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A B S T R A C T  

A s i m p l i f i e d  mechanis t ic  model of the sun-ear th-  

ear th  o r b i t a l  p lane  system i s  presented .  I n  t h i s  model t h e  

ear th  o r b i t a l  p l ane  s imultaneously revolves  about  t he  l a t e r a l  

i 
.i 

s u r f a c e  and r o t a t e s  about the v e r t e x  of an i n e r t i a l l y  o r i e n t e d  

r i g h t  c i r c u l a r  cone. The cone a l s o  revolves  about a f i x e d  

p o i n t  w i t h  uniform c i r c u l a r  v e l o c i t y  w i t h  i t s  v e r t e x  i n  a 

p lane .  Equations are developed f o r  t h e  angles  between t h e  

o r b i t a l  and e c l i p t i c  p l anes  and between t h e  o r b i t a l  p l ane  

and s o l a r  v e c t o r .  General  sun angle  envelopes f o r  both date  

and t i m e  of launch are desc r ibed .  By cons ide ra t ion  of 

a p p r o p r i a t e  angles  i n  t h e  cone base, the t i m e s  from o r b i t a l  

i n s e r t i o n  t o  angu la r  extrema between t h e  o r b i t a l  p lane  and 

s o l a r  v e c t o r  are determined. U s e  of t he  model fac i l i t a tes  

v i s u a l i z a t i o n  of t h e  many s i g n i f i c a n t  parameters  of earth- 

o r b i t a l  space  f l i g h t  mechanics wi thou t  u se  of coord ina te  

t r ans fo rma t ions .  
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I.  INTRODUCTION 
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For t h e  n o n - s p e c i a l i s t  i n  o r b i t a l  mechanics 
k inemat ic  c o n s i d e r a t i o n  of a long mission t i m e ,  e a r t h  
o r b i t i n g  s p a c e c r a f t  involves  a formidable a r r a y  of i n t e r -  
s e c t i n g  p l anes ,  t i m e  dependent angles  and cons t an t  angles .  
A s i m p l i f i e d  mechanis t ic  v i s u a l i z a t i o n  of t h e  sun-earth- 
e a r t h  o r b i t a l  p l ane  system and t h e  a s s o c i a t e d  t i m e  dependent, 
r e l a t i v e  motions i s  presented .  V i s u a l i z a t i o n  of t h e  many 
s i g n i f i c a n t  parameters of e a r t h - o r b i t a l  space  f l i g h t  
mechanics i s  f a c i l i t a t e d  by use  of t h e  model. Determination 
of t h e  angles  between o r b i t a l  elements and t h e  t i m e s  between 
sun angle  extrema are accomplished by use  of t h e  model. 
V e c t o r  geometry i s  used i n  t h e  a n a l y s i s  wi thout  use  of 
coord ina te  t r ans fo rma t ions .  

Two r e c e n t  papers  (') (2) i n d i c a t e  t h e  importance 
of t h e  angle  between t h e  o r b i t a l  p l ane  and so la r  vector i n  
mission planning.  Envelopes are developed f o r  t h i s  angle  
cons ider ing  both  d a t e  and t i m e  of o r b i t a l  i n s e r t i o n .  

I1 e MODEL DESCRIPTION 

The model c o n s i s t s  of an i n e r t i a l l y  o r i e n t e d  r i g h t  
c i r c u l a r  cone r ep resen t ing  t h e  e a r t h  which revolves  about  a 
p o i n t  r e p r e s e n t i n g  t h e  s u n ' s  c e n t e r  a t  cons t an t  angular  v e l o c i t y  
(a,). The cone o r b i t  i s  c i r c u l a r  wi th  t h e  v e r t e x  i n  t h e  
e c l i p t i c  p lane .  A geocen t r i c ,  o r thogonal ,  r i g h t  hand, i n e r t i a l  
coord ina te  system i s  p o s i t i o n e d  a t  t h e  cone v e r t e x  and t h e  
p o s i t i v e  x and y d i r e c t i o n s  are t h e  w i n t e r  s o l s t i c e  and v e r n a l  
equinox d i r e c t i o n s  (F igure  1). I n i t i a l  p o s i t i o n i n g  of t h e  cone 
i s  e s t a b l i s h e d  wi th  t h e  a x i s  co inc iden t  wi th  t h e  e a r t h ' s  
r o t a t i o n a l  a x i s  a t  w i n t e r  solstice.  The angle  (e) between 
t h e  cone axis and t h e  z-axis  i s  also t h e  ancJle between t h e  
e q u a t o r i a l  and e c l i p t i c  p l anes .  This  p o s i t i o n i n g  f i x e s  t h e  
cone base  p a r a l l e l  t o  t h e  e q u a t o r i a l  p lane .  For no r the rn  
hemisphere launch si tes t h e  cone i s  above ( p o s i t i v e  z )  t h e  
e c l i p t i c  p l ane ,  Angular p o s i t i o n  of t h e  cone i n  t h e  e c l i p t i c  
p l ane  i s  measured from w i n t e r  s o l s t i c e  by t h e  angle  y e  A t  t h e  
i n s e r t i o n  d a t e  t 
s o l a r  day. 

- - w t where uE = 360/365.24 deg/mean I '  Y I  E 1  
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Cone shape i s  e s t a b l i s h e d  by t h e  base ang le  which 
i s  e q u a l  t o  t h e  ang le  (i) between t h e  o r b i t a l  and e q u a t o r i a l  
p lanes .  Cone s i z e  i s  unimportant i n  t h e  a n a l y s i s .  The 
o r b i t a l  i n c l i n a t i o n  i s  cons t an t  du r ing  t h e  mission,and f o r  
a due east/west launch azimuth i s  equa l  t o  t h e  l a t i t u d e  of 
the launch s i t e  ( A ) .  With a due nor th /south  launch azimuth, 
i = 90'  and t h e  cone degenera tes  t o  i t s  a x i s .  For o t h e r  
launch azimuths (a) measured f r o m  n o r t h ,  i = c o s  (cosh s i n a l .  -1 

The e a r t h  o r b i t a l  p l ane  i s  t angen t  t o  a cone 
gene ra to r .  The normal component of t h e  p e r t u r b i n g  f o r c e  
induced by the o b l a t e  ear th  causes  t h e  o r b i t a l  p lane  t o  r o t a t e  
about t h e  c o n i c a l  l a t e r a l  s u r f a c e  a t  a uniform angular  
v e l o c i t y  ( W  ) re la t ive t o  t h e  cone a x i s .  This  r o t a t i o n  i s  
w e s t w a r d  ( r e g r e s s i v e )  f o r  pos ig rade  ( i < 9 0 ° )  o r b i t s  and east- 
w a r d  f o r  r e t r o g r a d e  o r b i t s .  The p e r t u r b i n g  f o r c e  component i n  
t h e  o r b i t a l  p l ane  causes  t h e  o r b i t  t o  ro ta te  i n  i t s  p l ane  
a t  a uniform angular  v e l o c i t y  (w,) about t h e  cone v e r t e x .  
Each of these angular  v e l o c i t i e s  i s  cons t an t  r e l a t i v e  t o  t h e  
cone f o r  a p a r t i c u l a r  o r b i t  geometry. These t w o  motions a r e  
r ep resen ted  i n  t h e  model by s imul taneous ly  r o l l i n g  t h e  o r b i t a l  
p lane  about t h e  cone ' s  l a t e r a l  s u r f a c e  and r o t a t i n g  t h e  o r b i t  
i n  i t s  p l ane  about  t h e  cone ' s  v e r t e x  a t  d i f f e r e n t  uniform 
angular  v e l o c i t i e s .  I n i t i a l  p o s i t i o n i n g  of t h e  o r b i t a l  p lane  
on t h e  cone ' s  l a t e ra l  s u r f a c e  i s  uniquely determined fo r  any 
launch s i t e  by t h e  i n s e r t i o n  t ime/da te ,  launch azimuth, and 
long i tude  d i f f e r e n c e  between t h e  launch s i t e  and w i n t e r  
s o l s t i c e  midnight meridians.  F igu re  1 shows t h e  cone model 
and coord ina te  system. P e r t u r b a t i o n s  r e s u l t i n g  f r o m  d r a g  
forces and a t t r ac t ive  f o r c e s  from s o l a r  system bodies o t h e r  
than  t h e  earth are n o t  cons idered .  

e 

111. ORIENTATION AND MOTION O F  'THE ORBITAL PLANE 

I n  t h e  w i n t e r  s o l s t i c e  p o s i t i o n , a n  i n e r t i a l  p o i n t  
P i s  f i x e d  i n  t h e  cone base per imeter .  P o i n t  P i s  loca ted  
by t h e  p l ane  which con ta ins  t h e  cone a x i s  and i s  pe rpend icu la r  
t o  t h e  e c l i p t i c  p l ane .  The cone base center and P d e f i n e  t h e  
cone base r e f e r e n c e  l i n e  f r o m  which the  ang le  e i s  measured. 
T h e  cone g e n e r a t o r  t o  which the o r b i t a l  p l ane  i s  t angen t  a t  
any i n s t a n t  of t i m e  i s  loca ted  by 8 whose c o n s t i t u e n t  angles  
are measured i n  t h e  cone base. The t e r m i n a l  s i d e  of 8 i s  
thus  pe rpend icu la r  t o  t h e  l i n e  of  nodes used i n  convent iona l  
r e p r e s e n t a t i o n .  P o s i t i v e  8 f o r  no r the rn  hemisphere launch 
s i tes  i s  i n  t h e  d i r e c t i o n  of a r ight-hand ( t o  t h e  east)  
r o t a t i o n  about  t h e  cone a x i s .  Determination of 8 i n c o r p o r a t e s  
t h e  launch s i t e  l o c a t i o n ,  launch azimuth, o r b i t a l  i n s e r t i o n  
d a t e ,  mission i n t e r e s t  date and a p p r o p r i a t e  angu la r  v e l o c i t i e s  
t o  e s t a b l i s h  t h e  o r b i t a l  p l ane  t angen t  p o s i t i o n  on t h e  cone ' s  
l a t e ra l  s u r f a c e .  
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The angle  y I  determines t h e  mean sun d i r e c t i o n  i n  
t h e  e c l i p t i c  p lane  a t  o r b i t a l  i n s e r t i o n  tI days a f t e r  w i n t e r  
s o l s t i c e .  The angle  y l o c a t e s  t h e  l o c a l  mean noon d i r e c t i o n  
i n  t h e  cone base and corresponds t o  y i n  t h e  e c l i p t i c  p lane .  
The angles  y e I  and y 
m u l t i p l e s  of 90'  p e r  yea r  when each season begins .  This  
angular  i n e q u a l i t y  i s  a consequence of t h e  cone a x i s  i n c l i n a t i o n  
(e )  r e l a t ive  t o  t h e  e c l i p t i c  p l a n e  normal. The angu la r  r e l a t i o n -  
s h i p  i s  

e 1  

are n o t  e q u a l  except  f o r  t h e  f o u r  i n t e g e r  
I 

I 

A t  w i n t e r  sols t ice  t h e  phase angle  between t h e  launch 
s i t e  and l o c a l  midnight meridian p lanes  depends on t h e  r e s p e c t i v e  
long i tudes  involved.  The t i m e  d i f f e r e n c e  between these two 
long i tudes  corresponds t o  t h e  phase angle  and i s  used t o  
es tab l i sh  t h e  t i m e  o r i g i n  a t  w i n t e r  sols t ice .  The f r a c t i o n  of  
a day ( A p )  corresponding t o  t h e  t i m e  d i f f e r e n c e  between these 
long i tudes  can be determined w i t h  a c u r r e n t  ephemeris. 

Both t h e  i n s e r t i o n  ( t  ) and mission i n t e r e s t  (t,) d a t e s  I 
are measured from w i n t e r  sols t ice  and can i n c l u d e  f r a c t i o n a l  days.  
If d i s  an i n t e g e r  number of mean s o l a r  days measured a t  t h e  
launch s i t e  from w i n t e r  s o l s t i c e  t o  t h e  launch day and Ad i s  a 

tI = d + Ad + A p .  The s i g n  of Ap i s  determined f r a c t i o n  of a day, 
from t h e  launch s i te  l o c a t i o n  r e l a t i v e  t o  t h e  midnight meridian a t  
w i n t e r  sols t ice .  I f  t h e  launch s i t e  p o s i t i o n  i s  eas t /wes t  of t h e  
midnight w i n t e r  so ls t ice  meridian t h e  a p p r o p r i a t e  s i g n  of A p  i s  
+/-. Figure  2 shows t h e s e  t i m e s .  T h e  launch s i t e  i n s e r t i o n  
t i m e  i s  thus  2 4  ( A p  + Ad) hours  and t h e  corresponding cone base  
angle  measured from midnight i s  360  ( A p  + Ad) = BO. 

- 

Ascent t i m e  t o  o r b i t a l  a l t i t u d e  i s  ignored s i n c e  
it i s  s m a l l  compared wi th  mission t i m e .  O r b i t a l  i n s e r t i o n  
i s  thus  assumed t o  occur  i n  t h e  launch meridian p lane  f o r  
due eas t / w e s  t 

For 
angle  must be 
p lane .  For a 
p l ane  t angen t  
due eas t / w e s  t 

.. 
launch azimuths.  

launch azimuths n o t  due east/west, an a d d i t i o n a l  
inc luded  i n  t h e  cone base  t o  locate t h e  o r b i t a l  
given launch azimuth a a t  l a t i t u d e  A ,  t h e  o r b i t a l  
p o s i t i o n  i s  eas t  o r  w e s t  of t h a t  corresponding t o  
launches.  This  ang le  i s  
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6 = cot-' ( t a n  a s i n  A )  * 
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i 

I n  convent iona l  r e p r e s e n t a t i o n  9 0  - 5 i s  east  o r  w e s t  of 
t he  launch meridian and locates the l i n e  of nodes f o r  non- 
due east/west launch azimuths.  

The cone base angle  which locates the o r b i t a l  
p l ane  t angen t  p o s i t i o n  a t  i n s e r t i o n  i s  t h u s  e I  = yeI + 
180 + B + 6 .  Figure  2 shows t h e  cone base i n  t h e  w i n t e r  
s o l s t i c e  and o r b i t a l  i n s e r t i o n  t i m e  p o s i t i o n s .  For c l a r i t y  
t h i s  view normal t o  t h e  e c l i p t i c  p l ane  does n o t  show t h e  cone 
a x i s  i n c l i n a t i o n  r e l a t i v e  t o  t h e  e c l i p t i c  p l ane  normal. 

The o r b i t a l  p l a n e ' s  angular  v e l o c i t y  ( w e )  r e l a t i v e  t o  
( 3 )  ( 4 )  t h e  cone base i s  induced by t h e  e a r t h ' s  o b l a t e n e s s  

2 2 w 8 = 1 0  ( R E / a )  3 * 5  cos i / ( l - E  ) , deg/day 

Since  t h e  mission d u r a t i o n  of i n t e r e s t  is ( t  - tI) = A t  days,  M 
t h e  t o t a l  angle  of r e g r e s s i o n  (westward r o t a t i o n )  of t h e  o r b i t a l  
p lane  f o r  pos igrade  o r b i t s  i s  u e A t M .  

measured i n  a nega t ive  d i r e c t i o n  from t h e  t i m e  of o r b i t  i n s e r t i o n .  
For  pos igrade  o r b i t s  t h e  ang le  O M  af te r  a mission of  A t M  days i s  

This cone base ang le  i s  

T h e  s i g n  of t e r m  w A t M  i s  p o s i t i v e  f o r  r e t r o g r a d e  o r b i t s .  
cone base angle  O M  i s  thus  an e x p l i c i t  func t ion  o f  t i m e  dependent 

v a r i a b l e s  (d ,  Ad, and A t , ) ,  o r b i t  geometr ic  v a r i a b l e s  (a, i ,  and 
€ ) , l a u n c h  azimuth (a) and launch s i t e  p o s i t i o n  v a r i a b l e  ( A p ) .  
Figure  3 shows t h e  r e s p e c t i v e  ang le s  re la t ive  t o  the  cone base  
i n e r t i a l  p o i n t  P and sun p o s i t i o n .  

The 
6 

* 
T h e  s i g n  of 5 i s  e s t a b l i s h e d  by the corresponding s i g n  

of t a n  a .  Figures  2 and 3 show p o s i t i v e  5 corresponding t o  
9O>a>O and 2 7 0 > a > 1 8 0 .  
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Knowing 8 pe rmi t s  s p e c i f i c a t i o n  o f  t h e  u n i t  normal 
t o  t h e  cone gene ra to r .  The u n i t  normal t o  t h e  cone g e n e r a t o r  
i s  a l s o  t h e  u n i t  normal t o  t h e  o r b i t a l  p lane  and i s  de f ined  
by t h e  ang le s  i, e and 8 i n  t h e  i n e r t i a l  coo rd ina te  system. 
With 8 = 0 ,  t h i s  v e c t o r  l ies i n  t h e  x-z p lane  and i s *  

E = - ( s i  ce + c i  se) T + (s i  se - c i  ce) E 

For i? n o t  i n  t h e  x - z  p lane  ( 8 > 0 )  

- 
N = - ( s i  ce ce + c i  se) T - s i  se3 

+ ( s i  se c e  - c i  ce) E , ( 3 )  

The components of these t w o  u n i t  normal vectors are determined 
by i n s p e c t i o n  f r o m  F igure  4.** 

I V .  ANGLES BETWEEN ECLIPTIC AND ORBITAL PLANES AND ORBITAL 
PLANE AND SOLAR VECTOR 

The angle  ( a )  between t w o  p l anes  i s  also t h e  angle  
between t h e i r  r e s p e c t i v e  normals. For 90 2 i > (90-e)  t h e  
o r b i t a l  p l ane  u n i t  normal E can p o i n t  e i ther  no r th  or  sou th  
of t h e  e c l i p t i c  p lane  dependent upon 8 .  For smaller o r b i t a l  
i n c l i n a t i o n s ,  gM always p o i n t s  sou th  of t h e  e c l i p t i c  p lane .  

M 

*The n o t a t i o n  s ( ) and c (  ) i s  used for  s i n e  and cos ine  
func t ions .  

**The components of E i n  t h e  i n e r t i a l  system can a l so  be 
determined f r o m  
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Consider ing t h e  u n i t  normals between t h e  o r b i t a l  and e c l i p t i c  
p lanes  a t  t i m e  tM and us ing  t h e  v e c t o r  d o t  product  y i e l d s ,  

- - 
cu = -NM 0 E, NM p o i n t s  sou th  of e c l i p t i c  p l ane  

c u  = 
- 
NM p o i n t s  no r th  o f  e c l i p t i c  p l ane  

c o  = [ s i  se ce - c i  cel , 90 2 i I o , (4) M 

A t  mission date tM, t h e  u n i t  solar  p o i n t i n g  v e c t o r  
from the  cone v e r t e x  i s  sM = - c y  

between t h e  o r b i t a l  p l ane  and solar  vector a t  date tM i s  
obta ined  f r o m  t h e  v e c t o r  d o t  product .  

- syMT..* The angle  ( B )  M 

S B  = c y M  (s i  ce c e  + c i  se) + s y M  s i  S O  * *  (5) M M 

V. SUN ANGLE ENVELOPES 

For due east/west launch azimuths and c e r t a i n  launch 
t i m e s  a t  the  s t a r t  of each season t h e  i n i t i a l  B i s  a func t ion  of 
only t h e  ang le s  i and e.  Table I e v a l u a t e s  6 a t  t h e  beginning 
of  each season wi th  o r b i t  i n s e r t i o n  t i m e s  t h a t  are m u l t i p l e s  
of s i x  hours  from midnight.  

* Appendix A d i s c u s s e s  t h e  d i f f e r e n c e  between t h e  mean 
sun motion used i n  t h e  a n a l y s i s  and t h e  rea l  sun motion. 

**This equa t ion  i n  d i f f e r e n t  format i s  de r ived  us ing  
coord ina te  t r ans fo rma t ions  i n  Reference (5)  . 
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Winter Vernal  Summer 
Solstice Equinox Solstice 

= 180' Y I  = 90' Y I  
= 0 0  

Y I  

Table  1 

0 

6 

12 

18 

" 3  
i 
i 

* J  

- (i-e) -i - (i+e) 

s i n  -1 (c i  se) 0 -sin-' ( c i  se) 

i+e i i-e 

-1 s i n  ( c i  se) 0 - s i n  ( c i  se) -1 

' i  
. i  

t 
w 4  

I N I T I A L  S U N  LINE-ORBITAL PLANE ANGLE ( 6 )  AT FIRST DAY OF SEASON 

FOR DIFFERENT INSERTION TIMES AND DUE EAST/WEST LAUNCH AZIMUTHS 

Autumnal 
Equinox 

= 270' Y I  

-i 

0 

i 

0 

Two envelope curves wi th  t h e  ang le s  from Table  1 are shown 
i n  F igure  5 f o r  (90 -e )  > i > 0 and due east/west launch azimuths. 
F igure  5 ( a )  shows B as a f u n c t i o n  of  i n s e r t i o n  t i m e  a t  t h e  
w i n t e r  and summer solstices when a b s o l u t e  maximum and minimum 
B angles  f o r  a given i n c l i n a t i o n  occur  w i t h  noon and midnight  
i n s e r t i o n s  r e s p e c t i v e l y . *  Equations of  t h e  t w o  bounding curves  
are ob ta ined  from ( 5 )  w i t h  y equa l  t o  0' and 180' 

s~ = tcecesi tseci  

T h e  +/- s i g n s  apply r e s p e c t i v e l y  t o  the winter/summer solstice 
boundaries .  Because 0 i s  measured from t h e  i n e r t i a l  p o i n t  P 
and the cone i s  r evo lv ing  about  t h e  sun ,  t h i s  angle w i l l  varv 
f o r  t h e  same t i m e  a t  success ive  dates. A t  t h e  beginning of t h e  
w i n t e r ,  s p r i n g ,  summer and autumn seasons t h e  magnitudes of 8 
corresponding t o  local noon are O o ,  9 O 0 ,  180°,  and 270° 

*Midnight a t  t h e  launch s i t e  occurs  f i r s t  a f t e r  w i n t e r  sols t ice  
a t  y=(l-Ap) w 

of t h e  w i n t e r  so l s t i ce  midnight meridian e 
or A p w E  f o r  l o c a t i o n s  r e s p e c t i v e l y  e a s t  o r  w e s t  E 
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r e s p e c t i v e l y .  The B vs. launch t i m e  curve fo r  t h e  equinox 
p o s i t i o n s  i s  a l so  shown i n  F igu re  5 ( a ) .  T h e  equa t ion  o f  t h i s  
curve i s  obta ined  from (5 )  w i t h  y equa l  t o  90°-and 270, 

The +/- s i g n s  apply r e s p e c t i v e l y  t o  the vernal/autumnal equinox 
p o s i t i o n s  and t h e  curves co inc ide .  

F igure  5 ( b )  shows t h e  envelope o f  B ang le  vs. d a t e  of  
o r b i t a l  i n s e r t i o n .  Local 6 extrema occur  w i t h i n  t h i s  envelope 
as func t ions  o f  e and y .  

which y i e l d s  an extremum va lue  of B a t  any given t i m e  of t h e  
yea r  f o r  a corresponding e c l i p t i c  p l ane  angle  y i s  

From ( 5 )  t h e  cone base ang le  (eM) 

M 

eM = t a n  -1 ( t a n  yN/cos  e )  

T h i s  i s  the same r e s u l t  as (1) and t h u s  i n d i c a t e s  t h a t  maximum 
and minimum i n i t i a l  f3 ang les  f o r  any t i m e  o f  t h e  yea r  occur  w i t h  
o r b i t a l  i n s e r t i o n s  a t  noon and midnight r e s p e c t i v e l y  w i t h  due 
east/west launch azimuths.  

The B ang le  vs.  d a t e  envelope,  Figure 5 ( b ) ,  and i n i t i a l  
13 f o r  due east/west launch azimuths a t  noon may be syn thes i zed  
wi thout  ( 5 ) .  An e q u a t o r i a l  obse rve r  a t  noon sees t h e  effect  of 
t h e  ea r th ' s  r o t a t i o n  about  t h e  sun as a change i n  t h e  sun 
d e c l i n a t i o n  angle  ( i ) , ) .  By i g n o r i n g  t h e  s l i g h t  e l l i p t i c i t y  of  
t h e  ear th ' s  o r b i t  t h e  noon d e c l i n a t i o n  i s  $, = -sin-' ( s i n  e c o s y )  
where n o r t h e r l y  d e c l i n a t i o n s  ( 9 0 ° < y < 2 7 0 0 )  are p o s i t i v e .  F igu re  6 
shows t h e  noon sun d e c l i n a t i o n  as a f u n c t i o n  of  t i m e  and t h e  
angle  y.* 

*La t i tude  de te rmina t ion  f r o m  t h e  earth can a l s o  be accomplished 
wi th  t h e  a i d  of F igu re  6 .  I f  t h e  noon sun i n c l i n a t i o n  from the  
l o c a l  hor izon  ( 4 )  i s  measured, t h e  l a t i t u d e  i s  X = $,+90-$. A t  any 
ear th  l o c a t i o n  t h e  i l l u m i n a t e d  p a r a l l e l  of l a t i t u d e  arc f o r  noon 
d e c l i n a t i o n  $o i s  2 cos ( tanXtan$, ) .  N o  i l l u m i n a t i o n  occurs  a t  
h>90-$,.  Appendix A p r e s e n t s  a c o r r e c t i o n  t o  t h e  sun d e c l i n a t i o n  
angle  t o  compensate for  t h e  d i f f e r e n c e  i n  mean solar  and apparent  
t i m e s .  

-1 
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I n  t h e  previous  d i s c u s s i o n  B i s  nega t ive  when t h e  
o r b i t a l  noon p o s i t i o n  i s  below t h e  e c l i p t i c  plane.  I n  an 
e q u a t o r i a l  o r b i t  B = -$, a t  noon. The B vs. date envelope 
f o r  any o r b i t a l  i n c l i n a t i o n  ~ ( 9 0  - e )  i s  simply e s t a b l i s h e d  
by adding f i  t o  t h e  -$, curve.  

V I .  I N I T I A L  6 ANGLE 

With due east/west launches a t  a long i tude  where t h e  
noon sun d e c l i n a t i o n  i s  $ o !  t h e  i n i t i a l  B f o r  a noon i n s e r t i o n  
i s  simply t h e  d i f f e r e n c e  (1 - $ , I .  For o t h e r  a r b i t r a r y  launch 
azimuths t h e  i n i t i a l  B f o r  loca l  noon i n s e r t i o n  i s  

B o  = s i n - ' [ s i n a s i n ( ~ - i , )  I 

O r b i t a l  i n s e r t i o n ,  i n  g e n e r a l ,  w i l l  n o t  occur  a t  noon. 
With perseverance  and s e v e r a l  s p h e r i c a l  t r i a n g l e s  t h e  i n i t i a l  6 
i s  determined f o r  o r b i t a l  i n s e r t i o n  a t  a g e n e r a l  t i m e  and d a t e .  
For a date  w i t h  noon d e c l i n a t i o n  $,* and i n s e r t i o n  a t  a t i m e  
whose cor respondins  l o c a l  t i m e  angle  i s  B ,  t h e  i n i t i a l  B f o r  
due east/west launch azimuths i s  

. "  

I 

E 

V I I .  TIME BETWEEN SUCCESSIVE B ANGLE EXTREMA 

The angu la r  v e l o c i t y  o f  t h e  t e r m i n a l  side of 8 i n  t h e  
cone base  re la t ive t o  t h e  sun consis ts  of t w o  p a r t s .  One 
component i s  t h e  uniform angular  v e l o c i t y  ( w e )  re la t ive t o  t h e  

cone a x i s .  
v e l o c i t y  of  t h e  solar  p o i n t i n g  vec to r .  

T h e  other component ( + @ )  corresponds t o  the  angular  
Although wE i s  c o n s t a n t  

i n  t h e  e c l i p t i c  p l ane  f o r  t h e  model, t h e  corresponding rate 
i n  the  cone base i s  p o s i t i o n  dependent upon y .  This  v a r i a b i l i t y  
r e s u l t s  from the  cone a x i s  i n c l i n a t i o n .  S ince  t h e  angu la r  
v e l o c i t y  of  t h e  o r b i t a l  p l ane  about  t h e  cone ' s  l a te ra l  s u r f a c e  
is  n o t  uniform relat ive t o  t h e  sun ,  t h e  t i m e  from any date t o  
t h e  nex t  B extremum is  also y dependent. The angular  v e l o c i t y  
r a t i o  de r ived  from (1) i s  

*The launch s i t e  sun d e c l i n a t i o n  a t  o r b i t a l  i n s e r t i o n  i s  
-1 

$ = s i n  ( - s i n  $, cos B ) .  Appendix B p r e s e n t s  a s p h e r i c a l  
t r igonometry d e r i v a t i o n  f o r  t h e  g e n e r a l  i n i t i a l  B angle  e 
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Maximum/minimum abso lu te  va lues  of t h i s  r a t i o  a r e  1.090/0.917 
and t h e s e  occur  girst a t  y ang les  of Oo/900, A t  four  t i m e s  
dur ing  t h e  yea r  y e  = wE and t h e  eirst d a t e  occurs  a t  y = 43O46’. 
Based on (1) and (6) t he  average angular  v e l o c i t y  for  t h e  
mission d u r a t i o n  A t M  i s  

t h e  t i m e  e q u a l i t y  on t h e  average between corresponding angles  
generated i n  t h e  cone base and ec l ip t ic  p lanes  i s  ev iden t .  

i 

i 

c 
. i  

If a B extremum occurs  e t  angle  ye, t h e  angle  of t h e  

The cone 
next  extremum ( y e  + w E A t e )  i s  of i n t e r e s t .  
t h e  r o t a t i o n  d i r e c t i o n  of w e  is  oppos i t e  t h a t  of ;e .  
base angle  corresponding t o  t h e  angle  w E A f e  t r a v e l e d  i n  t h e  
ec l ip t ic  t o  t h e  next  extremum is tan3’[tan(wEAte)/cos e ] .  
cone base rad ius  corresponding t o  ye w i l l  regress an angle  
w e A t  t o  t h e  next  extremum. 
between t h e  two 6 extrema a t  t h e  c u r r e n t  p o s i t i o n  ( ye )  i s  180°, 
i t  follows t h a t  

For posigrade o r b i t s  

The 

Since t h e  angle  i n  t h e  cone base e 

180 = tan- l [ tan(wgAte)/cos el + w 0 A t e  
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Retrograde B Maximum 

-7 

(3-D/180)At 
e. 

(1-D/180) A t e  

Neglect ing t h e  cone a x i s  i n c l i n a t i o n  provides  an e x p l i c i t  
approximate s o l u t i o n  f o r  t h e  t i m e  between success ive  B extrema. 

Posigrade 

Retrograde 

T i m e  t o  Next 
B Minimum 

The negat ive  s i g n  of wE i n  ( 8 )  a p p l i e s  f o r r e t r o g r a d e  orb i t s .  
- w and ( 8 )  i s  exac t .  If y M  = 90"  and y I  = 0' i n  ( 7 1 ,  T, - E 

- 

D A t e / 1 8 0  D A t e / 1 8 0  

(2-D/180)  A t e  (2-D/180) A t  e 

V I I I .  TIME FROM AN ARBITRARY DATE TO NEXT p ANGLE EXTREMA 

With ( 8 )  t h e  approximate t i m e s  between an a r b i t r a r y  
d a t e  and t h e  next  Bmaximum and minimum a r e  r e a d i l y  obta ined .  
A t  some d a t e  t h e  angle  l o c a t i n g  t h e  o r b i t a l  p lane  i n  t h e  cone 
base measured from midnight i s  B + €J = D. Table 2 l i s t s  
t h e  approximate t i m e s  a f t e r  o r b i t a l  i n s e r t i o n  t o  t h e  next  P 
angle extrema as func t ions  of D and A t  . e 

Table 2 

APPROXIMATE TIMES FROM ORBITAL INSERTION TO B ANGLE EXTREMA 

I O r b i t  I D < 180°*  I D > 180" I 
I Posigrade ( 1 + D / 1 8 0 )  A t e  I (D/180-1)  A t e  

T i m e  t o  Next I I 

! 

The accuracy of these approximations i n c r e a s e s  w i t h  t h e  fol lowing 
condi t ions :  D = 90"  and 270" ;  missions where t h e  t i m e  midway 
between o r b i t a l  i n s e r t i o n  and the  extremum approximately co inc ides  
w i t h  a midseason d a t e ;  c i r c u l a r  o r b i t s  of low a l t i t u d e  and low 
i n c l i n a t i o n  f o r  which 7 / w  = 0.1. 

8 8  
~- * 

D = B  + 5 = 360 ( A p  + Ad) + €J 
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Pos i g r  ade To Next 

4 

D-E+180=F * D-E- 180=F 
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8 Maximum 
Retrograde 

The corresponding exact equat ions  f o r  t h e  next  B 
extrema conta in  t i m e  i m p l i c i t l y .  A t  some a r b i t r a r y  t i m e  tM 

-D+E+180=F -D+E+540=F 

t h e  o r b i t a l  p lane  i s  loca ted  by t h e  angle  D measured from 
midnight i n  t h e  cone base.  I f  t h e  t i m e  t o  t h e  nex t  B extremum 
i s  A t M e ,  t h e  corresponding e a s t e r l y  angular  s h i f t  of t h e  mid- 
n i g h t  p o s i t i o n  i n  t h e  cone base t o  t h e  extremum d a t e  i s  
E = t a n  
from D are e s t a b l i s h e d  by e v a l u a t i n g  t h e  angles  i n  t h e  cone 
base t o  e i ther  t h e  loca l  noon o r  midnight p o s i t i o n s  a t  d a t e  
t + A t M e  u 

of u g .  During t i m e  A t M e ,  t h e  o r b i t a l  plane r o t a t i o n  t o  t h e  
next  extrema i s  F = ugAtMe.  

t i m e s  are l i s t e d  i n  Table 3. 

-1 [tan(AtMeuE)/cos e ] .  The t i m e s  t o  t h e  next  extrema 

wi th  due cons ide ra t ion  of t h e  r o t a t i o n  d i r e c t i o n  M E 

The exac t  equat ions  f o r  t h e s e  

Minimum 

Table 3 

Retrograde -D+E+360=F -D+E+360=F 

EOUATIONS FOR DETERMINATION OF TIME FROM AN ARBITRARY DATE TO 

THE FOLLOWING B ANGLE EXTREMA 

D-E=F I I Posigrade To Next D-E=F I 

Ignoring t h e  i n c l i n a t i o n  of t h e  cone ax i s  wi th  r e s p e c t  
t o  t h e  e c l i p t i c  p lane  normal reduces t h e  exact equat ions  of 
Table 3 t o  t h e i r  corresponding approximate coun te rpa r t s  of 
Table 2. 

! 
! 
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I X .  ORIENTATION AND MOTION I N  THE ORBITAL PLANE 

Spacec ra f t  motion i n  t h e  o r b i t a l  p lane  and t h e  
s e c u l a r  p e r t u r b a t i o n  which rotates t h e  o r b i t  i n  i t s  p lane  
are cons idered  he re .  A t  o r b i t a l  i n s e r t i o n  t h e  u n i t  cone 
gene ra to r  (cI) t o  which t h e  o r b i t a l  p l ane  i s  t angen t  i s  i n  
t h e  d i r e c t i o n  o f  t h e  pe r igee  r a d i u s .  T h i s  vector f r o m  t h e  
v e r t e x  a long  t h e  cone ' s  l a t e ra l  s u r f a c e  corresponds t o  a 
base ang le  8 and i s  de f ined  f r o m  t h e  geometry of F igu re  4 .  

- 
G = (s i  se - c i  ce c e )  T - c i  se3 

+ (s i  ce + c i  se ce) E (9  1 

Figure 7 i s  a view normal t o  t h e  o r b i t a l  p l ane  a t  t h e  date tM. 
The angle  i n  t h e  cone base between t angen t  p o s i t i o n s  of t h e  
o r b i t a l  p l ane  a t  i n s e r t i o n  and mission i n t e r e s t  t i m e s  i s  
A e  = w At,,. The ang le  (A0 cos i) i n  t h e  o r b i t a l  p lane  between 
t h e  traces of gene ra to r s  E and 

I M 
l a t e ra l  c o n i c a l  s u r f a c e  fo r  a cone base  ang le  A e .  The t o t a l  
angular  displacement  i n  t h e  o r b i t a l  p lane  measured from t h e  
pe r igee  du r ing  t i m e A t M  i s  t h e  sum of t h e  t r u e  anomaly ( v )  and 
the  pe r tu rbed  a p s i d a l  angu la r  displacement  ( w v A t M )  of t h e  o r b i t  

e 
i s  t h e  angle  of t h e  developed 

i n  i t s  p lane .  
. .  

With c i r c u l a r  o r b i t s  With 

e l l i p t i c a l  o r b i t s  t h e  mean anomaly i s  t h e  product  of t h e  mean 
motion (v1/2/a3/2) and A ~ M -  K e p l e r ' s  equa t ion  must be so lved  
us ing  the  mean anomaly t o  determine v fo r  e l l i p t i c a l  o rb i t s .  
T h e  angu la r  v e l o c i t y  (w,) of  t h e  o r b i t  i n  i t s  p lane  i s  induced 
by t h e  o r b i t a l  p l ane  component of t h e  p e r t u r b i n g  force from t h e  
e a r t h ' s  e q u a t o r i a l  bu lge .  ( 3 )  ( 4 )  

2 
w = 5(RE/a) 3 0 5  ( 5  cos2 i - l ) / ( l - c 2 )  I deg/day 

v 

i 
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For 63.5' > i > 116.5' t h e  p e r i g e e  r o t a t i o n  d i r e c t i o n  i s  t h a t  
of i n c r e a s i n g  v e  For 63.5' < i < 116.5' t h e  pe r igee  r o t a t i o n  
d i r e c t i o n  i s  t h a t  of decreas ing  v .  No r o t a t i o n  of t h e  o r b i t  
i n  i t s  p lane  occurs  f o r  i=63.5' ,  116.5'. 

A t  d a t e  tM t h e  s p a c e c r a f t  r a d i u s  vec to r  ( r )  i s  
d isp laced  from t h e  pe r igee  u n i t  vec to r  z, an angle  ( v  ? w V A t M I e  

T h e  angular  displacement  of 'F from t h e  u n i t  vector EM a t  d a t e  
t i s  v - u A t  - A 0 c i .  

t h e  d i r e c t i o n  r a r e  obta ined  from: 

+ The components of t h e  u n i t  vec to r  E i n  M V 

- -  
R * G M  = cos ( V  1 u V A t M  - A 0 c i )  = G R + G R + GMzRZ 

Mx x MY Y 

- -  
+ N M ~ R ~  R*NM = 0 = N R + N 

Mx x MY Y 

2 2 + 
R Z  1 = Rx2 + R 

Y 

The appropr i a t e  s i g n  of u v A t M  i s  determined from t h e  magnitude 
of i as d iscussed  above. Figure 7 shows t h e  pe r igee  r o t a t i o n  
i n  t h e  d i r e c t i o n  of i n c r e a s i n g  v .  Since t h e  components of gM 
and zM are determined from ( 9 )  and (3)  i n  t e r m s  of 0 ,  t h e  
geometry of t h e  system a t  any t i m e  i s  e s t a b l i s h e d .  
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Angle measured t o  t h e  east i n  cone base from midnight 
t o  o r b i t a l  p lane  t angen t  p o s i t i o n ,  B+S 

Angle i n  cone base between local midnight p o s i t i o n s  f o r  
an a r b i t r a r y  date and a B ang le  extremum d a t e  

Angle of o r b i t  p l ane  r o t a t i o n  i n  cone base from an 
a r b i t r a r y  d a t e  t o  n e x t  B angle  extremum 

F r a c t i o n a l  p o r t i o n  of a day a t  launch s i t e  t o  o r b i t a l  
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Angle between e c l i p t i c  and e q u a t o r i a l  p lanes  (~23'27'1, 
also i n c l i n a t i o n  of cone a x i s  t o  normal from e c l i p t i c  
p lane  

Unit  v e c t o r  from cone v e r t e x  a long  cone gene ra to r  t o  
which o r b i t a l  p lane  i s  t angen t  

Angle between e q u a t o r i a l  and o r b i t a l  p l a n e s ,  a lso 
cone base  ang le  

Winter S o l s t i c e  Di rec t ion  

Unit  V e c t o r s  Vernal  Equinox Di rec t ion  

Unit  v e c t o r  normal t o  o r b i t a l  p l ane  

O r b i t  p o s i t i o n  vector o f  s p a c e c r a f t ,  r R  

Unit  vector i n  d i r e c t i o n  r 
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Radius of  earth 

Sine  of ang le  ( ) 

Unit  so la r  p o i n t i n g  v e c t o r  f r o m  cone v e r t e x  i n  e c l i p t i c  
p lane  
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t o  o r b i t a l  plane tangent  p o s i t i o n  

Local t i m e  d i f f e r e n c e  between launch s i te  and midnight 
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COMPENSATION FOR THE: VARYING ANGULAR VELOCITY O F  THE EARTH 
ABOUT THE SUN 

The previous  a n a l y s i s  assumes t h e  ear th  t o  be i n  
a c i r c u l a r  o r b i t  about  t h e  sun. This  appendix provides  an 
adjustment  f o r  t h e  effect  of t h i s  assumption i n  t h e  sun 
d e c l i n a t i o n  and B angle  equa t ions .  The procedure i s  the  
i n v e r s e  of t h a t  used t o  convert  from s u n d i a l  (apparent )  
t i m e  t o  c lock  (mean) t i m e .  

A s m a l l  t i m e  dependent p e r i o d i c  change occurs  i n  
t h e  e a r t h ' s  angular  v e l o c i t y  about  t h e  sun as a r e s u l t  of 
o r b i t  e c c e n t r i c i t y  ( = 1 / 6 0 ) .  I f  w in te r  so ls t ice  ( 2 2  December) 
and p e r i h e l i o n  ( 5  January)  are both  assumed t o  occur s imul taneous ly  
a t  t h e  t i m e  o r i g i n ,  t h e  angular  v e l o c i t y  of t h e  ear th  t o  a 
good approximation i s  

2 2 3/2 
w WE (1 + E cos y )  /(1 - E ) 

Maximum and minimum va lues  of w f r o m  t h e  above equat ion  are 
1 .019  and 0 . 9 4 5  deg/day r e s p e c t i v e l y  as compared w i t h  t h e  
mean va lue  (w,) of 0.986 deg/day. 

An observer  on t h e  cone base  w i l l  n o t i c e  t h a t  t h e  
noon sun i s  either f a s t  or s l o w  by h i s  c lock (mean so la r )  
f o r  a l l  b u t  a maximum of fou r  days i n  t h e  yea r .  T h i s  t i m e  
d i f f e r e n c e  i s  a maximum of approximately 1 6  minutes and i s  
caused by t h e  combined e f f e c t s  of the v a r i a b l e  ear th  angu la r  
v e l o c i t y  about  t h e  sun and t h e  o b l i q u i t y  of the e c l i p t i c .  
T h i s  t i m e  d i f f e r e n c e  between t h e  rea l  and mean suns a t  noon 
fo r  any d a t e  can be determined f r o m  the ephemeris equa t ion  
of t i m e  or the  analemma. 

For a date when t h e  e c l i p t i c  p l ane  mean sun angle  
measured from w i n t e r  sols t ice  i s  y ,  t h e  corresponding cone 
base angle  measured from t h e  i n e r t i a l  p o i n t  P i s  

y e  = t a n  -1 ( t a n  y/cos e )  I 
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The angular  d i f f e r e n c e  ( A y e )  between t h e  r e a l  and mean noon 
p o s i t i o n s  i s  r e a d i l y  c a l c u l a t e d  from t h e  equat ion of t i m e  
f o r  any d a t e .  One minute of t i m e  equa ls  f i f t e e n  minutes of 
a r c  i n  t h e  cone base. T h e  cone base angle  from P t o  t h e  
t r u e  noon p o s i t i o n  for  t h e  e c l i p t i c  p lane  angle  y i s  thus  
y e  2 A y e .  
the  r e a l  sun lags / leads  t h e  mean noon. From (1) the new 
e c l i p t i c  plane angle  ( y ’ )  corresponding t o  t h e  cone base 
angle  Y O  2 Aye and t h e  r e a l  sun p o s i t i o n  i s  determined. 

The +/- s i g n s  apply r e s p e c t i v e l y  f o r  da t e s  when 

-1 -1 
y ’  = t a n  {cos e t a n  [ t an  ( t a n  y/cos e ) +  - A y e ] } ,  

Use of t h i s  angle  i n  (5)  y i e l d s  a more accu ra t e  determinat ion 
of 8 .  

I n  section V t h e  fol lowing equat ion  f o r  noon sun 
d e c l i n a t i o n  i s  given. 

q o  = -sin-’ ( s i n  e cos y )  

This equat ion  a l s o  assumes a uniform angular  v e l o c i t y  for 
t h e  earth about  t h e  sun. With use  of (1A) i n  the  above 
equat ion a more p r e c i s e  sun d e c l i n a t i o n  i s  obtained.  

i 
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DETERMINATION O F  I N I T I A L  ANGLE BETWEEN THE SOLAR VECTOR AND 
ORBITAL PLANE AT I N S E R T I O N  

I n  Sec t ion  V I  t h e  i n i t i a l  B angle  i s  given f o r  both 
g e n e r a l  launch azimuths a t  noon and due east/west launch 
azimuths f o r  a g e n e r a l  t i m e  of t h e  day. T h i s  Appendix develops 
t h e  i n i t i a l  B angle  f o r  an a r b i t r a r y  d a t e  and t i m e  of the y e a r  
and an a r b i t r a r y  launch azimuth. 

F igure  8 shows t h e  p o r t i o n  of t h e  s p h e r i c a l  e a r t h ' s  
lune between local  noon and 6 p.m. which i s  nor th  of t h e  
e c l i p t i c  p lane .  This  s u r f a c e  r e p r e s e n t s  a day du r ing  t h e  
f a l l  o r  w i n t e r  seasons  when t h e  equa to r  i s  no r th  of t h e  e c l i p t i c  
p lane  w i t h  o r b i t a l  i n s e r t i o n  between noon and 6 p.m. A l l  a r c s  
shown on the s u r f a c e  are t h o s e  of g r e a t  circles. 

Po in t s  a t o  f on t h e  s u r f a c e  d e f i n e  c e r t a i n  s p h e r i c a l  
r i g h t  t r i a n g l e s .  Combinations of these three letters d e f i n e  
angles  between t h e  p l anes  shown and t w o  letters w i t h  t h e  o r i g i n  
l o c a t i o n ,  0 ,  d e f i n e  i n t e r i o r  angles  w i t h  vertices a t  0 .  With 
t h i s  n o t a t i o n  t h e  fol lowing are def ined:  

Launch s i t e  p o s i t i o n ,  a 
Sub-solar p o i n t ,  e 
Launch s i t e  l a t i t u d e ,  X = (aob) 
Local noon d e c l i n a t i o n , - $ ,  = (doe) * 
Launch azimuth, ct = (bac) 

Angle between local  noon and launch s i te  meridians a t  i n s e r t i o n ,  

I n i t i a l  angle  between so la r  v e c t o r  and o r b i t a l  p l ane ,  
- 8 ,  = ( e o f ) *  
O r b i t  i n c l i n a t i o n ,  i= (acb) 
Angle between noon d i r e c t i o n  and ascending node, B+<-270=(cod)  

B-180 (bod) 

From s p h e r i c a l  t r i a n g l e  111, (cef)  

=! ( -Bo)  = s [ i - ( d c e ) ] s ( c o e )  

* A s  shown i n  Fig.  8 $ J ~  and B o  are nega t ive  as de f ined  i n  
Sec. V. 

C '  
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From s p h e r i c a l  t r i a n g l e  11, (cde) 

c (dce) s (coe) = c+,c (B+S)  

s ( d c e ) s ( c o e )  = - s + ~  

S u b s t i t u t i n g  t h e  above va lues  from s p h e r i c a l  t r i a n g l e  I1 i n  t h e  
equat ion  from t r i a n g l e  I11 

sBo= - [ s i c + , c ( B + S )  + cis+,,], ( 1 B )  

For due east/west launch azimuths a=9OQ, 5=0 and t h e  
g e n e r a l  B angle  equa t ion  ( 1 B )  reduces t o  t h e  l a s t  equat ion  of  
Sec t ion  V I .  

With i n s e r t i o n  a t  noon B=180° and (1B) reduces t o  

sBo= sic$,cS - cis$,, 

Equation (3B) i s  e q u a l  t o  b u t  of d i f f e r e n t  form t o  t h e  f i r s t  
equa t ion  of Sec t ion  V I .  With B=180° i n  (2B) and S=O i n  (3B), 
both equat ions  reduce t o  t h e  expected r e s u l t  

B o =  i - $, 

The above equat ions  y i e l d  correct s i g n s  f o r  B w i t h  
nega t ive  va lues  when t h e  o r b i t a l  noon p o s i t i o n  i s  below t h e  
e c l i p t i c  p lane .  T h e  fo l lowing  g e n e r a l  r u l e s  for  checking t h e  
s i g n  of f3,apply fo r  east/west launch azimuths.  

I n i t i a l  B w i l l  always be p o s i t i v e  fo r  i n s e r t i o n s  between 
6 a . m .  and 6 p.m. du r ing  t h e  f a l l  and win te r  seasons  

I n i t i a l  B w i l l  always be nega t ive  f o r  i n s e r t i o n s  between 
6 p.m. and 6 a . m .  du r ing  t h e  s p r i n g  and summer seasons 
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FIGURE 8. SPHERICAL GEOMETRY FOR DETERMINATION OF INITIAL GENERAL ANGLE 
BETWEEN SUN DIRECTION AND ORBITAL PLANE. 




