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In this paper the effects of biases, of a hardware origin, on the performance
of a digitally implemented data-driven echo canceler are studied both analyt­
ically and experimentally. It is shown that, as a consequence of any such bias,
the canceler tap weights can randomly drift; however, in contrast to voice­
type cancelers and fractionally spaced equalizers, the data-driven canceler will
not drift into instability. Nevertheless, the canceler's performance can be
severely degraded, even for very small amounts of bias. The main result of
this paper is a quantitative study of the canceler's performance as a function
of the biases and the canceler's various design parameters, such as the number
of tap coefficients and the step size used in the tap adjustment algorithm.
Although the study concentrates on the biases introduced by two's-comple­
ment arithmetic, the results are general enough to be used with any type of
arithmetic, provided that the biases introduced by these different types of
arithmetic are known. Some of the analytical results have been verified
experimentally, in real time, on a digital signal processorconstructed at AT&T
Bell Laboratories and AT&T Information Systems. Specifically, it is shown
how the bias introduced by rounding the product of commercially available
two's-complement multipliers can be eliminated by a proper choice of the
values of the canceler's input symbols.

I. INTRODUCTION AND SUMMARY

The "tap-drifting" problem in fractionally spaced equalizers and
voice-type echo cancelers is a manifestation of the presence of small
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biases in the digital implementation of adaptive algorithms. These
biases allow some of the equalizer and canceler tap coefficients to
slowly grow in magnitude. As a result, the intermediate accumulated
sums in the filtering computations also grow. Ultimately, either the
tap coefficients or the intermediate-accumulated sum exceeds the
boundaries of the digital representation ("overflow"), and the algo­
rithms become unstable. The sensitivity of these algorithms to biases
has been investigated, and several corrective actions against tap drift­
ing have been proposed and successfully implemented.v" Tap drifting
can, in principle, be eliminated in its hardware origin by removing all
the biases from the digital implementation. However, the elimination
of biases is not always possible, especially if off-the-shelf devices are
used in the design. For example, most commercially available arith­
metic units use two's-complement arithmetic, which introduces biases
in the computations when the digital words are reduced in length.

In this paper, we present a study of the tap-drifting problem in a
data-driven canceler. This canceler is very attractive for two-wire full­
duplex data transmission applications.* In its simplest configuration,
for 4800-b/s full-duplex operation, the data-driven canceler requires
only additions and subtractions for the computation of the filtering
and updating algorithms. In this case no multiplier is required in the
implementation of the canceler. However, a multiplier is required for
higher speeds of transmission (~9600 b/s).

For most implementations, the effect of bias can be mitigated by
using enough precision in the digital computations. However, such an
approach will generally not be cost-effective, and in most practical
digital implementations there will be some small biases due to the
finite precision used in the computations. It is shown in this paper
that, unlike voice-type cancelers," data-driven cancelers cannot be
driven to instability by these biases. Nevertheless, tap drifting always
occurs to some extent and, after a sufficient period of time, introduces
a degradation in the canceler's performance. This phenomenon has
been studied both analytically and experimentally. We give a general
formula that permits the degradation in the canceler's performance
due to digital biases to be predicted. Real-time experimental results
were obtained on a digital signal processor. The frequency components
in the distortion introduced by the biases are shown to include spectral
lines located at the origin and at multiples of the symbol rate. It is
also shown that the performance of the biased canceler is degraded
when the step size used in the updating of the tap coefficients de-

* The motivations for using echo cancellation in these applications are explained in
Ref. 3. Section II of Ref. 3 also presents more details about the echo canceler structure
used in the following study.
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creases. This is in direct contrast to the behavior of the unbiased,
infinite-precision canceler for which performance improves with de­
creasing step sizes. This phenomenon has also been observed in other
applicatlons.P"

Special attention has been given to the degradation introduced by
commercially available two's-complement multipliers. The naive use
of such multipliers is shown to degrade the canceler's performance to
unacceptable levels, even when large precision is used in the digital
implementation. However, it is proved in this paper that proper choice
of the values of the data symbols can completely eliminate the bias
associated with the rounding of a two's-complement product. Two sets
of binary symbols having this desired property are described.

The paper is organized as follows. In the next section the data­
driven canceler used in the analysis and experiments is briefly de­
scribed. In Section III we discuss the mathematical modeling of the
biases, when two's-complement arithmetic is utilized in the canceler's
updating algorithm. Quantitative results for the degradation in the
canceler's performance are obtained in Section IV. The frequency­
domain characteristics of the distortion introduced by the biases are
studied in Section V. Finally, in Section VI we present some experi­
mental results obtained on a digital signal processor, and we compare
these results to the analytical results.

II. CANCELER DESCRIPTION

The data-driven passband echo canceler described in Refs. 8 and 3
synthesizes a signal of the form

s(t) = Re {~ Ang(t - nT)e.iwct
} , (1)

where An = an + jb; is the complex symbol to be transmitted, g(t) is a
(possibly complex) baseband signal, wcl 21r is the carrier frequency,
and Re denotes the real part of the quantity in brackets. It is shown
in Ref. 8 that this signal can be generated by using the structure given
in Fig. 1. The canceler consists of two transversal filters whose taps
are spaced at intervals T', where liT' has to be at least twice the
highest frequency in the signal s(t) in (1). This condition makes the
canceler Nyquist, that is, it can generate an exact replica of s(t) at all
frequencies.

After convergence, the tap coefficients are equal to the sampled
values of the impulse responses of the in-phase and quadrature pass­
band filters. For this reason the canceler is called an "in-band"
canceler, distinguishing it from other possible structures that synthe­
size baseband equivalents of the channel. The symbol rotation at the
input of the canceler ensures phase continuity of the carrier. For most
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cases of practical interest, the relationship between We and T is such
that the rotated symbols a~ and b~ are similar to the symbols an and
b.; That is, if anand b; are binary levels {±a},then the rotated symbol
levels will also be binary. Thus, the primes have been dropped in the
ensuing analysis. The Digital-to-Analog (D/A) converter and low-pass
filter at the output of the canceler perform the usual interpolation
functions needed for further analog processing.

Since inputs are accepted by the canceler at a rate of liT', while
the data symbols are only presented at a rate liT, L - 1 zero symbols,
where L = TIT', are inserted between successive nonzero inputs to
the canceler. Thus, only one of every L complex taps is active for each
filter iteration, as shown in Fig. 1. The unnecessary computations
associated with the zero symbols can be eliminated by grouping taps
that act simultaneously into L parallel subcancelers, as seen in Fig. 2.
Similarly, the echo channel can be considered as a parallel combination
of L subchannels. Convergence of the canceler is achieved by mini­
mizing the Mean-Squared Error (MSE) between the outputs of each
subchannel and the corresponding subcanceler. The subcancelers are
assumed to adapt independently, and this assumption was found to be
in excellent agreement with experimental results. The MSE for the
whole canceler is obtained by averaging MSEs of all the subcancelers.
A more detailed analysis of the subcanceler structure is given in Ref.
8. The echo canceler's performance in the presence of channel impair­
ments is studied in a companion paper," Some of the definitions used
in Ref. 3 that are needed in the sequel are briefly repeated. The error
for the ith subcanceler at time nT + iT' is

(2)

where i = 1, 2, "', L and the superscript T denotes a transposed
vector. In (2), ru and r« are the sampled in-phase and quadrature
impulse response vectors of the ith subchannel; £n.i and fJ:.n.i are the in­
phase and quadrature tap coefficient vectors of the ith subcanceler;
and ~i is a signal that is uncorrelated with the data symbols (the far­
end signal and noise). The following definitions are also needed:

Fig. I-In-band echo canceler structure.
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(a)

(b)

Fig. 2-(a) Subcanceler structure. (b) Modified canceler structure.

~n = ~n + jb; = vector of complex input symbols,

en'; = Cn,i + jdn,i = vector of complex tap coefficients
- - - of the ith subcanceler.

The above summary of the subcanceler structure is sufficient for the
purpose of describing the effects of biases in this paper.

III. MATHEMATICAL MODEL OF BIAS

The stochastic-gradient algorithm for the adjustment of the ith
subcanceler's complex tap coefficients is given by

~n+l,i = ~n,i + "Yen,i~n, i = 1, 2, "', L, (3)

where "Y is the step size, and the error en,i is given in (2). All of the
entries (real and imaginary) in An are assumed to be discrete-valued
symbols with zero mean. Biasesare usually introduced in the evalua­
tion of the correction term,
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In the following, it is assumed that this expression is computed by
using fractional two's-complement arithmetic, since this is the type of
arithmetic most commonly used in digital signal processing. (Some of
the properties of two's-complement arithmetic are discussed in Ap­
pendix B.) In a cost-conscious implementation, the quantity -yen,i
should be evaluated first, because it is the same for all the tap
coefficients. First consideration is given to the case where (4) is
computed without utilizing a multiplier, i.e., the scaled error, -yen,i, is
obtained by using arithmetic right shifts since -y is always less than
unity to ensure stability. Due to the finite precision of the digital
representation, some of the lower bits of en,i may be lost during the
shifting operation, and consequently, a positive number will always
decrease in magnitude and a negative number will always increase in
magnitude. Therefore, negative bias is introduced, on the average,
during the computation of -yen,i and during "multiplication" by data
symbols having value less than unity (since this operation also corre­
sponds to right shifts). If all of the symbols are binary and chosen
equal to ±1, the updating algorithm in (3) is simply implemented by
either adding or subtracting the scaled error to each tap coefficient.
An explicit bias occurs during these operations if the quantity -yen,i
has "fallen out" of its register length. In this case a positive number
becomes a true zero, but a negative number remains equal in magnitude
to the Least-Significant Bit (LSB) of the digital representation, thus
again introducing a negative mean bias. The correction factor in (4)
can now be rewritten as

Qn,i = (-yen,i + .11n,J~.n + ~2n,i = -yen,i~n + !!.n,i' (5)

where .11n ,i is a random variable representing biases introduced in the
evaluation of -yen,i; .12n,i is a complex random vector representing biases
introduced in the computation of (-yen,i) An; and Bn,i is the total bias.
The other quantities are assumed to be represented with infinite
precision.

An expression similar to (5) is obtained when a two's-complement
multiplier is used to compute the correction factor in the updating of
the tap coefficients. When a negative product is truncated, the result­
ing number is always increased in magnitude. Conversely, when the
product is positive, it is always decreased in magnitude. Therefore,
truncation introduces a negative mean bias. Two's-complement round­
ing, on the other hand, always selects the number that is closest in
magnitude to the exact product, independent of the product's sign.
One exception, however, occurs when the double-precision product is
equally close to two single-precision numbers. In this case the most
positive number is always selected, independently of the product's
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sign, and a positive bias is introduced in the computations.* This
situation can occur quite frequently in data-driven echo cancelers
using symbol values of ±1/2 or ±1/4. A remarkable property of data­
driven cancelers is that the mean bias associated with this rounding
can be eliminated by using the proper levels for the symbols. These
levels must be chosen in a way such that the bias situation can never
occur. Two sets of symbols which have the desired property are
described in Appendix B.

The model represented by (5) also holds for other types of arith­
metic. Furthermore, other effects such as biases in the Analog-to­
Digital (A/D) conversion can also be accounted for by properly defin­
ing the random variables in .lIn,i and .l2n,i' In general, the statistics of
these random variables will depend on "Y, the statistics of en,i and An'
and the type of digital implementation utilized. The characterization
of the statistics of .lIn,i and ~2n,i is a formidable problem that will not
be addressed here. However, reasonable approximations permit the
study of the canceler's performance degradation in the presence of
digital biases. It will be shown later that both the mean and the
variance of the random variables in (5) influence the canceler's per­
formance. However, the effect of any nonzero-mean bias will, in
general, be predominant. This quantity is discussed next.

From (5) the mean gradient estimate is given by

(Qn,i) = ("Yen,i~n) + !}.i, (6)

where

!}.i = (!}.n,i) = (.lIn,i~n + ~2n,i)' (7)

The mean values of .lIn,i and .l2n,i are generally not zero, as explained
in the preceding discussion. In obtaining quantitative results, some
assumptions concerning the mean values are made. First, all of the
components of the vector (~2n,i) corresponding to the ith subcanceler
are assumed equal. This is a reasonable assumption since the same
scaled error is used for the updating of all of the taps of a given
subcanceler. The weighting of this term by An should yield the same
average bias in steady-state operation. It is not assumed that the
vector (.l2n,i) is the same for all the subcancelers, since the error, en,i,
is a sample of a cyclostationary process whose statistics will depend
upon the index i. As a consequence, the statistics of the product,
"Yen,iAn, generally vary for different subcancelers.

• This type of bias is present in most of the commercially available two's-complement
multipliers. However, the bias can be removed in a new design at the cost of a slight
increase in the chip's complexity. This is achieved by first detecting the bias condition
and then changing the rounding rules according to the sign of the product.
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The influence of the term (.:lln,iAn) in (7) is somewhat more difficult
to assess. If the assumption is made that .:lln,i is uncorrelated with An
and that (An) is zero, then this quantity is also zero. However, there
can be reasonably long sequences of symbols during which the mean
value of An is not zero. Biases can accumulate during these sequences
and introduce a degradation in the canceler's performance. We will
not pursue this problem any further.

IV. EXCESS ERROR DUE TO BIAS

We will now show how biases can produce an increase in the MSE.
It is assumed that no other impairments are present except, perhaps,
for some uncorrelated noise added to the input signal. The mean tap
coefficient fluctuations are investigated first. In the beginning of this
section, the subscript i is dropped in the equations, but it will be
understood that the analysis applied to a subcanceler. Combining (3)
and (6), the mean tap vector evolves according to

(fn+l) = (fn) + ('Yen4n) + !J..
Using (2), we can write this expression as

(8)

(10)

(fn+l) = (1 - 'YA)(fn) + (!:l + j!:2hA + 11., (9)

where A = (a~) = (b~), and the a~s and b~s are assumed to be
uncorrelated. The steady-state tap values are given by

B
(foe) = !:l + j!:2 + 'YA'

where the term BhA represents the tap deviation due to the mean
bias B. With .:lCdenoting the tap deviation from the optimum setting,
one Obtains -

B
.:If = (foe) - fopt = 'YA. (11)

Note that the bias is the same for each tap weight and that decreas­
ing the step size l' will result in an increased mean tap deviation. This
contrasts with the well-known results that decreasing the step size,
for an infinite-precision canceler (without bias), will, in general, im­
prove steady-state performance. The deviation is also proportional to
the bias, which agrees with intuition. Recall that in a finite-precision
environment the step size cannot be arbitrarily close to zero, and
therefore the tap deviation in (11) cannot approach infinity. The only
way to effectively have a zero step size is to stop updating, in which
case the bias no longer affects the algorithms. When quantitative
results are discussed in the following sections, the step sizes used in
practice will usually be found to be several orders of magnitude larger
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than the bias B. Thus the tap offset in (11) is small. As a consequence,
the tap coefficients will never overflow, and a data-driven canceler
cannot become unstable. However, as will be shown later, a very small
offset can severely degrade the MSE.

It is interesting to contrast the preceding results with those obtained
for a voice-type canceler, which behaves similarly to fractionally
spaced equalizers." In this case it can be shown that the mean tap
offset becomes

B
!i.C = ..Q:f-l =

- 'Y' (12)

where ..Q:f is the input autocorrelation matrix of the data signal.
Performing a spectral expansion of the mean tap deviation yields

C 1 ~ 1 T
!i. = - ~ - Ii Bf; ,

- 'Y i 'Yi
(13)

where 'Yi and Ii are the ith eigenvalue and eigenvector of .w; respec­
tively. Small eigenvalues, corresponding to input frequency ranges of
little or no energy, can make this term large, especially if IrB is not
small. Hence, for the voice-driven canceler, distortion due to biases
can be expected to be concentrated in frequency ranges corresponding
to little input energy. Furthermore, the tap offset in (13) can be much
larger than the offset given in (11), so that some tap coefficients can
overflow and make the canceler unstable.

The mean-squared error for the data-driven subcanceler is derived
in Appendix A.* The expression for the ith subcanceler's steady-state
MSE is given by

(14)

2 N 2 2N 2
(~i) + - (f3i) + 2A (f3i)

'Y 'Y
(e~,i)

1 - 'YNA

where (~7> is the minimum mean-squared error, N is the number of
taps, and f3i is a random variable corresponding to one component
(real or imaginary) of the vector Bn,i in (5). In the derivation of (14),
it was assumed that (f3r) and (f3i)-were constants and the same for all
the entries of the vector !in,i. The MSE averaged over all L subcancelers
IS

* Another expression for the MSE (also derived in Appendix A) is obtained in the
resonance case, when the step size has its optimum value for speed of convergence. This
step size can only be used at start-up, when there is no double-talker, in which case
convergence is so fast that the effects of biases are negligible. Therefore, we will not
discuss this second case any further, and the MSE discussed in the sequel corresponds
to the nonresonant case.
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(e) + LN «(32) + 2LN «(32)
'Y 'Y 2A

(e~) = 1 - 'YN A

where we have defined

(15)

(16)

(17)

(18)

and

Two quantities of interest can be derived from this expression. The
first one is the Bias-Performance Ratio (BPR), which is defined as the
ratio of the uncanceled echo's power to the MSE after cancellation, in
the absence of a double-talker. This quantity is similar to the Echo­
Return-Loss Enhancement (ERLE) studied in Ref. 3 and is particu­
larly useful in comparing analytical and experimental results. The
other quantity of interest is the signal-to-noise ratio (sin), which is
the ratio of the wanted signal power to the power of any additive noise
after cancellation and which determines the receiver error rate. (From
the receiver's viewpoint, the wanted signal is the double-talker, which
acts as noise in the tap-adjustment algorithm.) From (15) the BPR is
given by

BPR = Pe(1 - 'YN A)

LN «(32) + 2LN «(3)2 '
'Y 'Y 2A

where P; is the power of the uncancelled echo. In deriving an expres­
sion for the sin, it is assumed that the only component of the
interfering signal is the wanted signal, i.e., there is no additive noise.
The total signal power after cancellation is the MSE, (15), the power
in the wanted signal is P, = (e), and the remaining power is noise,
so that the sin becomes

P, 1 - 'YNA
sin = (e~) - P.= LN 2LN'

'YNA + -P «(32) + 2AP «(3)2
'Y • 'Y.

Under normal conditions of operation, the step size 'Y is very small,
relative to I/NA, and the expressions in (17) and (18) can be approx­
imated by

(19)
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and
p.A-y2

sin::::; 2LN({3)2' (20)

where it has been assumed that ({3) ¥- O. The BPR and the sin have
the same expressions, except that the echo's power, Pe , in (19) is
replaced by the wanted signal's power, p.. in (20). Both quantities
decrease with decreasing step size, which is in agreement with the
preceding observations made about the mean tap behavior for small
step size.

Equations (14) through (20) reflect degradation in the' canceler's
performance only under steady-state conditions. These steady-state
quantities are not influenced by initial conditions. The complete
equations for the MSE evolution with time are given by (55) and (64)
in Appendix A. These equations arc strongly influenced, in their
transient terms, by the canceler's initial state. An initial condition of
particular interest is that which the condition that exists after the
canceler has converged with no bias, and then a bias is introduced. As
was discussed in Section III, this situation can arise as a result of
certain nonrandom short-term statistics of the scrambled data se­
quence, An. Under these circumstances, the iterative MSE, given in
(55), reduces to

(e)
(e~) = 1 - -yNA

NL ({32) + 2~L ({3)2

+ (1 - [1 - 2-yA + 2N-y2A2n -y (1 _ -Y~A~

+ ([1 - -yA]n - [1 - 2-yA + 2N-y2A2]n) -y2A(~~~2 _ 1)' (21)

and the evolution of the sin is approximated by

p. P.-y 2A ( )
sln; = (e~) _ P, = P.(-yNA) + [1 - (1 _ 2-yA)n](2NL)({3)2 , 22

where it is assumed that the uncorrelated signal (e) consists only of
the wanted signal with power, p•. The approximation in (22) is
obtained for a small step size. We will not pursue further the study of
transient effects.

V. FREQUENCY ANALYSIS OF BIAS DISTORTION

For the data-driven canceler, distortion due to biases introduces
spectral components concentrated in narrow frequency bands centered
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around integer multiples of the symbol rate. To facilitate investigation
of this phenomenon, the mean tap vector is again written in terms of
its deviation from optimum

(~oo) = ~oPt,i + i1~i, (23)

where the subscript i is reintroduced to designate a subcanceler. The
corresponding frequency response is the Fourier transform of the
sequence obtained from the vector ~oo, and it is defined as

(24)

Since all components of the mean-bias vector l1i are assumed equal
and

then

Bi
sc, = -A'- -y (25)

(26)

B N-l
i1Ci(w) = _i L «-«.

-yA n=O

= ..!!.i- e-jw(N - l )T / 2 sin[wNTI2]
-yA sin[wTI2] ,

where B, is a component of B, and liT is the symbol rate.
The amplitude of the distortion is the familiar periodic sine function.

From (26) it is seen that the distortion is concentrated at integer
multiples of the symbol rate. As mentioned earlier, the bias vectors
for each subcanceler need not be the same even if the bias components
within any particular subcanceler are assumed constant. The corre­
sponding tap-deviation spectrum can be expressed in terms of the tap­
deviation spectra, i1Ci(w), of each of the L subcancelers as

L-l

i1C(w) = L i1Ci(w)e-jwiT',
i=O

(27)

where T' = TIL.
Ifeach i1Ci(w) has the same shaping, but with a different magnitude,

i.e.,

i1Ci(w) = kii1CO(w), i = 0, "', L - 1, (28)

where ko = 1 and the k« are proportionality constants, then (27)
becomes

L-l

i1C(w) = i1Co(w) L kie-jwiT'.
i=O

(29)

For the special case km = 1 for all m, the distortion becomes

126 TECHNICAL JOURNAL, JANUARY 1985



7200

6

5

2

ur » 1200
L =8
N :4

4800
FREQUENCY IN HERTZ

Fig. 3-Frequency distortion of mean tap coefficients.

9600

concentrated at integer multiples of Y]']"; Since all subcanceler biases
are equal in this case, the structure becomes equivalent to one canceler
at rate liT'. As the value km varies, bias distortion is concentrated at
integer multiples of the symbol rate, liT.* One such example is shown
in Fig. 3, where we have arbitrarily chosen values of km equal to 1, 0.5,
0.25, 0.5, 1, 0.5, 0.75, and 0.5. The study of many other examples shows
that as a general rule of thumb, the spectral lines introduced by biases
in a data-driven echo canceler composed of L subcancelers will be
concentrated at integer multiples of the symbol rate. Experimental
evidence verifying these findings will be presented in the next section.

VI. EXPERIMENTAL RESULTS

Several experiments were conducted on a digital signal processor,
using a 12-bit two's-complement multiplier, to verify some of the
qualitative and quantitative results obtained in the preceding sections.
The echo canceler used in the experiments was operating at a sampling
rate of 9600 samples per second, and a symbol rate of 1200 bauds.
Thus, it could be implemented by using eight subcancelers. The
validity of the expression for the BPR in (17) was verified by artificially
inserting biases in the updating algorithm of an in-band echo canceler.
A positive quantity equal to 2- 11 was added periodically to the correc­
tion factor before updating the tap coefficients. Therefore, if this
quantity was added every mT seconds, the equivalent mean bias per

* In certain rare cases, the biases can insert nulls at some particular multiples of the
symbol rate.
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symbol update was (2-11)/ m. This bias was chosen large enough so
that we could distinguish its effect from other digital effects such as
round-off noise. The influence of the bias of the two's-complement
multiplier was eliminated by using one of the sets of symbols described
in Appendix B.

The measured values for the BPR are given in Fig. 4 for different
values of m and as a function of the step size. The BPR has also been
computed by using (17) and the corresponding curves are shown in
Fig. 4. In Fig. 5, curves are also shown for the case in which the bias
of the two's-complement multiplier was not eliminated by a proper
choice of the data symbols. No artificial bias was added, and the
computed curves were obtained by assuming a mean bias of 2- 13• (A
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bias of 2- 12 was introduced whenever the bias situation occurred. With
symbol values ±1/2, this situation was likely to occur half the time so
that a mean bias of 2- 13 was introduced in the algorithm.) For reason­
ably small step sizes, both the experimental and the theoretical curves
decrease 6 dB for each factor-of-two decrease in step size. This is
consistent with the expression for the BPR given in (19), and similar
behavior can be expected for the sin as shown in (20). Both these
quantities go to zero when the step size goes to zero. This is in direct
contrast to the behavior of a bias-free, infinite precision canceler for
which performance improves with decreasing step sizes.

Although the two's-complement multiplier rounding bias was elim­
inated in the processor by using the sets of symbols described in
Appendix B, there remained some other very small, unexplained
biases. The effect of these biases on the BPR was negligible, as shown
in Fig. 4. Nevertheless, they could be observed by studying the spec-
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trum of the residual echo when no double-talker was present. This
spectrum is the flat trace in Fig. 6, and the bell-shaped curve depicts
the spectrum of the uncanceled echo. (Due to the small magnitude of
the residual biases, it took several minutes of the canceler's operation
to obtain the spectrum in Fig. 6. Immediately after convergence the
peaks were very weak.) Notice that the peaks around the origin and
at multiples of the symbol rate (1200 bauds in this case) produce
exactly the kind of spectrum that was predicted by the analysis in
Section V. These peaks would be much larger if the optimum sets of
symbols described in Appendix B were not utilized. In Fig. 6, we also
show the spectrum of the residual echo of a voice-type canceler that
was implemented on the processor. Notice that for the voice-canceler
spectrum, the residual echo's energy accumulates in the frequency
regions where the uncanceled echo has little energy. This energy
increases with time and ultimately, without some sort of compensation,
the canceler diverges after several minutes of operation. Finally, for

~ 0 2 3 4 5
I-u (a)wa..
Vl
a:
w
~
0a..

o

(b)

5

Fig.6-Power spectrum of the residual error. (a) Data-driven echo canceler. (b)
Voice-type echo canceler.
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Fig. 7-Bias-performance ratio for various amounts of biases.
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Fig. 8-Signal-to-noise degradation due to biases.

completeness, computed curves giving the BPR and the sin for various
values of biases are given in Figs. 7 and 8.
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APPENDIX A
MSE Evolution

The following is an analysis of the evolution of the MSE for a data­
driven echo canceler in the presence of digital biases. It is assumed
that the input sequences Qn and Qn are white and uncorrelated with
the bias, !l.n' and each other. It is also assumed that the canceler spans
the entire length of the echo impulse response. The analysis applies
to a subcanceler, but for simplicity of notation, the index i will be
deleted.

The following definitions are used in the derivations:

!in = f!.n + jf!.n = complex bias vector*

fn = £n + j~n = complex tap vector

~n = ~n + jQn = complex data vector

l' = step size in the adjustment algorithm

!:1 = sampled in-phase channel impulse response vector (30)

!:2 = sampled quadrature channel impulse response vector (31)

~ = sampled uncorrelated interfering signal. (32)

The error at the nth iteration is given by

en = [!:1 - £nF~n + [!:2 - ~n]Tbn + ~. (33)
The in-phase and quadrature tap error vectors are defined by

§l,n ~ !:1 - £n (34)

§2,n ~ ~) - ~n (35)

• For ease of notation the real and imaginary parts of Bn are taken to be equal.
Although this assumption is not strictly true, it will not mOdify the end result of the
analysis.
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so that (33) can be rewritten as

en = §[n!!n + §f,nQn + ~,

and the MSE becomes

(36)

Letting
A ~ (a~) = (b~) (38)

and making the usual assumption that successive data vectors are
uncorrelated, one obtains

(e~+l) = A(E[n+l§l,n+l) + A(Ef,n+l§2,n+l) + (e). (39)

The biased stochastic-gradient algorithm can be expressed as

s-. = ~n + "'(enQn + fl.n.

Subtracting both sides of (40) and (41) from !) and r, yields

§l,n+l = §l,n - "'(en!!n - fl.n

E 2,n+l = §2,n - "'(enQn - fl.n.

(40)

(41)

(42)

(43)

Using (42) and (43) in (39) gives

(e~+l) = A «(§l,n - "'(en!!n - fl.n)T(§l,n - "'(en!!n - fl.n»

+ A (§2,n - "'(enQn - fl.n) T(§2,n - "'(enQn - fl.n» + (e). (44)

After some algebra, and using (36), (38), and !!~!!n = gQn = NA, we
have

(e~+l) = (e~) [1 - 2"'(A + 2"'(2NA2] + 2"'(A(e)

+ 2AN(fJ~) - 2A(fl.~ §l,n) - 2A(fl.~§2,n). (45)

To proceed further, (fJ~El,n) and (fJ~E2,n) must be evaluated. We
will assume that fJn is uncouelated with E1,n and E 2,n '

Using (42) and-(36), and assuming agarn that the current tap error
vector and the current data vector are independent, we have

(Ii> T(§l,n+l) = (1 - "'(A)(fl.) T(§l,n) - N(fJ)2, (46)

where it is assumed that the mean vector (fJn) is a constant vector
whose entries are all equal to (fJ). Solving the iteration (46) yields

1 - (l - "'(A)n
(f!.> T(§l,n) = (1 - "'(A)n(fl.) T!:.l - "'(A N(fJ)2. (47)
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In (50) it is assumed that (§I,O) = !), that is, the canceler is originally
started with all of its tap coefficients equal to zero. A similar expression
holds for the quadrature component.

The difference equation for the MSE in (45) now becomes

(e~+I) = (e~)[l - 2'YA + 2N'Y2A2] + 2'YA(e) + 2AN({3~)

_ 2A [(1 - 'YA)n({3T)rl _ 1- (l - 'YAt N({3)2]
- - 'YA

_ 2A [(1 - 'YA)n({3T)r2 _ 1- (l - 'YA)n N({3)2]. (48)
- - 'YA

The above equation, although notationally complex, is only a first­
order difference equation of the form

(e~+I) = (e~)AI + kl - k2M , (49)

where

Al = 1 - 2'YA + 2N'Y2A2

A2 = 1 - 'YA

(50)

(51)

k l = 2'YA(e) + 2AN({32) + ±N({3)2 (52)
l'

4
k2 = 2A({3T)rl + 2A({3T)r2 + - N({3)2, (53)

- - - - l'

and where it is assumed that ({3~) is a constant and equal to ({32).
Assuming stability,

IAd < 1 and 1A21 < 1,
there are two cases to be considered in solving (53).
Case 1: Al -:;6 A2 (nonresonant).
Assume

(54)

(55)

Then solving (49) by substitution, and assuming the initial condition
(ea) gives

c __k_l _

I - 1 - Al

-k2 k2C3 = _----=:..-

A2 - Al Al - A2

C2 = (e5) - CI - C3 •

In terms of the original parameters in (48),
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(e) + N (fj2) + 2~ (fj)2
I' 'Y 2A

C1 = (1 - 'YNA)

2 4N
; [({iT) ~I + ({iT)~2] + ~N(fj)2

C« = (2N'YA - 1)

(59)

(60)

C2 = (e5) - C1 - Ca. (61)

All of the parameters appearing in the expression for the MSE in (55)
are now known. In the steady state, as n goes to infinity the MSE
becomes

(e) + N (fj2) + 2N (fj)2
I' 'Y 2A

(e~) = 1 - 'YN A

Case 2: Resonance (I'I = 1'2).
In this case, from (50) and (51)

1
I' = 2NA·

Assume

(62)

(63)

(64)(e~) = C1 + C2'Y~ + nCe'Y~.

Solving (49) again by substitution, we get, after some algebra,

(e~) = 2(e) + 4NA(fj2) + 16N2A(fj)2

+ [(e5) - 2(e) - 4NA(fj2) - 16N2A(fj)2] (1 - 2~r

- n[2A[({iT)~1 + ({iT)~2]+8N2A(fj)2] (1-2~r-1 (65)

In this case the steady-state MSE is

(e~) = 2(e) + 4NA(fj2) + 16N2A(fj)2. (66)

APPENDIX B
Bias-Free Two's-Complement Multiplication for a Data-Driven Canceler

In this Appendix, it is shown that the bias that occurs when rounding
the product of a two's-complement multiplier can be eliminated by
properly choosing the values of the binary input symbols. Let ex be an
(1+ l)-bit fractional two's-complement number represented as

ex = lloala2 ... ai; (67)
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where a, = 0 or 1, and al is the LSB of the number.
The numerical value of a is given by*

1
a = -aD + L ai2-i,

i=1

and the product of two such numbers becomes
1 1

a'X = (-ao + L ai2-i)(-Xo + L Xk2-k)

i=1 k=1

(68)

1 1 1 1
= aoxo - ao L xk2-k - Xo L ai2-

i + L L ai xk 2-(i+k). (69)
k=1 i=1 i=1 k=1

This can be rewritten as a two's-complement number
21

a·x = -co + L Ci2- i,

i=1
(70)

where the summation on the right now goes to 21, making the length
ofthe product (21 + 1). A two's-complement multiplier usually has one
of two means of reducing this product to a (I + I)-bit number. In
truncation, all the bits corresponding to i ~ 1+ 1 are discarded. From
(70), it is seen that such an operation always decreases the magnitude
of a positive number, and increases the magnitude of a negative
number, thus introducing a negative bias. In rounding a number, 2-(1+1)

is added to the product in (70) and the result is truncated to (I + 1)
bits. This always selects the (l + I)-bit number that is closest in
magnitude to the true product. An ambiguity arises, however, when
this product is equidistant from two (I + I)-bit numbers. It is seen
from (69) that rounding, in this case, always increases the magnitude
of a positive number and decreases the magnitude of a negative
number, thus introducing a positive bias in the arithmetic.

It is assumed that the numbers ±a and x in (69) represent the
symbols and the scaled error, respectively, in the updating algorithm.
The bias situation in rounding arises when the following conditions
occur in (70):

CI+l = 1 and c, = 0 for i> 1+ 1.

Inspection of (69) shows that these conditions are equivalent to
1 1
L L aixk2-(i+k) = 2-(1+1).
i=1 k=l+l-i

(71)

(72)

* It is readily verified that, with this definition, the largest negative number that can
be represented is -1, and the largest positive number is +1 - LSB.
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The rounding bias can be eliminated by choosing the a/s in such a
manner as to never satisfy (72), regardless of the choice of the Xk'S.

The search for all of the possible numbers, a, having this property is
tedious and will not be pursued here. Rather, two sets of symbols are
proposed and shown to have the desired property. The proof requires
that the scaled error be reasonably small. More specifically, the mag­
nitude of x must be strictly less than one-half. This assumption is
always satisfied in practice, even during start-up.

The first two binary symbols to be considered are defined by
a = 0100 ... 001 = 2- 1 + 2-1 (73)

and
I

-a = 1011 ... 111 = -1 + L 2-i
•

i=2
(74)

These numbers are equal to 1±((1/2) + LSB)j. Considering the positive
symbol and replacing the a/s by their value in (72) yields

I
x

I
2 - (1+ 1) + L Xk2-(I+k) = 2-(/+1).

k=l
(75)

This equation can only be satisfied under the condition Xl = 1 and
Xi = 0 for i > 1. From (68), it is seen that the only two numbers
satisfying this condition are ±1/2. These numbers were discarded
earlier as valid solutions. For a negative symbol (72) becomes

/ I
L L Xk2-(i+k) = 2-(/+1).
i=2 k=/+1-i

(76)

A sequence of Xk'S cannot be synthesized to satisfy this equation. The
lowest-order bit on the left corresponds to the power 2l of 1/2. There
is only one term on the left in (76) contributing to this bit's value: i =
k = l. Since there is no such term on the right, this bit must be zero
(XI = 0). The value of second-lowest bit corresponding to a power
(2l-1) depends upon two terms: i = l, k = l- 1 and i = l- 1. Therefore,
its value is (XI + X/-l), which must be zero modulo-2. Since XI = 0, this
implies X/-l = O. Reasoning by induction shows that all of the x/s must
be zero for i ~ 2. The highest-order bit corresponds to the (l + l)th
power of 1/2. Combining this with the preceding result, we see that
only one term contributes to its value; i = l, k = 1. Therefore, to satisfy
(76), Xl must equal one. As previously noted, the only two numbers
that produce the bias situation are ±1/2, which are not valid solutions.

The second set of symbols that eliminates the multiplier's bias is
given by

a = 0111 ... 111 = 1 - 2-1 (77)
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and

-a = 1000 ... 001 = -1 + 2/. (78)

These numbers are equal to I±(l-LSB)I. Proof by contradiction,
similar to the one utilized previously, can be used to show that these
symbols eliminate the multiplier's bias. The proof is left as an exercise
for the reader.
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