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ABSTRACT

A three~dimensional model ls developed for the
representation of circulation in the Venuslan atmosphere
that includes the effects of both polar cooling and diurnal
temperature variatlon due to the apparent motion of the
Sun. The description of the dynamics of the circulation is
based on the Boussinesq approximation for a compressible
flulid and an analytic expression describing the flow pattern
1s obtalned. The results show that the mean atmospherlc
motlons are essentlally meridional, except in a narrow
belt near the equator, at a latltude of about 10°, where
the direction changes abruptly to zonal. The flow pattern
ls not symmetrical and rotates about the polar axis of
Venus with the period of the Venuslan day.
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GENERAL CTRCULATION IN THE ATMOSPHERE
OF VENUS_ DRIVEN BY POLAR AND DIURNAL
VARIATIONS OF SURFACE TEMPERATURE

I. INTRODUCTION

Many space exploratlons are dilirected toward planetary
studlies, especilally towards investigations of the two nearest
terrestrial planets, Mars and Venus. As part of the effort to
improve our understanding of the Venuslan environment, thils
paper examines a three-dimensional model of the general clrcula~-
tion in the atmosphere of Venus.

Many elaborate numerical models have recently been
constructed for the description of the general circulation in-

the atmosphere of Earthtl’2’3]. However, for other planets

the avallable relevant empirical data are limlited and often also
uncertaln; therefore, use of the above mentloned models, which
consume large amounts of computing time, cannot be justified.
Even investigation of simpler models of planetary circulation,

such as, for example, the model proposed by Leovy and Minbz[u]

or the numerical dishpan experiments performed by Williams[5]
require considerable computing time, rendering parametric
studlies rather expensive.

We felt, therefore, a need for a simple but meaningful
model which would admit an analytic solution and thereby exhiblt
. explicltly the dependence of the flow pattern on different para-
meters of the problem. Such a solutlon would facillitate greatly
the study of the general characteristics of the atmospheric
circulation, provide considerable physical insight into the
problem, and assist in planning future, more exact calculations,
as well as in evaluating different - alternatives for the direct
investigation of Venus' meteorology.

Except for a few 1soiateq,cases, the possibijity of
obtalning an explicit solution to a fiuld dynamics problem,
valld in the large, requires linearity of the governing system

of differential equations. Recently Ohring, Tang, and Mariano[6J
have studied the circulation in the atmosphere of Venus with a
two-dimensional, time-independent model in which the gas is ~
heated at the bottom by the surface of tihe planet and the motion
is described by a linear version of the Bou551nesq approximation

{7
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tc the equations of fluid dynamles. Thelr model describes
the circulation that ls symmetric about the axls Joining the
subsolar and antisolar polnts and conslsts of ldentlcal
closed cells on vertlical planes above each great circle
passing through these two polnts as shown in Flgure la.

The model of Ref. [6] may also be applied in the
case when the flow is symmetric about the polar axls and the
temperature on the surface varles wlth latitude only. The
cireculation pattern will then consist of c¢ells in the vertilcal
planes above the merlidlans between the equator and the pole
as shown in Flgure 1lb.

However, because of the slow rotation of Venus,

equator to pole and day to night temperature differences can

be expected to be comparable in magnitudes and therefore a
three-dimensional description is more appropriate. Further-
more, the average wind veloclty computed from the above model
ls of the same order of magnitude as the veloclty of the sub-
solar point along the surface due to the apparent motlon of the
Sun, and therefore the time independent treatment does not
appear to be adequate. In addltion, the linearization of the

model equations has to be Justified.

In view of the above consideratlons we wish to study
the circulation pattern determined by both the polar and the
diurnal temperature variations. Consequently, we shall develop
a three-dimensional, time-dependent model containing these
effects, The temporal varia*ion of temperature will be
described by a harmonilc behavlor with the period of the Venuslan
day . :

) We believe that our formulation includes most of the
essential features of the dynamics of the atmospheric circula-
tion on Venus. It wlll be shown that the results obtained with
the present model differ considerably from those derived by two-
dimensional, time-independent treatments.

The paper 1ls organized as follows: the problem 1s
formulated in Sec. II where the assumptions and approximations
are stated. The analysis is described in Sec. III and the
results are presented in Sec. IV. PFinally, In Sec. V, the
validity of the previously mude assumptions is discussed, and
the consistency of the approximations is demonstrated, using

the now available explicit form of the solution.
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IT. FORMULATION OF THE PROBLEM

A. The Baslc Approximatbilons

We shall assume that the vertlcal extent of the
atmosphere in which the circulation 1s to be determined is
much less than the smallest scale helght D defined as follows:
1f £ represents any one of the state variables, temperature,
pressure, or denslty, we express 1t in the form:

f(-x,y.’z,t) = fm + fO<Z) + f'(X:y:z,t> (1)

where f denotes the (constant) space and time average of f,
fo is the variation in the absence of any fluld motion, and f'

1s the variation resulting from convectlon. Any scale helght
1s then deflned by:

ar -1
I P

If d denotes the vertical extent of the region of Interest in
the atmosphere, the previously stated assumption requires:

% <<l (3)

~ Clearly, condition (3) depends on the physical’
parameters as well as on the vertical extent d which must be
determined from the solution. After the results are obtalned,
we shall verify in Sec. V to what extent inequality (3) is
satlsfled. At the present time, we merely state 1t as an
absumption.

B. The Ccordinate System and the Governing Equations

Since the depth of the atmosphere, d, 1s much smaller
‘than the radius of the planet, R, 1t is convenlent to employ a
Cartesian coordinate system wiih the x-axls pointing east along
the equator, the y-axis pointing north along a meridian, and
the z-axis pointing upward in the vertical direction. The
origin of thils coordinate system is placed at the subsolar
point at some initlal reference time; at this time the antisolar
point 1s at x = 7R, y = 0 and the pole is at y = wR/2.

Assuming inequality (3) to be satisfied, we may apply
to the Navier-Stokes equatlons including a gravitational force
the Bossinesq approximation for a compressible fluid as
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derived by Spiegel and Veronis [7]. 'This approximation 1s an
improvement of the original one introduced by Boussinesq in
which the fluld 1s ilncompressible and the denslty change 1s

due to thermal expansion alone glving rise to a bouyancy force.
The improvement in Ref. [7] consilstc of taking into account
the addltlonal effect of the compressibllity by including, in
the energy equation, the work done on the fluld and 1s there-
fore a more adequabe description of & pas.

With the above stated approximatlons the system of
equatlions for the flow variables 1s:

Vey = 0 ()

Dy, ] 2

, ET
Dty (204 B = o (6)
Dt p

where the vector v = (u,v,w) denotes the velocity pesrturbation
about the state of rest9 t 1s the temperature perturbatlon, p
18 the pressure perturbation, Py ls a representative mean denslty,

Ch 1s the specific heat capaclty at constant pressure, & 18 the

adiabatlc lapse rate, g = |g|, g 1s the gravitational acceleration,
a ls the coefficlent of thermal expansion, v 1ls the eddy coeffilclent
of kinematlc viscosity, « 1s the eddy coefficlent of heat conduc-

tivity, and gt denotes the substantilal derivative

= .
B’-E"at+g v . (7)
Throughoub the analysis, the mgs system is used; the units of
the various quantities are therefore: o (gram/m3), p(gram/m-sec
(%K), v(m/sec), g(m/becg), c (m2/se02 °K), v and k(m /sec),
and a(l/°K).

2y,

In Egs. (5) and (6) we have neglected the Coriolls
force in comparison to the viscous forces and assumed that the
radiative heat transport is small in comparison with the con-
- vective transport. The second assumption is a good approxima-

-v\ tion in the description of the lower atmosphere where convec-

tion is the most effective process of energy transfer.
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Eddy transport coefflelents v and k are used because
the analyslis 18 intended to apply to large scale mean motions
in the atmosphere, where the scale of turbulence 1s much smaller
than the scale of our interest. The implilclt assumptlon here
18 similar to the Prandtl's mixing length hypothesls, where
the apparent coefficlients for viscosity and heat conductlvity
are adopted. Wlithout further Justification, emplrical consfant
values for the coefflclents v, k, a, and cp willl be used.

We are interested in the response of the fluld to the
temperature variations on the surface of the planet. We shall
consider only those surface temperature changes whlch are small
in comparison to the mean surface temperature TmS the experi-

mental evidence indlcates that thls may be adequate to describe

conditiong on Venus. We can therefore define a small parameter e
as the ratlo of the maximum amplitude of the surface temperature
varliation to Tm, and expand all the dependent varlables 1ln powers

of ¢; for ¢ = 0 the veloclty 1s zero by hypothesls. In thils
formal expansilon procedure, v+Vy and v-Vr terms in Egs. (5) and
(6) are of second order in ¢ and may be neglected in the first
approximation. The first order equations are then as followg:#*

vev = 0 ' (8)
oV

- 1 o 2., :

rEZ T er - gattvvV vy (9)

o m
-g—;'é- + yw = KV2T : (10)
whére B
y = %—— - Yo > 0 (1)
P

and vy, 1s the actual lapse rate in the absence of motilon.

&

C. The Boundary Condltions

To complete the formulation of the problem Egs. (8)
(9) and (10) must be supplemented with suitable boundary condl- -

tlong. At the surface of the planet, z=0, the temperature should

be determined from the heat flux balance. However, thils is a

¥A11 the dependent varilables should contaln subscripts 1 to
indlcate first order quantitiles in e; however, wlth no intentlon
to calculate the second order corrections in this report, the
subscripts are omltted.. . A
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difficult task requiring a solution of the radliative transfer
equation; in practice, as an alternative, the surface tempera-
ture may be measured. Presently, even such information is

very limited as we do not know the entilre surface temperature |
distributlon on Venus; at best we can only estimate from avallable
information valuegs at some 1lsolated points, like subsolar and
antisolar points and the pole. Our approach therefore, 18 fto
assume the temperature dlstributlon as known and to expand it

in a Fourler Serles. From thls serles we retaln only the funda-
mental modes along equatorlal and polar directlons; the former
also dlgplays & harmonic time varlatlion. Accordingly, the
surface temperature varlation ls taken to be the following:

. 2Y X _ .t NA
cos =f + Tn cos (R mot) Cos (12)

T(X,¥,0,t) = R

Tp

here W 1s the frequency assoclated with the solar day on

Venus; Tp and Tn denote the amplltudes of the polar and diurnal

temperature varlations. These modes exhibit the requlred
monotone variation between the subsgolar and the antilsolar polnts,
and between the equator and the pole, as well as the perlodlc time
varlation; therefore, they should determine the general features
of the circulation pattern. In our linear anelysls the effects

of higher modes can always be superposed when more detailled
information becomes avallable. ;

The amplltudes, T_ and T _, that satisfv the absolute
temperature, TSb,at the subgolar pgint T at the antisolar

point, and Tpl at the pole are:

(7. .~ T ) ’,

g L
n 2 58 as
=l‘ 1 ___J;,‘r’
Tp I (Taq * Das) 2 Jjpl 5
and the mean temperature Tm is
V o1 N R
Tm =T (Tgg * Tpg) * 5 Tp1
o S S |
The larger of the ratios TR'0T~T“ is the perturbation parameter
ol m

e introduced in Section IIB.
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At z=0, the veloclty satisfies the usual condition for
viscous flows:

u=v=y=70 (13)
At large distances away from the surface 1t is
required that all perturbations remain bounded, 1l.e., as
7 o+ @

7. < ™

uosoe (14)

vV < w

W < o

IIT. THE SOLUTION

Since Egs. (8) to (10) are linear with constant
coefficients it is natural to try the following form of
sclutlion:

v = TeaxeSy 7 ~lwt

u = U __"_

v =V =" ‘ (15)
wos W o="e
p = P ="

_where the amplitudes, T, U, V, W, P and the phases a, 8, B, w
are to be determined. |

Because the boundary condition (12) is in the form
of a sum of polar and night coolings, the solution will con-
sist of two separate contributions due to these two effects;
by linearity of the problem, the final results will be super—
posed.

Substltution of (15) into Eqs (8) to (10) results in
the following linear, homogenous system of algebralc equations
for T, U, V, W, and P:

al + 8§V + BW 0

[1m+v(a +8%48%)70 = =% P = @
"
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[Lotv (o +62+62\JV‘- L p=og
P

[Lutv(a®+6%+6%) 10 - £ P + gar = 0 (16)
m

[lutk (o +62489)]T = yW = 0

‘The above equations possess a nontrivial solution 4f
and only 1f the determinant of the coefficlents vanishes; this
condlition leads to the following relation:

2 2

2 )
(0243 +8°) 1+ (a +62)yga = 0 (17)
Since o, & and w may be determined from the compatlibllity require-
ment for the solution and the boundary conditions, (17) should
be consldered an equation for Rg.

+62) [im+v(a2+62+82)][iw+w(u2+6

With (17) satisfied, the amplitudes are determined
from Eqsg. (16) as:

U= - L "“5&&5” [im+m(a2+62+62)]T

, Y (a546°)
ve-1  ss [Lutk(a®+6%+82) 7T |

Er ) ‘
(«2+s2) | (18)

W =,% [iw+K(a2+62+62)]T
p = _ fm s [t T

= - 5 W K(a +4° +B )][lw+\)(0t +4 +B )]

ﬁY (ao+s )

For the planet Venus the following values of the physical
parameters in the above equatilions are taken as representa-

(63, o | ‘

tive

a = 2 x 1073 per degree

g = 8.8 m/secz

- “30 '

= 2, x 10 C/m ;
oA | (19)
v o= oK =5103 mz/see -
R =6 x 103 km

w_ = 2n/117 days
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It is shown in the Appendix that the solution of

Egs. (8), (9), and (10) subject to the boundary conditions
(12), (13), and (14) is:
_ e X X ' 2Y
T Tn cos 7 cO8 g fT(Z) + Tp cO8 F gT(Z)
4= ERon 3 sin X cos % £ (2)
Y 2 " R R "u'”
__K R lny3 X in Lo 3 aqp 2Y
v = Y 2 %hp cos & sin & fv (Z) + Tpu sin R gV(Zﬂ

=<1

where b, [ b,
2~ 2 ,
fT(Z) = % e e + cos /3 bz + —* sin /3 bz

L

_-—-Z —— i
2 2 -
i = -1l . 3., _ 1 Y3
fu(z) , fV(Z>ﬂ— 5 e La - ¢cos —% bz sin =5 bz

| 2 /3
“2%) 27 - ' —
£, (z) = % e le - cOoS K% bz + —= sin l% bé}
L , 3 2
r~ 3 -y
BB )
f (z) = % e e + cos ~% bz - —& sin ﬁ% bz
D 3 2 3 2
‘ —Eczl ~5CZ - R
g . (z) = % e Le + cos K% cz + —% sin l% cz
' V3 i}
. -5nz| -5ez | : i 1
8,(%) = :% e e - cos lg cz - —= sin ~%‘cb‘
, /§ , §
“502[ ~5ez ,. =
_ 1 2 /3 L)
gw(z) =5 e e - cos 12‘cz + s sin =5 cz

(20)

(21)
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—%oz -Z07 5 5

= X 3., . L v3

gp(z) 5 e e + cos 5 ez 5 sin 5 oz
and
% .
RBVK
1 (22)

c = (-—-g—-uy a g

Ravm

In (20) we have introduced a coordinate system moving
with the surface velocity of the subsolar point:

X=x~-u t, U, = woR

=y (23)
7 = g

£ = t

In this coordinate system, the solutlon appears to be gtationary.

ﬂFor eagler visualization the functions fT, 8. fp, g
£, and g are plotted in Figs. 2 and 3.

p’
,ru? fv’,gy5

IvV. DISCUSSTON OF RESULTS

, Even though i1t 1s explicit, the solution (20) obtained
in the last section is not very revealing by itself. We wish

to analyze it in the present section with the intention of ob-

taining a graphical representation that 1s easy to visualize and

to lnterpret :

, We begin by examining the behavior of the solution

in the vertical plane which passes through the subsolar point,
antisolar point and the pole. In a coordinate system fixed at

the subsolar poin%, this plane may be represented by the plane
X=0, with the Y-axis extended beyond the pole to the antisolar
point at Y=rR. It is clear that in the absence of night cooling,
the circulation pattern would consist of two cells symmetric

about the pole as shown in Fig. 1lb. In the general case, however,
we should allow the pole to be cooler than both the subsolar and.
antisolar points, but not by the same amount, and therefore two
asymmetric circulation cells are to be expected The boundary be-
tween these two cells may be determined approximately from the
‘vanishing of the y component of the wvelocity, because they are
separated by a div1d1ng streamline along which the flow 1s pre-
dominantly 1n the vertical direction.

N
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In the plane X = 0, since ¢ = V/Bb2, we have

v=-5Bnpy3ginies (z) {1+ 2V/2 6 cos (Z) (24)
y 2 n ' R “v R ( ‘
T
where 6 = TE 15 a measure of the relative importance of polar
n
and night coolings. From Flg. 3 we observe that
8,(2)
FEY - 1
V L

and therefore the condition v = 0 leads to

1 4+ 2/2 6 cos % = 0, (25)

For a typlcal value of 6, say 1.5, we find

L. 0
g - 105

i.e., the point in question is located on th° night side 15°

off the pole. We shall refer to it as the "clrculation pole"
(CP) in analogy to the magnetic pole. Thus, the circulation

is not symmetrical about the pole because the thermal driving
force 1s larger on the day side than on the night side.

The occurrence of two asymmetrical clrculation cells in
the plane of symmetry of the flow pattern is the flrst consequence
of the three-dimensionallity of the analysis. The structure of
the flowfield over the remalnder of the globe wilill be examined
in the next paragraph. Here we only observe that, as the polar
cooling Tp tends to zero, our solution reduces to the two-~

dimensional symmetric circulation between the subsolar and anti-
solar points investigated previously in Ref. [6]; as the night
cooling T tends to zero the ecirculation reduces to the corres-

ponding pattern symmetric about the polar axis. A graph of the
position of the circulation pole as function of & is shown in
Figure 4

We will now turn our attention to the examination of
flow behavior in horizontal planes z=const. From Fig. 3 we
see that the horizontal veloclity components u and v reverse
directions at an altitude of about 20 km. The direction fields

aﬁp tg %, constructed at two altitudes, z=10 km and z=30 km, )
are shown on the Mercator projection-of the globe in Fig. 5. The
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result demonstrates that the dlirections are, to within only a few
degrees, almost exactly reversed for all x and y. Thls indicates
that the trajectories of fluld parcels very nearly lle on surfaces,
not necessarily planes, that extend vertically upward from the
surface of the planet. These surfaces, together wlth the informa-
tion about the c¢irculation pole, are shown schematically in Flg. 6
that may convenilently be thought of as the Inverse of the Mercator
projection. We see that, depending on the altltude level, the gas
motion is malnly along the merldians, away from or towards the
pole, to within 5° or 10° latitude where it turns abruptly into

the eguatorlal direction. We wlsh to note here that the curves

in Plg. 6 are not the trajectories of individual fluid parcels but,
in the Euler's formulation, the prcjections of the local velocity
onto the surface of the planet.

The most effective way of dlscussing any directlon
fleld 1s to examine 1ts singularitles. In our case the two-
dimensional direction fleld ir a plane z = const 1s given by

$ = arc tg % (26>
where
4 . ¥
, tg = .. 5in =
f=—g e s — (27)
,tg"R‘ 7 U Sinﬁ

The singularities of this fleld, l1.e., points where
v and u vanish simultaneously, are at the subsolar and anti-
solar points and at the circulation pole. Fron the examlnation

of the limiting behavior of the quotient - Y oat ‘ﬁ‘he’se‘points we

determine that at altitudes between O and about 20 km (see Fig. 3),
the subsolar point and the circulation pole are a sink and a

source respectively; the roles become reversed above- 20 km. The
antisolar point 1ls a saddle point for all altitudes. The behavior
of the field at the singular points and in between is shown -
schematically in Fig. 7. An immediate consequence of thils behavior
is the fact that, unlike in the two-dimensional case, the circula-
tion c@‘ls are not closed at the antisolar point. Rather, they
bend there abruptly into the equatorial direction and extena all
the way to the subsolar p01nt

Combining the 1nformatnon contalned in Figs. 4 through
7 we obtain Fig. 8 which is a three-dimensional sketch of the
clrculation pattern. The shaded strips Wepresent schematlcally
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individual clrculation cells. It 1s seen that the gas rises at
the subsolar point and then flows away from it horlzontally in
all directions. Those elements whlch are nearly in a meridilan
plane will approach the circulation pole wilthout much change in
direction; those which are nearly in the equatorial plane will
contlnue in 1t for some dlstance and then make sharp turns into
meridional directions. The closer the cell approaches the anti-
solar point the sharper the turn. Above the altltude of about
20 km the flow directlons are reversed to complete the pattern.
This flow pattern may be best visuallzed by folding Flg. 8 along
the dlameter connecting the subsolar and antisolar points so
that the equatorilial and meridional planes are perpendlcular.

We emphasize here again that the lines in Fig. 8 are not the
trajectories of fluld parcels but rather Indicate the results

of simultaneous measurements of the horizontal flow dlrectilons
at any given time.

For an observer fixed on the surface of the planet,
the flow pattern depicted in Fig. 8 rotates about the pole with
the Sun at the frequency W

For the values of parameters listed in (19), and

T, = 15°K, Tp = 22.5°K, T = 600°K, our solution ylelds the

| following typical magnitudes for the veloclty components:
u = 15 km/hr.
v = 35 km/hr.

il

W .15 km/hr.

These magnitudea agree quite well with previous computations
[6,8] from two-dimensional treatments, eVen though the flow
patterns are completely different. .

V. CONCLUDING REMARKS

Having an explicit expression for the solution and
a visualization of its global behavior we are now in a positilon
to examine critically the various approximations involved.

The. Boussinesq approximation is probably the weakest
assumption in the analysis. It is strictly valid only for
motions with vertical extents which:are smaller than any
- appropriately defined scale height of the fluid. When the
- scale height 18 defined by Eq. (2) on the basis of temperature
- we obtain, for the lapse rate of 8°/km and a mean temperature

B S N
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of 600°K, D = 75 km. Since, from Flgure 3, d 1s about 50 km
the assumption expressed by inequality (3) 1s only marginally
satisflied. However, the lapse rate of 8°/km and the atmosphere
depth of 50 km are both conservatlve values and therefore the
actual situatlon may be more favorable. The scale height
based on pressure or denslty from a hydrostatic calculation is
only about 15 km and our solution is, strictly speaking, not
valid beyond this range. Nevertheless, as argued by Goody and

Robinsontgj, the Boussinesq approximation may still be valid
1f appropriate local mean values for pressure and denslty are
employed. In spilte of the above uncertainty, our approach
ylelds a solution which reflects many qualitative feabures of
the problem. ,

Now, we wish to examine the question of the nonlinear
transport terms in more detail. Within the framework of our
expansion procedure, the ratio of the neglected momentum
convectlve terms to the retalned viscous terms is proportional

v - V¥
to ¢ —5 From the expliclt expressions for the solution
vVey
v vy ,
(20), we see that —5— 18 bounded for all x, y, and z.
VAT ‘

Heat transport terms are estimated similarly. For the particular
~ values of the parameters that characterize the atmosphere of Venus,
(19), and T, = 15°K, Tp = 22.5°K, T = 600°K, the numerical values

of ¢ (v + Vv), amount to about 10% of the viscous terms, and
e (v « V1) to about 15% of the heat conductlon term. Thus the
results are consistent with the approximatlons of the analysis.

We may also galn better understanding of the cilrcu-
lation phenomena described in this analysis from the following
two considerations. First, the gradient operator and the
veloclty vector of a fluld circulating along closed, convex
~ streamlines in a plane are nearly perpendicular and therefore
“thelr scalar product is small (it would vanish identically in
the case of circular symmetry). As mentioned in Sec. IV, and
as seen from the results presented in Figs. 6 and 8 the flow
~described by our solution takes place predominantly in vertical
planes and therefore the above argument applies approximately. [87
~This reasoning has been described in more detail by Bohachevsky-"-.

| Second, the present problem differs essentially from
the classical Benard problem in which thermal convection results
~from§the instability caused by an excessive vertical temperature

Syt
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lapse and the nonlinear terms are required to check the growth
of the instabilities. In our problem the motion 1s generated
and sustalned by the horlzontal temperature zradlent along the
bottom surface perpendicular to the force of gravity. This 1s
contalned in the assumptlon that the unperturbed solutlon 1s
the state of rest. The llnear description therefore appears
adequate provided the surface temperature variatlons are small
compared to the mean temperature.

In the present paper we have assumed that the atmosphere
1ls heated by a presapribed temperature distributlon over the
surface of the planet, and we have described the resulting
eireulation pavtern in a Carteslan coordlnate system. We have
also developed a model simulating some optlcal propertles of the
atmosphere, in which the thermal driving force i1s applied not
only at the bottom but also at an arbltrary altltude level in the
interlor of the atmosphere. This model, whlch has been used l1n
connection with a two-dimensional cilrculation pattern, 1s deseribed

in a separate Bellcomm document[sj

1Y)

I. 0. Bohachevsky

I0OB . <§9 é%aj{’
101 4=~ TTJY-lmC | - T, T. Ye
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Figures 1 through 8
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APPENDIX

In the following subsectlons we present the detalls
of the computatlons of polar and night cooling contributions.

A, Polar Cooling

For the fundamental mode compatible with the first
term in the boundary condition (12), which represents the
polar cooling, we have the following values for a, §, and w:

a = 0

-4 2
§ = 4 %% (AL)
w = 0

The expresslon for B from Eq. (17) is now

| (02462 7 3 2, 2 |
2 |- aZ8vea | 0 ()T | (o2he?) o (a2)

With the values of the parameters specifled by (19)
and (Al) the ratlo of the second to the first term on the right

hand side of (A2) is about 10~ =5, Therefore \a2+6 ) on the
right hand side of (Ae) may be néglected to yleld:

B = c(l)l/G (A3)
where:
1 «
c = (—*—%ﬂ) (Al)
' R VK ,

The six values of B8 are“éherefore given by:

' With the same approximation as, in (A3), & << B,
‘the solution is now given by:
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.--4-2-—1 g:éﬂ 533{ B]‘:L’J
T o= / .;) Tka ]
J=1 k=1
u=20
ety
- §.v By,2
DR (AG)
3:1‘: '
e N Y Ri?
W= T 214 Bkae e
Jsk
; T « §,y 8.2
= L 5m 7Yk
Jsk

The boundary conditlon at z »« requilres that Tk = 0
when Re Bk>0’ Therefore Tl = T5 = T6 = 0., The boundary con=-

dltions at the surface z = 0 and Eq. (A6) then lead to the
following algebralc equations for the¢ remalning Tk's:
Tot Ty + Ty =0

3 P

2 oo | )
BgT5 + BTy + BTy = 0 (A7)

1
o

3
BBTS

The solution of (A7) is:

_ A
T3_" 7Ty

1oy 1 4y, - o
o= (= )T (A8)
A S |

5 = '[]l;(l-'-g'- i)

V3 ©

=
U
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The primary flow varlables are now glven by:

T Tp cos =& gT(Z)

u=20
o _
v = - %E -%-03 sin g%gv(z) (A9)
= K o2 cos 2o ( ,
.,W =3 Tpc cos Rgw(z) .
p_ VK
p = -% f%-— R205Tpcos g%gp(z)
where
-
-2cZ  =3ZCZ
gT(z) = % e ° e © t+eob 1% cz4—= sin igcz
1 ( 1
. =3CZ -=CZ —
gv(z) = :%‘e 2 i e 2 _cos 1%02-7% sin ﬁ%cz} (A10)
RS 3
1 [ 1 i
1 Tpcs ~3C V3 1 V3
g (z) = 5 ¢€ e -cos —2 cz+—— sin —5cz
w 2 L 2 /-3' 2_
1 [ 1 T
- =CZ -=CZ ,
g (z) = % e ° te z +cos —% cz——= sin Kgcz
P i | /3 -

~—

The plots:of the functlons g ., &,, By and g are
shown in Figs. 2¥@nd73. P 3

B. Night Cooling )
‘For the fdﬁdamen%al mode compatible with the second
term in the boundary conditicn (12), which represents . the effect
of the night ccdoling, we obtain the following values of a, &,
and w: A : « T ,
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- = 4 L
%1,3 7 %24 = LR
S, 5= 8y =+ k ﬂ(All)
1,3 " %, 5t F ‘
W= W

0

| The value of B may now be determined from (17) which
1ls a cublc equation for 82. In'order to simplify the algebra
_ , 2 ; . S
let us compare the terms w and kp~., If we take m'wo'ii7”35ys’
k from Eq. (19), and g calculated in the previous sectlon for
w=0, we find that

~9§ N6 ox 1077

KB
Therefore, as a first approximation, in our linear model, w
may be neglected in calculating R. Physically, this means
that the change in the perturbed atmosphere by conduction
follows the change at the surface without appreclable time

delay, since (rB ) -1 1s the characteristic conductlun time.
The resulting B is .

g = b(1)Y/® (A12)
‘l,
2yga 3
b = Jﬂi— (AL3)
R VK
The six possible values of B8 therefore are:
_ 1nk/3 o ,
Bk_be ’ [} k=’ 12,0006 (Alu)

Thus, following the same procedure as in the polar.
¢ooling, we find that in the preaent case of night cooling
the solution 1s gilven by:

-1
]

T 'oos (% -»mOt) cos

n L ff(z?f

‘R
u = K R Tn b3 S-’n(-}-{- - t) COS x‘f (Z)
-y R 3 07 sin(g - wgb) cos g £,(
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' T ,
= £ g -By3 X _ A
Vo= - R ~5 b~ cos (R mot) cos & fv(z) (Al5)
Ko o2 X _ LY
W= T, b cos(R wot) cos & fw(z)
P, VK L,
- m 14 5 _}_{_ _ ; v Y
P = =2 v R"b-T, cos(R wot) cos & fp(z)
where
b
-7, -,
2 3 = -
f (z) = % e e + cos Y3 bz + 2 sin Y3 bz
—%z L _ T
P (z) = £ (z) . =1 e e -¢os ii bz —d sin iﬁ
u 2 . 2 /3 2 J
b [ 2
fw(z) = % e 2 e -COS ngz + L gin 1§
~ /3
‘b r b - -
..-é-z _EZ /9 17 ‘/
£ (z) = % e e + cos —Ebz + - sin -% |
p L /3 J‘

The above expressions may be simplifled somewhat by
the introduction of a coordinate system (23) which is moving
with the surface veloclty of the subsolar point., In this
representation the pattern appears to be stationary:

_ X g
© =T cos & cos g £.(2)
R S N S S
T B3 cos & sin = £ (7)
v = -5 R ?E b3 cos £ sin L ¢ (z) = | 7
y R g sin = £ (7 ,‘ (A16)
= Kyl X 1
wo= o T b" cos 7 cos & £ (z)
p VK | ]
= _mo 5 X Y
D = =2 R© %y T, cos 7 CO0S & fp(z},
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For easier visualizatlon the functions fT, T
fv, and fw are plotted in Figs. 2 and 3.

p,

Making use of the superposition principle the
final solution, conslsting of the sum of the contributions
due to polar and night coolings, is glven by (20) in Sec. III,
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FIGURE 2 - THE Z - DEPENDENCES OF TEMPERATURE AND PRESSURE VARIATIONS
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FIGURE 3 - THE Z-DEPENDENCES OF VELOCITY VARIATIONS
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FIGURE 6- TOP AND FRONT VIEWS OF FLOW DIRECTIONS
IN THE NORTHERN HEMISPHERE AT Z = 10 KM.
AT Z = 30 KM THE FLOW DIRECTIONS ARE REVERSED
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