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ABSTRACT

It has been suggested that the seismograph recording of
the Apollo 12 LM impact was the result of a spray of secondary
ejecta around the seismometer rather than the result of seismic
waves propagated through the moon. We have made a theoretical
study of the ballistic trajectories, plausible angular distribu-
tions and seismic signals to be expected from such a spray.
Secondary ejecta cannot account for signals arriving earlier than
45 seconds, but could explain the remaining portion of the signal
provided that the angular distribution of the secondary ejecta
are assumed to peak sharply in the vertical direction. Hence, it
is concluded that one can neither prove nor disprove the hypothesis
‘that a substantial portion of the signal is due to secondary ejecta.

The planned S-IVB impact at a greater distance may
resolve some of the ambiguity. If the signal contains a contribu-
tion due to the secondary ejecta then there should be a discernible
difference between the onset signal, corresponding to a seismic
propagation velocity of 3-4 km/sec measured by Latham, and a later
signal whose arrival corresponds to a flight velocity of 1.68 km/sec.
Additionally, the secondary ejecta hypothesis indicates that the
time of occurrence of the broad peak should scale as the square
root of the distance if the angular distribution is assumed to be
the same as for the LM impact.

Since meteoroid impact should give an angular distribution
similar to that from an S-IVB impact, the debris from their secondary
ejecta could give equivalent signals. The ejecta model proposed
here may be more applicable to meteoroids than to the LM, since the
secondary ejecta due to meteoroid impact are expected to peak at
higher angles.
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Introduction

Immediately after the rendezvous of the Apollo 12
LM with the CSM the separated LM was commanded to perform a
burn which caused it to impact the lunar surface about 75.9 km
uprange of a previously deployed ALSEP Passive Seismic
Experiment (PSE). A few seconds after the impact of the LM
the seismometer began to record a broad band wave train cen-
tered at about 1 Hz. The present estimate of the first signal
arrival (23 sec.) is still being refined by a detailed examina
tion of the magnetic tapes. The amplitude built up to a broad
maximum at six-seven minutes and then slowly died away over
the next 50 minutes (see Figure 1). Since that time a number
of similar events, believed to be due to meteoroid impacts in
the vicinity of the landing site, have also been recorded.

Current seismic theories attempting to explain these
signals require the assumption of lunar Q's in excess of 2500,
much higher than anything observed on earth. In addition, a
number of people have suggested that the unusual signals may
have been caused by the rain of secondary ejecta, thrown up by
the impacting LM, around the PSE. These secondary ejecta may
have resulted from a single impact crater or from multiple
impact craters created by the low angle impact of the LM (less
than 4° from the horizontal). It is plausible that the recorded
seismometer signal due to LM impact may be due to both seismic
and secondary ejecta sources.

In this paper we investigate the ejecta hypothesis in
detail assuming that only a single impact crater has resulted.
We calculate the allowed trajectories and travel times, investi-
gate plausible angular distributions and particle densities,
and attempt to model the seismic signals which would be observed
when lunar dust particles rain down on the lunar surface close
to the PSE.
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Since the last two, the particle density distributions
and the modeling of the seismic signals, require assumptions
which are difficult if not impossible to verify due to lack of
experimental data; we are unable either to prove or disprove
the hypothesis. However, we are able to point out some character-
istics which such signals must have and which may be used to
test the hypothesis after the examination of future:signals
with other LM and S-IVB impacts.

Allowable Trajectories

In Figure 2 we show the geometry of possible trajectories
connecting the LM and the seismometer, for both the curved moon
and the flat moon approximation. We have found that the flat moon
approximation is mathematically simpler and adequate, and we will
discuss it here. The required expressions for the curved moon
case are derived in the appendix, and only the results will be
discussed here.

Following the nomenclature of Figure 2, the velocity
and time of flight of a particle traveling between the point
of LM impact A and the seismometer B can be derived from mechanics
as follows:

5 -t/ (1)
(Vcos )t = X (2)
where
V = magnitude of the particle velocity at points A and B
g = acceleration due to lunar gravity
0 = elevation angle of the trajectory

X = distance between A and B.

Solving for V and t gives

Xg
Vo= VSin 20 (3)
t = \/£§ tan 0 (4)
g
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Similar but more complex expressions are derived
for a curved moon in the Appendix. The equivalent of expres-
sion (3) is worth examining. From the Appendix

-tan © (5)

W= tan (0+f)

2f = 2.5° is the central angle between A and B, while W is a
non-dimensional energy paramete* which is defined as

where R0 is the lunar radius, a is the semi-major axis of the

ellipse and p is the lunar gravitational constant. Observe that

W= ~1 for V = zero

0 for V = circular velocity

+1 for V = parabolic escape velocity

W
W
W

v

1 for hyperbolic escape velocities

Figure 3 and expression (5) illustrate the allowable
trajectories. The earliest particle to arrive travels along a
circular trajectory at the surface of the moon with the orbital
velocity of 1.68 km/sec. Thus the earliest arrival time is
given by 2fRO/l.68 = 45 seconds. There is no way that a ballis-

tic particle can get to the PSE faster than this on a solid
moon. Equation (5) allows for faster trajectories, but these
travel through the moon.

As the ejection angle 0 rises from zero, the required
velocity to reach B drops off until an angle of 45°-f/2 is
reached where the velocity is a minimum. This is equivalent
to the well-known solution for minimum energy trajectory, ©=45°,
for a flat moon. 1In this particular case the velocity has fallen
off from 1.68 km/sec (5510 fps) to .35 km/sec (1140 fps). The
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trajectory follows an ellipse whose occupied focus is at the
center of the moon and the vacant focus is mid-point between
A and B. The flight time is approximately five minutes.
Further increase in the ejection angle causes a symmetric
increase in velocity until at 2(45°-f/2) = 90°-f we again reach
1.68 km/sec (circular velocity). The trajectory now follows
a symmetric ellipse where the line AB is coincident with the
minor axis of the ellipse and the flight time has risen to

89 minutes. Subsequent increase in the ejection angle gives
rise to further increase in velocity and time of flight with
long arc trajectories (i.e., more of the ellipse is above the
moon than below), until we reach escape velocity and a para-
bolic trajectory at an ejection angle of 90°-f/2.

Further increase in the ejection angle gives
trajectory solutions which are hyperbolic with velocities
greater than escape but which require the particle to go
through infinity before reaching the PSE. These trajectories
occupy ejection angles from 0=90°-f/2 to 0=180°-f/2 where
again we have a parabolic trajectory.

The small angle between 180°-f/2 and 180° allows a

series of high velocity trajectories, Vcircular <V < Vescape’

which give retrograde paths from A to B and are long arc tra-
jectories. Since the shortest of these, 0=180°, takes 108
minutes to cover the journey, they are of little interest in
this problem. Indeed, we are really only interested in those
trajectories between 0=0° and 0=90°-f since the seismic record
disappears into the noise after about one hour. Thus, if we
are to get particles falling around the seismometer, we require
only the LM to accelerate particles to velocities between .35
and 1.68 km/sec into the forward quadrant. The seismometer

is only a few degrees off the flight path of the incoming LM;
any peaking of particles in azimuth would affect the analysis
below in a direction favorable to the secondary ejecta hypothesis.

Particle Density Distributions

Particle density is defined as the number of particles
per second impacting unit area about the seismometer. Figure 4
shows the unweighted density, n(t), i.e., assuming isotropic
ejection of particles and uniform distribution of velocities
between the minimum energy velocity of .35 km/sec and the cir-
cular orbit velocity of 1.68 km/sec. The equation for particle
density, using .the flat moon approximation, is (see Appendix)
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n(t) = Nyp ° 2 cos” @
2
=n__ (6)
ME 4
L+ (t/tyn)
where tup = v2X/g is the time of flight of the minimum energy
trajectory and Nye is the corresponding absolute particle

density, whose value is discussed later. The curved moon
solution differs primarily for small t, with n(t) having a
maximum at t=2.5 minutes. For t>8 minutes, n(t) decreases

approximately as £74, Equation (6) reflects the fact that

t increases more rapidly for large 0 than for small 6; also
for an isotropic distribution, the number of particles ejected
decreases as cos 0.

Instead of number of impacting particles, one can
consider the impacting energy. The unweighted energy density,
e(t), is

e(t) = %Vzn(t)

where m is the mass of individual particles, discussed later.
For a flat moon this reduces, using (3) and (4), to

e(t) = evp ° cot 8
= eyn ¢ (tyn/t)? (7)
ME ME
_ 1 2 . . o
where eyg = 3 M VME Nyp 18 the energy density for the minimum

energy trajectory. The curved moon solution (Figure 4) is very
close to the flat moon except at small t where a steep rise
occurs..
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The unweighted particle and energy densities do not
fit the actual seismogram. The fit can be improved by employing
an appropriate anisotropic distribution. If the elevation
angle distribution is p(6), then the weighted particle density,
N(t), is simply

N(t) = p(6) « n(t) (8)

Similarly the weighted energy density is

E(t) = p(8) - e(t) (9)

The case when p(6) has the form sinke is discussed in the
Appendix; for k=2 the maximum density occurs when t=tME ¥ 5

minutes. If we substitute the actual seismogram for the left
hand sides of equations (8) and (9) and solve for p(6), we
obtain the angular distribution which will exactly fit the
seismogram (except for times less than 45 seconds), as shown
in Figure 5. The extended tail of the seismogram causes these
distributions to be extremely skewed toward 90°. At very low
and very high angles, abrupt changes occur. The behavior at
8=0 results from the fact that the seismogram is non-zero at
the minimum ballistic arrival time but the particle density is
zero. Conversely, for large 6 (long times) the signal becomes
lost in the noise, but the particle density is non-zero.

Seismic Signals Expected

So far we have discussed the possible trajectories,
travel times and the form of the number density and energy
density of particles to be expected in the vicinity of the
seismometer. Now we must face the question whether there are
enough particles and whether they have sufficient energy to
cause the observed signal.

At the Apollo Lunar Science Conference it was stated
that the average size of lunar dust particles is 60u with an

average mass of 3 x 10_7 gms (assuming a density of 3 and spherical
shape). If we assume further that the impacting LM accelerated

its own mass, approximately 3 x lO6 gms, in dust particles up to
velocities between .35 km/sec and 1.68 km/sec, which is energetically




BELLCOMM, INC. -7 =

feasible, and that all particles were the same size (60p), then
we would have 1013 particles. The value of the constant Nyg
in equation (6) (see Appendix) is thus .08/m2/sec which leads

to particle densities at 4-5 minutes of about .1/m2/sec falling
in the vicinity of the seismometer. 1In order to explain the
seismogram, in the regions of both high and low signal level,
one would require peak particle numbers of the order of 100/sec
and need to detect signals from impacts up to 17 meters (56 feet)
away. Thus we have to determine whether a .3 ugm particle
traveling at velocities between .35 km/sec and 1.68 km/sec

would have sufficient energy to be observed.

McGarr, Latham and Gaultl provide some data obtained
from the Ames Research Center light gas gun facility which are
relevant to our discussion here. Their Figure 4a shows the
maximum acceleration at the surface of a loose sand target at
2 feet from the impact point. The least squares line through

1/3

the eight shots shows that acceleration varies as E , where

E is the kinetic energy of the impacting particles.

Using their data for the two geophones normalized
to the same distance, together with their measured signal
periods, we have calculated the displacement at 2 feet. These

data are plotted in Figure 6A. A line of the form El/3 presents
a good fit to the data. Extrapolation to the energy range of

interest, between 1.7 x lO2 ergs and 4.2 x lO3 ergs, gives
displacements between 4 and 12 nanometers at a distance of 2
feet, as shown in Figure 6B. Since the seismometer is sensi-
tive to signals of less than one nanometer, it would appear
that the signals are large enough if the attentuation in the
lunar regolith between the impact point and the seismometer is
not too large. In the same paper McGarr, et al, refer to their
previous work where seismic signals in loose sand falls off as
-yr
9—2— , where r is the distance from the seismometer and the
r
attenuation constant y is inversely proportional to Q. If the

factor e '¥ is ignored we find that as the area of integration
is increased, the total energy/sec in the vicinity of the
seismometer increases as log r. In order to obtain a sufficient
signal we had previously estimated that signal responses over

a radius of 17 meters would be required. Since the wawelength
of the signals measured by McGarr, et al, was approximately

0.15 meters this would require a Q of about 50. To be able to
detect a seismic signal from these particles, we had to assume




BELLCOMM, INC. - 8 -

that seismic displacement varies as El/3. However, with the
El/3 assumption, the signal amplitude falls off as t—3'3, much
too fast to be compensated by any plausible elevation angle
distribution. The assumption of E dependence, with a signal

falling off as t_2, gives a better fit.

The McGarr, et al, data shOW'E'l/3 dependence; however,

theory based on scaling laws2 supports E dependence. The
apparent difference arises from the fact that the relaxation

time, which is supposed to scale as:El/3, was in practice
virtually independent of energy. This may be because the
mechanism of an explosion differs from the slowing up of a

small projectile in sand. Indeed a very crude billiard ball
collision model of the slowing up process indicates that the
time of slowing up would be dominated by the last and the next-
to-last collisions. The time between these collisions would be
proportional to the mean free path and inversely proportional to
the final velocity of particles whose energy could no longer
produce free motion in the particles. Both parameters are func-
tions of the soil characteristics, not of the velocity of the
incoming particle, and hence the slowing up time would be inde-
pendent of the velocity and energy of the incoming particle.

Conclusions

We have shown that it is feasible to obtain particle
trajectories which give rise to seismic signals of the proper
duration. Any signal arriving earlier than the 45 seconds
required for a particle in circular orkit to reach the PSE must
be due to other causes, most probably seismic propagation.
Since examination of the magnetic tapes presently points to an

onset time of 23 seconds3, the first 22 seconds of the recorded
signal cannot be due to secondary ejecta.

We have also shown that if the experimental results
of McGarr, et al, can be extrapolated over seven orders of magni-
tude, then the signals due to microgram impacts can produce
detectable signals in the seismometer. Since these signals
will be arriving successively from different directions, we would
expect similar signals on all three axes which are phase incoherent,
as actually observed by Latham. Since the time of interaction of
an impacting particle with the lunar surface is very short (v one
millisecond), we would also expect the signals for the Apollo 13
LM impact event to be at the uppér limit of the short period
seismometer frequency response.
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Some predictions can also be made about the position
of the broad peak, if the seismic record is primarily due to
particles. If for S-IVB impacts the angular distribution of
the particles is similar to that assumed here for the LM, then
the/gpsition of the peak will be delayed by a time which scales
as vx, where x is the distance between the impact point and the
seismometer.

Since meteoroid impacts will give angular distributions
similar to those from S-IVB impacts, then the debris from their
secondary ejecta could give equivalent signals. One cannot use
the argument that because we see similar meteoritic impact events
then the signal cannot be due to ejecta. The ejecta model fits
the meteoroid case better than the LM case because we would
expect the debris to be peaked at high angles leading to signals
which slowly rise and then fall.

Finally, since we have had to make assumptions which
are difficult to prove, especially relating to number of particles
that are accelerated to the required velocity and also the size
of signals that microgram particles will generate in a seismometer,
we must conclude that the hypothesis that part or all of the sig-
nals are caused by ejecta is neither proved nor disproved.
Clearly if the S-IVB impact produces a seismogram and its impact
point is 200 km distant, as planned, the onset time predicted
by a propagation mechanism will be 60 seconds earlier than that
predicted by an ejecta hypothesis. This time difference should
permit identification of the dominant mechanism.

G K, Charg

G. K. Chan

/ oA

P. Gunther

2015-GKC M%Mﬂd
1033-PG -3jf D. B.*James

2015-DBJ
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APPENDIX

MATHEMATICAL ANALYSIS

1. Trajectory Analysis

The following analysis ignores the angular rotation
of the moon, the effect of which is not significant. Consider
first the case where the trajectory between A and B (see
Figure 2) represents the short arc of the ellipse. Let f be
the central angle between LM and apolune, so that wn-f is the
true anomaly. Given £, 8, and RO’ one can determine the tra-

jectory parameters, a, e, and the ejection velocity V as
follows. From the energy equation,

1
- 2 (1)

\Y Ro
W = -1 (2)
u
we get
R
=1 -2
Ww=1 A (3)
or
R
_ 0
Rl (@)
The flight path angle of an elliptic trajectory is given by
tan § = —=.Sin £ (5)




BELLCOMM, INC. - A2 -

Solving for e gives

sin 8

€= sin (6+fF)

The formula for radial distance yields

_ _a(1-e?)

Ry = T=e cos £

or, from (3),

cos £ - e
l-e cos f

Substituting (6) gives

cos £ - e _ sin(6+f)cosf - sinéb

- cos (6+F)

1 - ecosf sin(6+f) - sin6 cosf

so that from (6) and (8)

_ _tan b
tan (6+f)

or, using (2),

cos §

vV = W/LE-(l—tanecot(e+f))

Ro

(6)

(7)

(8)

(9)

(10)

(11)

The minimum energy ellipse, denoted hereafter by the subscript

ME, can be obtained by minimizing (10).
equating to zero leads to

Differentiating and
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-z (12)

An alternative geometric proof of (12) may be of
interest. The family of ellipses passing through A and B has
smallest major axis, and hence minimum energy, when the vacant
focus is at the midpoint of the joining chord. Thus the chord
is the latus rectum and the tangent line at the extremity has

_ C . _ cosf 7 _ £
slope tanf=e, But it is easily seen that e={isinf tan(4 2).

W is symmetric about 6 This can be seen by defining

ME®

66 = 8 - eME

Equation (10) can then be written

§6)

W = —-tan (eME+66) tan (GME—

Figure Al plots V vs. 6 for f£=1.25°. 1In this figure,
retrograde ellipses, which actually occur for n-£/2 < 6 = 7,
are indicated by negative 6,

A comparison with the flat moon solution (dashed
curve in Figure Al) is of interest. Eguation (3) of the main
text ican be written

vV = VME Ycsc 26

where the minimum energy velocity for Ovp = % is

VME = Vxq
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VME,flat is only 12.4 fps less than VME,curved.

More generally if equation (11) is expanded into a Taylor's

series for small £, one can show that for 6 >> tan_lf

N T-Foots
chrved = Vflat V1-fcots

Trajectory time of flight t can be obtained from
Kepler's equation. Let E be the eccentric anomaly corresponding
to £ (i.e., 7m-E is the "true" eccentric anomaly for rw-£f, for the
posigrade ellipses*). Then

[3
t = 27\/2- (Btesing) | (13)

Now
cog E = S0 £ - e | (14)
1l - e cos £
so that from (9)
cos E = E_Q_S__(_e_i‘i_)_ ‘]_5)
cos 6

Also from (6), (10), and (15)

*To obtain the long arc of retrograde ellipses, E should
be replaced by #~E in (13); and similarly for (18).




BELLCOMM, INC. - A5 -

. 2
. _ sin 8 _ cos” (6+f)
e sin E = EEHTgxfT“VA' — (16)

‘\/1 - W% sin o (17)

Equation (13) can then be written

- 5" / 3 iy —3/2 cos (6+f) ,, il s
t = 2 R0 /u (1-W) {arccos _EEE_E——'+ 1-W" sin % (18)

Figure A2 plots t vs. 6. The minimum, which occurs

. 1/ 3
when 6=0, is tmin = 2f R0 /u = 45.2 sec. The retrograde

circular orbit is tin less than the orbital period

P = 27 \/R03/u = 108.4 min. For the minimum energy ellipse

tME = 5.17 minutes. The dashed curve shows the flat moon.

solution, namely (cf. equation (4) of the main text)

t=t vtan ©

ME
where
tME = ¥2x/g9
tME,flat turrns out to be only 4.4 seconds less than tME,curved’

2. Impact Densities

Suppose that the distributions of velocity, azimuth,
and elevation of the ejected particles are given, say d(V),
q(¢), and p(68), respectively. For simplicity we assume that
these distributions are mutually independent. If N, is the

total number of particles it is convenient to normalize the
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velocity distribution so that
\Y
max
a(v)av = N
vV _.
min

Since the density of particles passing through a surface
element A4S (=cos6déd¢) of a unit hemisphere centered at the
LM is g(¢)p(6)coseded¢, we also have

ks
[ g(¢)de =1
-1
/2
J[‘ p(6)coseds = 1
0

If the distributions are isotropic in direction and uniform in
velocity (denoted by the subscript 0), then

pole) =1
q(6) = 3= (19)
N
_ T
do(v) TV __ =V .
max min

Assuming initially a flat moon, we wish to determine
the number of particles impacting within a small square of
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side A about the PSE (with coordinates (D,0)--see figure below)

|

A d¢ @B dy=A

and within a small time interval about t, say (t-t1/2, t+1/2).
Note that when making the transformation between ejection
variables (V,6,¢) and impact variables (x,y,t), the differential
elements transform according to

d¢ Y % dy ' for |y| small
dvds = Jdtdx
where J is the Jacobian
_ 3(v,s)
J =3 (t,x)

When the transformation is in the form

vV = V(6,x)

t = t(8,x)
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then it is easy to verify* that

_ 3V /ot
T=%/ %% (20)

The number of impacting particles can now be written

t+1/2 D+A/2 A/2
Jr jf jf a(V)p(8)g(¢) cﬁfe J(t,x)dtdxdy a N(t) - 02
-A/2

-1/2 ~-A/2

where the (weighted) particle impact density, N(t), is given by

N(t) = £ d(V)p(e)q(0)cose J(t,D) (21)

with V and 6 expressed in terms of t and D.** If d(V), p(8), and
g(¢) are all uniform, (equations (19)), ene gets the unweighted
particle impact density

Np 1
n(t) = 7 —— ° 7,5 C°s® - J(t,D) (22)
max min

The weighted density can then be written as

_daw) . g(o) ]
N(t) = d() ) qo*(o) p(e) n((t) (23)

since p0(9)=l.

*A formalistic proof is as follows: dV=Ved6+Vde,
dt=t de+t_dx. Hence (dv-V_,de6)t de=V_dx(dt-t_dx). Dropping
8 Xy 2 0 6 X X
terms in d6° and dx~ gives dVde=VX/tedxdt.

**Tf the azimuth of the PSE is ¢0, then in (21) g(0) is
replaced by q(¢0).
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The preceding analysis is easily modified to treat
the impacting energy rather than number of particles.*
Assuming that all particles have the same mass m, then the
energy density--unweighted and weighted--is simply

2

e(t) = V™ « n(t)

N =

(24)

2

E(t) V® o« N(t)

R

where V is evaluated at t, D.

For a spherical moon the variable x is replaced by the
central angle f, and the nominal distance D by F. In addition

av] L v, 2f I S )4
8% | . _p 3f T X |pp 2Ry Of g
For a flat moon we find easily that J=cose/tME2;
whence '
n{t) = n . 2cos2 ]
ME
(25)
= n 2
It 4
1+(t/tME)
where n the particle density for the minimum energy trajectory

ME '’
is given by

N

T g
n,. = — . (26)
ME vmax VME 81rD2

*The extension to (energy)a is trivial. One can also allow
for variable distribution of mass, and even for seismic response
that depends on the distance of the particle impact from the PSE.
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The energy density is

e(t) = evg cot #©
= e (t/ty) 2 (27)
ME ME
where, from (24) and (26),
_m 2
° g = 7 VME PME
N 2
= \Y T-V ) I]r.‘g'er (28)
max ME

For a curved moon we get, after algebraic simplification,

kA4 - dv 3w
of —F dw of £=F
(29)
_ 1l Juw 1 tan 6
-2 R .2
0 Y14W sin” (8+F)
R 3
3t - 0 csc( +F) 3 L+ sec 6 sin _ cos(e+F))
06 | o u (1-w) 2 3 sin (6+F) cos 8
f=F R0

(30)
+ 2 sin ¥ (se026 + 1 + W)}
V1+W




BELLCOMM, INC. - All -

whence
n(t) _ F(1-W) sin 6/sin (8+F) (31)
n . .
ME % < (t u/R03) V1+W sec e[sii?2+F) - coiég+§)] + ZsinF(secze+l+W);
where Nyp = nME,flat is the flat moon density at minimum energy,
given by (26). The actual density for the curved moon is

F cot F
(1 + sin F)°2

.

nME,curved = nME,flat

The energy density can be similarly derived. The left side of
(31) replaces n by e, while the right side is multiplied by
(1+W) /F. We also get

. 3
®ME,curved ~ SME,flat cos F/(l+sinF)

Suppose now that the distribution of ejected particles
is anisotropic, with p(6) given by

p(6) = (k+1) sin®e (32)

The effect of azimuth enters only in the constant factor q(O),Jr
and hence does not affect the analysis. Assuming d(V) to be
uniform, we get from (23)

N(t) = (k+1) sin®e - n(t)

E(t) = (k+1) sinfe - e(t) (33)

i

TOr q(¢0)——compare footnote on page AS8.
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Comparatively simple expressions are obtained in the case of a
flat moon. From (25) and (27) we get

N(t) = C(k+1) sinkG cosze
2k 4 -(1+k/2)
= Ck+1) (t/ty) K+ e/t (34)
E(t) = C(k+1)sin® 1 6 cos o
_ ~k/2
= COoD) (t/t) 2572 1k (et ) (35)

For N(t), the maximum occurs at t=tME(k/2)l/4; for E(t), at
- _1y1/4

The above analysis can be inverted. Given the actual
seismogram record, say S(t), one can determine the angular
distribution p(68) required to produce S(t), for t exceeding
the minimum arrival time. Using a number density criterion,
and assuming uniform distribution of velocities, one has

p(e) = ) (36)

This equation provides merely the relative density--the proper
magnitude is obtained by an appropriate choice of A, the dis-
tance about the PSE for which particle impacts are considered
significant; 1, time unit for reckoning impact density; and
NT’ total number of ejected particles. Similarly, using an

energy density criterion,

plo) = 545t (37)
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The effect of non-uniform velocity distribution d(V)
of ejected particles can be analyzed mathematically in a similar
manner. However, because of the symmetric behavior of velocity
about the minimum energy ellipse, the seismogram cannot be
explained for both the early and the late portions solely through
a velocity distribution. Given any d(V) one can clearly deter-
mine the corresponding angular distribution p(6) required to fit
the observed seismogram. Indeed, the two distributions need not
be independent, since only those V-6 combinations which produce
admissible trajectories affect the response at the PSE.
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