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A B  STRACT 

The Service Module Reaction Control  System i s  an 
e x i s t i n g  Apollo system t h a t  can be convenient ly  used t o  apply 
c o n t r o l  torques t o  t h e  o r b i t i n g  Skylab. Thrus te r  f i r i n g  t i m e s  
can be optimized such t h a t  any s p e c i f i e d  angular  impulse w i l l  
be provided w i t h  a minimum expendi ture  of RCS f u e l .  
paper,  a n a l y t i c  s o l u t i o n s  for  optimum f i r i n g  t i m e s  are derived, 
and are presented  such t h a t  numerical r e s u l t s  can be obta ined  
by d i r ec t  s u b s t i t u t i o n  i n t o  a s e t  of formulas. 

I n  t h i s  

The r e s u l t s  form t h e  basis f o r  an a t t i t u d e  maneuvering 
scheme. 
mented i n t o  an appropr i a t e  f i r i n g  sequence by e i t h e r  t h e  
Command Module Computer or Mission Control .  T h e  maneuver 
would then  be executed by t h e  on-board computer us ing  t h e  
s t o r e d  f i r i n g  sequence and i t s  i n t e r n a l  t i m e r .  A p o s s i b l e  
a p p l i c a t i o n  i s  t h e  spin-up of Skylab B f o r  an a r t i f i c i a l  
g r a v i t y  experiment. 

The optimum f i r i n g  t i m e s  would be eva lua ted  and seg- 
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INTRODUCTION 

T h e  Service Module Reaction Control System can be used 
t o  apply c o n t r o l  torques t o  the  o r b i t i n g  Skylab. Maneuvers 
between solar i n e r t i a l  and e a r t h  po in t ing  a t t i t u d e s  i n  t h e  first 
series of Skylab missions and spin-up of t h e  second Skylab f o r  
an a r t i f i c i a l  g r a v i t y  experiment are examples of  poss ib l e  appl i -  
ca t ions  of t h e  S M  RCS. The purpose of  t h i s  memorandum is  t o  
d e t a i l  a t h r u s t e r  f i r i n g  l o g i c  which i s  based on minimization 
of the  f u e l  requi red  t o  apply a s p e c i f i e d  c o n t r o l  torque. 

A minimum s o l u t i o n  f o r  t h e  f u e l  requi red  t o  apply a 
s p e c i f i e d  c o n t r o l  torque f o r  a s p e c i f i e d  t i m e  can always be 
obtained,  b u t  t h e  s o l u t i o n  i s  n o t  always unique. I n  f a c t ,  i f  
t h e  10' o f f s e t s  of t h e  t h r u s t e r s  from t h e ' l o c a l  SM-skin tan-  
g e n t i a l  p lanes  are neglected,  unique optimum s o l u t i o n s  occur 
f o r  only a f e w ' s p e c i f i c  sets of condi t ions .  When t h e  10' o f f -  
sets are included,  unique optimum s o l u t i o n s  occur  over a wide 
range of condi t ions .  However, a g r e a t  deal of i n s i g h t  i n t o  
t h e  problem may be gained by consider ing the  case where t h e  
10' i s  neglec ted ,  and t h i s  s i m p l i f i e d  case w i l l  be presented 
f i r s t .  

PRELIMINARIES 

There are 1 6  r e a c t i o n  je ts  mounted on t h e  ou t s ide  of 
t h e  SM. The je ts  are c l u s t e r e d  i n  four  quads,  four  jets t o  a 
quad, as depic ted  i n  Figure 1. T h e  quads are loca ted  i n  t h e  
s a m e  l ong i tud ina l  plane and spaced a t  90° increments around t h e  
circumference.  One j e t  i n  each quad i s  d i r e c t e d  nominally for -  
ward, and one nominally a f t .  The o t h e r  t w o  jets i n  each quad 
are d i r e c t e d  nominally t a n g e n t i a l  t o  t h e  local S M  circumference.  
The d i r e c t i o n s  of t h e  axes of a l l  jets d i f f e r  from t h e  nominal 
d i r e c t i o n s  because of a loo outward can t  of each nozzle.  

Expulsion of combustion products from a j e t  w i l l  
produce a r e a c t i o n  fo rce  of approximately 1 0 0  pounds. Reaction 
fo rces ,  i f  n o t  d i r e c t e d  through t h e  cen te r  of m a s s ,  w i l l  torque 
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the  veh ic l e  about t h a t  cen te r  and w i l l  a l s o  t r a n s l a t e  t h e  vehic le .  
T rans l a t iona l  acce le ra t ion  can be avoided i f  necessary by f i r i n g  
oppos i te  j e t s  i n  oppos i te  quads t o  ob ta in  a pure couple" ( i .e. ,  
a torque produced by fo rces  whose vec tor  sum van i shes ) .  In  t h e  
case of Skylab, s m a l l  o r b i t a l  pe r tu rba t ions  which might occur 
from ind iv idua l  j e t  f i r i n g s  w i l l  n o t  a f f e c t  the  success  of t h e  
mission. Therefore t he  l a r g e  moment a r m  between t h e  8 S M  
t h r u s t e r s  i n  t h e  plane of t h e  quads and t h e  Skylab c e n t e r  of  m a s s  
can be used t o  advantage. This moment a r m  i s  approximately 40  
f e e t ,  whereas t h e  comparable moment a r m  of a fore-and-aft  coupled 
p a i r  t h a t  produce equiva len t  d i r e c t i o n a l  torque i s  6.65 f e e t .  
The CSM l a t e r a l - f i r i n g  jets t h e r e f o r e  r equ i r e  only one-sixth as 
much f u e l  as t h e  a x i a l - f i r i n g  coupled p a i r s  t o  provide t h e  s a m e  
p i t c h  o r  yaw c o n t r o l  torque. . Noting t h a t  these same 8 la teral-  
f i r i n g  t h r u s t e r s  are the  only ones a v a i l a b l e  t o  ( e f f i c i e n t l y )  
provide a r o l l  to rque ,  w e  can conclude t h a t  only these 8 need be 
considered i n  t h e  minimum f u e l  problem. 

L e t  us ,  f o r  t h e  moment, f o r g e t  these 8 t h r u s t e r s  and 
make be l i eve  w e  have i n s t e a d  a s i n g l e  t h r u s t e r  and want  t o  p l ace  
it i n  an optimum l o c a t i o n  i n  t h e  plane of t h e  quads t o  provide 
a s p e c i f i e d  con t ro l  torque. Imagine t h e  plane through the  cen- 
ter of mass perpendicular  t o  t h e  a x i s  about which t h e  torque i s  
t o  be appl ied.  Any fo rce  vec to r  i n  t h i s  plane (except those 
through t h e  cen te r  of  m a s s )  w i l l  apply torque  about t h e  correct 
a x i s  only.  Therefore,  w e  would p l ace  t h e  a x i s  of o u r - s i n g l e  
t h r u s t e r  along t h e  i n t e r s e c t i o n  of t h i s  plane and t h e  plane of 
the quads. The p a r t i c u l a r  t h r u s t e r  l oca t ion  along t h i s  l i n e  i s  
a r b i t r a r y ,  bu t  n a t u r a l l y  t h e  r e a c t i o n  fo rce  vec tor  must be 
directed so t h a t  t h e  torque i s  i n  t h e  s p e c i f i e d  sense.  Our 
o b j e c t i v e ,  t h e n , i s  t o  make the  e i g h t  real  t h r u s t e r s  ope ra t e  i n  
a fashion t h a t  opt imal ly  s imulates  t h e  opera t ion  of t h e  s i n g l e  
i d e a l  one. To do t h i s ,  w e  must in t roduce  t i m e  i n t o  t h e  problem. 

-When a fo rce  i s  appl ied  over a t i m e ,  t h e  product ( fo rce  
x t i m e )  i s  a l i n e a r  impulse. S imi l a r ly ,  the  product of a torque 
t i m e s  t h e  t i m e  it acts i s  the  angular  impulse t h a t  a c t s .  Since 
t h e  con t ro l  torque w i l l  act f o r  some t i m e ,  A t ,  t h e  requi red  
angular impulse over A t  can be as r e a d i l y  s p e c i f i e d  a s  t h e  - torque. 
Di'viding by t h e  moment a r m ,  the  equiva len t  l i n e a r  impulse,  I ,  
t h a t  must act  along t h e  i n t e r s e c t i o n  of t h e  two previously 
def ined planes i s  determined. 

*In Apollo 11, t h e  docked CSM-LM veh ic l e  was r o t a t e d  by 
la te ra l  t r a n s l a t i o n  je ts  p r i o r  t o  t h e  landing.  The r e s u l t i n g  
pe r tu rba t ions  of t h e  luna r  o r b i t  cont r ibu ted  t o  t h e  inaccuracy 
of  t h e  LM landing.  Apollo 1 2  used only couples t o  r o t a t e  t h e  
CSM-LM and w i t h  improved navigat ion techniques achieved a pin- 
po in t  landing next  t o  Surveyor as planned. 
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W e  must t h e r e f o r e  determine t h e  impulse requi red  fram 
each t h r u s t e r  so t h a t  they combine t o  have the same magnitude, 
d i r e c t i o n  and l i n e  of a c t i o n  as y. 
of r eac t ion  force  of each t h r u s t e r  i s  a cons tan t ,  the  problem 
becomes one of  determining how long each t h r u s t e r  should f i r e  
wi th in  t h e  t i m e  A t .  I f  t h e  r e s u l t  f o r  any t h r u s t e r  i s  g r e a t e r  
than A t ,  t he  s p e c i f i e d  torque cannot be provided. But t h e  spec i f i ed  
impulse can be provided by l e t t i n g  A t  be a t  l e a s t  as g r e a t  as t h e  
maximum r e s u l t i n g  t h r u s t e r  on-time. 

Recal l ing t h a t  t h e  magnitude 

T € B  SIMPLIFIED PROBLEM 

Figure 2 d e p i c t s  t h e  geometry of t h e  s impl i f i ed  problem 
i n  which t h e  10' outward can t  of t h e  t h r u s t e r s  i s  neglected.  The 
vec tor  i s  t h e  requi red  t o t a l  impulse determined, i n  p a r t ,  by 
t h e  i n t e r s e c t i o n  of t h e  plane of t he  RCS quads ( the  plane of t h e  
paper i n  Figure 2 )  and t h e  plane through the  mass cen te r  t h a t  i s  
perpendicular  t o  t h e  con t ro l  ax i s .  The coordinate  axes p and q 
o r i g i n a t e  a t  t h e  cen te r  of t h e  S M  and pass  through ad jacent  quads. 
These axes a r e  chosen such t h a t  t h e  angle 4 between t h e  p o s i t i v e  
p a x i s  and the  des i r ed  impulse vec tor  I i s  i n  t h e  range 
0' 5 4 1. 45' which i s  poss ib l e  because t h e  plane of t h e  RCS quads 
can be viewed from e i the r  s i d e .  T h i s  condi t ion assures  t h a t  y 
i n t e r s e c t s  the  q a x i s  a t  qo. 
impulses provided by each r e a c t i o n  j e t ,  w i t h  F being t h e  cons tan t  
t h r u s t  of  each and ti being the  t i m e  it i s  appl ied .  
r ad ius  from the  c e n t e r  of  t h e  S M  t o  any quad. The l i n e s  of a c t i o n  
of t h e  je ts  form a square box w i t h  s i d e s  2R.  

- 
T t l  through a r e  t h e  unknown 

R i s  t h e  

W e  can quick ly  see t h a t ,  t o  minimize f u e l ,  a t  most four  
of  t he  e i g h t  t h r u s t e r s  would be f i red .  F i r i n g  both of a p a i r  t h a t  
are d i r e c t l y  opposi te  each o t h e r  (e .g . ,  1 and 8 ,  o r  2 and 3 )  would 
be was tefu l  as impulse from one would d i r e c t l y  cancel  impulse from 
the  o ther .  W e  can t h e r e f o r e  pick one of each oppos i te  p a i r  t o  
e n t e r  i n t o  t h e  equat ions ,  and i f  t h e  r e s u l t  i s  negat ive w e  know 
t h a t  t h e  oppos i te  t h r u s t e r  i s  t h e  one t h a t  should be used. W e  
might expect  t h a t  t h e  proper ones t o  pick a r e  t h e  four  t h a t  have 
r eac t ion  fo rce  components i n  the  d i r e c t i o n  of I, and t h e r e f o r e  
choose 3 ,  5 ,  6 ,  and 8. 

The t h r e e  kinematical  condi t ions  t h a t  must be m e t  f o r  
t h e  r e a c t i o n  impulses of t h e  four  j e t s  t o  be equiva len t  t o  the  
des i r ed  impulse a r e :  

The sum of t h e  components p a r a l l e l  t o  7 must equal  I 
(magnitude of y) . 

where T i s  t h e  magnitude of F ,  and a constant .  



-5- 

FIGURE 2 - GEOMETRY FOR SIMPLIFIED PROBLEM 
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The sum of  the  components normal t o  must vanish.  

T ( ( t 3  + t6) s in4  - (t5 + t8) cos$) = 0 (2 1 

F i n a l l y ,  t h e  sum of t h e  moments about any po in t ,  say 
( 0 ,  q ) , on  the  l i n e  of a c t i o n  of must vanish.  

0 

Multiplying (1) by cos4 and ( 2 )  by s in4  and adding w e  o b t a i n  

t3 + t6 = I cos$/T (a p o s i t i v e  cons tan t )  (4 1 

Doing the  oppos i te ,  w e  ob ta in  

t5 + t8 = I sin+/T (a non-negative cons t an t )  (5)  

Adding ( 4 )  and (5)  g ives  

I 
3 T t + t5 + t6 + t8 = - ( s i n $  + cos$) 

The o t h e r  condi t ion  t o  be m e t  i s  t h a t  t h e  sum of t he  lengths  of 
t i m e  t h e  jets are on i s  a minimum. W e  recal l  t h a t  negat ive so lu t ions  
for t i m e  are admissible--meaning t h a t  t he  oppos i te  t h r u s t e r  should 
be f i r e d ,  and t h e r e f o r e  w r i t e  

It31 + It5] + It6[ + It8] = M I N I M U M  (7 1 

W e  know by ( 6 )  t h a t  the sum of t h e  t ' s  i s  a p o s i t i v e  cons tan t .  
The sum of t h e  absolu te  values  can never be less than th i s ' con-  
s t a n t ,  and w i l l  be g r e a t e r  i f  any t i s  negat ive.  Any set of 
non-negative t ' s  t h a t  s a t i s f y  t h e  t h r e e  kinematical  r e l a t i o n s  
w i l l  t h e r e f o r e  give t h e  minimum. I f  t h e r e  i s  n o t  such a set ,  
t h e  absolu te  value of the  sum of t h e  negat ive t ' s  (two a t  t h e  
most by ( 4 )  and ( 5 ) )  must be minimum t o  s a t i s f y  ( 7 ) .  
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The t h r e e  kinematic equat ions may be combined t o  
ob ta in  o t h e r  cons tan t  r e l a t i o n s h i p s  between sets of  two t ' s ,  
such a s  ( 4 )  and ( 5 ) .  Rewriting ( 3 )  

(t3 + t 6 )  - t 3 - -  - =0 
R 

t8 - t + t6 5 

and s u b s t i t u t i n g  ( 4 )  gives  

-a - t5 = - I cos $ (-+ ' 0  
8 T 

t6 - t3 + t 

Adding ( 6 )  and (8) g ives  

which i s  non-negative i f  q, s R ( l  + t a n $ ) .  
( 6 )  g ives  

Subt rac t ing  (8)  from 

(10 1 90 { s i n $  + c o s $ ( 1  + F)} I t 3 + t 5 = -  2T 

which i s  non-negative i f  q, L -R (1 + t a n $ ) .  
se t  of t ' s  w i l l  s a t i s f y  the  kinematic condi t ions  only i f  

Thus, a non-negative 

o r ,  i n  words, i f  t h e - l i n e  of a c t i o n  of touches o r  passes through 
t h e  square box formed by t h e  l i n e s  of a c t i o n  of  t h e  t h r u s t e r s  
( i - e . ,  l i es  on o r  between t h e  p o i n t s  (p,q)  = (-R,R) and ( R , - R ) ) .  

T h i s  conclusion is  i l l u s t r a t e d  by Figure 3 .  I f  qo l i e s  ou t s ide  
t h i s  range, ('1') i s  s a t i s f i e d  only when both of t h e  two t ' s  t h a t  
m a K e  up the  negat ive sum, by e i ther  ( 9 )  o r  ( l o ) ,  i s  non-posit ive.  
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Two more u s e f u l  r e l a t i o n s  can be obained by s u b t r a c t i n g  (9) 
from (4), 

which i s  p o s i t i v e  i f  qo > R(tanQ - 1) , and by s u b t r a c t i n g  (5) 
from (9 )  Q 

which i s  p o s i t i v e  i f  q < R ( l  - t a n $ ) .  These condi t ions  are a l s o  
i l l u s t r a t e d  i n  Figure 3 ,  and it i s  seen t h a t  they too  can be 
r e l a t e d  t o  t h e  box formed by t h e  l i n e s  of a c t i o n  of t h e  t h r u s t e r s ;  
they are dependent on whether o r  no t  passes  through oppos i te  
s i d e s  of  t h e  box. 

0 

I Recal l  t h a t  w e  started with t h r e e  kinematic equat ions  
and four  unknowns. The condi t ion t h a t  t h e  sum of the  absolu te  
values of t h e  unknowns be a minimum has led  t o  some l i m i t s  on 
t h e  unknown t i m e s ,  bu t  has n o t  i n  genera l  provided a f o u r t h  inde- 
pendent equat ion t h a t  fo rces  a unique s o l u t i o n .  The  f a c t  t h a t  
t h e r e  are non-unique sets of t ' s  which y i e l d  minimum s o l u t i o n s  
can be demonstrated throughout t h e  range of qo7 i f  Q # O o ,  except  
a t  two po in t s .  These p o i n t s  are qo = k R ( 1  + t a n $ ) ,  equiva len t  
t o  pass ing  through one of the ou t s ide  corners  of t h e  box of 
Figures 2 and 3. In  each of these cases, t h e  r i g h t  s i d e  of &er 
( 9 )  o r  ( 1 0 )  i s  zero ,  and for a minimum sun, both t ' s  which make up 
t h e  sum on t h e  l e f t  side w i l l  be zerb.  I f  Q = O o  and -R s qo I R, 

then t h e r e  e x i s t s  a unique minimum s o l u t i o n  involving only t3 and 

t6. 
When a pure roll maneuver i s  c a l l e d  f o r ,  t h e  plane 

normal t o  t he  r o l l  a x i s  and t h e  plane of khe esM t h r u s t e r s  do 
n o t  i n t e r s e c t .  But t h e  case can be treated when it i s  noted 
t h a t  a t  an i n f i n i t e  r a d i u s ,  t h e  l i n e a r  impulse I t o  give a 
s p e c i f i e d  angular  impulse i s  zero.  Therefore ,  by ( 4 )  and (51, 
t3 = -t6 and t5 = -tg, which are two pure couples.  
R T ( t 6  + t8 - t3 - t5) is the  t o t a l  angular  impulse,  which i s  
no t  denied by ( 8 ) .  

However i f  Iqol > R ,  there is  no longer  a unique s o l u t i o n .  

Note t h a t  
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I n  t h e  complete problem, t h e  10' outward can t  of t h e  
t h r u s t e r s  i s  included,  and unique minimum s o l u t i o n s  f o r  f i r i n g  
times occur over a wide range of parameters.  Figure 4 d e p i c t s  t h e  
geometry: a l l  coord ina tes  and q u a n t i t i e s ,  except  a, are def ined  
t h e  same way a s  i n  t he  s i m p l i f i e d  problem. The engine cant- 
angle ,  a, i s  10' for  each t h r u s t e r .  The axes p and q are again 
chosen so OOr (I 2 45' and The geometry i s  
such t h a t  the  impulse from any one t h r u s t e r  cannot d i r e c t l y  
cancel  t he  impulse from any other t h r u s t e r  and t h e r e f o r e ,  un l ike  
t h e  s i m p l i f i e d  problem, a l l  e i g h t  must be considered. Further- 
more, a neaa t ive  s o l u t i o n  f o r  any t i s  n o t  admissible.  (An 

intersects q a t  go. 

i n d i v i d u a l - t h r u s t e r  cannot be fi;ed i n  t h e  oppos i te  d i r e c t i o n .  ) 
It  i s  noted,  however, t h a t  t h e  d i r e c t i o n  of Tt i+4  i s  d i r e c t l y  

- -  - oppos i te  t h a t  of T t i ,  i=1 ,2 ,3 ,4 ,  and the  l i n e s  of ac t ion  of each 

are separa ted  by a d i s t ance  2 R  cos a .  

The same three kinematic condi t ions  must be m e t :  The 
sum of t h e  components p a r a l l e l  t o  must equal  I. 

(t, - ts) ( - s i n ( $ + a ) )  + (t, - t6) ( -cos ($ -a ) )  -t 

The sum o f  t h e  components perpendicular  t o  i must vanish.  

T h e  sum of the  moments about any p o i n t ,  say ( 0 ,  qo) , on 
vanish.  

must 



-1 0- 

FIGURE 4 - GEOMETRY FOR COMPLETE PROBLEM 
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+ (t2 - $- ) (-qoCOSa) + (t2 + t6) (RCosa) 6 

+ (t3 - t7) (qocosa) + (t3 + t7) (-Rcos~) 

+ (t4 - t8) (qosina) + (t4 + t8) (Rcosa) = 0 

Obtaining A Minimum Solution 

Using formulas from trigonometry and substitution 
the problem can be rewritten as 

Minimize [ Ll ti 
. 

subject to 

(t -t +t -t )cosa + (t6-t2+t7-t3)sina = - I sin 9 ,  
5 1 8 4  T 

I 
5 1 8 4  T (t -t -t +t )sins + (t6-t2-t7+t3)cosa = - cos 

(17) 

and 

ti 3 0 , i=l,2,...r8 . (20) 

This is a linear programming problem in the variables 
tl, t2, ..., t8 and in the parameters a, 9 ,  I / T ,  R and q,. 
solution to (17), (18), (19) and (20) is called a feasible 

A 

p 

e 
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8 

i=l 
s o l u t i o n  and i f  t h a t  s o l u t i o n  also minimizes 1 ti (i .e. ,  

satisfies ( 1 6 ) )  then it i s  an optimal f e a s i b l e  s o l u t i o n  (or 
j u s t  an optimal s o l u t i o n  for  s h o r t ) .  T o  make expos i t ion  more 
convenient t h e  following r ep resen ta t ions  w i l l  be used: 

c = cos 4 ,  s = s i n  4 ,  a = cos a, b = s i n  a, 

qo QOS 4 
I* = I / T  and k = cos a . 

Since 9 and a are both between 0 and 45O, c 2 s 2 0 and 
a 2 b 2 0. I* i s  a magnitude r a t i o  and t h e r e f o r e  p o s i t i v e  
and k w i l l  have t h e  s a m e  s i g n  .as q,. 

by using t h r e e  of t h e  e i g h t  t h r u s t e r s ,  and might expect t h a t  
numbers 3, 5 ,  and 6 w i l l  produce an optimal s o l u t i o n  f o r  the 
condi t ions p i c tu red  i n  Figure 4 as a l l  have components i n  the 
d i r e c t i o n  of  T. Solving t h e  kinematic equat ions ,  ( 1 7 ) ,  (18)  

W e  know t h a t  t h e  kinematic  condi t ions  can be s a t i s f i e d  

and (19), f o r  t3, t5 and t 
y i e l d s  

i n  t e r m s  of t h e  remaining v a r i a b l e s  6 

( 2 1 )  - I* a-b a-b b b 
t3 - 2a a 8 [c-s+k(a-b)] - a tl + a t2 - a t4 + - t7 + t 

a-b - -  2b - -  s+kb a-b 2b ' + a+b tl a+b t2  + t4  a+b t7 a+b t8 a+b t5 = I*[- (22)  

(23) a-b - -  b t7 s (a-b)-k + b (a-b) - -  I* 
t6 - 2a a+b a(a+b) t2 a t4  + a(a+b)  a+b t8 [c + - 

After  s u b s t i t u t i o n ,  (16 )  r equ i r e s  minimization of 

b (a-b) a-b I t 2  + - a a+b (s+kb)I + + a(a+b)  a t 4  ti = -[c + - a-b I* 

i=l 

2b + -  t7 
a ( a+b)  a+b t81 * 

+ 
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I f  a l l  t h e  cons t an t  t e r m s  i n  ( 2 1 ) -  (23) are non-negative, 
then t l = t 2 = t 4 = t 7 = t 8 = 0 ,  

1 s+kb - I* s (a-b) -k 
a+b [c + I *  [c-s+k(a-b)] ,  t5 = I*[- I ,  t6 - - 

t3 - 2a a+b 

i s  a f e a s i b l e  s o l u t i o n .  Furthermore, s i n c e  t h e  c o e f f i c i e n t s  of 
t he  t ' s  i n  ( 2 4 )  are non-negative (a 2 b 1. 0: t he  above s o l u t i o n  
would be an optimal s o l u t i o n  s i n c e  no f e a s i b l e  s o l u t i o n  can have 

8 
(s + kb) l  . a-b [c + - a+b 

I* c a ti < - 
i=l 

The cons t an t  t e r m s  i n  ( 2 1 ) -  (23) are non-negative when 

S c-s max { -  , - 3 1  s k 5 c'(a+b) + s(a-b) 

T h i s  implies  t h a t  as long as qo i s  i n  range 

< -  Ra [c(a+b)  + ~ ( a - b ) ]  , c-s < - -} - R a  S - max { -  
C 6 ' a-b qo - c 

( c a l l  t h i s  region B) t h e  s o l u t i o n  above i s  an optimal s o l u t i o n  
t o  t h e  problem w i t h  

8 
qoch 

1 1  a-b ( s  + - [c + - I *  1 t i = -  a a+b R a  
i=l 

For the case a t  hand c l = l - O o  and s i n c e  a l l  v a r i a b l e s  
o the r  than t h e  three dependent v a r i a b l e s  t3, t5 and t6 appear 
i n  t h e  Lti w i t h  p o s i t i v e  c o e f f i c i e n t s ,  t h i s  opt imal  s o l u t i o n  
i s  unique. 
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Regions of Solu t ions  

For  t h e  cQmplete problem qf, has th’e range between - m  

and +a, and 4 can be g r e a t e r  o r  less than a. The r e l a t i o n  
between C$ and a and d i v i s i o n s  of  t h e  range of qo w i l l  se rve  t o  
de f ine  reg ions  of s o l u t i o n s .  The s o l u t i o n s  w i l l  be given t o  
t e r m s  of t he  parameters and proved t o  be optimal f e a s i b l e  solu- 
t i o n s  wi th in  t h e i r  r e spec t ive  regions by p u t t i n g  t h e  problem 
i n  t h e  format of ( 2 1 ) - ( 2 4 )  having solved f o r  t h e  p o t e n t i a l l y  
p o s i t i v e  v a r i a b l e s  i n  t h e  so lu t ion .  To f i n d  o t h e r  reg ions ,  w e  
f i r s t  determine which independent v a r i a b l e s  must become posit i ive 
as k c rosses  the  boundary of  a known region.  

Consider t h e  ca.se where k reaches the lower l i m i t  of  
from above When k has reached - a-b c-s region B wi th  a<$. 

I* - [c - s + k ( a - b ) ]  = 0 2 a  

c-s A s  soon a s  k becomes less than - - by an €-amount, t h e  cons tan t  
i n  ( 2 1 )  becomes negat ive  while the  cons tan ts  i n  ( 2 2 )  and (23) 
remain p o s i t i v e  ( f o r  s m a l l  enough E ) .  Hence, t h e  v a r i a b l e  t3 
can become 0 and must be aided o r  replaced by a v a r i a b l e  w i t h  a 
p o s i t i v e  c o e f f i c i e n t  i n  ( 2 1 ) .  

. the choice i s  made by choosing t h e  v a r i a b l e  which w i l l ,  a f t e r  
s u b s t i t u t i o n ,  leave a l l  c o e f f i c i e n t s  i n  ( 2 4 )  non-negative. To 

t8‘ t7 and t 8 *  = a-b b make t h i s  obvious l e t  t 2 *  = - a t2, t 7 *  = - a 
t3, t4 2 0, ( 2 1 )  g ives ,  With k less than. - - by E ,  and tl, 

a-b 

T h e  candidates  a r e  t2,  t7 and t8; 

c - s  
a-b 

t 2 *  + t * + t 8 *  1 - - I* [c-s+k(a-b)]  > 0 (25) 7 2a 

From ( 2 4 ) ,  it i s  desired t o  m i n i m i z e  

8 

- I* [c + - a-b (s+kb)l  + 2[a (a+b)  tl 2ab ) t  * + + ( I +  2 2 2 a -b a+b ti - - a 
i=l 

a(a -b )  * + (1 - a-b -) t a-b a t4 + (1 + b”(a+b))  t7  a+b 8*’ 
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and s ince  - a l l  c o e f f i c i e n t s  are non-negative, w e  must minimize 

2 ab a-b 
[(I+ 2 2 2 a (a+b)  I t  * + 

a +b 
( 2 6 )  

The one chosen then is  t h e  one with t h e  smallest c o e f f i c i e n t  
i n  ( 2 6 ) ,  o r  t8*, s ince  it adds t h e  l e a s t  t o  C t i  when s a t i s f y i n g  
(25) .  This i s  p r e c i s e l y  t h e  v a r i a b l e  which leaves t h e  coe f f i -  
c i e n t s  i n  ( 2 4 )  non-negative a f t e r  so lv ing  f o r  t h a t  v a r i a b l e  i n  
( 2 1 )  and s u b s t i t u t i n g  i n t o  ( 2 4 ) .  This i s  t r u e  f o r  t h e  following 
reasons.  The v a r i a b l e s  w i t h  negat ive c o e f f i c i e n t s  i n  ( 2 1 )  w i r l l  
have p o s i t i v e  c o e f f i c i e n t s  i n  t h e  equat ion solved f o r  t and 
s u b s t i t u t i o n  only adds something t o  t h e i r  c o e f f i c i e n t s  i n  ( 2 4 ) .  
The v a r i a b l e s  with p o s i t i v e  c o e f f i c i e n t s  i n  (21)  have negat ive 
c o e f f i c i e n t s  when ( 2 1 )  i s  solved €or  t8 and s u b s t i t u t i o n  sub- 
t r a c t s  something from t h e i r  c o e f f i c i e n t s  i n  ( 2 4 ) ;  t h i s  something 
i s  less than o r  equal  t o  the  c o e f f i c i e n t  i n  ( 2 4 )  s ince  t 8 *  had 
t h e  minimum c o e f f i c i e n t  i n  ( 2 6 ) .  I t  i s  noted t h a t  E must be 
s m a l l  enough t o  keep t h e  cons tan t  t e r m s  of ( 2 2 )  and (23) non- 
negat ive a f t e r  s u b s t i t u t i o n .  

8 

The above process  y i e l d s  

I*  c (a-b)+s (a+b)+k b (a-b) t2  a-b t4 b - -  I: a+b ' + a (a+b)  tl + a (a+b)  a+b t3 + a (a+b)  - a t7  
- 

t5 - 2a 

2b - -  a-b - -  = I *  [- c-bk 2b a-b 
t6  a+bl + a+b tl + a+b t2  a+b t3 a+b t4  -I- t7  

a-b b b 
t8 - 2a a t~ a t2 + t3 + a t 4  - a t 7  

- -  a-b I" [-c+s-k(a-b)] + - - 

and t h e  sum t o  be minimized i s  

8 - 
2b + -  a-b. b (a-b) t2  

[ s+- (c-bk) 1 + 2 [ (l+a (a+b) 1 tl + a (a+b)  a+b t3 
- I* 

a+b ti - 
i=l 

a-b + a t 7 1  e 

t4 + a (a+b) 
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The above equat ions give an optimal s o l u t i o n  and de f ine  
t h e  region over which t h a t  s o l u t i o n  is opt imal .  The s o l u t i o n  i s  
tl = t2 = t3 = t4 = t7 = 0 ,  

I* [c (a-b)+s (a+b)+kl c-bk] - a+b I t 6 =  I* [a+b I t5 - 2a 

I* [-c+s-k (a-b) 1 - 
t8 - 

w i t h  
8 

(C - b k ) l  a-b [ s  + - t i = -  a a+b 
I* 

i=l 

andv the  region over which t h i s  i s  t h e  opt imal  f e a s i b l e  s o l u t i o n  i s  

c-s -[c(a-b) + s ( a + b ) ]  2 k 2 - - a-b 

T h i s  region e x i s t s  only i f  a&+ 
optimal s o l u t i o n  corresponds t o  a v e r t e x  on t h e  convex f e a s i b l e  
s o l u t i o n  space.  The s o l u t i o n  i s  unique when 0 < a <  IT/^. 

and w i l l  be called C a s + .  This 

The remaining regions and corresponding s o l u t i o n s  are 
a r r ived  a t  i n  a s i m i l a r  manner. 

Solut ions f o r  Remaining Regions 

Solu t ions  for t h e  remaining regions are shown below 
i n  t h e  format proving t h e i r  op t imal i ty .  

< < Region D : a = 9,  -- < k = -c(a-b) - s ( a + b ) .  Coming as+ 
from Region C t h e  v a r i a b l e  t2 r ep laces  t5 giv ing  

a I +  

- I* [-c (a-b) - s  (a-b) -k] - b (a-b) tl + a (a-b) t3 - t4 ~ + a (a+b) t5 t 2  - 2 

+ b (a+b) t7 
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t6 - - - I *  [c (a+b)-s (a-b) -k]  + b ( a + b ) t l  - b ( a - b ) t 3  - t4 + a ( a - b ) t 5  2 

+ a ( a + b ) t 7  

t8 = ~ * [ - c b + s a l  + (a 2 2  -b )tl  + 2abt3 + tq - (a 2 -b - 2  )t5 - 2abt7 

and t h e  sum t o  be minimized i s  

8 1 ti = -I*k + 2 ( t l + t 3 + t 5 + t 7 ) =  

i=l 

Since t4 does n o t  appear i n  C t i  expressed above t h e  minimum, 
E t i  = - I*k,  i s  a t t a i n e d  by any f e a s i b l e  s o l u t i o n  s a t i s f y i n g  

t2 + t4 = - I *  [-c(a-b) - s(a+b)  - kl  , 2 

t6 + t$ - - - I* [c (a+b)  - s (a -b )  - k l  I 2 

t8 - t4 = I*[-cb + sal , 

t 1 = t 3 = t 5 = t 7 = 0  0 

An appropr i a t e  minimum s o l u t i o n  can be found by choosing any va lue  
for tg such t h a t  0 & t4 2 2 [ -c(a-b)  - s (a+b) - k] ; t h e  v a r i a b l e s  
t2,  t6 and t8 w i l l  t h u s  be determined and be non-negative. These 
non-unique s o l u t i o n s  correspond t o  an edge of t h e  convex f e a s i b l e  
s o l u t i o n  space.  

I *  
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< Region A: $ a, +CO ? k h c (a+b) + s (a-b) . Coming from 
Region B, t, replaces t5 giving 

tl = ~[-c(a+b)-s(a-b)+k] I* - b(a-b)t2 + b(a+b)t4 + a(a+b)t6 - 

t7 + a(a-b)tg 

t3 = I*(ca-sb) + (a+b) (a-b)t2 - 2abt4 - (a-b) (a+b)t6 + t7 + 2abt8 

I* 
2 t5 = -[-c(a-b)+s(a+b)+kJ + b(a+b)t2 + a(a+b)t4 + a(a-b)t6 - 

t7 - b(a-b)t8 

and the sum to be minimized is 

8 
= I*k + 2(t2 + t4 + t6 + t,) . ti 

i=l 

Therefore the minimum is 
8 

ti = I*k 
i=l 

realizable by any solution satisfying 
P 

I* 
2 tl + t7 = -[-c(a+b) - s(a-b) + k] , 

= I*(ca - sb) t3 - t7 

I* t5 + t7 = -Z-[-~(a-b) + s (a+b) + kl , 

and t2 = t4 - - t6*-= t8 .= 0; tl, t3' t5' t7 2: 0. These conditions 
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w i l l  be s a t i s f i e d  by choosing any value f o r  t7 such t h a t  
0 = t7 5 -[-c(a+b) - s ( a - b )  + k ] ;  t h e  v a r i a b l e s  tl, t3 and 
t5 w i l l  t hus  be determined and non-negative g iv ing  an opt imal  
so lu t ion .  These non-unique s o l u t i o n s  correspond t o  an edge of 
t h e  convex f e a s i b l e  s o l u t i o n  space. 

< I* 
2 

S 
b '  Region C : (p < a, -c(a+b) + s(a-b)  - I k < - 

@ < a  
Coming from Region B ,  tg rep laces  t5 g iv ing  

L c 
I* c (a+b) - s  (a-b)+k a-b l-2 b b (a-b) L8 I - -  a+b tl + - - a t 5  + a(a+b) t 7  + a ( a + b )  a+b [ - 

t3 - 2a 

= -1" g+kb) - - a-b 2b a-b 2b t2 + t5 + - a+b t7 + a+b t8 
- -  

t 4  a+b a+b tl a+b 

a-b - -  b b a-b [c+s-k(a-b)] + tl + t2  - t5  + - a t 8  ' 
I* 
2a a t6 = - 

and t h e  sum t o  be minimized is 

a-b 2b t2  +at5+ a-b (s+kb) 1 2 [a+b tl + a(a+b)  
I* 
a a+b ti = -[c - - 

i=l 

+ b*) t 7  + a(a+b) t 8  1 

The minimum i s  ' therefore  

8 
a-4 (s+kb)]  I* 

a a+b ti = -[c - - 
i=l 

a t t a i n e d  by using t h e  s o l u t i o n :  tl = t2 = t5 = t7 = 't8 = 0 ,  

s+kb 
] t = -I*(- 1 ,  I* [c(a+b)-s  (a-b)+k 

2 a  a+b 4 a+b t3 = - 

[c + s - k(a-b) ] .  . - I* 
t6  - 5 

T h i s  optimum s o l u t i o n  i s  unique i n  t h e  reg ion  C 
$ < a  
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Region D : 0 < a ,  -m < k < -c(a+b)  + s ( a - b ) .  
Coming from Region C ’, t rep laces  t3 g iv ing  $ < a  2 

I* t2 + 7 [-c(a+b) + s(a-b)-k]  + a ( a - b ) t l  + a ( a + b ) t 3  + b ( a + b ) t 5  

- t8 -b (a-b) t7 
- 

2 2  - 2abt3 + (a 2 2  -b ) t  + 2abt7 + t8 5 tq = I * ( b c - a s ) - ( a  -b )tl  

t6  - - 2 I *  [c(a-b)  + s (a+b)-k]  + a ( a + b ) t l  + b ( a + b ) t 3  - b ( a - b ) t 5  

+ a ( a - b ) t 7  - t8 

and t h e  sum t o  be minimized i s  

= -I*k + 2 [ t l  + t3 + t5 + t 7 1  . 
i=l 

Therefore ,  t h e  minimum i s  

a t t a i n e d  by any s o l u t i o n  s a t i s f y i n g  

I* [-c(a+b) + s(a-b) - kl 2 
- t2 + t8 - - 

= I* (bc - a s )  t4 - t8 

I *  
2 [ ~ ( a - b )  + s ( a + b )  - k] - t6 + t8 - - 
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any tl = t3 = t5 = t7 = 0. 

by choosing any value f o r  t8 such t h a t  0 2 t8 2 ~ [ - c ( a + b )  + s (a-b) -k] , 
t h i s  w i l l  s u f f i c e  t o  f i x  t2, t4 and t6 as non-negative numbers t o  
complete t h e  soluti .on.  

A non-unique s o l u t i o n  i s  determined 
I* 

An Optimal Solut ion f o r  each Region i n  Terms of t h e  Parameters 

For each reg ion ,  one optimal s o l u t i o n  i s  given i n  t e r m s  
of t h e  parameters R ,  a, T ,  4 ,  qo, I on the following three pages. 
- Recal l  t h a t  t h e  t h r u s t e r s  need t o  be l abe led  such t h a t  t h e  vec tor  
I has angle 4 between 0' and 45' from the  p o s i t i v e  p a x i s .  The 
angle c1 is  10' f o r  t h e  Apollo CSM. The r e l a t i o n  of regions are 
shown i n  Figures 5 ,  6 and 7.  
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[ c o s ( $ + a )  + s i n ( $ + a ) l  < qo < +a < cosa Region A: 0 & $ 9 a I R - cos$ 

Solu t ion  (a non-unique s o l u t i o n  f o r  minimum): 

t2 = t4 = t6 = t8 = t7 = 0 ,  

1 90 COS$ - I [-cos($+a) - s i n ( + + a )  + - - 
tl - 2T R cosa 

= - I c o s ( $ + a )  
t3 T 

1 [-cos ( $ + a )  + s i n ( $ + a )  + - - t5 - 2T R cosa 
90 cos$ I - 

w i t h  minimum 

i=l 

< 'Os a [ c o s ( $ + a )  + s i n ( @ + a ) l  < < t a n $  Region B: 0 = $ = a ,  -R - < t ana  = 90 = cos 0 

o r  

So lu t ion  (a unique s o l u t i o n  f o r  minimum when a > O ) :  

tl = t2 = t4 = t7 = t8 = 0 ,  

I cos $ 90 [(l - t a n  $ 1  + 7 (1 - t a n  a ) ]  - - 
t3 2T cos a 

90 
t5 ~ ( c o s a  + s i n a )  R 

[ t an$  + - t a n  a1 - I cos $ 

1 - - I [cos((g+a) + s i n ( $ + a )  - R  COS^ 

- 

qo cos$ 
t6 2T cos a ( c o s a  + s i n a )  

w i t h  minimum 
8 

- - I [cos ( $ + a )  + s i n  ( $ + a )  ti T cos a (cosa + s i n a l  
i=l 

+ 90 cos$ t a n  a ( c o s a  - s i n a )  1 .  
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-Rtan 4 
t a n  a 

< - R C O S ~  [cos(a-$) + s i n ( a - 4 ) l  = < qo Region C : 0 2 4 < a t  + < a  - 
Solu t ion  (a unique s o l u t i o n  for minimum): 

tl = t2 - - t5 = t7 = t8 = 0 ,  

qocos4 
[cos ( a - 4 )  + s i n  (a-4) + Rcosa I ,  I - - 

t3 2Tcos a (cosa + s i n a l  

qO 
t4  ~ ( c o s a  + s i n a l  R 

[ t a n $  + - t a n  a , ] ,  - -I cos 4 - 

(1 - t a n  a ) ]  [ ( l  + t a n  4 )  - - 90 
t6 2T cos a R 

- I cos 4 - 

with  minimum 

8 
- - I  COS(^-^) + s i n ( a - 4 )  - C ti 

i=l 
T cos a (cosa  + s i n a l  

90 - - cos4 t a n  a ( c o s a  - s i n a ) ]  . R 

[cos (a-4) + s i n  (a-4 1 1 -Rcosa 
cos4 

< Region D : 0 6 4 < a, - m  < qo 
$ < a  

Solu t ion  (a non-unique s o l u t i o n  f o r  minimum) : 

tl = t3 = t5 = t7 = t8 = 0 ,  

[-!cos(a-@) - s i n ( a - 4 )  - R cos a I ?  t2 - 2T 
90 cos 4 - I 

w i t h  minimum 

1 qo cos 4 
ti = - T R cos a 

i=l 
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R( l - t an$)  
(1-tana) -RCoSa [cos($-a)  + s i n ( $ - a ) l  g go < - Region C : 0 < a < $ ,  cos$ a < $  

Solu t ion  (a unique s o l u t i o n  f o r  minimum): 

tl = t2 = t3 = t4 = t7 = 0, 

qocos$ 
[cos ($-a) + s i n ( 4 - a )  + Rcosa t5 2Tcosa (c.osa+sina) 1 - ' I  - 

90 
t6 T (cosa+s ina)  R [l - - tan a ]  - I cos $ - 

-I COS$ 90 [(I - t a n  $ 1  + 7 (1 - t a n a ) ]  - - 
t8 2T cosa 

wi th  minimum 
8 

- - I [cos($-a)  + s i n ( $ - a )  - R' ' 0  cos4tana (cosa-s inal  I 1 ti T cosa (cosa+s ina)  
i=l 

[cos ($-a> + s i n  ($-a) 1 -R COS a < R e  i o n  D < : 0 = < a = < $,  -a < q, a=$ cos $ 

Solu t ion  (a non-unique s o l u t i o n  f o r  minimum): 

tl = t j  = t4 = t5 = t7 = 0 ,  

I 90 cos  $ [-cos($-a) - s i n ( $ - a )  - - I - 
t 2  - 2T R cos a 

1   COS($-^) - s i n ( 4 - a )  - 7 cos a .  
90 cos $ I 

2T t6 = - 

I t8 = s i n ( $ - a )  

w i th  minimum 

i=l 
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The three reg ions ,  A,  D + < a ,  and D < , where non-unique a=$ 
minimum s o l u t i o n s  occur  correspond t o  cases where a t  least  one 
j e t  w i t h  a t h r u s t  component oppos i te  t o  f must be f i r e d  t o  cancel  
t h e  torque caused by the  t w o  t h a t  do have components i n  the  
d i r e c t i o n  of y. 
couples i n  the  appropr ia te  d i r e c t i o n  can be equa l ly  w e l l  obtained 
by e i ther  o r  both o f  two opposing (i and i + 4 )  p a i r s  of jets. 
For example, t h e  Region A s o l u t i o n  given on page 2 2  i n d i c a t e s  
t h a t  je ts  1 and 5 can be on s imultaneously,  b u t  w h i l e  on they. 
form a pure couple t h a t  could as w e l l  have been formed by 3 and 
7.  S imi l a r ly ,  for  Regions D ,  t h e  couple formed by simultaneous 
f i r i n g  of 2 and 6 could as w e l l  have been formed by 4 and 8. These 
regions are comparable t o  l y i n g  ou t s ide  t h e  box of  the  s impl i f i ed  
problem b u t ,  as can be seen from Figures  6 ,  7 and 8,  do n o t  cor res -  
pond d i r e c t l y  t o  p r o j e c t i o n s  of t h e - l i n e s  o f  a c t i o n  of  the  e i g h t  
t h r u s t e r s  i n  t h e  complete problem. 

T h i s  amounts t o  use of a pure couple,  and pure 

The case of non- in te rsec t ing  p lanes  where t h e  l i n e  of 
ac t ion  of f i s  a t  i n f i n i t y  and i t s  magnitude i s  zero w i t h  known 
d i r e c t i o n  i s  handled i n  an i d e n t i c a l  fash ion  t o  t h e  s i m p l i f i e d  
problem. The magnitude of  t h e  r equ i r ed  angular  impulse i s  Iqo 
(choose + = O )  and i f  t h e  d i r e c t i o n  of  '? i s  such t h a t  qo i s  +a 
then Region A a p p l i e s  and tl = t5 = Iqo/T ( 2 R  cos a ) ,  which i s  
an obviously appropr i a t e  answer- 

DISCUSSION 

The r e s u l t s  given on pages 2 2 ,  23 and 2 4  form t h e  
basis f o r  s e v e r a l  p o s s i b l e  automatic a t t i t u d e  maneuvering schemes 
t o  torque the  Skylab about a s p e c i f i e d  a x i s  w i t h  a minimum amount 
of  CSM RCS f u e l .  F i r s t ,  t h e  magnitude, d i r e c t i o n ,  and l o c a t i o n  
of t h e  vec to r  'f are determined. I t  l i es  i n  t h e  plane of the  RCS 
quads, and i f  appl ied  as a l i n e a r  impulse would r e s u l t  i n  t h e  
requi red  angular  impulse about only t h e  d e s i r e d  a x i s  through the  
mass cen te r .  The coord ina te  system p-q i s  then chosen so t h a t  
t h e  angle  $I between f and +p i s  between 0 and 45O, and the  cor- 
rect  one o f  e i g h t  poss ib l e  t ransformat ions  between t h e  Skylab 
coordinate  system and p-q i s  recorded. T h i s  l a t t e r  s t e p  i s  
requi red  so  t h a t  t h e  j e t  numbers and t h e i r  f i r i n g  t i m e s ,  which 
are found i n  t h e  p-q system, can be i d e n t i f i e d  i n  t h e  unique 
Skylab system. With + and qo eva lua ted ,  t h e  appropr ia te  reg ion  
i s  chosen and t h e  optimum f e a s i b l e  s o l u t i o n  f o r  t h r u s t e r  f i r i n g  
t i m e s  i s  known. 

The ques t ion  of the  sequence of t h r u s t e r  f i r i n g s  t h a t  
should be adopted t o  g ive  t h e  c o r r e c t  t o t a l  t i m e s  has n o t  been 
addressed i n  t h i s  paper.  One can th ink  of  many poss ib l e  sequences, 
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such as f i r i n g  each t h r u s t e r  i n  t u r n ,  f i r i n g  a l l  f o r  v a r i a b l e  
t i m e  increments i n  a r e p e t i t i v e  sequence, o r  f i r i n g  each %for a 
d i f f e r e n t  number of equal-time increments.  
sequence chosen w i l l  a f f e c t  t h e  dynamics of  t h e  Skylab because 
t h e  appl ied  moment a t  any t i m e  i s  (except i n  s p e c i a l  cases) 
never about t h e  d e s i r e d  ax i s .  ( I t  i s  t h e  t ime- in tegra l  of  the  
moment--the t o t a l  angular  impulse--that i s  appl ied  about t h e  
des i r ed  a x i s . )  Fur ther ,  f o r  t h e  instantan'eous angular  accelera- 
t i o n  vec tor  t o  coincide w i t h  t h e  appl ied  torque vec to r ,  t h e  
torque a x i s  must be an a x i s  of p r i n c i p a l  moment of i n e r t i a  and 
there must be no e x i s t i n g  angular  v e l o c i t y  components about 
o t h e r  axes.  These f a c t s  can be deduced from E u l e r ' s  equat ion 
f o r  r o t a t i o n  of a r i g i d  body. However, f o r  known Skylab appl ica-  
t i o n s ,  t h e  e f f e c t s  of t h e  o x I o  t e r m s  i n  E u l e r ' s  equat ion can 
be shown t o  be s m a l l  as long a s a n  appropr ia te  t h r u s t e r  f i r i n g  
sequence i s  chosen. 

The p a r t i c u l a r  

The t h r u s t e r  f i r i n g  sequence must be based on t h e  
des i r ed  dynamic behavior.  For in s t ance ,  i f  t he  t h r u s t e r s  are 
used t o  d e s a t u r a t e  t h e  ATM c o n t r o l  moment gyros,  t hese  w i l l  
counter t h e  appl ied  torque during f i r i n g  so t h e  veh ic l e  w i l l  
no t  rotate,  and any sequence w i l l  s u f f i c e .  On t h e  o t h e r  hand, 
if t h e  t h r u s t e r s  are f i r e d  t o  spin-up Skylab B about i t s  axis 
of maximum moment of i n e r t i a  f o r  an a r t i f i c i a l  g rav i ty  experi-  
ment, t h e  time-average of appl ied  torques should be about t h e  
c o r r e c t  a x i s  over r e l a t i v e l y  s h o r t  t i m e  increments so excessive 
angular v e l o c i t y  does n o t  develop about i n c o r r e c t  axes.  Taken 
t o  a l i m i t ,  there would be i n f i n i t e  r e p e t i t i o n  of i n f i n i t e s i m a l  
f i r i n g  t i m e s  g iv ing  t h e  e f f e c t  of t h r o t t l e a b l e  t h r u s t e r s  applying 
t h e  correct torque a l l  of t h e  t i m e .  However, t h e r e  is  a phys ica l ly  
c sns t r a ined  minimum t h r u s t e r  on-time of .014 seconds,  and w i t h  
t h i s  so-cal led minimum imgulse b i t ,  maximum s p e c i f i c  impulse of 
t h e  t h r u s t e r s  i s  n o t  achieved. To approach maximum s p e c i f i c  
impulse, minimum f i r i n g  t i m e s  on t h e  o rde r  of a second are d e s i r -  
able .  Simulations using a sequence t h a t  r epea t s  every 1 0  seconds,  
with one j e t  f i r i n g  a minimum of 0 .7  seconds and another  a max-i- 
mum of 8 . 4  seconds, have ind ica t ed  t h a t  t h e  dynamic behavior of 
Skylab B during spin-.up t o  4 RPM is  s a t i s f a c t o r y  (Reference 1). 
The s imulat ions include t h e  cross-product t e r m s  i n  E u l e r ' s  equa- 
t i o n s  and paramet r ica l ly  i n v e s t i g a t e  t h e  e f f e c t  of errors i n  cal- 
- c u l a t i n g  t h e  loca t ion  and d i r e c t i o n  of t h e  l i n e a r  impulse vec to r ,  
I ,  with r e s p e c t  t o  t h e  Skylab c e n t e r  of m a s s  and axis  of  maximum 
moment of i n e r t i a .  

- j f  WWH-1022 
LDN-10 3 3 L. D, Nelson 
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