taken from Reference 9)

- 13 -



SOME ONE-DIMENSIONAL CONTINUOUS DISTRIBUTION FUNCTIONS

Probability Restrictions :
Name Domain Density on Mean Variance Skewness Excess
Function f(x) Parameters Yy Yq
Extreme-Value 1 (wB)Z
(Fisher-Tippett —0 <K< 3 exp (~y-e-y) —o<g <o atyB 3 1.3 2.4
Type I or doubly x-a 0<B<e
exponential) with y="%—
Pearson Type III asx<eo E?%—T yy—le—y ~o<g<® a+pB pgz 2 6/p
p O<B<e= /5
with y:.._—-x-s'a- O<p<e
. . . 1l p-1 _-x 2
Gamma distribution 0sx<e X e O<p<e P P —_ 6/p
r(p) =
p
. . . 1 a-1
Beta distribution Osx<l Bla.B) X l<a<= a ab 2 (a-b) See
’ ih<w )
- 13b< a+b (a+b)2(a+b+l) a+b+2 footnote 2.
(1-x)
h h 1 n?
Rectangular, or m—§sxsm+§ a —w0<M<® m 15 0 -1.2
uniform O<h<o»

1
vy (Euler's constant) = .57721 56649 . . . .

1) [2 (a+b) 2+ab (a+b=6) ]

2 /a+b+1 3 (atb+
Y2 ab ab

(a+b+2) (a+b+3)

TABLE II - Continued

- 14 -
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The results indicate that for all values of p, the
distribution is very skewed and peaked, looking like a Pearson
Type III distribution over its first four moments which became
identical to those of an exponential distribution for large
values of op.

III. SECOND ORDER PHASE LOCK LOOP

In this section an outline of the derivation of an
approximate solution of a second order phase lock loop is
sketched. The details of the derivation are given in Appendix
C. The results are then compared, where possible, with those
obtained analytically and experimentally.

We assume the transfer function of the linear filter (G (s))
in the phase lock loop (Figure 1) to be

- o3
G(S) =1 + 5 (19)

where o is a constant and thus the phase lock loop differential-
equation with o = w is given by

=+ = =k[Asin¢g (t) + n'(t)]=-af(t) (20)
where
t
f(t) = K Jr [Asing (u) + n' (u)]du
0

Using this equation we can derive the following differential
equation which is satisfied by the transition density function

ap(¢ll¢o7t)
T = 3¢1 [aK51n¢l(t) + aE[ftl¢l]]p(¢l|¢o?t)
2 2
KN_ 3%p (¢, ]dq,t)
T— 10 (21)

.2
8¢I
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where E[ft|¢l] is the expectation of f_ given the phase of the

received signal at time t.

Tauseworthe6 has shown that for a second order loop
the following linear approximation can be made.

E[£f [oq] % - ed; (£) (22)
where
2
- _ 27(0)
ae = AK 4BL (23)

2(0) is the impluse response of the linearized phase
lock loop evaluated at t=0. Therefore we have

ELE, 9,1 ¥ - zoo= ¢ (t) (24)
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where £¢(1) is the normalized covariance function of the

stationary process ¢ (t).

Thus we can write equation (21) as

2
ap (¢, o it) | 3°p (¢, |6 ,t)
1'70 _ 3 1+, . _ P . 1!'%o
5T kI [o(=)sin ¢; = = 011 P(o o it) + - . (25)
51
2
K“N
where r = Ak/a, v = 7} o, p = AZ/NOBL , BL = é%i& .

We note that equation (25) describes a ¢ (t) which is
a homogeneous Markov process whose behavior is determined by
the differential equation

cAK

= - AKsing¢ (t) + ARTo

¢ (£) - kn'(t) (26)

Examining equation (26) and comparing with our results
from the previous section we conclude that for sufficiently large
signal to noise ratios, the second order phase lock loop's
behavior can be modeled as a homogeneous Markov process. Therefore,
a recursive relationship for the time to skip a cycle parameter T
can be derived in a manner analogous to the one derived for the
first order phase lock loop with the result that

2_..°n “‘n
d"E[T] _ (1+xr) . _p dE[T] _ -n “n-1
3 [D""“i——" sin ¢l T (bl] T = 3 E[T 1 (27)
¢ o
o
where E[§°] = 1
E[T™(2n)] = E[T®(-2m)] = 0
2
K No 4BL
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Equation (26) is identical with Tausworthe's result6
for the calculation of E[T]* .présented in Reference 6. It
can be seen in this referenced work that there is close

agreement between the theoretical and experimental findings. .
Equation (27) was programmed for the first four moments of T,
The results are presented in Table III. To interpret the results

we compare them with the conclusion reached by TauswortheG, based

upon experimental workl3, that the probability distribution on
the time-to-cycle slip is given by a Pearson Type III density

y-1_-v
3y = X € 29
£ (T) ZT (o) (29)
where
_T
Y=z
2
z = 9
u
° = [3)
If this hypothesis is true then we can see from
Table II that the skewness and excess must be given by
2
skewness = — (30)
/p
6
excess = — (31)
P
l+TZS
*Tausworthe used a filter G(s) = —s for such a filter
AKTZZ 1
r = — . In addition Tausworthe works with the two sided
1
fiducial "bandwidth" (wk) here equal to 2B, and noise spectral

~ N ~
density No = 7? . The net effect is that E[T] when normalized with

respect to w, is twice the value of E[T] when normalized with respect

)
to Bz. Tausworthe shows in a footnote that the moment generating

function of T satisfies a differential'equation. Use of this result
leads directly to equation (27).



1l
RHO

2]

10.0

10.0

31
MEAN=p
2.7878+00
5.7033+00
i08544+01
5.7487+01
1.7975+02
5.6889+02
2.6366+00
5:9172+00
2,4476+01
1.,0103+02
4.2683+02
1.8297+03
2.6694+00
6.6420+00
34455401

1.8571+402

TABLE III

MOMENTS OF T FOR A SECOND ORDER PHASE LOCK LOOP

141

V'ARIANCE—G2

4,36920+00
2.1827+01
2.9141+02
3,1025+03
3.,1587+04
3.,2114+4¢5
4.,2583+00
2.5222+01
5.3796+02
2.9008+03
1.8072+05
3,3410+06
4,7366+00
3.3785+¢1
1.1054+03

3+.3956+04

(5]

g
2.0902+n0
4.6719+00
1.7071+01
5.5700+01
1.7773+02
5.6669+02
2.0637+00
5.,0222+00
2.3194+01
9.9503+01
4e.2512+02
1.8278+03
2.1764+00
5.8125+00
3.3248+01

1.8427+p2

(6]
SKEWNESS

1.9449+00
1.,9819+00
1.9976+00
1.9997+00
2.0000+00
2.0000+00
1.9531+00
1.9859+00
1.9990+00
1.,9999+00
2.0000+0D
2.0000+00
1.9643+00
1.9889+00
1.9995+00

2,0000+00

- 19 -

71
EXCESS

5.7673+00
5.9255+00
5.,9902+00
59988400
5.9998+00
6.0000+00
5.8018+00
5.9423+00
5.9959+00
5.9997+00
5.0000+00
6,0000+00
5.8496+00
5.9545+00
5.,9980+00

5,9999+00

[8]

/P
1.3338+00
1.2207+00
1.0863+00
1.0321+00
1.0114+00
1.0039+00
1.2776+00
1.1782+00
1.0553+00
1.0154+00
1.0040+00
1,0010+00
1.2265+00
1.1427+00
1.0366+00

1.0078+00

(9]

2//P
1.4995+00
1.6383+00
1:8411+00
1.9378+00
1.9775+400
1.9923+400
1.5654+00
1.6975+00
1.8953+00
1.9697+00
1.9920+00
1.9980+00
1.6306+00
1.7502+00
1.9294+00

1.9845+00

{10]

6/P
3.3729+00
4,0262+00
5:0846+00
5:.6327+00
5.8658+00
5.9536+00
3.6757+00
4,3221400
53880400
5.8194+400
5.9521+00
5.9879+00
3.9883+00
4,5950+00
5.5838+00
5.9071+400



(1]
RHO

4.0
5.0

5]

[2]

r

lu.u

10,0
1000.0
1000,
100G.0
10uu.0
100uU.0

1000.0

[3]
MEAN=y

1.0326+03
5.8260+03
2.,7888+00
7.8912+00
5.1023+01
3.4988+02
2.4942+03

1.8059+04

(4]

VARIANCE-G2

1.0630+06
3.3923+07
5.5406+00
5.0489+01
24797403
1.2139+05
62131406

3.2606+08

[5]

g

1.0310+03
5.8243+03
2,3539+00
7.1056+00
4,9797+01
3.4801+02
2,4926+03

1.8057+0n4

(6]
SKEWNESS
2.0000+00

2.0000+00
1.,9743+00
1.9921+00
1.9997+00
20000400
2.0000+00

2,0000+00

- 20 -

(71
EXCESS
6.0000+00

6.0000+00
5.8924+00
5.9675+00
5.9843+00
6.0000+00
640000400

6.0000+00

[8}
/P
1.0015+00

1.,0003+00
1.1848+00
1.1106+400
1.0246+00
1.,0042+00
1.0007+00

1.0001+00

[9]
2//P
1.9969+00

1,9994+900
1.6880+00
1,8009+400
1.9519+00
1.9916+00
1.9987+00

1.,9998+00

[10]
6/P
5.9815+00

5:.9965+00
4.2742+00
4,8647+00
5.7150400
5:9495+00
5.9921+60

5.,9988+00
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It is to be noted that this Pearson Type III density
function with the parameter a=0 (see Table II) generates the
exact first two moments of T and approximates all of the others.
To see how good this approximation is the values of the skewness
and excess calculated from equations (30) and (31) are presented.
These results are compared with those calculated from equation (27)
(columns 6 and 7). This comparison is also made graphically in
Figures 2, 3 and 4. It can be seen that as r and p increase the
fitted 359 and 4EE moments approach the values of the actual 359
and 422 moments of T. We can however make use of the Pearson.Type
III density function to generate the first three moments of T
exactly and to approximate the excess with exceptional accuracy.
To do this we let a = uk(r,p) where k(r,p) is a constant for a
given value of r and p. Then we have the following

-3 2 2 2
p = (“ : ) = (1-k (r,p))

Thus
2
p = p(a=0) (1-k(xr,a))

Since we want to fit the skewness of T we aequate

4 4 1

p p(a=0) (l—k(r,a))2

or
/__.2____
- _v/p(a=0) _ column[9]of Table III
I=k(z,e) = 2 column[6]of Table IIL (32)
VP

The values of k(r,p) found using equation (32) are
graphdcally presented in Figure 5 ,while a comparison of the
fitted excess with the excesgs of T is given in Table IV.
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TABLE IV

A comparison of the Excess of T to the Excess generated by a
Pearson Type III density function fitted to the first three

ﬁoments of T.
r

2

10

1000

i/2

U s W N

1/2

(V2 B~ VR \O I

1/2

U > W N

1/2

[S2 " N GO I R

Excess T

5.7673
5.9255
5.9902
5.9988
5.9998
6.0000

5.8028
5.9423
5.9959
5.9997
6.0000
6.0000

5.8496
5.9545
5.9980
5.9999
6.0000
6.0000

5.8924

5.9675
5.9843
6.0000
6.0000
6.0000

Excess--fittéd Pearson Type 11l

5.6741
5.8921
5.9856
5.9983
6.0000
6.0000

5.7218
5.9158
5.9938
5.9992
6.0000
5.9999

5.7885
5.9336
5.9976
5.9997
6.0001
6.0000

5.8471
5.9532
5.9981

5.9999
5.9999
6.0000
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Finally, we note that for the steady state distribution
of the phase error equation (23) reduces to

2%p (61 [0 st)

0= 5 [p sin ¢;(t) = £ ¢ 0p(o ]0,,t) + ; (32)

3¢1

(1+x)

Now since the phase error ¢l will nearly always be
small ¢1 2 sin ¢q- Substituting sin¢l for ¢l in equation (38)

results in

2?plo[4,) 33

0 .
0 = 567 [osin ¢, (£)1p (e ] ) + "

Equation (33) is identical to the result derived by
Viterbi™ and verified experimentally by F. S. Charles and

W. C. Lindseylz. The form of equation (33) is identical to
one derived for the first order loop so that the solution is
also of identical form. Thus

-0y = e€xplp cos ¢)
p(¢|¢o"0) - 2“_10(’3) (34)
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APPENDIX A

EVALUATION OF THE nEE MOMENT OF THE TIME

TO SKIP A CYCLE (T)

For convenience we repeat equation (15) which is a
second order differential equation in the ntl moment of T and
whose solution is dependent upon the knowledge of the n-18t
moment of T. Thus we have

2 .an AN
dE[T ] . EIT] nao an-1
~- o sin ¢ —m———=a = - —— E[T ] (a-1)
d2¢o' o] d¢o 4BL 4
with E[T®] = 1.
aCOs ¢O
If we multiply both sides by e and integrate
we have
L N
on acosé n= .
dEIT ] o ° - . 22 E[T(0)1eT9%% qo + (a-2)
d¢o 4BL In

¢
o
where.[j g(t) dt is the integral of g(t) evaluated only at

its upper limit. Sin is a constant to be determined.
~aCOS¢

Multiplying both sides by e © and integrating a

second time we have

¢ 0

o) 1

N -0cosd e
E[Tn] _ _ ha e lde eacoseE[Tn l(e)]de
4B 1
°T, g~ .
¢o
-0 CosH
+ e deé cln + c2n (a-3)

~

where c, is a constant to be determined.

n
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To evaluate Sin and Con Ve make use of the boundary

conditions which are

E[T%(21)] = E[T®(-27)] = 0 (A-4)

Using equation (A-4) we have that

2T 27 1 e
aCcoSs#8 _ ucosel no, E[Tn l(e)]eacosede
2 e dec = e deé
1n 4BL 1

0

“2T _4cos6 1
- . 6
- e 1 na 44 E[Tn l(e)]eacos ae
4B 1
- L -
S
27 1
-0CO0s0 A
c, = e 1 8o E[T" 1 (0)1e%°%%0 +
2n 8BL
—2T _cose ‘1
] o 1 no }( E['f‘n—l (8)] 0S84, (A-5)
8BL

Now if we start with E[Tol = 1 then we find that

c = 0 (A-6)

-2m ~acosb 1
_ 1 no 0 COSH
Chy = j e 4BL f e de (a-17)

(A-5)
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E[§(¢O)] is an even function of e

By inductive reasoning we find more generally that

Cip = 0 (A-8)
3]
27 1
-0 COSH
c =[ e 1 39‘-[ BT (0) 129050 a0 (A-9)
2n 4BL
and
2 -0 CO0sH el
E[Tn(d)o)] =[ e 1 2; [ 1T L (0) 1950 (A-10)
L
O ~

Equation (A-10) can be interpreted in terms of the
analogue simulation of Figure 1 by equation (18) of the text.

Evaluation of equation (A-10) for n=l1 leads to
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2 e o)
- o |len? 2} 2 )
E[T(¢O)] = I5, [‘ > 4’0; Io(oc) + ZIO(OL)Z Ik(oc)[coskq)o 1]
k=1
> k sinkcbO 2 X [cosk¢o—l]
- 21 @Y DR (e)e 2 + 21 (@) ) (1T () —
k=1 k=1
Z - (-1)® [cos(m+k)g_ - 1]
+ 2 Z Z 7% TR +
m=1 k=1
+ 2 E: (-l)m[cos(m+k)¢O - lﬂ (A-11)
m=1 k=1
m#EK
so that
R 2
EIT(0)] = 2= 1_2(a) (a-12)
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APPENDIX B

DERIVATION OF MOMENTS OF T FOR THE

ORENSTEIN UHLINBECK PROCESS

In this appendix we simplify equation (5) of. the
text by linearizing it so that inscead of equation (6) we have

Bl[A¢|¢]'= ~AK¢ and the background Kolmogorov equation becomes
1 of of . 1 3%
P L S (B~1)
4B 3t 0%, " b a¢02

Equation (B-1l) is well known as the backward equation
of the Ornstein-Uhlenbeck process, one of the diffusion processes
studied by both physicists and statisticians. If we take the
Laplace transform with respect to t we have

2
6 w 9w 1l 37w
= - ¢ + = : (B~-2)
4BL o 8¢O o) 50 2
o)
where
o =] £ %% at
o)

Following a technigue of Whittaker12 we assume a
solution to (B-2) and if it works it is the solution. We
assume therefore that

2 )
-¢Otwt /2p 4BL -1
w(¢o) = e (-t) dt (B-3)
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then we have that

A m 2 = -1
2 2 -¢ t-t/20 1B
9 9 1 3 B I t o L
0

8

w 2 9
-¢ t-t7/2p 4B
=[Edt':' “e © )](—t) L at
0

0 (for 6 positive)

I

and w(¢o) as given by equation (B-3) is a solution to eguation
(B-2) .

In a similar manner one finds w(—¢o) to be a solution

for 8 > 0. Thus if we use a theorem given by Darlington and
Siegert for symmetrical boundary conditions q, and ~¢1, the

generating function for T, g(¢0,l/4BL,p, ¢L) is given by

wle ) + w(-¢;)
v P ¢L) = o o (B-3)
L w(¢L) + w(—¢L)

1
g(¢o'4B

Darlington and Siegert have derived equation (B-3) for
T in terms of the ratio of two integrals called Weber functions.
The following is a simplification of their result which allows
one to derive the moments of T.
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We write equation (B-3) in the following form

[ "l
ot -¢ t .2 8/4B
.[-(QO +e 9 e't/Zth) L gt

0

0 _'l
- .2 6/4B
(e ~ +e Ye /20 (-t) L gt

g(¢012‘%—,pr¢L) = (B-4)
L

t2

If we let —1/3 < u and if we expand the bracketed pair of

20

exponentials in both the denominator and numerator of equation
(B-4) we have

- ¢ P2y ~ 0/8B_+n-1
E ' ~1 : L
[ (2n) ! ¢ “ ' du
g(‘bom_ 4%'1 p I¢L 0 m=0
L - 920 (5 2) 1 9/88, +n-1
L -u L
e «u du
T (2n) T
O

which can be written as

(p2) [ o
1 + o ¥ + n- l) ( —g"" + n- 2)0 l("g—-)
[T(6/8B,)] E: (2n): 8By 8B, 8B,

1 =1
g(¢OIZB_IpI¢L) = * noo 2n n
L (re/8B )1 f v by 02 e e
(2n) - |85 8B,
=1
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and reduces to

2 n
(b5 °2) 0
L+ Z 20T (8BL + n-1) (gg- + n-2) - 8B,
_ n=1 B-5
g (¢ 735, ° ¢y,) = )" (B-5)
L ] ves O
1+ Z L (SBL + n-1) (~—L + n-2) o

It is easy to show that equation (B-5) satisfies
equatlon (B-2) and the boundary value conditions so that it is
indeed a solution.

Our main interest is determining the statistics of

T when ¢ = 0 . Thus for this case the generating function reduces
to
1 1
, = B-
- 1+Z () (2 + n-1) (e + n-2) =
2n! 8BL 8B, ce SBL
n=1
where yz = 622
2
§" = ¢p P

It is interesting to note the relationship between

¢2 and ¢ That is for a given value of 62 there is an inverse

relationship between the square of ¢L and p .

To determine the mounts of T we define

> n
D(8) = Z A (22— 4 n-1) ... §———= ZV(Y,G n)  (B-7)
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and differentiate w(8).

w(e) =

w(e) =

W(e) =

w(e)

where

D(e)

It

D)

Do)

INC.

- B5 -

Thus we have that

(8B

Z Z (___+3 1)(————+h 1)

j=1 h=1 YBp

PN

j=1 h=1 2=1

__-D(e) _ (B-8)
[1+D/6)1°
. 2
-D(e) . 2[b[e]] (B-9)
[1+D(6)1°  [1+D(8)1°
(o) _, 6B(e)B(e) _ 6[B(0)]1° (B-10)
[14D(8)]12  [1+D(8)1°  [14D(e)1"
g 02 (L o -,-2 o 4 sees
_ —36D(e)D"(8) , 8D(6)D(e)+6D"(6) +24[D(6)]  _ D(6) (B-11)
[1+D (0) 12 [1+D () 1> [14D(6)1°  [1+D(s)1°
© n-1
= Z vir,om) § — (B-12)
B, . (g + 3)
n= j=0 8BL
E: V(y,6,n) 1 (B-13)

L

1

0 . 6 ()
(—— +3j-1) (== +h=-1) (—— +2-1)
YBp, YBy, YBy,

(B-14)
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. h n on
H(e) = z;ig;z 2;; V(y,o,n) 2: E: E: Ej i

i+ k+eFm (B-15)
1

8 i1y (B akel) (B 4 ge1) (e 4mel

(7B 371 (G +51) (G= + 4 1) (g +mD)

The normalized central moments are then given by

E[T] = D(0) (B-16)
E[T%] = 2D%(0) - D(0) (B-17)
Thus the variance 1is

s2(r) = E2[T] - D(0) (B-18)

E[T3] = 6E[T]1o2(T) + D(0) (B-19)

while the skewness is
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E[T-E[T11° _ 3E(f] _ E°[#1 , D(0)
03 o (T) 03(T) 03
Since

B[t?] = -3687(0)5%(0) + 85(0)D(0) + 6D2(0) + 24D (0) -"T(0)
which reduces to
= 24E% (1) o2 (T) - 6EY [P + 60%(T) + 8E(T)D(0) - D(0)

Therefore the excess is

6e®(r) _ 3E (%) _ 4E[FID(0) _ Blo)

Excess = 3 + = - = A
o2 (7)ot () A ot
where
oo 2 n
(26%) (n-1)!
. _ 1
Pl0) = g5 ) (Zn) °
n=1
w 2. n-1
(267) (n-1)
. 2 l
po) = D) T ) 5
. J
(8BL)" T3 4=1
28 ) (n-1
290 _ 3 l l
o) = 2 Z — (2n)1 Z Z jk
(BBL) n=3 = k=1

i Fk

(B-20})

(B-21)

(B-22)

(B-23)

(B-24)

(B-25)
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n
. 4 (262 (n-1) & 1 n-1ln-1 111
PO = e )2 )~ Y L Tk (B-26)
L’ n=4 j=1 k=1 g=1

We nnte that if the moments are to be evaluated by
a digital computer then a useful identity is the following

1 2" (n-1) !
= T (B-27)
znnZ(n) (2n) !
where
z(1) = 1/2
z(2) = 3/2 - 1/2
z(n) = (n~-1/2) z(n-1)

with 2z(0) defined as equal to 1.

The 1108 was programmend to compute the first four
moments of T. These results were compared with those computed
by programming Mimic to solve the moment differential equation

dEIT®] _ np . ,on-1

2_..°n
d"E[T]
o d¢o = 4BL E[T ] (B-28)

d” ¢

- 09
(0]

The results of these several programs are shown in Table B-1. It
can be seen that the two methods generate results which are in
close agreement over the four statistics and that this agreement
improves as p increases.
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TABLE B-1
MOMENTS OF iab DERIVED FROM THE

ORENSTEIN-UHLENBECK BACKWARD EQUATION (a=27 and b=27)

a) Results Computed from Moment Density Function

o m, on Skewness Excess
03125 1,9190984x10_2 1.7806721X10“2 2.0240190 6.0921676
.0625 4,9097526X10-2 4.6267151x10—2 2.0144344 6.0559489
. 125 1.7539018 1.6962369 2.0042966 6.0158691
.25 1,5627382X10l 1.5518436X10l 2,0001864 6.0007334
.5625 4,6491181x103 4.6489418x101 -2.0000000 6.0000000

1. 1.9122959x107 l.9122959x107 2.0000000 6.0000000

b) Results Generated by "MIMIC"

a m, oh Skewness Excess
.03125 l.9l907x10—-l l.63051229x10_l 1.97450445 5.89304482
.0625 4.90968x10™ " 4.32512917x10"0°  1.98498144  5.9376813
.125 1.75387 1.63650849 1.99577757 5.98276668
.25 1»56269x101 1.54082444X10l 1.99983898 5.99934946
.5625 4,64883x103 4,64847067}(103 2.00000684 5.99999

7 7

1. 1.91517x10 1.91517x10 2.00001042 5.99999
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APPENDIX C

APPROXIMATE SOLUTIONS FOR THE SECOND ORDER

PHASE LOCK LOOP

In this appendix we assume the second order loop
transfer function to be

F(s) =1 + g (C—l)

and thus the phase lock loop differential equation is given by

S = (w-wo) - k[Asing(t) + n'(t)]

- ak [Asin¢ (u) + n' (u)ldu (C-2)

We next define
t

f, = K fAsing¢ (u) + n'(u)ldu

and proceed to derive a differential equation which describes
the long term statistical behavior of the phaseberror. Our
approach is similar to the one taken by Viterbi” in deriving
the Fokker-Planck equation and its relation to the first order
phase lock loop.

We next define four variables descriptively in
Figure C-1l. Thus we may write the joint density distribution
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of these variables in the following manner.

P(oays £0 ¢.) = Plogs o0 £« P(ologs 0, £) (c-2)

But from equation C-2 we see that g adds no knowledge
to determining the statistical behavior of ¢, when we know ¢l.
Thus if we integrate both sides with respect to q)l we have

£
F+AT .
/—\f-'r/—\.r-/_-\
f |
PHASE ’I :
ERROR | |
6 THAT v TIME
o ®
a ! ¢
| : |
|
[ |
| |
' I ! —— TIME
(o) T T+AT

Figure C-1 PHASE ERROR AND £ AS A FUNCTION OF TIME



BELLCOMM, INC. - C3 -

b ad

— OO0

(o, £.0 0)

We can factor out P(¢o, ft) from both sides of
equation (C-3) with the result that

00
P(olo , £.) = P(¢,]¢ + £.) P(¢]o,, £.)d¢ (C-4)
o) t 1'70 t 1 t 1

o0

Thus we see that the conditional transitional
probabilities satisfy the Chapman Xolmogorov_ equation- given
by equation (C-4)).

We shall next derive the corresponding forward and
backward conditional differential equations which describe
the behavior of the second order loop.

We begin with the integral

+ o0
P (¢]o , £.)
I =[ R(9) ato t dé¢ (C-5)

[+ o]

where R(¢) is an arbitrary analytic function with properties
soon to be stated.

Equation (C-5) can be written in the limiting form as
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(C-6)

400
lim R(¢)d¢[P(¢I¢O; t+at, £) - Plolo i &, £, )]
At~0 At

L]

Substituting equation (C~4) into equation (C~6) leads to

+ + o0
I = 1lim -]' R(¢) f%‘ Jf P(¢l|¢oi t, £ )P(¢I¢l; Atrft)d¢l
At~>0

- P(olo ity £_,,)1d0 (c-7)

t-At

Interchanging the order of integration and expanding
the analytic function R(¢) in a Taylor series about ¢l leads to

:r+oo o (n)
.1 RO (67)
I=1lim = P(¢.]¢ i t, £.) A R

AE+0 At / 170 t }: n.

= n=1
“+
j[ (¢—¢1)nP(¢|¢17 At:ft)d%]d¢l + Il (C-8)
where
ar" (4)

R"(4) = (C-9)
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and
+o o
s : 1 ) N .
At>0 J_ .
- Ploglegi £ £, )] (c-10)

which reduces to

~+o0
-1 1 : - py C v, £ ) -
1, = ﬁfof R(p1) g [Bloglogs ) = Ploglogs & £,,0)] doy (C-11)

Equation (C-11) can be written as

+e af
I, = R(4.) 22— (o]0 t, £.) =L do (c-12)
1 1 Bft 1'Vo’ ! t’ dt 1

Next we define the limit of the normalized nEE

conditional moment of the increment (¢—¢l) during the time At
to be

4
1 1 n . : _
An(¢l,ft) = iifo Kgqj( (¢—¢l) P(¢|¢l, t, ft)d¢ n>1l (C-13)

-0
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Substitution of equation (C-13) into equation (C-8) leads to

o +oo
I= z: J[ R(¢l)(n)An(¢l,ft)P(¢ll¢o: t, £.)d¢,
n=1 o

+co
+ R( oF ; tof T d ~14
¢q) 3T, (991055 trE) = doy (C-14)

Under the assumption that R(¢l) and its derivatives
decrease sufficiently rapidly as ¢ tends to *~ we have

4+
n-1 . _
R™ T(¢) A (9q,E) P(¢l[¢o, t, £,) =0
oo
n’-2 - —
R “(¢q) An(¢l,ft)p(¢ll¢o, t, ft) =0
g1 e
R(67) —55— [A (6 E)P (0 o5 £ ) = 0
/ - 00

o

Integrating the nE-I1 term of the sum n times; substituting
this result in equation (C~9) and then subtracting this from
equation (C-5) leads to
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[+o]

4o aP(¢l|¢o; t, £,) ) Z (-1)" 3"
R(¢l)d¢l ot n! a¢?

=1

. - 3P . df.y - -
A (67, £IP (o]0 5 £, £)] E, (¢ll¢o, t, ft)dtt 0 (C-15)

Since R(¢l) was ‘an arbitrary analytic function except

for the above conditions on its derivatives, in order for the
integral to vanish the quantity in brackets must be equal to zero.

Thus

o

3P (4.0 ; t, £.) n .n
—1l "0 A (-1) 3 .
ot ' B E: n! 2D [An(¢1' ft)P(¢1‘¢o' t, ft)]

n=1 ¢1
df oP

- (631057 1 £) (C-16)
I 3ft 170 1 7t

We next evaluate An(¢l, ft) using equation (C-2).
Integrating equation (C-2) over a small time we have that

Ap = ¢ (t+At) - ¢ (t) = ¢ - o1 = - AKsing (t) At

t t+AL t t+Aat
- [ AKsincpl(u)du At - akK f [ n' (u)dt - K[ n'(u)du (C~17)
0 t 0 0
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where we have set o = e Therefore

E[A¢|¢1,ft]

lim = ~[AKsin¢ (t) + of (C-18)
A0 At t
and
2 K2No
At-+0

Since all other An(¢1|ft) terms go to zero as At
goes to zero equation (C-16) reduces to

3P (¢ql 0,7 tr £) 5 .
T = TN [[AKSln¢l(t) + aft] P(¢l|¢0; t ftﬂ

2 2
. (K No) 3 P(¢11¢O, t £,)
2
3¢
+df

e p
Jt 3f, (431055 £ £ (€-20)

We next expand the left side of equation (C-20) by
the chain rule for differentation so that

5P (9q [ 7 trE) ap(¢1|¢o; t,£,.) d¢; ap(¢ll¢o; t,£,) daf,  (C-21)

= +
ot 3%, dt oF, at

Using equation (C-21), equation (C-20) reduces to

9P (o1 ]0,7 trfL)  doq 3 [AKsin . }
- T ¢ (£) + of, | P(o lo s t, £.)
56, It = a¢l [ 1 t] 1'70 t
2 2
+ KN 3P (¢, |0 7 t, £.)
. (o) 1'7o t (C-22)

2
8¢1
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We next multiply both sides of equation (C-22)
P(ft) and then integrate over all values of ft with the

result that

3P (¢1 10,5 t) ;
T = 767 [ARsing, + oE[£, [4,11P ([0 t)
+ KON, 9%R(ople i t)
Z

2
8¢1

which is equation (21) of the text.

by

(C-23)



