
AT&T Technical Journal
Vol. 64, No. I, January 1985
Printed in U.S.A.

Optimal Resource Allocation for Two Processes"
By C. COURCOUBETISt and P. VARAIYA*

(Manuscript received May 9, 1984)

Two processes compete for access to n resources. A scheduling policy
allocates the resource when the processes request it simultaneously. The
objective is to minimize the average value of a state-dependent cost. The
optimal policy can be calculated explicitly for the case of one resource. In the
general case n > 1, an adaptive scheduling algorithm is proposed. The algo­
rithm measures average transition times of the system and converges to the
optimal policy.

I. INTRODUCTION

Two processes share n resources. A process operates in one of these
states: thinking, requesting, or holding a given resource. The thinking
and resource holding times are geometric, with means depending on
the process and the resource.

Time for the system is discrete. A decision has to be made when the
two processes simultaneously request the same resource k, in which
case a scheduling policy assigns the resource to process 1 with proba­
bility Uk E [0, 1]. A resource cannot stay idle when there is a process
requesting it. The problem is to choose u* E [0, I]", which minimizes
the average value of a cost depending on the state of the system.

A simple example of such a system is the case of two processes
sharing the same broadcast facility. Such a process goes through the
following phases. It thinks for an arbitrary amount of time (any
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activity other than broadcasting), requests the resource (broadcast
channel), uses the resource for an arbitrary time (broadcasts), and
then resumes thinking. If the resource was busy upon request, the
process has to wait until the resource is released. If two processes
request the resource simultaneously (during the same slot), the sched­
uler of the resource will decide, according to the scheduling policy of
the system, which process will proceed first.

In Section III the problem is solved explicitly for the case n =1 and
when the cost is taken to be resource idle time. It is shown that for
large ratios of average thinking times, u· does not depend on the
holding times and contrasts with the familiar "ell" results, where the
average waiting cost is minimized when priority is given to processes
with large waiting cost and small holding times (e.g., Refs. 1 through
6). It turns out that in that case the optimal policy consists in serving
the process with the least thinking time first.

This is a new result for nonpreemptive systems. Similar results
appeared in the literature concerning n processes sharing a single
resource in a preemptive-resume way. For such systems, the "least
thinking time first" scheduling rule has been proved optimal (see Refs.
7 and 8). For example, in Ref. 8 the author considers a "mirror image"
problem, where the goal is to minimize the utilization (repair time) of
the scarce resource (repairman). In this case the policy of serving the
process with longest thinking time first is optimal. Because preemptive
policies were considered and a single resource was shared, results are
not applicable to the problem considered here.

In Section IV we consider the case of n resources and an arbitrary
state-dependent cost. Since Section III suggests that an analytic
expression for the optimal policy u· as a function of the parameters
of the processes would be extremely hard or even impossible to get,
we proceed with an adaptive algorithm to compute u·. This algorithm
converges in a finite number of steps to u· by using measurements of
the average transition times of the system. The analysis is based on
the results contained in Refs. 9 through 15, which are reviewed in
Section 4.1. In Section 4.4 the structure of the problems for which the
results apply is generalized. We permit a process' to consist of an
arbitrary set of thinking states, an arbitrary set of resource holding
states for each resource in the system (one set of states per resource),
and a number of resource request states (one state per resource).
Finally, in Section V we present some open problems.

II. MODEL DESCRIPTION

In this section we give a formal description of the model for n = 1.
The state of process i (i = 1, 2) at time t (t __ 0) is X~. If X~ = 0,
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then process i is thinking. If X~ = 1 [resp. 2], then process i is
requesting [resp. holding] the resource. See Fig. l.

The resource can accommodate only one process at any time. When
the two processes are simultaneously requesting the resource, then the
resource is assigned with probability u E [0, 1] to process l.

Denote by Pi the probability that process i(i = 1, 2) will complete
its thinking time in a given time unit. Similarly define qifor completion
of service (holding). From this definition, one finds that the process
X, = (XL xn, t = 0, 1, ' .. , is a Markov chain with transition prob­
ability matrix P = IP(x, y) Ix, Y E X = 10, 1,21 21 defined as follows:

P(OO, 10) = PI(l - P2), P(OO, 01) = (1 - PI)P2, P(OO, 11) = PIP2;

P(OI, 12) = Ph P(lO, 21) = P2;

P(OI, 02) = (1 - PI)' P(lO, 20) = (1 - P2);

P(l1, 21) = u, P(l1, 12) = 1 - u;

P(02, 12) = PI(l - q2), P(02, 00) = (1 - PI)q2;

P(20, 21) = (1 - QI)P2, P(20, 00) = ql(l - P2);

P(l2, 20) = q2, P(21, 02) = ql. (1)

The diagonal elements of P are defined so that the rows sum to one.
For any choice of u, X, is ergodic.

Define as 1ru the invariant measure of Xh and let k: X -+ R be the
state-dependent cost vector. Then the expected cost-per-unit time is

l-qi

SCHEDULER-CONTROLLED
/~TRANSITION

/
/

l-Pi

Fig. I-Process i (i = 1, 2).
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1 T
J(u) := lim -T1 E L k(Xt ) = L 1I"u(x)k(x). (2)

T ->00 + t=o %EX

Our goal is to find u" that minimizes (2).

III. MAXIMIZING RESOURCE UTILIZATION

Throughout this section we will assume k(OO) = 1, k(ij) = 0, ij:;!= 00.
Let 11" be the invariant probability measure associated with P. Then

the expected idle time of the resource is

J(u) = L 1I"u(ij).
i,jeIO,11

Direct computation of 1I"u shows that (3) takes the following form:

J( ) = Au + B
u Cu + D'

(3)

(4)

where A, B, C, D are functions of IpI, P2, qI, q2}. From (4) it follows
that

sign (a~~u») = sign(AD - BC). (5)

In what follows, we will choose u* E [0, 1], which minimizes (4). From
(5) it follows that u* is an extreme point of [0, 1]. We state now the
key results, which are proved in the Appendix.
Fact:

AD - BC = PIP2Qfq~FIF2'

where F, = Fi(pI, P2, qI, q2), i = 1, 2.
Theorem 1 implies that the sign of AD - BC is determined by the

sign of Fl.
Theorem 1:

F2 ~ ° for all pI, P2, qI, q2 E [0, 1].

We state now the main theorem.
Theorem 2: 1. The curve \(Ph P2) E [0, 1]2IFI(pI, P2, ql, q2) = O}lies
between the lines PI =P2 and P2 = pd2 for ql :E; q2, and between PI =P2
and PI = p2/2 for q« :E; qi-
2. PI ~ 2p2 implies F I ~ 0, and P2 ~ 2PI implies F I :E; 0, for all qlq2 E
[0, 1].
The following corollary follows now from Theorem 2 and (5):
Corollary 2.1: Let u* be the value of the control minimizing (4). Then
the following hold:

1. PI ~ 2p2 implies u* = 1, and P2~ 2PI implies u* = 0;
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2"

°
Fig. 2-0ptimai policy u· as a function of the parameter Ph fJ2.

2. If PI = P2, then q2 :E; qI implies u* = 0, else u* = 1;
3. If q, = qz, then PI ~ P2 implies u* = 1, else u* = O.
Theorem 2 and Corollary 2.1 are illustrated in Fig. 2, where FI = 0

is considered for some fixed values of qb q2, q2 < qI. The surprising
result here is that there exist "safe" regions of the parameters, where
u * does not depend on the service times of the processes.

IV. ESTIMATION OF u"
In this section we give a method for calculating u* for an arbitrary

cost vector k. The algorithm we propose requires no a priori knowledge
of the parameters of the processes and is performed adaptively to the
system. It starts by applying some arbitrary policy uo, and then by
monitoring the evolution of the system and estimating certain tran­
sition times, it updates the policy used until u* is reached; this is
always achieved in a finite number of steps, depending on the number
of the shared resources. Since the algorithm is adaptive, it could be
effectively used in systems with slowly varying parameters. This,
together with the simplicity of the computation involved, makes this
approach an interesting alternative to a direct calculation of u* by
using standard policy iteration algorithms (see Ref. 15). In Section 4.1
some general results are stated. We discuss in Section 4.2 the case of
two processes and one resource, and in Section 4.3 the case of two
processes and n resources.

4.7 Some results in Markov decision theory
Propositions 1, 2, and 3 consist of results already known and are

stated without proof in order to make the present work self-contained.
The key propositions used to calculate u* are Propositions 4, 5, and
6, which consist of new results; their proofs are included in the
Appendix.
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Let X, be a Markov chain on 11, .. " S I. If X, = i, then any control
u E U(i) may be used, where U(i) is a compact set. A stationary
strategy is any element u = (u(l), "', u(s» E U = U(l) x ... x
U(s). Let P(u) be the s x s transition probability matrix describing
Xt, and assume that X, consists of a single ergodic class and that P(u)
is continuous on U. Let Q(u) := P(u) - I, and let h := (h(l), "',
h(s» , be the cost vector, not depending on u. The cost to be minimized
is J(u) = limT--+oo l/(T + l)E Ll:o h(Xt ) . The following two propositions
give the optimality conditions for u.
Proposition 1: (see, e.g., Ref. 14, Lemma 3.1) For u E U consider the s
linear equations in the s + 1 variables I' E R, c E W,

1'.1. = Q(u)c + h, (6)

where L = (1, ... ,1)'. Then:
1. If (')', c) is a solution, then I' = J(u).
2. If (I', c) is a solution, then so is (I', c + b.1.) for all b.
3. A solution always exists and is almost unique in the sense of (2).
Let Hie, u) = Q(u)c + h, H = (HI, "', H.)'. Note that Hi(c, u) =

Hi(c, u(i» depends only on u(i). Let h(c) = (hI, "', h.), hi(c) = min
IHi(c, v) Iv E U(i)l.

Proposition 2: (see, e.g., Theorems 3.1 and 3.2) The control u is optimal
(minimizing Jiu) iff there exist (I', c) such that 1'.1. = h(c) =
H(c, u).

The following propositions will be used in the part dealing with the
estimation of u*.

Consider the equation

(7)

Then Va(i) is the expected discounted cost with the discount factor a,
a E [0, 1], starting from state i, i.e., Va(i) = Ei{L~O ath(Xt ) }. Let
za := (1- aP(u»-l.

Proposition 3: (see, e.g., Ref. 9, Chapter 3) za is the fundamental
matrix of the absorbing chain X~ defined on 10, 1, "', s] with the
(s + 1) x (s + 1) transition probability matrix Pa such that

Pa(i, j) = aP(i, j), i,j Ell, ''', s},

Pa(i, 0) = 1 - a for i ¢ 0, Pa(O, 0) = 1.

Let Nilj] be the expected number of visits to state j starting from i of
X, in a geometrically distributed interval of time with mean (1 - a)-l.
Then zij = Nilj].
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Proposition 4:

lim[Va(i) - Va(k)] = c(i) - c(k),
a......1

I
TkJ ; r, if k:F j :F i

lim[N~[j] - N~[j]] = JJ

a......1 Tio k. ~ .
- ----!!. if =} r- ~.

TJJ

where c satisfies (6).
Proposition 5: Let r, be the expected time before the first visit to state
j by X, starting from i. Then

The next proposition is key, since it relates the dual variable c to
transition times of the chain Xr, which can be estimated quite readily.
The proposition can be readily obtained from Propositions 3, 4, 5, and
eq. (7).
Proposition 6:

c(i) - c(k) = .± [Tkj;. Tij] k(j) + k(i) - k(k).
J=1 JJ

4.2 Optimal resolution of conflict for two processes and one resource

In this section we provide the following results. In Theorem 3 we
characterize the value of u*. In Theorem 4 we relate the value of u*
with the sign of a quantity that can be estimated using Proposition 6
from the behavior of the system. We finally propose Algorithm 1,
which uses these results to adaptively calculate u",
Theorem 3: u* can always be restricted to the set 10, 11.
Proof: Let (')'*, c*) be the variables in (6) corresponding to the optimal
policy u*. Then by Proposition 2 and the fact that u enters only in
the row of P corresponding to the state (11),

')'* = minl-c*(l1) - (1 - u)c*(I2)

+ uc*(2I) + k(l1) Iu E VI
= min/[c*(I2) - c*(l1) + k(l1)]

+ u[c*(2I) - c*(I2)] Iu E VI (8)

and the minimum is achieved at u*. Let A = c*(2I) - c*(I2). Then
A > °implies u * = 0, A < °implies u * = 1, and A = °implies that
any u E [0, 1] will do. 0
Theorem 4: Let (')', c) be a solution to (6). Then sign[c(2I) - c(l2)] =
const. for all u E U.

RESOURCE ALLOCATION 7



Proof: Suppose there exists a Uo such that c"o(21) - c"o(l2) = O. Then
1'''0, c"o are optimal dual variables since the optimality condition (8) is
trivially satisfied. Then every u E U will satisfy the optimality condi­
tions with c*(21) - c*(21) = c~(21) - c~(12) = 0; hence u is also
optimal. From this and Proposition 4.1 it follows that cU1(21) ­
cU1(l2) = c"o(21) - c"o(12) = 0, for all Ul E U. This, with the next
Fact, proves Theorem 4.
Fact: The vector c of (6) can be chosen to be a continuous function of
u.

This can be proved as follows. Let 1ru be the invariant probability
measure of P(u). Since l' = 1ruk, by using (6) we get

1ruk.l - k = Q(u)c. (9)

Since x« is continuous in u (by the ergodicity of P(u)), and Q(u) is of
rank s - 1 for all u E [0, 1], then there is always a solution c= (c(I),
.. " c(s - 1),0) of (9) continuous in u, and by the "almost" uniqueness
of c the Fact follows. 0
Corollary 4.1: Let (-Y, c) be a solution to (6). Then c(21) - c(12) > 0
implies u* = 0; c(21) - c(l2) < 0 implies u" = 1; and if c(21) ­
c(12) = 0, any u* will do.

Corollary 4.1 suggests the following algorithm to estimate u* adap­
tively.
Algorithm 1:

1. Start the system with an arbitrary u.
2. Use Proposition 6 to estimate the sign of c(21) - c(l2).
3. Use Corollary 4.1 to choose u",
We will conclude this section with an example. Consider the case of

minimizing the probability of conflict, i.e., the probability that both
processes request simultaneously. In this case, k(i) = 0 for i ¢ 11. It
follows that

c(21) - c(12) = k(ll) T12,n - T21,n ,
Tn,n

and

sign[c(21) - c(12)] = sign[Tl 2,n - T21,n ].

An intuitive justification for the above equation is the following.
Minimizing P(ll) is equivalent to maximizing Tn,n, which is equiva­
lent to giving priority to the process so that the busy period of the
system corresponding to that process being serviced first is maximized.
It is easy to see by using renewal arguments that this is equivalent to
choosing the largest among the T12,11> T21,n .
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4.3 The case of n resources

In this section we will generalize some of the previous results. Each
process has a thinking state 0 as before, and pair (l k , 2k ) of request
and resource holding states for every resource k. Hence there are n
conflict states, and the control u is the n-tuple (Uh •• " un), where Uk

is the probability of assigning resource k to process 1 in the conflict
state (l k , h). See Fig. 3. Again, we are concerned with the estimation
of U *. To simplify notation, we will prove the theorems for n = 2; the
same proofs hold for any n larger than 2. We follow the sequence of
the previous section.
Theorem 5: u" can always be selected from 1(0,0), (0, 1), (1,0), (1, 1)1.
Proof: Assume that each process consists of the states (0, II, 210
12, 22) , where states II, 21 are associated with resource 1, and b, 22

with resource 2. The proof is similar to the proof of Theorem 3, since
the optimality conditions are

-y* = min/[c*(l1 21) - C*(l111) + k(bb)]

+ ul[c*(2111) - c*(l122) ] IUl E Uti, (lOa)

= min/[c*(b22) - c*(1 212) + k(bb)]

+ u2[c*(2212) - c*(b22) ] IU2 E U21. 0 (lOb)

The following algorithm is a policy iteration algorithm that starts
with an arbitrary initial choice of U and in a finite number of repeti­
tions converges to u*. Step 2 corresponds to the value determination
operation, and Step 3 to the policy improvement operation. The novel
feature of this algorithm is the simple and adaptive execution of the
value determination operation by using Proposition 6. The ergodicity
of the system ensures that every improvement of the policy corre­
sponds to a strict decrease in cost (see Refs. 15 and 16). Define Al :=

o

Fig. 3-Process i (i = 1,2), n resources.
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c(2l) - c(12) and A2 := c(2'1') - c(I'2'). (Observe that Ai> A2 are the
coefficients of Uh U2 in eq. [10].)
Algorithm 2:

1. Start with some arbitrary u" = (u~, u~).

2. Using Proposition 6, estimate the sign of A~ and A~, where A~ =
Ai(Uk), i = 1, 2.

3. Choose in an extreme way the u~+1, i = 1, 2, in order to decrease
each A~U~+l separately (i.e., if A(uk) > 0, choose U~+l = 0, ... ). If
Uk+1

"'" u", go to Step 2 by using u = uk+l. If Uk+1 = Uk, then Uk = u*.
The convergence follows, since every choice of a different Uk corre­

sponds to a strict decrease of the cost (by ergodicity), and there is a
finite number of choices for Uk (finite extreme points in U). The
essential difference between the cases n = 1 and n > 1 is that Theorem
4 cannot be generalized for n > 1. This prevents us from inventing a
"one step" algorithm for the estimation of u*.

Note that although not addressed in this paper, the problem of
estimating the Tij's is of great importance for the algorithm. Substan­
tial errors in the estimation procedure could lead to a wrong choice of
u * by the algorithm.

4.4 A generalization
One can notice that throughout Sections 4.2 and 4.3, the only parts

of the structure of P used were the rows corresponding to conflict
states. This leads to a generalization of the form of the processes. A
process can consist of an arbitrary set Soof thinking states and a pair
(lk, S~) for each resource k, where S~ is an arbitrary set of service
states. The only constraint on the transition diagram of the process is
that there is a unique state in S~ to which a process k can transit from
state h.

V. CONCLUSIONS

One open problem is the relation between the distributions of service
and thinking times, and the safe regions of Section III. In other words,
is there a general rule suggesting that for large ratios of thinking time
of the processes, the choice of u* is independent of service times? This
would be nice, since no further calculations are needed to obtain the
optimal u*.

Another open problem is the generalization to m processes sharing
n resources. A realistic model for this situation would suggest a
decentralized information structure for each resource scheduler. By
this we mean that the scheduler of resource r should base its decision
on "local" information only, i.e., the state of resource r and the identity
of processes requesting resource r. If one uses Markov Decision Theory

10 TECHNICAL JOURNAL, JANUARY 1985



as was done here, the optimal decision of scheduler r concerning
conflict between processes i, j would depend on "global" information
about the system, i.e., the state of all other processes even if they are
not involved in this particular conflict. This is unsatisfactory. Instead
one would like to obtain a rule for making local decisions that are
optimal "in the average", by "smoothing out" what happens in the rest
of the system.

As a final open question, we state the generalization of Section III.
One should be able to prove the existence of the safe regions of
Theorem 2 without explicitly calculating the invariant probability
measure.
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APPENDIX

Proof of Theorem 1: After calculating, we have

AD - Be = PJP2Qfq~FIF2'
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where

F1 = Pfp2q2 - PW2q2 - pfq2 - PIP~ql - PIP~.l/l + P~l

+ PIP~ - p~ - PW2 - P2 + PI + pf (11)

F2 = qlq2[P1P~ + PW2 - PIP2 - PI - P2 + 1]

+ (P2 - PIP2)q2 + (PI -: PIP2)ql' (12)

Let L(Ph P2) := PW2 + PIP~ - PIP2 - PI - P2 + 1. Then by (12)

F2 = qlq2L + (P2 ~ PIP2)q2 + (PI - PIP2)ql'

Consider G1(ql) := F2(Ph P2, qh q2). Then

G1(ql) = ql[q2L + (PI - PIP2)] + (P2 - P1P2)q2'

Since G1(ql) is linear in q., to prove G1~ 0 for all Ph P2, qh q2 E [0, 1],
it is enough to show G1(0) ~ 0 and G1(1) ~ O. But G1(0) = (P2 - P1P2)Q2
~ 0; hence we only have to prove G1(1) ~ O. Let G2(Q2) := G1(1). Using
a similar argument, since G2 is linear in Q2 and G2(0) = PI ­
P2P2 ~ 0, we only have to show G2(1) ~ O. But this holds since
G2(1) = PIP2(PI + P2 - 2) - PIP2 + 1 ~ 0, as one can readily check. 0
Proof of Theorem 2: Consider the function G1(P2) = F1(Ph P2, Qh Q2)
and Ql ~ Q2. Then proving the theorem is equivalent to proving the
following:

1. G1(P2) has a unique root pg in the interval [pI/2, pd.
2. G1(P2) has no root in the intervals [0,pI/2], [Ph 1].
3,P2 ~pg implies G1(P2) ~ 0, and p, ~ pg implies G1(P2) ~ O.

One can now prove 1 through 3 since

G1(1) ~ 0, G1(PI) ~ 0, G1(pI/2) ~ 0, G1(0) ~ 0, pgp~p~ > 1,

where pg, p~, p~ are the roots of G1(P2) = 0, and F1(a, b, c, d) =
-F1(b, a, d, c), as one can easily check.
Proof of Proposition 4: Define c := (c(I), "', c(s - 1), 0), and Q :=
(P - I). Then

'Y.1 = Qc + k has a unique solution ('Y, c). (13)

Let Ya := Va - Va(s).1. Then by using (7) and subtracting, we get

(1 - a) Va(s).1 = (aP - I)Ya + k. (14)

By multiplying (7) by the invariant measure 11", we get 11"[(1 - a)
Va - k] = 0, which, together with the ergodicity assumption (i.e., all
components of 11" are >0) and the fact that Va ~ 0, implies that no
component of Va tends to 00 as a -+ 1. Let 'Ya:= (1 - a)Va(s). By the
previous argument it follows that there is a converging subsequence
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of 'Ya as a~ 1, and for this subsequence let 'Y* := limo-oo'Ya. By using
(14) we find

'Ya.L = (aP - I)Ya + k. (15)

Consider (15) as a ~ 1 along the above subsequence. Since it has a
unique solution Ya for every a, it follows that there is a unique y* :=
liIDa--.IYa, and (13) implies that 'Y = 'Y* and c = y*. The proof now
follows by observing that Va(i) - Va(k) = Ya(i) - Ya(k), and c(i) ­
c(k) = c(i) - c(k) by Proposition 1. 0
Proof of Proposition 5: Let X, be the chain under consideration, X, E
~l := 11, "', s], and define Yto t = 0,1, "', Yt E ~2 := 10, 11 such
that P[Yt+1 = 1 I Yt = 0] = 1 - a, P[Yt+1= 11 Yt = 1] = 1, i.e., is an
absorbing chain with one being the absorbing state. We also define
the following:

Nnj) := Number of visits by X, to state j starting from
i before absorption,

T 1 := Minln '" 0 IX; = n,
T2 := Minln '" 0 I Yn = 11.

z := Number of visits to state j before absorption. 0

Lemma: NUn = E(j,O)[z]Pi[T2 > Ttl·
Proof: Start the system (Xto Yt ) from state (i, 0) and count visits to
state j before absorption. One can always start counting from time T
on, since no visit to state j occurs before T. The count z will not be
identically zero only when (Xto Yt ) = (j, 0), and this occurs with
probability Pi[T2 > T 1]. By the strong Markov property, one can
always restart the system from state (j, 0), and the result follows since
the new expected count will be E(j,o)[z].

Note that NjU] = E(j,o)[z] since Pj[T2 > Ttl = 1.
Let {jij := Pi/Xf = j for some t> 01. Then by using the previous

lemma, it follows that

Nyu] = NjU]{jij, for i ~ j,

and by using similar renewal arguments,

Nj[j] = 1 + {jjjNjU];

hence

Nj[j] = 1 ! R~.·
fJ JJ
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Since {3ij = E[a Tv], by using dominated convergence we obtain

a
aa {3ij = E[Tija Tv-1]

and

I· a {3a T-Im- .. = ..a lJ 'J"
0-+1 a

Therefore if i ¢: j ¢: k, then

lim [NT[j] - N~[j]] = lim [({3ij - {3~j)Nj[j]]
0-+1 0-+1

I
. {3ij - {3~j

= 1m
0-+1 1 - {3Z

_ 'fkj - 'fij
- Tjj

by de I'Hospital's rule. The proof for k = j is similar. D
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