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ABSTRACT

Analyses in areas such as communication, network,
and control theory are often performed in the frequency domain.
Many solutions are not complete until the inverse Fourier
transformation of a rational algebraic fraction has been
successfully carried out. With the results derived in this
memorandum, we can obtain the inverse Fourier transform h(t)
of any general rational algebraic fraction directly from a
table after partial fraction expansion of H(jw) has been per-
formed without any further calculation. A new theorem for
the evaluation of the inverse Fourier transforms of the terms
consisting of poles on the jw axis has been developed. With
the addition of this theorem, the inverse Fourier transform
of any rational algebraic fraction can be evaluated directly
from its inverse Laplace transform.

A computer program has been developed for obtaining
the inverse Fourier transformation of a general rational
algebraic fraction where the output of this method is
a closed form solution in time. Numerical examples are
provided to show the usage of this computer program.
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TECHNICAL MEMORANDUM

I. INTRODUCTION

Analyses in areas such as communication, network,
and control theory are often performed in the frequency
domain (e.g., Fourier or Laplace transforms). However, many
solutions are not complete until the inverse Fourier trans-
formation of a rational algebraic fraction is obtained.
Although the literature on Fourier transformation and inverse
Fourier transformation is quite extensive, there are some
problems that have not been explicitly considered. The sub-
ject of this memorandum is, to the author's knowledge, one of
them. We consider the following problem. Given a general
rational algebraic fraction H(jw) we would like to obtain the
the inverse Fourier transformation h(t) directly from a table
after partial fraction expansion on H(jw) has been performed
without essentially anymore manipulations. In the process of
deriving the results of this memorandum, a new theorem is
developed for obtaining the inverse Fourier transform of a
rational algebraic fraction when its poles are on the jw axis
directly from its inverse Laplace transform. '

The motivation for considering this problem is to
develop a computer program for obtaining the inverse Fourier
transformation of a general rational algebraic fraction where
the output of this method is a closed form solution (not discrete
digital value) in time. This program can be developed only if
the explicit inverse Fourier transforms of the general terms
after partial fraction expansion on H(jw) are known. Up to
this writing, explicit inverse Fourier transforms of a rational
algebraic fraction when its poles are on the jw axis (with the
exception at the origin) have not been published. This is due
to the difficulties which arise with the convergence of the
integral in the inversion formula.
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II. PROPER AND IMPROPER FRACTIONS, DISTINCT AND MULTIPLE ROOTS

We shall now direct our attention of a general rational
algebraic fraction of the following form:

m m-1
KN(p) _ 2mP ta 1P +...ta;pta

0
(1)
D
®) bnpn+bn—-lp

0

H(p) = -
n l+..,+blp+b

where p=jw, the coefficients a; and bi are all real constants,

and m and n are positive integers. Let us distinguish two
different cases of H(p), namely, when m<n and mzn. For the
case m<n, we say that H(p) is a proper fraction. While when
mzn we have an improper fraction. We see that an improper
fraction can always be transformed into the sum of a polynomial
in p and a proper fraction by simply dividing N(p) by D(p)
until the degree of the numerator of the remainder is less than
the degree of D(p). It is known that a proper fraction can be
expanded by partial fraction expansion method into the summation
Rw
of the following terms: K ’ K ’ Kp ’ 0 ’ K (pto)
P pto 2 2 2 2 2 2
Ku L A (pto) “+ug
0 . . .
5 ; 1f the roots of D(p) are all distinct. When
(p+o) +w0

D(p)=0 has multiple roots and H(p) is a proper fraction then the
partial fraction expansion of H(p) will consist of all the above

(p+o+jug)” (ptiug)”
As stated previously, the basic difference between an improper
fraction and a proper fraction is that the expansion of the
improper fractions contains a polynomial in p whereas the
expansion of the proper fraction does not. Thus, when H(p) is

and

terms plus additional terms of the form

an improper fraction the terms of the form of pn must be included.
Hence, to find the inverse Fourier transformation of a rational
algebraic fraction we must derive the inverse Fourier transform
of each of the above terms.
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IITI. INVERSE FOURIER TRANSFORMATION OF K ; K(p+o): ¢ AND

pto 2
Ko (pto) "+w

0

(p+a) “+a 07

Let H*(s) denote the Laplace transform of h(t) where
s=o0+jw. Then it is known that if the region of convergence of
H* (s) contains the jw axis in its interior, (i.e., if ao<0),
then the Fourier transform H(p) is a special case of the Laplace
transform H*(s). Furthermore, if the jw axis is outside the
region of convergence of H*(s), (i.e., if 0>0), then the inverse
Fourier transform is equal to the inverse Laplace transform of
H(-s) with t replaced by -t. This result can be readily seen by
examining the time scaling theorem. Thus, from these statements
we can conclude that

FlE(p)] = LA (s)] , p=s (2)
Kuw
for general terms of fc ’ K(PZO) 5 4 and 02 3
p (p+o) +w0 ' (pt+o) +w0
when ¢>0. And when o¢<0,
-1 -
FlE(p)] = L [H(-s) ] (3)

replacing t by -t

The inverse Laplace transforms of the above terms are well
known. Hence

-1. K _ -ogt
F [5131 = Ke u(t) where o0¢>0 (4)

= sKe—ctu(ft) where o<0
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le[ K (pto) 1 = Ku(t)e“Ot cosw,t where ¢>0 (5)
(p+c)2+w 2 0
0
= —Ku(—t)—dt cosw,t where o<0
Ko
| 7—] = Ku(t)e “Csinu t where >0 (6)
(p+o) +w0

—Ku(—t)e_ctsinwot where. o<0

and u(t) is a unit step function.
Ruw

IV. INVERSE FOURIER TRANSFORMATION OF — , —EEE——~and ~§—g—§
P +w0 P +w0

K

When o=y=0, at least one of the singular points of
h(p) lies on the jw axis, therefore no general conclusion about
the convergence of H(p) can be drawn. To derive the inverse

Fourier transforms of g we substitute G(w) = f% into the
inversion formula,

glt) = 5= [ G (wel“tay = L [ 3 o3 (7)

Simplifying, (7) becomes

g(t) = 5-2‘%-;[ S10L6 gy (8)
or
_K sin tw
glt) = = ‘jr — dw (9)
0
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From an integral table or performing a contour integration
and applying Jordan's lemma, (9) is equal to % if t>0, minus

% if t<0, and zero if t=0. Thus,

K
F [E] = 5 Sgn (t) (10)

where sgn (t) is shown in Figure 1,

4 sgn (t)

Figure 1

Using the result of (10), we obtain

Fisgn (t)] = J% (11)

The function u(t) can be written in terms of sgn (t) as

L

u(t) = Z sgn (t) (12)
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where

0 , t<0

u(t) = , >0

1
%, t=0 by preceding definition (12).

By knowing F[%] = n8(w), where §(w) is the delta

function introduced as a generalized function, and

f §(t)£(t)dat = £(0) , (13)

[=+3

Papoulis derives the Fourier transform of u(t)

%

Flu(t)] = 76 (0) + f% (14)

Next we will derive the inverse Fourier transform
K .
of ;§E;7 . It has been shown in Reference [1]

Flu(t)cos (wyt)] = Z[6 (wmug)+s (wtug) ] + —-g£—5 (15)
wo -
where
[ (S(w—wo)f(w)dw = f(wo) (16)
1

*Note: many publications give F[lu(t)] 3a which is

incorrect because F"l[f%] # u(t) but equals sgn (t). This

2
can be readily seen by (7).
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and
Flcosuyt] = 6 (wmuy)+6 (whuy) ] (17)
Thus from (15) we have
—3% = Flu(t)cosuyt] ~ 16 (w-uy)+6 (whug)] (18)

or from (17) the inverse Fourier transform of ——%2—7 is
w -w
0

-1 j w _ _ 1 _ 1
F [;—%:;7] = u(t)cos wot 5 cos wot = 5 sgn (t) cos wot (19)
0

or
FLi—22 7 = X ggn (£) cos w.t (20)
2, 2 2 0
wo +p
Kw
The inverse Fourier transform of —§+——7 can be derived
v +w
g 0

similarly by the following relationships given in Reference [11].
i = = - - -
F[u(t)31nw0t] = 33 [6 (w wo) 6(w+w0)] + 53 (21)
and

F[sinwot] = jﬂ[G(m+w0)—6(w—w0)] (22)
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Thus from (21) we have

; - — ) - = 0
F[u(t)s:.nwot] -z—j'[G(w wo) 6(w+wO] = ) (23)
w - W
0
Kwo
or from (22) the inverse Fourier transform of 5 is
p +w0
-1, “o 1 1
F [——7:—7] = u(t)sinwot -5 sinwot =3 sgn(t)sinwot (24)
LL)O w
or
Kw
Pi—0 = % sgn (t)sinw t (25)
p +w0

In this section we derived the inverse Fourier transforms

Ku
of K ' —552—7 , and —§—4g§ . The inverse Laplace transforms of
P opty P+

these functions are well known, they are

LX) = gu(e) (26)
D

L‘l[—753—7] = Ku(t)cosw,t (27)
p +uw

0



BELLCOMM, INC. -9 -

and

Ruw
L_l[—i—g—z] = Ku(t) sint (28)

p +w0

By comparing (10) with (26), (20) with (27), and (25) with (28),

a new theorem is developed for obtaining the inverse Fourier
transforms of the terms consisting of simple poles on the jw axis.
This new theorem can be stated as follows:

Theorem:
The inverse Fourier transforms of the terms consisting

of simple poles on the jw axis can be evaluated as one half of
their inverse Laplace transforms with u(t) replaced by sgn (t).

For example: Evaluate the inverse Fourier transform
1 \

P+jw0
jw axis therefore the theorem above can be applied. It is

1 “Jugt
is e u(t),

of

. By inspection, the pole of this function is on the

known that the inverse Laplace transform of
thus

S+jw0

- -Jwst
O P S % e 9 sgn (t) (29)

[p+jub

This solution can be verified in a more complicated procedure;
-jwu,t
first multiply u(t) by e 0 which is equivalent to knowing

the inverse Laplace transform of . Then by applying the

stjw
frequency shifting theorem

) (30)

to (14) thereby obtaining
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“Jugt 1 3
Fle u(t)l] = 1r6(m+w0) + m (31)
Next, solve for 75%75— in (31), take the inverse Fourier transform
0

of both sides which requires knowing F_l[na(w+w0)] and finally
simplify to obtain (29).

IV. INVERSE FOURIER TRANSFORMATION OF K AND K

. n . n
(p+o+jw0) (p+jw0)

As stated in section III, if the region of convergence
of H*(s) contains the jw axis in its interior, (i.e., 0>0) then
the Fourier transform and inverse Fourier transform are special
cases of Laplace transform and inverse Laplace transform.
Furthermore, when the jw axis is outside the region of convergence
of H*(s), (i.e., 0<0), then the Fourier transform is equal to the
inverse Laplace transform with t replaced by minus t. Thus, the

inverse Fourier transform of K = is
(p+0+jm0)
_ n-1 - (o+juw,)t
F l[ K n] = Kﬁ_l - e -0 u(t) for ¢>0 (32)
(p+c+jw0) *

—K(—t)n-l —(o+jw0)t

= DT © u(-t) for o<0
To derive the inverse Fourier transform of ————5——3 R
(p+jw,)
we first apply the frequency differentiation theorem 0
F N ! _ dnG(w) :
[(-it)"g(e)] = S22 (33)

dw
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to obtain

_l(w+w0) o1 (34)

(Gutjug) ™

ﬂj 6n

where Sn_l(w+w0) is the n-1 derivative of 6(w+w0) and the

derivatives exist only in the sense of distributions or

_ n-1 -Jw,t _ .n-1 _
Pl 1 g _t e O u) - FM sl ure )1 (35)
(3 . n (n-1)1! (n-1)! 0
]w+jw0)

The last term on the right hand side of (35) can be evaluated
by (33) which is

.n-1 n-1 -Jw.t
-1 73" n-1 ot I8
F [(n—l)! 8 (w+w0)] = ST e (36)

Substituting (36) into (35) and simplifying we obtain

-1 L
-1 K K t" Ju,st
F [—-———————H] =3 o071 e 0 sgn (t) (37)
(jw+jw0) :

It should be noted that inverse Laplace transform of
1

_ is
(jw+jw0)n

| ] = =T © u(t) (38)
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By comparing (37) and (38), we see that the theorem developed
in section IITI holds for multiple poles on the jw axis as well
as simple poles on the jw axis., This theorem can now be
restated as follows:

Theorem:
The inverse Fourier transforms of the terms consisting

of poles on the jw .axis can be evaluated as one half of their
inverse Laplace transforms with u(t) replaced by sgn (t).

V. INVERSE FOURIER TRANSFORMATION OF pn

The results of sections II, III and IV enables us to
evaluate the inverse Fourier transform of any general rational
algebraic proper fraction. However, as previously stated, in
order to evaluate the inverse Fourier transform of a general
rational algebraic improper fraction we must include the terms

of the form of pn. The inverse Fourier transform of the term

pn can be easily evaluated by applying the time differentiation
theorem

n
FISL) = (3u)"e () (39)
dat
Thus
- n
Flip ™ = 4848 (40)
dat

where the derivatives exist only in the sense of distributions.

VI. COMPUTER PROGRAM AND NUMERICAI EXAMPLES

The results of this paper are given in Table 1.
With these results, a digital program was developed for obtaining
the inverse Fourier transformation of a general rational
algebraic fraction. The inputs to this computer program are
the gain K, the roots of N(p) and D(p) as given in equation (1).
The output is the inverse Fourier transform of H(p). Here are
some of the numerical examples which have been done using the
computer program,



BELLCOMM, INC. - 13 -

(1)

(2)

(3)

(4)

(5)

(6)

F

F

F-l[—~%——] = etu(—t)+e-tu(t) = e

F

LB} = 2 sgn(t) - [Gtrple Bize tlu(e)
p(p+l) "~ (p+3)
L
-1 3 1 1.
[ ] = = [t~zsin(2t)] sgn(t)
p2(p2+4) 24 2
21 = 3 sgn(t) - [GtPne M2 uce)
p(p+tl) ~ (pt+2)
—l[ 1 1 = % sgn(t) - %e_t—f%[%cos(Zt)+sin(2t)]sgn(t)

-1

p(p+l) (p2+4)

-pT+1

1 1 1 . 1 2
[ 1 = [s=gat+ (5Frrsin2t-—=<=cos2t) t
p(p+l)(p2+4)3[(p+3)2+l] 1280 ‘9600 12800
+ 1 in2t+——£—cosZt)t - 1 sin2t——-i——c032t)]s n{t)
124545 3972« 11850 27686 - 9

1 -t 1 . -1 -3t
- Igz5® (350005 inttgTegcostie Tl ult)
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Table 1 - Complete Table for the Evaluation of Inverse Fourier
Transform of Rational Functions

G(p) g(t)
n n
P 9——5 §(t)
dt
g_ % sgn (t)
K e ot u(t) where o0>0
K
p+o
-K e—Ot u(-t) where o<0
Xp 5 % sgn (t) cos wot
p +U)0
Kuw
—5—2—7 % sgn (t) sin th'
P +w0
Ku(t)e °F cos wt where o>0
K(p+o)
2 2 -0t
(pt+o) +w0 ~Ku(-t)e cos wot where o0<0
K Ku(t)e % sin w.t where o>0
mo 0
(p+0)2+w0—?

-ot .
-Ku(—t‘)e‘0 sin wyt where o<0
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Table 1 (Cont.)

- 15 -

n-1 - (o+jw0)t

K m=1):° u(t) where o¢>0
(p+c+jw0)n
_.n-1 —(o+ju.)t
—Ké_§)| e 0" u(-t) where o<0
K , ———-—-—-Ktn—l e—jwot sgn (t)
(o0 )0 2(n-1) ¢ Ll
p+iug

Theorem: The inverse Fourier transforms of the terms consisting
of poles on the jw axis is equal to one half of their

inverse Laplace transforms with u(t) replaced by sgn (t).
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VII. SUMMARY

With the results derived in this memorandum, the
inverse Fourier transform h(t) of any general rational alge-
braic fraction can be obtained directly from a table after
partial fraction expansion of H(jw) has been performed with-
out any further calculation. A new theorem for the evaluation
of the inverse Fourier transforms of the terms consisting of
the poles on the jw axis has been developed. With the addi-
tion of this theorem, the inverse Fourier transform of any
rational algebraic fraction can be evaluated directly from its
inverse Laplace transform. That is, the inverse Fourier trans-
form is equal to the inverse Laplace transform when the poles
are in the left half of p-plane; the inverse Fourier transform
is equal to the inverse Laplace transform with t replaced by
minus t when the poles are in the right half of p-plane; and
the inverse Fourier transform is equal to one half of its
inverse Laplace transform with u(t) replaced by sgn (t) when
the poles are on the jw axis.

A computer program has been developed for obtaining
the inverse Fourier transformation of a general rational
algebraic fraction where the output of this method is a closed
form solution in time. Numerical examples are provided to
show the usage of this computer program.
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