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ABSTRACT 

We derive the covariance function and power spectral 

density of elevations on a plane surface which has been excavated 

by paraboloidal craters with power law exterior rims and inverse 

power law size distribution. At moderate spatial frequencies 

the spectral density is an inverse power law with exponent which 

is a function of the parameters of the cratering process. These 

functions can be used to predict and/or represent the statistical 

roughness of surfaces similar to the lunar maria at a scale of 

several meters. The functions are of direct interest in vehicle 

mobility analyses and in interpretation of radar power returns. 
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COVARIANCE FUNCTION OF ELEVATIONS 
ON A CRATERED PLANETARY SURFACE 

PART I1 

CRATER R I M  AND EJECTA BLANKET CONTRIBUTION 

1 . 0  I N T R O D U C T I O N  AND SUMMARY 

I n  t h e  f i r s t  pape r  o f  t h i s  s e r i e s  (Marcus, 1 9 6 8 )  
h e r e a f t e r  c a l l e d  P a r t  I ,  we developed t h e  covar iance  f u n c t i o n  
of e l e v a t i o n s  on a s u r f a c e  which has been excavated  by c r a t e r s .  
The only e l e v a t i o n  changes assumed then  were t h e  n e g a t i v e  
changes due t o  c r a t e r  bowl fo rma t ion .  I n  r e a l i t y ,  p o s i t i v e  
r e l i e f  i n  t h e  f o r m  o f  c r a t e r  r i m s  and e j e c t a  b l a n k e t s  may be 
impor t an t .  

I n  t h i s  pape r  w e  s tudy  a more r e a l i s t i c  model i n  
which c r a t e r s  have p a r a b o l o i d a l  b o w l s  and power law e x t e r i o r  
r i m s  or e j e c t a  b l a n k e t s .  We assume t h a t  s u r f a c e  e l e v a t i o n  
can be  r e p r e s e n t e d  as a "moving average"  of t h e  Poisson  
s t o c h a s t i c  p o i n t  p rocess  which a l l o c a t e s  c r a t e r  c e n t e r s  and 
s i z e s  randomly ove r  t h e  s u r f a c e .  Computat ional  formulas 
are then  developed f o r  t he  covar iance  f u n c t i o n  of e l e v a t i o n s .  
A s  i n  P a r t  I ,  t h e  smooth c r a t e r  shape assumed i m p l i e s  t h a t  a t  
small  d i s t a n c e s ,  t h e  covar iance  f u n c t i o n  i s  a p a r a b o l i c  func- 
t i o n  o f  d i s t a n c e .  A t  moderate  d i s t a n c e s  t h e  cova r i ance  f u n c t i o n  
dec reases  as some power o f  t h e  d i s t a n c e ,  w i t h  exponent  which 
depends on some o f  t h e  b a s i c  parameters  o f  t h e  c r a t e r i n g  p r o c e s s .  
T h i s  i n  t u r n  induces  an i n v e r s e  power law form f o r  t h e  power 
s p e c t r a l  d e n s i t y  f u n c t i o n  a t  l a r g e  and moderate  s p a t i a l  f re-  
quenc ie s .  

Using t h e  most l i k e l y  va lues  of t h e  c r a t e r  pa rame te r s ,  
some covar iance  f u n c t i o n s  and power s p e c t r a l  d e n s i t i e s  are 
de r ived  numer i ca l ly .  These c a l c u l a t i o n s  p rov ide  a r easonab le  
e s t i m a t e  o f  t h e  s t a t i s t i c a l  roughness  of t h e  non-boulder 
component on s u r f a c e s  s imi la r  t o  t h e  l u n a r  maria, a t  a s c a l e  
of s e v e r a l  meters. 

2 .0  CRATER MODEL 

A s  d i s c u s s e d  i n  P a r t  I ,  w e  can reasonably  assume 
t h a t  t h e  bowls o f  newborn c r a t e r s  are i n i t i a l l y  p a r a b o l o i d a l  
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i n  shape, w i t h  t he  i n i t i a l  r im- to- f loor  dep th  H(x) of a c ra -  
t e r  w i t h  rim-to-rim d iameter  x be ing  a power f u n c t i o n  

6 H(x) = Cox 

For x s m a l l e r  t h a n  1 0  or 15 k i l o m e t e r s ,  t h e  p l a u s i b l e  hypo- 
thes i s  t h a t  c r a t e r  d e p t h  i s  p r o p o r t i o n a l  t o  c r a t e r  diameter 
( 6  = 1) i s  e m p i r i c a l l y  v e r i f i e d ,  bo th  f o r  l u n a r  c r a t e r s  and 
t e r r e s t r i a l  exp los ion  c r a t e r s ,  w i t h  Co = 0 . 2 5  approximately 
(Baldwin, 1963) .  However, l a r g e r  c r a t e r s  a r e  sha l lower  t h a n  
p r e d i c t e d  by t h e  6 = 1 l a w ,  r e q u i r i n g  6 = 0 . 4  and Co = 1 . 3  
f o r  H(x) and x i n  k i l o m e t e r s  when x > 15 k m  (Marcus, 1 9 6 7 ) .  
T h i s  i s  a consequence o f  ko th  a p o s s i b l e  change i n  t h e  for! 
c f  t h e  diameter-energy s c a l i n g  law for l a r g e  impacts  (Chabai,  
1 9 6 5 )  as w e l l  as  t h e  i n c r e a s i n g  p r o p o r t i o n  of material  e j e c -  
t e d  from an impact c r a t e r  which f a l l s  back i n t o  t h e  c r a t e r  as 
l a r g e r  d iameters  a r e  cons ide red .  

The shape and s i z e  o f  t h e  c r a t e r  r i m  and e x t e r i o r  
e j e c t a  b l a n k e t  a r e  much more poor ly  e s t a b l i s h e d  tMan t h e  c ra -  
t e r  dep th .  The i n i t i a l  c r a t e r  r i m  h e i g h t  R(x)  measured f r o m  
as assumed p lane  r e f e r e n c e  s u r f a c e  i s  assumed t o  a l s o  be a 
power l a w  

h 
ROX 

R(x)  = 

Baldwin's (1963) a n a l y s i s ,  based on t e r r e s t r i a l  exp los ion  c ra-  
t e r s  and some l u n a r  c r a t e r s ,  s u g g e s t s  t h a t  for x < 1 0  t o  20 km, 
w e  may assume h = 1 and t h a t  approximately 

Ro = 0.055 ( 3 )  

a l though t h e  "cons t an t "  Ro seems t o  i n c r e a s e  f r o m  0 .040  a t  
" sca l ed  depth  of b u r s t "  (DOB)  = 0 . 0 0  t o  Ro = 0 .090  a t  
DOB = 0 . 5 0 .  See a l s o  Car l son  and Roberts  (1963) .  The a u t h o r  
has r e s t u d i e d  the  data, o b t a i n i n g  as an upper  envelope for 
observed r i m s  

Ro = 0.085 (4) 
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which i n  p a r t i c u l a r  a p p l i e s  w e l l  t o  t h e  assumed i n i t i a l  r i m  
he igh t s  o f  s m a l l  l u n a r  c r a t e r s .  The i n i t i a l  r i m  h e i g h t  de- 
pends much more c r i t i c a l l y  on t h e  r e l a t i v e  p e n e t r a t i o n  o f  t h e  
impac t ing  p r o j e c t i l e  and on s u r f a c e  mechanica l  p r o p e r t i e s  
t h a n  does t he  r im- to - f loo r  depth .  A s  t h e  a c t u a l  l u n a r  condi-  
t i o n s  have n o t  y e t  been de termined ,  w e  cannot  r e s o l v e  t he  
problem o f  t h e  a c t u a l  v a l u e  o f  Ro f o r  l u n a r  c r a t e r s .  The 
a u t h o r  b e l i e v e s  Ro = 0.085 i s  more n e a r l y  c o r r e c t ,  b u t  t h i s  

i s  no t  y e t  e s t a b l i s h e d .  

The e x t e r i o r  r i m  o f  t h e  c r a t e r  w i l l  b e  c a l l e d  t h e  
" e j e c t a  b l a n k e t " .  I n  f a c t  t h i s  c o n s i s t s  o f  a l a y e r  o f  frag- 
menta l  m a t e r i a l  e j e c t e d  from the  c r a t e r  on top  o f  an u p l i f t e d  
l aye r  o f  f r a g m e n t a l  material and cohes ive  s u b s t r a t e .  We do 
n o t  i n c l u d e  as " e j e c t a  b l a n k e t "  e i t h e r  t h e  f r a g m e n t a l  
" f a l l b a c k "  w i t h i n  t h e  c r a t e r  or t h e  b r e c c i a t e d  mater ia l  be- 
n e a t h  i t .  The e x t e r i o r  r i m  o f  a l a r g e  c r a t e r  i s  ra ther  ir- 
r e g u l a r ,  o f t e n  d e s c r i b e d  as l'hummockyll. An e x t e n s i v e  a n a l y s i s  
o f  t h e  shape  o f  t h e  e j e c t a  b l a n k e t s  o f  l a rge  t e r r e s t r i a l  ex- 
p l o s i o n  c r a t e r s  has been c a r r i e d  o u t  by Car l son  and Rober t s  
(1963) and Car l son  and Jones  (1965) .  They f i n d  t h a t  t he  
h e i g h t  c g ( x , r )  o f  t h e  e j e c t a  b l a n k e t  f r o m  a c r a t e r  o f  r i m  
d i ame te r  x a t  a d i s t a n c e  r > x/2 = ( c r a t e r  r a d i u s )  i s  a power 
l a w  

-k 
c B ( X , r )  = (Roxh) ( 2 r / x )  i f  r > x/2 ( 5 )  

U n f o r t u n a t e l y ,  a s i n g l e  va lue  o f  k i s  n o t  s p e c i f i e d  by 
Car l son  and Jones  o r  Rober t s ,  b u t  k may vary  a c c o r d i n g  t o  x 
or r ,  as i s  shown i n  T a b l e  1. The observed  v a l u e s  o f  k 
range  from 3 t o  5,  b u t  are c o n s i s t e n t  w i t h  

which i s  s u g g e s t e d  by Car l son  and Rober t s  (1963)  and Car l son  
and Jones  (1965)  as t h e  best s i n g l e  cho ice .  We w i l l  u se  t h i s  
va lue  i n  c a l c u l a t i o n s .  

I n  t h i s  connec t ion ,  t h e o r e t i c a l  c a l c u l a t i o n s  o f  
e j e c t a  b l a n k e t  shape by Meloy and F a u s t  (1965)  may b e  o f  some 
i n t e r e s t .  These are summarized i n  F i g u r e  1. The power l a w  ( 5 )  
may b e  adequate  f o r  large c r a t e r s ,  b u t  s m a l l  c r a t e r s  a r e  
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c e r t a i n l y  scoured  o u t  by t h e  e x p l o s i v e  impact  which formed 
them. The s i z e  a t  which t h i s  happens i s  of c o n s i d e r a b l e  i n -  
t e r e s t .  A s  F i g u r e  1 shows, t h e  power l a w  shape  ( 5 )  w i t h  
index  2 . 5  i s  v a l i d  up t o  about  12 c r a t e r  r a d i i ,  and i n d e x  6 . 0  
a t  g r e a t e r  d i s t a n c e s ,  for d iame te r  x = 15.3  meters. The ap- 
p rox ima t ion  f a i l s  a t  x = 3 . 3  m e t e r s .  Thus, for c r a t e r s  
smaller t h a n  some diameter between x = 1 meter and x = 1 0  me-  
t e r s  rough ly ,  t h e  c o n t r i b u t i o n  to s u r f a c e  e l e v a t i o n  due to 
e j e c t e d  d e b r i s  i s  r e l a t i v e l y  n e g l i g i b l e .  T h i s  c o n c l u s i o n  w i l l  
be u s e f u l  e l sewhere .  We must remember t h a t  t h e  mathemat ica l  
model used  by Meloy and F a u s t  has n o t  been v e r i f i e d  a l though  
i t  seems p l a u s i b l e ,  t h u s  we s t i l l  have some r e s e r v a t i o n s  about  
t h e i r  c o n c l u s i o n s .  

A s imilar d e c r e a s e  i n  r e l a t i v e  s i g n i f i c a n c e  o f  t he  
r i m  and e j e c t a  b l a n k e t  a t  diameters o f  less  t h a n  5 or 1 0  me- 
ters i s  observed  i n  t h e  e x t e n s i v e  data on t e r r e s t r i a l  explo-  
s i o n  c r a t e r s  compiled by  H .  J .  Moore ( u n p u b l i s h e d ) .  The 
enormous v a r i e t y  o f  c o n d i t i o n s  under  which t h e  c r a t e r s  were 
formed a g a i n  l e a v e s  t h e  problem unreso lved .  

Combining (l), ( 2 )  and ( 5 ) ,  we d e f i n e  t h e  i n i t i a l  
c r a t e r  p r o f i l e  < ( x , r )  r e l a t i v e  to t h e  i n i t i a l  r e f e r e n c e  p l a n e  
by 

h 

= R 0 xh (x /2 r ) ’  f o r  r > x/2 

L e t  us compute some o f  t h e  g e o m e t r i c a l  p r o p e r t i e s  o f  t h e  c r a -  
t e r  ( 7 ) .  See F i g u r e  2 for d e f i n i t i o n  of  t h e  volumes below. 

= e x t e r i o r  r i m  volume 

= i n t e r i o r  r i m  volume vII 
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= volume of  t r u e  c r a t e r  - vIII 
L 

= - n 3  x (Co - R ) /Co 8 0 

= volume of  c r a t e r  bowl vIII + vIv 
= - x  n 3  

8 

assuming now t h a t  

The volume c o e f f i c i e n t  i n  S c h r o t e r ' s  r u l e n  may b e  v a r i o u s l y  
computed, f o r  example as 

(volume o f  r im)/(volume o f  t r u e  c r a t e r )  

W i t h  

w e  o b t a i n  

2 
= (2R C + Rt)/[C - Ro) (VI + 51) lVIII 0 0  0 

= 1.75  if Co = 0.25 ,  Ro = 0.085 

= 0.6865 i f  Co = 0.25 ,  Ro = 0.05 

= 1 . 0 0  i f  Ro = C0/4 

8 S c h r o e t e r ' s  r u l e  s t a t e s  that VI i- VII = VIII 
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We do n o t  b e l i e v e  S c h r o t e r ' s  r u l e  i s  a b s o l u t e l y  c o r r e c t ,  as i t  
i g n o r e s  the  compression o f  t h e  c r a t e r  bowl, u p l i f t i n g  o f  t h e  
o r i g i n a l  s u r f a c e  b e n e a t h  t h e  r i m ,  and lower b u l k  d e n s i t y  o f  
b r e c c i a  and f a l l b a c k  w i t h i n  t h e  c r a t e r  and of e j e c t a  o u t s i d e  
t h e  c r a t e r .  For  f u r t h e r  d i s c u s s i o n  o f  t h i s  p o i n t  see Baldwin 
(1963), Car l son  and Rober t s  (1963), Abrams (1966) and P i k e  
(1967) 

The p robab le  v a l u e s  of Ro g i v e  r e a s o n a b l e  r e s u l t s  
f o r  t h e  volume r a t i o .  Using (7), t h e  normal s l o p e  o f  t h e  
o u t e r  r i m  a t  t h e  r i m  c r e s t  i s  

h-1 c(x,r) = 2k Ro x - 1 i m  d 
t a n e o  = r+x/2 dr 

and t h e  normal s l o p e  o f  t h e  i n n e r  r i m  a t  t he  r i m  c r e s t  i s  

6-1 l i m  G- <(x,r) = 4c0 x r+x/2 dr t a n e i  = 

Assuming t h e  s t a n d a r d  parameters, w e  f i n d  

= 34.20, 8: = 45O (h=6=1,  
I 

k=4, Co=O. 25 , R 0 =0.085) 

(15) 

which are r e a s o n a b l e .  With Ro = 0.055 w e  have eo  = 23.75O. 

We f i n a l l y  n o t e  t h a t  f o r  h=6=1, 
( d i a m e t e r  of t r u e  c r a t e r  b o w l ) / ( r i m  d i a m e t e r )  

1/2 
= (1 - Ro/Co1 

= 0.812 

= 0.883 

= 0.085 (17) for Co = 0.25, Ro 

compared w i t h  an observed  v a l u e  f o r  f resh c r a t e r s  o f  0.83 
(Baldwin, 1963; Car l son  and R o b e r t s ,  1963). Our model i s  
r e a s o n a b l e  i n  t h i s  way t o o .  
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3 .0  SUPERPOSITION OF ELEVATION CHANGES 

We assume t h a t  t h e  e l e v a t i o n  Z(8) a t  a p o i n t  R can 
be  r e p r e s e n t e d  as t h e  sum o f  a l l  t h e  random c r a t e r i n g  e v e n t s  
which a f f e c t  R ,  e i t h e r  bowl o r  b l a n k e t  fo rma t ion .  I f  w e  de- 
n o t e  by dN(x ,s+r)  t h e  random number of  c r a t e r s  of diameter x 
t o  x+dx formed i n  the  small r e g i o n  o f  area d ( R + r )  c e n t e r e d  
on t h e  p o i n t  R + r ,  t h e n  ou r  assumption can be GxGressed . " - ,  

r 

where r = ( l e n g t h  o f  r ) .  I f  t h e  e f f e c t s  of secondary c r a t e r  
format ion  a r e  n e g l i g i 6 l e ,  we can assume t h a t  t h e  p r i m a r y  c r a -  
t e r  p rocess  dN(x,Fj+r) i s  a Poisson  p o i n t  p r o c e s s  w i t h  mean 
va lue  < ( x ) d x  d (R+r ) .  C(x) i s  t h e  expec ted  number o f  c r a t e r s  
o f  d iameter  x formed p e r  u n i t  a r e a  p e r  u n i t  d iameter  i n t e r v a l ,  
i . e . ,  t h e  expec ted  number d e n s i t y .  

We have a l r e a d y  mentioned two d i f f i c u l t i e s  w i t h  t h e  
s u p e r p o s i t i o n  p r i n c i p l e  (18) a p p l i e d  t o  c r a t e r  bowls. I n  t h e  
f i r s t  p l a c e ,  we assume t h a t  t h e  e l e v a t i o n  change a t  R due to 
t h e  format ion  of  a c r a t e r  a t  R+r does n o t  depend on Ehe e l eva -  
t i o n  d i f f e r e n c e  between R and R + r  ."." a t  t h e  t ime t h e  c r a t e r  was 
formed. Th i s  i s  n o t  e x a c t l y  t r u e ,  b u t  i s  n o t  l i k e l y  t o  b e  
s e r i o u s l y  i n  e r r o r  i f  s u r f a c e  e l e v a t i o n s  a r e  s i g n i f i c a n t l y  
c o r r e l a t e d  a t  d i s t a n c e s  which are an a p p r e c i a b l e  f r a c t i o n  o f  
t h e  diameter o f  t h e  largest  c r a t e r  a f f e c t i n g  s u r f a c e  rough- 
n e s s ;  t he  p r e l i m i n a r y  s tudy  of P a r t  I s u g g e s t s  t h a t  t h e  
s i g n i f i c a n t  c o r r e l a t i o n  ho lds  f o r  a wide range  of p o s s i b l e  
parameter va lues .  A second d i f f i c u l t y  i s  t h a t  t h e  format ion  
of  a l a r g e  c r a t e r  w i l l  e f f e c t i v e l y  e r a s e  o r  e l i m i n a t e  e l eva -  
t i o n  changes a t  nearby p o i n t s ;  w e  minimize t h i s  d i f f i c u l t y  
by choosing a d i s t r i b u t i o n  m o d d i n  which large c r a t e r s  are 
r e l a t i v e l y  r a r e .  

It i s  more r easonab le  t o  assume t h a t  e j e c t a  blan-  
k e t s  add l i n e a r l y ,  s i n c e  t h e  f r agmen ta l  material w i l l  s i m p l y  
p i l e  up on p r e v i o u s l y  e x i s t i n g  e l e v a t i o n s .  An excep t ion  t o  
t h i s  w i l l  occur  i f  l o c a l  s l o p e s  exceed t h e  ang le  o f  r e p o s e  of  
t h e  f r agmen ta l  material, whence the  material w i l l  s i m p l y  
s l i d e  down t h e  s l o p e .  Bu t  t he  model (l5), ( 1 6 )  sugges t s  t h a t  
t h i s  w i l l  happen only  on t h e  i n n e r  w a l l  o f  a c r a t e r  and poss ib -  
l y  on t h e  o u t e r  w a l l  n e a r  t h e  r i m  c r e s t .  

t i o n  f o r  t h e  e f f e c t s  o f  c r a t e r  o v e r l a p .  We no ted  t h e n  tha t  t h e  
I n  ou r  p rev ious  p a p e r  w e  made an approximate cor rec-  
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fo rma t ion  o f  a large c r a t e r  a t  a p o i n t  t e n d s  t o  erase t h e  con- 
t r i b u t i o n  of t h e  very  small c r a t e r s  formed there .  T h e r e f o r e ,  
i n  c r a t e r  bowl -c ra t e r  bowl i n t e r a c t i o n s ,  we w i l l  u se  ( f o r  
xo < x < Xm) 

where F i s  t h e  cumula t ive  mean number of c r a t e r s  larger t h a n  
x 
t ime.  On t h e  o t h e r  hand, t h e  b l anke t -p lus - r im  c o n t r i b u t i o n  
i s ,  on t h e  a v e r a g e ,  n o t  s i m i l a r l y  " e r a s e d "  by c r a t e r  forma- 
t i o n .  N e i t h e r  are c r a t e r s  l i k e l y  t o  be  l o s t  by f i l l i n g  w i t h  
debris  e j e c t e d  from o t h e r  impact  c r a t e r s  i n  t imes  s h o r t e r  
t h a n  t h e i r  l i f e t i m e  w i t h  r e s p e c t  t o  loss by o b l i t e r a t i o n  
( o v e r l a p )  by la rger  c r a t e r s  ( D .  Gau l t ,  p e r s o n a l  communication).  
Thus, i n  c r a t e r - b l a n k e t  and b l a n k e t - b l a n k e t  i n t e r a c t i o n s ,  w e  
use f o r  any F ,  x 

and smaller t h a n  xm formed p e r  u n i t  area,  up t o  t h e  p r e s e n t  
0 

I n  a p p l i c a t i o n s  w e  w i l l  c o n s i d e r  on ly  mare t y p e  s u r f a c e s ,  for 
which Cc(x) = c ( x ) .  
more d e t a i l  a t  some f u t u r e  date .  I n  t h e  n o t a t i o n  o f  P a r t  I ,  
s = y ,  w i t h  2 . 6  < y < 3.4.  

T h i s  approximat ion  w i l l  b e  s t u d i e d  i n  

4 . 0  COVARIANCE FUNCTION FOR PARABOLOIDAL CRATERS 

A s  i n  P a r t  I ,  t h e  r e p r e s e n t a t i o n  o f  Z(R) by a moving 
average  o f  t h e  P o i s s o n - p o i n t  p r o c e s s  dN(x,R+r) - -  - 

l e a d s  t o  an i s o t r o p i c  c o v a r i a n c e  C ( T )  between Z ( R )  
and Z(IJ+r) ,  (Matern,  1 9 6 0 )  - 
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where 

2 2  

4 2  2 4 2  2 u -r r -v 
f o r  u > r 
and -r < v < r 

1 u -v v 2 ( u , v ; r )  = - 

v 2 ( u , v ; r )  = 0 o the rwise  

Using t h e  c r a t e r  p r o f i l e  r ( x , r )  d e f i n e d  by ( 7 )  we o b t a i n  

where c I ( r )  i s  t h e  c r a t e r  bowl c o n t r i b u t i o n  t o  t h e  covar iance  
f u n c t i o n ,  p r e c i s e l y  Equat ion ( 4 7 )  o f  P a r t  I. The o t h e r  func- 
t i o n s  are:  

du L (u ;x -u ; r , x )  if r < x < 2 r  
k 1 ( r , x )  = L X J 2  2 1 

u -r 

X du L (u ;x -u ; r , x )  i f  2 r < x  1 + 
-r 

i f  o < x < r  k ( r , x )  = 0 - 1 
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X du L ( u ; x - u ; r , x )  
k 2 ( P , X )  =I, 2 

u -r 

x t r  
du L ( u p - x ; r , x )  k 3 b , x )  =I, J 2  2 3 

u -r 

du L ( u p - x ; r , x )  
k 3 ( r , x )  = LXtP J 2 2 3 

u -r 

The i n t e g r a l s  L1, L2, L a r e  d e f i n e d  b y :  3 

+ 2RoCox hts-2 (u2+v2)}dv 
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L 2 ( u ; a ; r , x )  - u 2 2  k -v @R;xLhih -c (u-v)  J r 2  -V 2 

2 2h+2k 

dv ROX 
2 2 k-1J i: u - v  r -v 

L ( u ; a ; r , x )  = 3 

We e a s i l y  f i n d  

+ ( u 2 - r 2 )  [Rzx’” - 2 R  C x h+6 + 4 r 2 R o C o  

+ - 

0 0  

h+6 5 
+ 7  R2x2h - 2 R  C x r 2  2 [ 0 0 0  

- 2 R  C xh+6j 
0 0  

3 h+6-2r2 
2 0 0  

+ - R C x  

The i n t e g r a l s  L2 and L can be e v a l u a t e d  e x p l i c i t l y  3 
only for i n t e g e r  va lues  o f  k .  From S e c t i o n  2 w e  see  t h a t  k 
l i e s  between 3 and 4 ,  t h u s  w e  u se  e x p l i c i t l y  k=3 and k=4,  
o b t a i n i n g  : 

+ 5u a r c c o s [ E ) 9 2 ( x )  ( 3 1 )  
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where 

Finally, 

( k = 4 )  L3(u;a;r,x) = Rox 

- 
4 2  1 u2-r 2121u 2 2  -a I2 

(34) 

(35) 
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It i s  c l e a r  t h a t  t h e s e  f u n c t i o n s  are too complicated to p e r m i t  
an e x p l i c i t  e v a l u a t i o n  o f  t he  k i n t e g r a l s ,  much l e s s  c ( r ) .  
However, c ( r )  can b e  computed w i t h  s u i t a b l e  a d d i t i o n a l  approxi-  
mations and s i m p l i f i c a t i o n s .  We e x p l o r e  t h i s  p o s s i b i l i t y  i n  
t h e  n e x t  s e c t i o n .  

5 .0  THE CASE h=6=1, k=4 

L e t  u s  assume t h a t  v e r t i c a l  r e l i e f  o f  c r a t e r s  i s  
s c a l e d  i n  d i r e c t  p r o p o r t i o n  to c r a t e r  diameter, which i s  both  
i n t u i t i v e l y  appea l ing  and expe r imen ta l ly  v e r i f i e d  f o r  small 
c r a t e r s .  I n  terms o f  o u r  model f u n c t i o n s ,  

The Equat ion ( 2 3 )  f o r  c ( r )  now assumes a more a t t r a c t i v e  and 
t r a c t a b l e  form, 

By a p p r o p r i a t e  p a r t i a l  i n t e g r a t i o n s ,  

Idw I1(W,Y) 
t 

J 2  w -1 
k l ( r , r y )  = (37) 

where 

2 [(R2-2R C )y2 + RoCo(y-w) 2 .  
( 3 9 )  I1(W,Y) = (Y-w)J1-(y-w) 0 0 0  
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i n  t h e  t ransformed v a r i a b l e s  

By t h e  same t r a n s f o r m a t i o n s  ( 4 0 ) ,  k 2 ( r , r y )  and k 3 ( r , r y )  can 
a l s o  be s i m p l i f i e d .  An e x p l i c i t  s t a t e m e n t  r e q u i r e s  a cho ice  
of  k ,  however. 

The most p robab le  v a l u e ,  

k = 4  

i s  assumed. T h i s  y i e l d s  

4 
10 RoCoY 

[ Ro-ROCo 2 ly6-8RoCoy 4 
t 

4 2  ' P ~ ~ ( w , Y )  = !3/2 I w 2 - 1  f w -1 

( 4 3 )  

3 [ Ro-RoCo\y6-4R 2 

1 w 2 - 1  i *I2 

C y 4 0 0  4- 
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A l s o  , 

tLy+l d w  [ [8w4-8w2+3) a r c c o s  ( 4 4 )  
512 \ w2- ( W - Y )  I 

J w 2 - 1  8w5 I w 2 - 1  I 
( y - w ) ~ 1 - ( y - w ) 2 [ 4 w  4 2  -w - 3 i 2 w  -1 I i w- y121]) 

21 4 w 4  I w 2 - 1  1 [w2- (w-Y 1 
2 - 

Even w i t h o u t  d e t a i l e d  computa t ions  , we may e x t r a c t  
u s e f u l  a sympto t i c  i n f o r m a t i o n  about  c(r) by deve lop ing  i t  as 
a power ser ies  i n  r f o r  s m a l l  r: 

11-l t otr 11-1 
c(r) = c ( o )  - ( c o n s t ) r  ( 4 5 )  

where 

Omit t ing  t h e  u s u a l  i n v o l v e d  c a l c u l a t i o n s ,  w e  f i n d  t h a t  as y- 
(xo  f i x e d ,  r + O )  

(We have v e r i f i e d  t h a t  t h e  c o e f f i c i e n t  o f  y3  i s  i d e n t i c a l l y  
z e r o ,  b u t  d i d  n o t  unde r t ake  an  e x a c t  c a l c u l a t i o n  o f  t h e  co- 
e f f i c i e n t  o f  y2.)  
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It was found i n  P a r t  I t h a t  f o r  6 = 1 

4-s - x 4-s] t o ( r 2 )  i f  s+4 
C 0 2 sccz 
2 1  (4-1 s 5 I'm 0 

- IT l o g [ x m / x o )  + O ( r  2 

- C ( r )  = 

TO 11-1 2) j 
( 4 7 )  

2 
i f  s=4 - - 

scco 
s 12 

There fo re ,  

We remark t h a t  f o r  any Co,Ro ( e i t h e r  non-zero)  

C2 - 3R C t 4RE > 0 
0 0 0  

(49) 

t h u s  c ( 0 )  > 0.  

Equat ions  ( 3 6 )  - (44) were computed numer i ca l ly  f o r  
The 

r e s u l t i n g  c o r r e l a t i o n  f u n c t i o n s  c ( r ) / c ( O )  are shown i n  F igu re  
3. The c h a r a c t e r  o f  these f u n c t i o n s  i s  much the  same as t h o s e  
found i n  P a r t  I. For values  of r somewhat l a rger  t h a n  xo, t h e  
d e c l i n e  i n  c ( r )  w i t h  i n c r e a s i n g  r i s :  

xo - - 1, xm = 1 0 0 ,  Ro = 0 . 0 8 5 ,  C o  = 0.25 ,  and s = 2, 3, 4. 

( i )  P a r a b o l i c  f o r  s = 2 

(ii) L i n e a r  ( e x p o n e n t i a l )  for s = 3 

(iii) "Logari thmic" f o r  s = 4 
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There fo re ,  as found i n  P a r t  I, Equat ion  (45) i s  a p p l i c a b l e  
f o r  small and moderate v a l u e s  of r, w i t h  

f o r  s < 2 + 2 6 ,  and 

c ( r )  = c ( 0 )  - ( c o n s t )  l o g  r + o ( l o g  r) (51) 

i f  s = 2 + 26 .  

T h i s  model i s  "smoother" t h a n  t h a t  o f  P a r t  I i f  
c ( 0 )  < CI(0), i . e . ,  i f  

TZ = (C0-ROI2 > IC!: -3CoRo + 4R0 2 

or e q u i v a l e n t l y  

From S e c t i o n  2, u s i n g  C o  = 0.25, w e  f i n d  t h a t  

( a )  i f  Ro = 0.085, t h e  p r e s e n t  model i s  s l i g h t l y  
roughe r ,  and 

( b )  if Ro = 0.055, t h e  p r e s e n t  model i s  smoother 
t h a n  t h e  model o f  P a r t  I. 

A measure o f  t h e  r e a s o n a b l e  numer i ca l  magnitude 
of  t h e s e  r e s u l t s  i s  t h e  root-mean-square e l e v a t i o n  r e l a t i v e  
t o  t h e  mean s u r f a c e ,  Jc(. T h i s  i s  p l o t t e d  i n  F i g u r e  4 
as a f u n c t i o n  of xm for t h e  c a s e  h=6=1, k=4, Co=0.25, Ro=0.085, 
and v a r y i n g  v a l u e s  o f  s and C. 
as no ted  i n  P a r t  I ,  even smaller v a l u e s  o f  xo c o n t r i b u t e  l i t t l e  
e x t r a  t o  t h e  t o t a l  roughness  i f  s < 3.5. The case  s = 2 ,  C = 0.2 
i s  t h e  wors t  p o s s i b l e  c o n t i n e n t a l  a i s t r i b u t i o n ,  the  case  s = 2 ,  

We have used  xo = 1 mete r ,  b u t  
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C = 0 . 0 8  i s  t h e  smoothed Surveyor  c r a t e r  d i s t r i b u t i o n ,  and t h e  
o t h e r  cases  are t y p i c a l  mare d i s t r i b u t i o n s .  For  example, we 
would e x p e c t  a t y p i c a l  Apollo l a n d i n g  s i t e  ( C  = 0 . 2 ,  2.5 < s 
- < 3.0,  no c r a t e r s  larger  t h a n ,  s a y ,  xm = 250 meters) t o  have 
an r . m . s .  roughness  o f  1 to 3 m e t e r s ,  mos t ly  due to c r a t e r  
bowls 

6 . 0  POWER SPECTRAL DENSITY 

The two-dimensional power s p e c t r a l  d e n s i t y  (PSD) 
S ( w )  i s ,  i n  t h e  c a s e  o f  an i s o t r o p i c  s u r f a c e ,  s i m p l y  t h e  Hankel 
t r a n s f o r m  of  t h e  cova r i ance  f u n c t i o n  c ( r )  

S ( w )  = Jo(wr) c ( r )  2 1 ~ r  dr ( 5 2 )  
0 

where t h e  s p a t i a l  f requency  w i s  re la ted  to t h e  d i s t a n c e  r 
by w = 27r/r, and Jo(z) i s  t h e  z e r o t h  o r d e r  Bessel f u n c t i o n .  
T h i s  f u n c t i o n  S ( w )  has been computed numer i ca l ly  f rom t h e  
c o r r e l a t i o n  f u n c t i o n s  c ( r ) / c ( O ) . s h o w n  i n  F i g u r e  3,  t h u s  S ( W )  
as p l o t t e d  i n  F i g u r e  5 i s  "normalized".  

These numer i ca l  r e s u l t s  v e r i f y  t h e  a sympto t i c  a n a l y s i s  
of t h e  p r e c e d i n g  s ~ e c t i o n .  A s  was shown i n  P a r t  I ,  i f  for 
s u f f i c i e n t l y  small v a l u e s  o f  r 

c ( r )  = c ( 0 )  - ( c o n s t ) r  11-1 + o(r11-l) 

where 1 < v < 3 ,  t h e n  
S ( w )  = ( cons t )w  -(11+1> 

From Equat ion  (50), w i t h  6 = 1, 

u + I = ~ - s  

which i s ,  indeed ,  v e r i f i e d  for O.l<w<l.O. 

( 5 3 )  

(541 

Because of t he  t r u n c a t i o n  a t  xo = 1, w e  have i n  ( 5 0 )  
f o r  r < < x o  = 1 or e q u i v a l e n t l y ,  W > > ~ I T / X ~  = 27r, t h a t  1-1 = 3 and 
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t h a t  S ( W )  d e c r e a s e s  w i t h  i n c r e a s i n g  0 f a s t e r  t h a n  u - ~ ;  t h i s  i s  
beginning  to  appear i n  t h e  f u n c t i o n s  ske tched  i n  F igu re  5 ,  
a l though not  f u l l y  developed.  Because c ( r )  = 0 f o r  r>xm = 1 0 0 ,  

w e  have S ( w )  extremely f l a t  f o r  ~0.01. 
dec reased ,  w e  can expec t  t h a t  t h e  inverse-power-law PSD w i t h  

s l o p e  1 ~ .  + 1 = 6 - s observed i n  t h i s  example f o r  O.l<w<l.O w i l l  
ex t end ,  r e s p e c t i v e l y ,  to s m a l l e r  and to larger  va lues  o f  W .  

I f  xm i s  i n c r e a s e d  or 

xO 

The one-dimensional  PSD f o r  e l e v a t i o n s  a long  a s i n g l e  
l i n e a r  t r a v e r s e ,  denoted  S1(w ) , i s  c a l c u l a t e d  from S ( w )  by 

where w1 

It i s  e v i d e n t  tha t  i f  ove r  any range o f  w, Equat ion ( 5 3 )  holds  
t h e n  

s t h e  s p a v i a l  frequency a long  t h e  l i n e a r  t r a v e r s e .  

which i s  v e r i f i e d  i n  F igu re  6 .  
depend on s ,  b u t  a r e  roughly between 0 . 0 8  and 0 . 8 0 ,  we have 
( 5 6 )  w i t h  1-1 = 5-s, i n  accord  w i t h  t h e o r e t i c a l  p r e d i c t i o n s .  

For a range o f  va lues  o f  w1 which 

The e m p i r i c a l  e s t i m a t i o n  o f  S1(wl) from l u n a r  data 
i s  now be ing  s t u d i e d .  P re l imina ry  f i n d i n g s  by Van Deusen 
(1967)  show t h a t  (56)  i s  a p p l i c a b l e  f o r  0 . 1  - < w1 - < 1 cycle /meter ,  
w i t h  1-1 = 2 .  The d e r i v e d  va lue  s = 3 i s  i n  good agreement w i t h  
t h e  observed p o p u l a t i o n  index  of  c r a t e r  diameters. A more 
d e t a i l e d  a n a l y s i s  w i l l  b e  p u b l i s h e d  s e p a r a t e l y .  

2015-AHM-kse A. H .  Marcus 
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TABLE 1 

- 

EJECTA BLANKET SHAPE 

True Crater 
Shot Radius (Meters) k Range (Meters) 

Sedan 182.9 4.3 (all stations) (29)* 
5.1 (primary stations)(29)% 
2.24 220 to 550 (55)" 
5.98 550 to 840 (55)* 
3.53 840 to 1710 (55)* 
4.0 suggested (72)* 

Teapot S 44.5 3.7 suggested (72)* 
0.0 53 to 65 * *  
4.31 65 to 245 **  
3.57 245 to 2650 **  
4.5 *** 

6.51 122 to 172 8 %  
4.05 172 to m * *  
2.7 * % *  

Scooter 38.1 2.6 457 to 980 (131% 

Suffield 21.3 3.65 30 to 73 **  

Stagecoach , 15.4 4.75 30 to 73 **  
2 2.40 73 to f *  

4.25 30 to 60 * * %  

Stagecoach 17.9 2.35 73 to 334 (131% 
3 3.28 43 to **  

3.74 43 to 03 ***  

White Tribe 5.3 2.73 15 to 167 
(average, 9 
shots) 

*Carlson and Robert (1963), page number 
**Carlson and Jones (1965) 
***Marcus, unpublished 
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F i g u r e  1 

F igure  2 

F igu re  3 

F igu re  4 

CAPTIONS TO FIGURES 

T h e o r e t i c a l  e s t i m a t e  of h e i g h t  of e j e c t a  b l a n k e t  
around a c r a t e r  o f  d i ame te r  x formed by an impact  
of energy E ,  as a f u n c t i o n  of d i s t a n c e  from c r a t e r  
c e n t e r  (Meloy and F a u s t ,  1 9 6 5 ) .  

P o s s i b l e  c r a t e r  shapes f o r  v a r i o u s  model pa rame te r  
v a l u e s  (drawn t o  s c a l e ) .  

C o r r e l a t i o n  f u n c t i o n s .  

R.M.S.  s u r f a c e  e l e v a t i o n  as a f u n c t i o n  o f  maximum 
c r a t e r  s i z e  for x = 1 meter, h = S = 1, k = 4 ,  
C o  = 0 . 2 5  and Ro = 0.085.  
and C t h e  number o f  c r a t e r s  p e r  s q u a r e  meter la rger  
t h a n  one me te r  i n  d i ame te r .  

0 
s i s  t h e  p o p u l a t i o n  i n d e x  

F igures  5-6 Power s p e c t r a l  d e n s i t y  f u n c t i o n s  co r re spond ing  
t o  t h e  c o r r e l a t i o n  f u n c t i o n s  i n  F i g u r e  3. 
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