
AT&T Technical Journal
Vol. 64, No.1, January 1985
Printed in U.S.A.

Accumulation of Jitter: A Stochastic Model
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(Manuscript received March 29, 1984)

A problem that has been considered extensively in the past is the accumu­
lation of jitter in a chain of regenerative repeaters. For simplicity it is usually
assumed that all repeaters in the chain are identical. However, this is not the
case in real systems, where considerable differences among the repeaters of a
chain have been observed. These random variations are due mainly to manu­
facturing tolerances, aging effects, temperature changes, etc. In this work, we
examine the accumulation of systematic and random jitter along the chain,
when the repeater transfer functions are subjected to random variations. We
derive expressions for the expected value and variance of the output jitter
spectrum in terms of average values of the repeater's jitter transfer function.
In addition we find the expected value and the variance of the RMS jitter.
Finally we examine two special cases where the timing circuit employs either
a phased-locked loop or a surface acoustic wave filter, and derive some
asymptotic relations for the power spectral density and root-mean-square
value of the accumulated systematic jitter.

I. INTRODUCTION

In a chain of self-timed regenerative repeaters for data transmission
with Pulse Amplitude Modulation (PAM), each regenerator extracts
the timing information (clock) directly from the received pulse train.
Ideally the output of the timing circuit should be a sine wave with
frequency equal to the baud rate of the data. In practice, however,
imperfections of the circuits and noise in the transmission channel
disturb the timing recovery operation so that the phase of the recovered
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clock is randomly deviated from the desired input clock phase. Such
deviations, called timing jitter, produce a position modulation of the
regenerated signal; the timing jitter tends to accumulate along the
chain and degrade the system's performance. If the jitter introduced
by the repeater's timing recovery circuitry is the same for each repeater
(for example, if it depends on the data pattern), it is called systematic
jitter. Otherwise it is called random jitter.

The problem of jitter accumulation in a chain of regenerative
repeaters has been considered extensively in the pastY For simplicity
it is usually assumed that all repeaters in the chain are identical.
However, this is not the case in real systems, where considerable
differences have been observed among repeaters." These random var­
iations are mainly because of manufacturing tolerances, aging effects,
temperature changes, etc. In this work we examine the accumulation
of systematic and random jitter along the chain, when the repeater's
jitter transfer functions are subjected to random variations. Previous
papers':' have treated the relationship between the jitter transfer
function and the retiming circuit parameters.

In this paper, we derive expressions for the expected value and the
variance of the output jitter spectrum in terms of averages of jitter
transfer functions of the ensemble of regenerators. In addition we find
the expected value and the variance of the Root-Mean-Square (RMS)
jitter.

We also examine two special cases where the timing circuit employs
either a Phased-Locked Loop (PLL) or a Surface Acoustic Wave
(SAW) filter. Finally we consider the case of a retiming circuit exhib­
iting random variations in its phase only and derive some asymptotic
relations for the power spectral density and the RMS value of the
accumulated systematic jitter. Of particular interest perhaps is relation
(40), where we show that the RMS value ofthe accumulated systematic
jitter for a nonpeaking case is approximately equal to .JO.36*Nfa,
where N is the number of regenerators and a the phase slope of the
average jitter transfer function.

II. THE THEORY
1.7 The basic model

A brief review of jitter accumulation is presented here for complete­
ness. The model we use to study the jitter accumulation is similar to
the linear model attributed to Chapman, as described by Byrne et al.'
Questions regarding the validity of this linear model will not be
considered here. This problem will be addressed in a forthcoming
paper. An oversimplified treatment is also given in Appendix B.
According to this model, the timing jitter produced in a regenerative
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Wmlw): JITTER TRANSFER FUNCTION FOR THE mth REPEATER.

Fig. l-Chapman's model for timing jitter accumulation in a chain of repeaters.

section is the filtered sum of the jitter coming from the previous
section plus an additional equivalent jitter ei(t) inserted at the local
input. This is illustrated in Fig. 1, where Wi(w) is the jitter transfer
function of the ith repeater. The major differences between our model
and the ones used previously are that we do not assume Wi(w) to be
the same for every repeater.

The input jitter, ei(t), can be separated into its two components, the
random part eir(t) and the systematic part eis(t), i.e.,

(1)

The random component ei- (t) is different for each repeater and is
usually caused by random sources, e.g., line noise, thermal noise,
crosstalk, etc. The systematic component eis(t) is the same for each
repeater and is usually pattern dependent.

Let <Jl(w), <Jlr(w), <Jl.(w) be the two-sided power spectra of ei(t), eir(t),
and eis(t), respectively. Assuming that eir(t) and eis(t) are statistically
independent, then

<Jl(w) = <Jlr(w) + <Jl.(w).

If S(w) is the spectrum of the output jitter then we can write

S(w) = <Jlr(w)Tr(w) + <Jl.(w)T.(w),

where'

(2)

(3)

Tr(w) = I Wdw) 12 + I WI(W)W2(W) 12

+ .. ·+IWI (w) ... WN (w) 12 (4)

is the total transfer function for random jitter, and

T.(w) = I WI (w) + WI (W) W2(W)

+ ... + WI (W) W2(W) ... WN(W) 12 (5)

is the total transfer function for systematic jitter.
If we assume that

Wj(w) = W(W) j = 1, 2, '" , N,

then we obtain the known relations I

(6)
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and

I - IW(w) 1
2N

Tr(w) = I W(W) 1
2

I _ 1 W(W) 1 2

21 1 -
WN(w)1

2

Ts(w) = IW(W) I I _ W(W) .

(7)

(8)

(9)

As we will show, relations (7) and (8) provide us with a satisfactory
approximation when the fine structure of S(w) is not important, as in
the evaluation of the RMS jitter,

I fu~ = -2 S(w)dw.
1r -00

However, in some applications the detailed structure of S(w) is
essential, and the random variations of Wi(w) must be taken into
consideration. Hence it is important to describe Wi(w) with a proba­
bilistic model instead of the deterministic approach used in the past.

Another advantage of using this approach is that we can directly
examine the impact of tolerances in manufacturing the repeater com­
ponents on the accumulation of jitter.

2.2 The stochastic model
In this section we shall consider Wi(w) to be a random variable,

independent and identically distributed (i.i.d.), Thus S(w), the spec­
trum of the jitter at the output of N regenerative repeaters, is also a
random variable and it should be described with its expected value
and variance.

With the assumption that ei(t) is a stationary stochastic process we
obtain from (2) and (3)

EIS(w)1 = <l>s(w)EITs(w)1 + <l>r(w)EITr(w)1 (lOa)

V~rIS(w)1 = <I>;(w)V~rITs(w)1 + <I>~(w)V~rITr(w)1

+ 2<1>s(W)<I>r(w)[EITs(w)Tr(w)1 - EITs(w)IEITr(w)IL (lOb)

where EIXI and V~rIXI are, respectively, the expected value and the
variance of the random variable X. The spectra <l>s(w) and <l>r(w) of the
input systematic and random jitter will be considered known, because
we can measure them experimentally. Usually <l>s(w) and <l>r(W) are
constant for the low frequencies where Ts(w) and Tr(w) are significant
(white noise). Typical values for <l>s and <l>r are between I and 100 de~/
MHz.

Thus for the evaluation of the EIS(w)1 and VarlS(w)1 in (10)
we need to find EITs(w)l, EITr(w)l, VarITs(w)\, VarITr(w)1 and
EIT.,(w)Tr(w)l. The expressions for their analytical evaluation are
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given below for a chain of N repeaters. Their derivations are given in
Appendix A. For simplicity hereafter we shall omit the dependence of
the various functions on the parameter w, except if it is not obviously
implied. Since the derivation of Var]Tsl and EI TsTrl is complicated,
we simplified our analysis by making use of the Central Limit Theorem
and assuming that the two random variables X and Y defined as
X + jY = L~=I WI W2 ••• Wk are jointly normal. Hence relations (15)
and (16) are not exact, because of the above approximation.

For a chain of N repeaters
_ 1 - B N

T; = E/ Trl = B 1 _ B

_ 1- BN B {I - WN 1-BN
}

T, = E/T,l = B 1 _ B + 2 Re 1 - B/W 1 - W - 1 - B

2 1- eN e {I -BN 1-eN}
E/Trl = e 1 _ e + 2 1 - e/B 1 - B-1 - e

V~r/Trl = EIT~1 - E2/Trl

V~rIT,1 ::::: 2[E21X 21+ E 21y 21+ 2E2lX YI - (E2/XI + E 21Yj)2]

EITsTrl- E/TsIE/Trl ::::: 2[EIXIE/XTrl

+ E/YIEIYTrl- (E2/XI + E2/Yj)E/Trl],

where

W = E/W;j

Z = E/WTl

B = Ell W;l 21

e = Ell W;l 4 1

and

With X and Y defined as
N

X + jY = Q = L WI W2 ••• WK
k=1

we have

(11)

(12)

(13)

(14)

(15)

(16)

(17a)

(17b)

(17c)

(17d)

(17e)

(17f)

E/Xl = Re EIQI, E/ Yl = 1m EIQI (17g)

ElX 21 = rf. + Re EIQ211/2 (17h)

EI y 21 = [T - Re EI~Il/2 (17i)
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where

EIXYI = 1m EIQ21/2

EIXTrl = Re EIQTrl

El YTrl = 1m EIQTrl.

(l7j)

(17k)

(171)

(18)

(l7n)

(l7m)EIQI = W 1 - W
N

1- W

2 1 - ZN Z [1 - WN 1 - ZNJ
EIQ I = Z 1 _ Z + 2 1 - Z/W 1 - W - 1 - Z

1- D
N

D [1 - W
N 1- DNJ

EIQTrl = D 1 _ D + 2 1 _ D/W 1 - W - 1 _ D· (170)

With the above formulas we can evaluate the EIS(w)1 and VarIS(w)1
in (10) in terms of the averages W(w), Z(w), B(w), C(w), and D(w) of
the individual jitter transfer functions Wj(w). These quantities can be
estimated either experimentally from a sufficient number of samples
of Wj(w), or numerically, using a Monte Carlo technique, from an
appropriate model of Wj(w). The second approach will be used in
our examples. If Wj(w) = W(w) i = 1, 2, ... , N then B = 1W(w) 1

2
,

W = W(w), and after some algebra we can show that relation (12) is
equivalent to relation (8).

Another quantity, beyond S(w), which is important in jitter accu­
mulation, is qo, the RMS value of the output jitter. We shall also
evaluate its expected value and its variance.

The expected value is obtained easily from (9) and (lOa) as
1 (ex>

Elq~l = 211" .l., EIS(w)jdw.

The evaluation of the variance of q~ is more difficult. This is done
in Appendix A. However, the result is complicated because it involves
the evaluation of Riu, v) = El Wj(u) Wj(v)l, the autocorrelation of
Wj(w). To avoid the additional computations needed for the calculation
of R(u, v), we obtain an upper and lower bound for Varlq~l by assuming
that Wj(wd and Wj(W2) are, respectively, highly correlated or uncor­
related. Then we can derive (see Appendix A) that

1 t (ex> 1
1

/
2

1 (ex>
211" .l., V~rIS(w)jdw < Varlq~l < 2'lr .L, VarIS(w)ldw, (19)

where VarIS(w)1 is obtained from (lOb). The average value of the two
bounds appears to be a good estimator of the true variance of the
RMS. With the relations given above we can now evaluate EIS(w)l,
VarIS(w)1. Elq~l. Varlq~l·
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In deriving EIS(w)l in (lOa) and VarlS(w)l in (lOb), we have made
the additional assumption that <I>(w), the spectrum of the additive
jitter ei(t), is the same for all the regenerators. This appears to
contradict our assumption of different Wi(w), since it is well known
that <I>(w) is highly correlated with the transfer function of the re­
generator. This problem can be resolved if we define ei3(t), the system­
atic component of ei(t), as the part that is identical, within a constant,
for all the repeaters, i.e., ei3(t) = (Xie.(t), where (Xi depends on Wi(w).
The random component eir(t), the remaining part of ei(t), has a
spectrum <I>i(W) and is statistically independent for each repeater. Then
in relation (5) we have to replace Wi(w) by (Xi Wi(w), while in relation
(4) we must replace 1 Wi(w) 12 by <I>i(W) I Wi(w) 12• Using these substi­
tutions, all the remaining expressions are still valid. The evaluation
of (Xi and <I>i(W) in terms of the transfer function Wi(w) is a difficult
problem directly related to the problem of expressing the statistical
properties of ei (t) in terms of the regenerator's transfer function. This
question has been considered in Refs. 4 through 6.

III. APPLICATIONS

In the following three sections we shall present some numerical
applications of the above theory. In Section 3.1 we shall examine
chains employing phase-locked loops in their timing circuits.v" In
Section 3.2 the timing circuit employs a SAW filter.?" Finally, in
Section 3.3 we shall examine a special case, where Wi(w) is assumed
to exhibit a random variation only in its phase while its amplitude is
identical for all repeaters. This case is of interest when we have a
maximally flat filter and we want to examine the spectrum of the
accumulated jitter for low frequencies.

All the numerical results are normalized by assuming <I>.(w) =
<I>r(W) = 1 dei/MHz.

3.1 Timing circuits with PLL

Phase-locked loops have been used extensively in the timing circuits
of regenerative repeaters and their jitter performance has been ex­
amined thoroughly.3,4,6 If the timing extractor employs a PLL, its jitter
transfer function W(w) is equal to the phase transfer function of the
PLL, under the assumption that the output of the phase detector is
small. This is equivalent to the assumption of having small alignment
jitter. (Alignment jitter refers to the deviations in alignment between
the clock embedded in the incoming data stream of the regenerator
and the timing clock derived from the data stream by the timing circuit
of the regenerator.) The above requirement is usually satisfied, vali­
dating the linear model of the PLL. The phase transfer function of a
PLL used in the literature is typically described with a second-order
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model. If we want to consider parasitic elements in the PLL, then, as
M. W. Hall suggested," a fifth-order model is more realistic, especially
for high frequencies. However, the spectrum of the accumulated jitter
is significant only in the low frequencies. Hence the second-order
model provides an adequate description of the PLL in this frequency
range, because it coincides with the fifth-order model in this range of
frequencies.

Thus the jitter transfer function Wi(w) of the ith repeater can be
modeled as

W.( I. ') -_ 2fiWniS + W~i
, S} 2 2 S = }W,

S + 2fiWniS + Wni
(20)

where fi is the damping coefficient of the PLL and Wni its natural
frequency.

We shall assume that the average values of fi and Wni are ri = 6 and
Wni = 4.5 kHz. Also, the bandwidth of the PLL is assumed to vary
from 20 kHz up to 80 kHz. To simulate the above conditions we
assumed that t. is uniformly distributed from 4 to 8 and Wni is also
uniformly distributed from 2 kHz to 7 kHz. Using the above numbers,
we calculated W(w), zr,», B(w), C(w), D(w) (see 17a, b, c, d, e) by
numerically averaging 1000 samples of Wi(w). In Fig. 2 we show the
amplitude and phase of W(w) as well as two samples of Wi(w) with
t. = 6 and Wni = 2 kHz and 7 kHz. The shaded area shows the
permissible range of Wi(w). Bandwidth varies between 16 kHz and
110 kHz, while phase slope varies between -0.6 deg/kHz and -3.2
deg/kHz. In Fig. 3a we plot EITs(w)l, and EITs(w)1 ± VarITs(w)1 for a
chain of 50 repeaters. Also in the same graph we show the Ts(w)
evaluated by using relation (8), i.e., assuming that all repeaters have
identical PLLs with W(w) = ElWi(w)j. In Fig. 3b we show the same
results for 200 repeaters. Figure 4 shows the same curves for the
random jitter component.

To check our theoretical results, we did a complete numerical
Monte-Carlo simulation of 200 chains and computed the various
parameters, including EI(1~1 and Varl(1~I. The resulting graphs were
indistinguishable from those shown in Figs. 3 and 4; the numerical
values obtained for EI(1~1 and Varl(1~1 are shown in Table I. All the
numbers agree with the results of our theoretical analysis. Also, the
expected value of the RMS of the accumulated jitter, systematic and
random, is shown in Fig. 5 with the ±3 Varl(1~1 curves (99.7 percent
confidence). Also in the same graph we plot the RMS values for the
accumulated jitter for a chain having identical repeaters with jitter
transfer function equal to the average value El Wi(w)j.

We can draw the following conclusions from the previous example:
(1) The model of identical repeaters having as jitter transfer function
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Fig. 3-Total transfer function T,(w) for systematic jitter for (a) 50 repeaters and (b)
200 repeaters with PLL using the stochastic model and the model with identical
repeaters.

the average jitter transfer function underestimates slightly the average
RMS value and the power spectrum density. (2) The variance of the
RMS jitter was only 5 percent (see Table I and Fig. 5) even if the
bandwidth of the PLL jitter transfer function varied from 16 kHz up
to 110 kHz. This implies that the model of identical repeaters provides
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us with a reliable estimation of the RMS jitter. (3) The total transfer
function Tr(w) has a smaller variance than Ts(w).

3.2 Timing circuits with SAW filters
The introduction of optical-fiber transmission systems has made

possible data transmission rates of several hundred megabits per
second. This introduced significant changes in the construction of the
timing extracting circuits in the regenerative repeaters. The popular
PLLs had to be replaced, because their implementation above 100
Mb/s has been difficult, especially in integrated circuit form. Cur­
rently, SAW filters7 have emerged as their replacements. This actually
represents a return to passive filtering after many years of using the
PLL.

In this section we analyze a system where the tuned filter in the
timing circuit is a passive SAW filter. In the present analysis we will
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Fig. 5-RMS values of systematic and random jitter for repeaters with PLLs. Curves
show: (1) stochastic model; (2) conventional model with identical repeaters; and (3)
99.7-percent confidence interval.

not consider the effects introduced by the prefilter and nonlinear
device, which often precede the tuned circuit. It can be shown that
this simplification is not restrictive." A simple proof is also presented
in Appendix B.

Let H(w) = A (w)e'<!>(w) be the transfer function of the SAW filter.
Then, as has been shown/ the jitter transfer function of the regener­
ator is approximately given by

H(w - wo)ej<!>(wo) + H(w + wo)e-j<!>iwo)
W(w) = 2A(wo) , for Iw I< Wo, (21)

where Wo is the baud rate of the data. Relation (21) is valid under the
assumption that the accumulated jitter does not have large compo­
nents at high frequencies. The exact conditions for the validity of (21)
will be studied in a forthcoming work. A simple derivation of (21) is
given also in Appendix B.

Let us now define the normalized low-pass equivalent of H(w) as
H(w + wo)e-j<!>lwo)

Hdw) = A(wo) for w > -woo (22)
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Thus W(w) is now given by

W(w) = [HL(w) +2H!(-w)] , (23)

where * denotes complex conjugate.
A model for transversal SAW filters related to its design electrical

characteristics, i.e., number of fingers, distance of transducers, termi­
nating impedances, etc, is given in Ref. 8. Since in the present
simulation we are interested only in its transfer function, we will use
a simpler representation, and model Hdw), the low-pass equivalent of
the SAW filter, as a two-pole filter. Its transfer function is

where

(24)

Si = -ai + jb, = -(1 ± E)a + jb, i = 1,2

are its two poles and c is a linear phase slope used to correct the phase
of the model, since SAW filters are not minimum phase filters. For
jitter studies our model provides an adequate description for SAW
filters.

Denoting by BW the bandwidth of the SAW filter, We its center
frequency, and Wo the baud rate of the data, the various SAW filter
parameters can be defined in terms of a, b., and the asymmetry factor
e as follows:

We - Wo = (b1 + b2)/2 mistuning (25)
b = (b1 - b2)/ 2 a = (al + a2)/2
a = 2(we - wo)/BW detuning factor

w ~ = a2 + b2 natural frequency
r = a/W n damping factor

Q = we/BW filter's quality factor. (26)

The natural frequency W n can be determined approximately from
the BW (for e « 1) by

2 (BW)2 1 )
w n = -2- -(1 - 2f) + «1 _ 2f)2 + 1)1/2' (27

For the simulation we used the following numerical values for the
range of bandwidth B W, static offset, damping factor r, and asymmetry
factor e:
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BW
160 kHz < -2- < 240 kHz

II. - 10 I < 50 kHz

0.60 < s< 0.80

-0.1 < ~ < 0.1

c = -0.2 deg/klfz, (28)

We assumed the above parameters to be uniformly distributed
between their upper and lower limits. If the baud rate of the data is
300 MHz, then the above values correspond to filters having Q's
between 625 and 940. To illustrate the relation of the above parameters
to Hdw) and W(w), we plot in Fig. 6 the passband of the SAW filter
and the corresponding jitter transfer functions for S= 0.65 and various
combinations of ~ and a. Notice that the frequency scale has been
normalized to BW/2, the bandwidth of HL(w).

In Fig. 6a we plot the passband of the SAW filters for S= 0.65 and
~ = 0, 0.1. In Fig. 6b we plot the corresponding jitter transfer function

0.5o0.5 1.0 -1.0 -0.5
NORMALIZED FREQUENCY

o-0.5

(b) r =0.65
a =0.00

0

-1

Vl
...J -2w
OJ
U
w
0 -3
~

w 1
0 (C) r = 0.65 (d) r = 0.65:>
f- a = -0.50 a = 0.50:::;
C>. 0::.
<l:

-1

Fig.6-(a) Underdamped SAW filter with r = 0.65 and asymmetry factor f = 0 and
0.1. Jitter transfer functions obtained with various detuning factors a = 2(wc - wo)/BW
for (b) It = 0 (0.105 dB jitter peaking), (c) a = -0.50, and (d) a = 0.50.
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W(w) when I, = lo(a = 0). For this case the asymmetry is almost
canceled. This is expected because from relation (23) we can see that
asymmetries in Hdw) that are odd with respect to Ie will be canceled
when we form W(w). In Fig. 6c we plot the corresponding jitter transfer
function when the detuning factor is a = -0.5, i.e., the baud rate is
100 kHz less than the center frequency of the filter. Figure 6d shows
the jitter transfer function for a = 0.5. In Fig. 7 we plot EI Wj(w)l
(1000 samples) as well as two extreme samples of Wj(w). Most of the
Wi(w) will be between WI (w) and W 2(w). The shaded area shows the
permissible range of Wj(w). In Fig. 8 we plot the average total transfer
function for systematic jitter, EITs(w)\, and EITs(w)\ ± VarITs(w)\ for
50 and 200 repeaters. The variance of Ts(w) in this example is much
less than the variance of the example with PLL. This is due to the
narrow distribution of the SAW filter phase slopes (-0.5 deg/kHz to
-0.8 deg/kHz). Finally, in Fig. 9 we plot the expected value of the
RMS of the accumulated jitter, systematic and random, with the
±3 Varl/T51 curves (99.7 percent confidence). Some numerical values
for the accumulated RMS jitter and its variance are shown in Table I
for N = 50, 100, 200, and 300. To find the true RMS value we have to
multiply the numbers shown in Table I with the <l>s(w) and <l>r(W)
measured in deg"/MHz. For example, if N = 200 and a PLL is used,
then assuming <l>s = 20 deg2/MHz and <l>r = 5 deg"/MHz, we obtain

/To = [20.189 + 5.7.73P/2 = 61.8 degrees. (29)

Using the same numbers for the SAW filters we obtain

/To = [20·117 + 5. 22.9jl/2 = 49.5 degrees. (30)

Thus the simulated SAW filters accumulate less jitter, even with a
bandwidth larger than the bandwidth of PLLs. This is due to the fact
that PLLs have an inherent jitter peaking and because their phase is
smaller than the SAW filters [see eq. (40)]. To obtain the correspond­
ing peak-to-peak values we usually multiply the RMS value with a
peak-to-peak/RMS factor. Typical values for this factor are between
8 and 15.

From the above example it becomes clear that, using our random
model, we can tolerate larger manufacturing variances, because we
can accept retiming circuits exhibiting substantial jitter peaking. For
example, WI (w) (0.4 dB jitter peaking) in Fig. 7 can be accepted if the
expected average jitter transfer function W(w) of the manufactured
SAW filters possess a moderate jitter peaking (i.e., less than 0.1 dB).

3.3 Timing circuits with random phase
In this section we will consider the dependence of the jitter power

spectrum on phase variations. This case is of interest when we want
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Fig. 7-(a) Amplitude and (b) phase of El Wj(w)l, WI (w), W2(w) for the SAW model.
W.(w) is obtained with BW/2 = 240 kHz, a = 0, s= 0.60, and E = 0.1 (0.4 dB jitter
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Fig. 9-RMS values of systematic and random jitter for repeaters with SAW filters.

to estimate the jitter spectral density for low frequencies." We shall
assume that

(31)

where 77i(W) are random variables with zero mean and independent
and identically distributed (i.i.d.). Let <I>~(X) be the characteristic
density function of 77i, i.e.,

<I>~(X, w) = Elej~i(w)XI = 1: f~(X, w)ej~Xd77. (32)

Then [see relations (17)] all the needed statistics for Wi(w) can be
obtained analytically if <I>~(X, w) is known, i.e.,

W(w) = EIWi(w)1 = A(w)ej",(w)<I>~(l, w)

Z(w) = EIWf(w)1 = A2(w)ej2",(w)<I>~(2, w)

D(w) = Ell Wi(w) 12 Wi(w)\ = A3(w)ej"'(w)<I>~(1, w). (33)

If 77i(W) is assumed to have zero mean and to be uniformly distributed
between -'I'(w) and 'I'(w), then
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(34)A'. (X ) = sin '1'(w)X
'¥~ ,w '1'(w)X.

If 1]j(w) is assumed to be zero mean and Gaussian distributed with
variance u(w), then

<I>~(X, w) = e- X 2u2
(w)/ 2 . (35)

Using (34), (35), (33), and (10) we can obtain EITs(w)j and VarITs(w)j.
In Fig. 10 we plot EITs(w)1 for a transversal filter with maximally flat
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Fig. 10-Systematic jitter power density versus phase for identical repeaters, repeat­
ers with uniform phase distribution, and repeaters with Gaussian phase distribution for
(a) N = 100 repeaters and (b) N = 180 repeaters.
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transfer function (t = ../2/2) as a function of its phase cP(w) for 100
and 180 regenerators for the cases T/i = 0, T/iuniformly distributed with
Wj(w) = 8.1 0 and T/i gaussian distributed with oAw) = 8.1 0 / 3.

In Fig. 11 we plot ElTsl and its variance for the case of uniform
distribution.

Finally, we would like to note the following approximate relations.
1. Large variance approximation-If the variance of the phase is

large for w = wo, then W(wo) « 1 because <1>.(1, wo) is small [see
relations (33) and (34)], and from relation (12) we obtain
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Fig.ll-Mean and variance of systematic jitter power density versus phase for
repeaters with uniform phase distribution for (a) N = 100 repeaters and (b) N = 180
repeaters.

JITTER ACCUMULATION IN REPEATERS 63



lim E/T.(wo)l = EITr(wo)l.
O7(WO)->OO

(36)

(37)

This is expected because the randomness of the phase removes the
coherent accumulation of the systematic jitter for w = woo

2. Low frequencies and long chain approximation-For large N the
jitter energy is concentrated near w = O. For this region, we can assume
that A(w) ~ 1 and approximate relation (12) with

E/TI ~ R {2[1 - WN]W - N(1 - W
2

) } ~ 0
s e (1 _ W)2 W.

3. High frequencies and long chain-For high frequencies where
A(w) « 1 and large N) we obtain that E/Tsl ~ E/Trl = Ell Wd 21.

4. Small-phase variance approximation-If we assume that the
variance a(w) of the phase ¢(w) is small, after some algebra we can
obtain the following relation:

N

EITsl ~ AN + a2(w) LAn'
n=l

(38)

where

and
2 1

a(w)«N'

(39)
. ¢(w)
sm-­

2

For low frequencies, w ~ 0, we can assume A(w) ~ 1 and the term
An (w) in relation (38) can be approximated with

. n¢(w) 2
sm--

2

5. Linear phase, low frequencies, small variance approximation­
Let us assume ¢(w) ~ - aw for w ~ O. Then a2(w) = S2W , where S is
the variance of a, and relation (39) becomes

. naw 2
sm--

2
. awsm­

2

For large N and assuming no jitter peaking and small-phase variance
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we can approximate the variance O"~ of the systematic jitter at the
output of N regenerators with

EIO"~1 = <1>.(0) [0~6 N + ~2 (0~6r N 2
] deg", (40)

where
<1>.(0) is the spectral density in dei/MHz
a is the average phase slope in deg/kHz
8 2 is the variance of a
N is the number of regenerators.
Relation (40) shows that for long chains of regenerators exhibiting

no jitter peaking the RMS value of the systematic accumulated jitter
is determined mainly by the de phase slope of the jitter transfer
function and not by its shape. This is illustrated in Fig. 12, where we
evaluate the RMS value of the systematic accumulated jitter for chain,
consisting of identical regenerators having the jitter transfer func­
tion the W(w) shown in Fig. 7. A curve using numerical integration
is compared versus the curve predicted by the simple formula
0"0 = 0.6JN/a (a = 0.63 deg/kHz). For a first-order filter with band-

15,----------------------------,

Vl
W
W
II:
o
w
Cl

10

5

a = 0.63 DEG/kHz

Fig. 12-RMS systematic jitter accumulation using numerical integration and rela­
tion (40).
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width B, we have B = 0.36/a and the above relation becomes Uo =
../BN. This is the widely used relation (69) given in Ref. 1, which is
valid only for first-order filters.

IV. CONCLUSION

We have presented a generalized model for the accumulation of
jitter. This model differs from those used previously in that we do not
assume all the repeaters have the same transfer functions. We have
derived analytical expressions for the variance and the mean of the
accumulated jitter in terms of the repeater's jitter transfer function
Wi(w).

We have also presented some numerical results for PLL and SAW
filters. From our numerical simulations we found that for long chains
the variance of the RMS jitter is about 5 percent. This implies that
we can still reliably estimate RMS jitter by assuming that the jitter
transfer function of all the repeaters is equal to the average jitter
transfer function. Another result obtained from our modeling is that
retiming circuits exhibiting large jitter peaking are acceptable if their
average jitter transfer function does not have jitter peaking.
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APPENDIX A
Stochastic Evaluation of Jitter Parameters

For simplicity the dependence on w is omitted in most of the
following formulas.

A.l Evaluation of EIT,(w»)

The transfer function T,(w) for the random jitter is given by [see
(4)]

T,= IW1 1
2+ IWIWz I 2+ ... + IWIW2 ... WN I 2. (41)

With the assumption that the Wi are i.i.d., we obtain the expected
value of T, as

1 - BN

El T I = B + B2 + B3 + ... + BN = B (42), I-B'

where
B = Ell W;j21

and this is the desired relation (11).

A.2 Evaluation of EIT.(w»

The transfer function Ts(w) for the systematic jitter is given [see
(5)] by

r.» I~ WIW2 .. , Wk12.
k=1

(43)

W:,}
The expected value of T, may be written

El'r.l = E t~1 WI W2 Wk m~1 wjW; ...

= E t~1 I WI W2 w, 1
2

N k-I }

+ 2 Re k~1 m~1 I WI W2 ... Wm 1
2 Wm+1 Wm+2 ... Wk .

Defining
W = EIWd, B = Ell W;j21

and using that Wi are i.i.d. we obtain
(44)

N N k-I

El'r.l = L Bk + 2 Re L L BmWk-m
k=! k=1 m=1

= B 1 - B
N + 2 Re ~ BWk-1 1 - (B/W)k-I

1 - B k=1 1 - (B/W)
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or

1 - B
N

B {1 - W
N 1 - B

N}

EITsl = B 1 _ B + 2 Re 1 - BIW 1 - W - 1 - B ' (45)

which is the desired relation (12).
For large w where I Wi(w) I « 1 we can obtain from (42) and (45)

that
(46)

(47)

A.3 Evaluation of VarIT,J

To evaluate the variance of Ts(w), the transfer function of the
random jitter, we need only to find Ef T;}, since

V~rfTr} = (EIT;} - E 2fT
r l>

and EITr } has been evaluated in (42):

EIT;I = E t~l IW l W2 ••• Wk l
2 m~l I W l W2 •••

Defining B(w) as in (44) and

C(w) = Efl Wi(w) 1
4

},

we obtain

EfT;} = E t~l I w, W2 ••• Wk l 4

N N N-l

= L Ck + 2 L L c:Bk-m
k=l k=l m=l

or

(48)

(49)1 - C
N C {1 - B

N 1 - CN}
EfT;} = C 1 _ C + 2 1 - CIB 1 - B - 1 - C '

and this is relation (13).

A.4 Evaluation of VarIT.{w}J

A direct evaluation of the Var]Ts } is possible but the resulting
formula is lengthy. To simplify our analysis we will make an additional
assumption.

Let us define [see (170]
N

Q = L W l W2 ••• Wk = X + jY
k=l
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and
X=EIXI, y= E/YI.

Then, if N is large, since Wi are independent we can assume that X
and Yare jointly normal. This assumption will permit us to avoid
calculations of fourth-order statistics.

Since X, Yare jointly normal, the following relations are valid (see
Ref. 10, p. 374):

E/X41 = 3E2lX21 - 2X4

EI y 41 = 3E2/ y 21 - 2y4

ElX2y 21= 2E2/XYI - 2X2y2 + E/X2IE/y 21. (51)

Then

V~r/Tsl = E/T;I - E2/Tsl
= EIX2+ y 2)21 - E 21TsI

= ElX41 + E/y41 + 2E/X2y21 - E2lTsI

= 3E2lX21 + 3E2/y21 - 2X4 - 2Y4

+ 4E2lXYI - 4X2Y2 + 2E/X2IEly21

- E2/X21 - E 2/ y 21_ 2E/X2IE/ y 21
or

V~rlTsl = 2/E21X21+ E2/y21 + 2E/XYIl - 2(X2 + Y2)2, (52)

which is relation (15).
To evaluate (52) we need X, y, EIX21, EI y 21, EIXYI. We evaluate

these terms below.
Since Q = X + jY we have

EIQ21 = EIX21 - Ely21 + 2jE/XYI

EIT.,1 = ElIQI 21 = E/X21+ Ely21.
Thus

X = Re E1QI

Y = 1m EIQI
ElX21= IEIT.,1 + Re El~Il/2

EI y 21= IEIT.,1 - Re EI~Il/2

EIXYI = 1m El~1/2. (53)

Hence, we need evaluate only EIQI, EIQ21, since EITsl has already
been calculated in (45). From (50) and (44) we obtain
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E/Ql = W 1 - W
N.

1- W (54)

Also, following a similar method with the evaluation of E/T.l, we
can find that

1-ZN Z {I -WN 1-ZN}
E/lll = Z 1 _ Z + 2 1 - Z/W 1 - W - 1 - Z '

where
Z(w) = E/ Wf(w)l

and this relation completes the evaluation of Vir/T.l.

(55)

A.5 Evaluation of EIT.T,J
A direct evaluation of E/ T. T,l is possible but the derivation and the

resulted formula are lengthy. To facilitate our analysis, let us assume
that Q = X + jY and T, are jointly normal. Then

(56)

But since X, Y and T, are assumed jointly normal we have

E/X2Trl = 2XE/XTrl - 2X2E/Trl + E/X2IEITrl

Ely2Tri = 2YE/YTrl - 2Y2ElTri + E/y2IEITrl (57)
and

EIT. Trl - El T.IE/ Trl

= 2IXE/XTrl + VEl YTrl - E/Trl(X2 + Y2)l. (58)
All the above terms have been evaluated in (53) except for E/XTrl

and E/ YTrl. Since Q = X + jY and T; is real, it is enough to find
EIQTrl. From relations (50) and (4) we obtain

EIQTrl = E Lffi=1 WI ... Wk/WI ... w, 12
}

N K N m-I

= L L Dmwk-m + L L Dkwm-k
k=1 m=1 m=2 k=1

or
1 - DN D [1 - WN 1 - DN]

E/QTrl = D 1 _ D + 2 1 - DW 1 - W - 1 - D '

and then

E/XTrl = Re EIQTrl

E/YTrl = Im EIQTrl.
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A.6 Evaluation of Var{u~l

We have defined

1 f(T~ = -2 S(w)dw.7r -00

Hence

Var21(T~1 = EI(T~I - E21(T~1

= 4~2l: J[EIS(u)S(v)1 - EIS(u)IEIS(v)\]dudv

= 4~2l: JI(u, v)dudv.

(61)

(62)

To facilitate our calculations we will assume that the random term is
small compared to the systematic term and we shall approximate the
spectrum S (w) as

S(w) :::: cI>s(w)Ts(w). (63)

A direct evaluation of Var] (T~I is possible but requires knowledge of

Rdu, v) = El Wi(u) "'}(v)l

R2(u, v) = EI Wi(u) wj (v)l. (64)

(67)

A simpler approach is to evaluate an upper and lower bound for
Varl(T~I. We can obtain an upper bound if we assume that S(u) and
S(v) are highly correlated, i.e.,

EI(S(u) - S(u))(S(v) - S(v))1 = VarIS(u)lVarIS(v)\, (65)

and a lower bound if we assume that S(u) and S(v) are uncorrelated,
i.e.,

EI(S(u) - S(u))(S(v) - S(v))1 = V~rIS(u)lo(u - v). (66)

Then

1 I roo 1
1/2

1 roo
27r .l., V~rIS(w)ldw < Varl(T~1 < 27r .L, VarIS(w)ldw.

VarlS(w)l has already been evaluated in (lOb). It is expected that for
long chains (large N) the true value will be closer to the lower bound,
while for short chains (small N), it will be closer to the upper bound.
From our numerical simulations we found the average of the two
bounds to be a good estimator for Varl(T~I.
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APPENDIX B

On the litter Transfer Function of a Tuned Circuit

In most applications the jitter transfer function of a timing recovery
circuit is approximated with the phase transfer function of the timing
passive bandpass filter. In this appendix we derive in a simple way the
phase transfer function of an arbitrary filter. The limits of the appli­
cability of the derived formula are discussed. Finally, the results are
extended for the case when a prefilter followed by a squarer is used.

B.l Phase transfer function

In this part the phase transfer function of a narrow passive bandpass
filter is shown to be

Ht» - wo)ej
</>(.... > + H(w + wo)e-j

</>( .... >

W(w) = 2A(wo) , for Iw I < Wo, (68)

where H(w) = A (w)ej</>(w) is the transfer function of the bandpass filter
and Wo is the baud rate of the received data. In Fig. 13 we illustrate
the above relation.

w
,----

Hlwl = A(wle/\f>(WI

•wo Wo

:!..~
I \

'" \
\
\
'-,

----,,
....,

...........1"'..,..... _
"1'- \

I I \
,/ I \'" ,

_---~ I '-__
-Wo

\ H(W-wo)ei\f>(wol

w

Fig. 13-Construction of the jitter transfer function W(w) from H(w), the transfer
function of the retiming circuit filter.
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Proof:

Let
f(t) = ej[wot+e(tl] (69)

be the input of the bandpass filter and e(t) the input jitter. We
decompose e(t) into its low-frequency and high-frequency parts, edt)
and eH(t), respectively. We define edt) as the component of e(t) with
frequencies much less than the bandwidth of the bandpass filter. Thus

e(t) = edt) + eH(t).

Then if IeH(t) I « 1 we can write f(t) as

f(t) = ej[wot+eL(t)][l + jeH(t) - ... ],

(70)

(71)

(72)w> -woo

which is a narrowband process centered at WOo Let Hdw) be the
normalized low-pass equivalent of H(w), where

H ( ) - H(w + wo) -j</>(wo)
L w - A(wo) e

Then the output of the filter is4

g(t) = f(t)*h(t) = ejwotA(wo)ej</>(wo) Ihdt)*eje(t)l, (73)

where * indicates convolution and hit), hdt) are the impulse responses
corresponding to H(w) and Hdw). The output phase is the phase of
the term hdt)*exp(je(t», plus the static phase shift of ej</>(wo).

Using that [see (72)]

i: hdt)dt = HdO) = 1

and because of the definition of edt), we can assume eL(t) to be
constant compared with hdt), i.e.,

hdt)*ejeL(t) :::::: HdO)ejeL(t) = ejeL(t).

We therefore obtain
hdt)*eje(tl :::::: ejeL(t)ll + jeH(t)*hdt) I

(74)
Thus, since e( t) is real,

g(t) = A(wo)ej[wot+</>(wo)]ej[e(t)*hL(tl]

= A(wo)e-le(t)*ImhL(t)]ejlwot+</>(wo)+e(t)*RehL(t)], (75)
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(76)

B

where
A(wo)e-e(t)*ImhL(t) is an amplitude modulation term. Thus the phase

transfer function is the Fourier transform of w(t) = Relhdt)l, that is,

W(w) = HL(w) +2H!(-w) ,

and using (72) we obtain, finally, (68).
To derive (9) we have made two assumptions:

(a) IeH(t) I «1 and IeH(t)*hdt) I « 1 (77)

(b) IeL(t) I ~ constant. (78)

When W(w) is going to be used to examine the accumulation of jitter
in a chain of repeaters, the validity of (10) and (11) must be questioned
for every repeater in the chain. For the Nth repeater, edt) represents
the accumulated jitter appearing in the clock ofthe (N -1)-th repeater,
while eH(t) represents the additional jitter generated by the Nth
repeater section, and it is always very small. Thus, assumptions (a)
are valid in general, while assumption (b) is true only if jitter peaking
does not occur. As is known, jitter peaking occurs if maxi W(w) I > 1,
and in such a case the accumulated jitter grows exponentially. Thus
relation (68) can be used to evaluate jitter accumulation when we have
no jitter peaking. If jitter peaking is present, then

edt) ~ Aoeos wpt,

where W p is the peaking frequency, i.e.,

I W(wp) I = maxi W(w) I

and (68) can be used only if Ie(t) I « 1. This limits the applicability
of the formula to short chains of regenerators. It is our feeling that in
the case of jitter peaking, the linear model in (68) will overestimate
jitter accumulation for long chains, because the nonlinear model will
shift energy from the peaking frequency band to other bands. Prelim­
inary simulations appear to agree with the above statement.

Relation (68) also suggests that
1. Filters with symmetric ripples in their passband are undesirable

because they will always create jitter peaking. This is due to the
normalization factor 2A(wo) in (68).

2. Even with a monotonic filter, jitter peaking can occur if the data
frequency, to, is placed away from the filter's center frequency te.7

Define the detuning parameter as follows:

Wo - We
a=
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where B is the bandwidth of the low-pass filter Hdw). Then jitter
peaking usually occurs if a > 1.

These results are illustrated in Fig. 14, where the phase transfer
function of a second-order Butterworth is plotted for various a.

8.2 Timing circuit with prefilter and squarer
In case a prefilter and a squarer are used we can modify the above

analysis and also take the above circuits into consideration.
With Wo denoting the baud rate of the received data, the component

that is going to generate the clock is located at wo/2. Therefore, if e(t)
is the jitter present in the input data, the component of the input
located at wo/2 can be represented as

f(t) = ej (wot+e(t l )/ 2. (79)
Notice that e(t) also contains the jitter generated by the repeater.

Let us also define as p( t) the output of the prefilter when the symbol
1 is transmitted, and let P(w) = B(w)ej'!l(wl be the Fourier Transform
of p(t), i.e.,

p(t) ZL P(w) = B(w)ej'!l(w). (80)

Then, using the same assumptions we used in deriving relations (74)
and (75) and defining

1.0 1-ooI~--.,=:.

0.5

0.L- --:-!- ..L.... ---1 ---J

a 0.5 1.0 1.5
FREQUENCY NORMALIZED TO FI LTER BANDWIDTH (wIB)

Fig. 14-Jitter transfer function of a second-order Butterworth filter for various
values of the detuning parameter a.
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(81)P ( ) _ P(w + wo/2) -j"'(WO/2)
L w - B(wo/2) e

as the low-pass equivalent of P(w), we obtain

g(t) = [f(t)*p(tW*h(t)

~ B(wo/2)ejlwot+2"'<wo/2))ejle<t)·PL(t)]*h( t)

~ A (wo)B( wo/2)ejlwot+2"'(wo/2)+</>(wo)]ej[e(t)·PL(t)·hL(t)]. (82)

Reasoning as in (76) we obtain

W( )
= Pdw)Hdw) + Pl(-w)Hl(-w)

w W(O) .

Since P(w) is much wider than Hdw), we can assume that

PL(w)Hdw) ~ Hdw),

(83)

(84)

which implies that the presence of a prefilter will not change signifi­
cantly the jitter transfer function of the repeater. However, the jitter
generated within the repeater may significantly depend on the prefilter
and squarer.
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