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The architectures of two small switching networks are compared as potential
implementations of a 4 X 4 photonic switching module. Such a module would
be made by interconnecting several 2 X 2 photonic directional couplers on a
single LiNbQ; substrate. While both networks are rearrangeably nonblocking,
we investigate whether one network requires significantly more rearrange-
ments than the other. The analysis includes transient, Monte Carlo simulation,
and Markov steady-state techniques. We conclude that the traffic capabilities
of the two structures are not significantly different, and that selection of an
architecture can be based on other criteria, like loss, crosstalk, or ease of
manufacture.

I. INTRODUCTION

The percentage of the world’s voice and data communications that
is carried by optical fibers increases daily. The importance of research
in photonic switching increases with it. A promising element for the
implementation of photonic switching systems is the photonic direc-
tional coupler, made from titanium-diffused lithium niobate. The
current state of this technology allows a level of integration of tens of
devices on a single substrate. We investigate two competing architec-
tures for a 4 X 4 switching module, fabricated in this technology, that
could be useful in building photonic systems.

In the next two sections of the paper, we review some basic concepts
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of switching networks and describe the two candidate photonic switch-
ing modules. In Sections IV and V, we present the results of transient
analysis and Monte Carlo simulation, respectively, as applied to the
two switching modules. In Sections VI through VIII, we present steady-
state Markov analysis as applied to a generalized module and to each
candidate switching module, respectively. In Section IX, we enumerate
the network configurations in each of the candidate switching modules.

1. SWITCHING NETWORKS

The traffic-handling performance of a switching network depends
on two entities:

o The topology of the internal elementary switching stages.
e The rule by which paths through the network are selected.

2.1 Topology

One topological classification applied to switching networks is the
hierarchy of “blockingness.” Networks are classified by their ability
to establish connections, especially sequences of connections with
intermediate disconnections. An excellent tutorial and summary of
the state-of-the-art in switching network topologies is found in Ref. 1.

2.1.1 Strict- and wide-sense nonblockihg networks

A switching network is nonblocking if any desired connection be-
tween two idle ports can be completed immediately without interfer-
ence from connections that may be already established in the network.
If this property is independent of any switching rule used to select
paths through the network, then the topology is nonblocking in the
strict sense. If the property is true, provided the paths assigned to the
established connections were selected under some switching rule, then
the topology is nonblocking in the wide sense.

Such topologies are serial nonblocking in that arbitrary sequences of
input-output pairs can be connected and disconnected without block-
ing. Neither switching module described in this paper is nonblocking
in either sense.

2.1.2 Rearrangeably nonblocking and blocking networks

A switching network is rearrangeably nonblocking if any desired
connection between two idle ports, which might be temporarily blocked
by connections already established in the network, can be completed
possibly after some established connections are moved to different
paths. Such topologies are parallel nonblocking in that any set of I/0
pairs can be connected without blocking if the network is initially idle
and the set is known in advance.
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A switching network is blocking if there exist network configurations
of established connections from which some connection between two
idle ports can not be completed, even with rearrangement of the
established connections. Both switching modules under consideration
in this paper are rearrangeably nonblocking. |

2.2 Rule

A switching network generally allows more than oné path by which
ports on either end of the network may be connected. The switching
rule is the means of selecting one path. For certain special cases, such
as the strict-sense nonblocking networks, the performance is inde-
pendent of the switching rule. In general, however, the switching rule
is an important factor in the performance of a switching network.

The optimal switching rule follows: Route a new connection through
the network in a way that least affects the routing of any future
connections.

Depending on the network topology, such a switching rule may be
difficult to implement because of tedious look-ahead iterations. There-
fore, rules that are simple to implement and are optimal, or almost
optimal, are sought. Benes describes several switching rules:

...route a call through the most heavily loaded part of the network that will still
take the call.

Do not use a fresh middle switch (in a 3-stage network) unless you have to.?

A similar switching rule, used in the simulation program described in
Section V, follows: Select the network path that minimizes the count
of additional switches whose transmission state must be set.

Such switching rules are called packing rules because of their analogy
to similar rules used in the problem of packing spheres into boxes. For
one module under consideration here, the four switching rules above
appear equivalent, and the rule is called prudent in the paper. For the
other module under consideration here, a case will be demonstrated
that represents a counter example to the general adoption of switching
rules that recommend close packing as the primary consideration.

2.3 Performance measures

Three measures of the quality of switching networks are transmis-
sion, topology, and traffic capability. '

2.3.1 Transmission

Two measures of transmission quality are insertion loss and cross-
talk. Either measure may be in terms of average or worse-case value.
Under a uniform wiring scheme, insertion loss and crosstalk worsen
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as a network becomes deeper. In electrical implementations, crosstalk
usually worsens as interchip, interboard, and especially interframe
wiring increase. This should be much less noticeable in photonic
systems. Loss and crosstalk measures will not necessarily recommend
the same switching networks.

2.3.2 Topology

Topological complexity is not so much a performance issue as it is
a manufacturing and economic issue. Quantitative measures that
correlate with manufacturing cost are not known, nor is the impor-
tance of this issue relative to transmission or traffic measures. It is an
important open question.

2.3.3 Traffic capability

Traffic capability is a well-known analytical measure applied to
blocking networks.? The probability of blocking is that weighted
proportion of (new connection, network configurations) in which the
given new connection cannot be completed through the network in
the given configuration.

A corresponding measure for rearrangeably nonblocking networks
is developed here. The probability of requiring rearrangement P, is
that weighted proportion of (new connection, network configurations)
in which the given new connection can be completed through the
network in the given configuration, but only after some established
connections in the network are first rearranged.

A dichotomy appears. If the malevolence is the CPU real time used
in effecting the rearrangement, then the demerit is that any rearrange-
ment is required, regardless of the count of switches or connections
involved, because they are probably all rearranged in parallel. If the
malevolence is the count of established connections disturbed by the
rearrangement, then the demerit may not be binary and one choice of
rearrangement may cost less than another. We will show that the
count of established connections disturbed by a rearrangement is
different for the two modules under consideration, so the dichotomy
is relevant. We will derive expressions for how many established
connections must be rearranged, on the average, for each of the
competing architectures.

2.4 Traffic analysis techniques

In transient analysis, a sequence of connections and disconnections
is applied to an idle module. Over a set of such sequences, P, is the
proportion of those sequences in the set in which a rearrangement was
required to complete a connection. The inadequacy of this analysis is
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that it does not produce a single number or expression, because many
sets of sequences must be investigated. But the advantages over the
classical analyses are that the results are not dependent on potentially
unrealistic assumptions about traffic statistics, and that this analysis
entails a level of detail (and corresponding tedium) not required in the
other analyses. This detail uncovered an optimal switching rule for
one module that probably would have been overlooked had the analysis
been confined to traditional steady-state techniques.

In Monte Carlo simulation, a sequence of randomly generated events
is applied to an initially idle module. The inadequacies of this analysis
are that repeated simulations with identical event statistics yield
different results and that no closed-form solution is obtained, giving
P.. as a function of those statistics. The benefit of this analysis is that
both transient and steady-state behavior may be observed, and in fine
detail. If properly recorded, the events leading up to anomalies may
be studied.

In steady-state Markov analysis, the module is assumed to be in
some random network configuration and then a new random connec-
tion or disconnection occurs. P, is a weighted sum over all network
configurations, and all possible new connections from those network
configurations, of those cases in which the module requires rearrange-
ment to complete the given connection from the given configuration.
The weighting is the steady-state probability distribution over the set
of network configurations or states of equivalence classes. Both the
steady-state probability distribution and the interstate transition
probabilities are dependent on the traffic load. This analysis yields a
closed-form result, but it is only valid in the steady state and it is
dependent on potentially unrealistic statistical assumptions.

ll. PHOTONIC SWITCHING MODULES

We review the technology of photonic switching and present the
topologies of two proposed implementations of a 4 X 4 switching
module.

3.1 Photonic directional coupler

A photonic directional coupler is a two-input two-output device
whose transmission state depends on the magnitude of an applied
external voltage.® (See Fig. 1.) With nominal 0-volt applied, the
transmission is such that the signals cross over from input to output
(called the crossed state) and with a positive voltage applied, the
transmission is straight through from input to output (called the bar
state). This device is a photonic realization of the generic 2 X 2 beta
switching element,® where the control signal is electronic and the
switched data is photonic.
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Fig. 1-——Functional states of a photonic directional coupler.
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Fig. 2—Configuration and terminology of the 222 Module.

Switching speeds in the tens of picoseconds have been reported,®
but speeds in the nanoseconds are more common.® The attainable
switching speed is highly dependent on device packaging, on the
quality of the electronic driver circuit that switches the applied voltage
to the device, and on the magnitude of this required voltage. A 1:16
multiplexer/demultiplexer has been built as an integrated circuit mod-
ule.” It is a simple tree topology of photonic directional couplers with
one unused port at the input to each photonic directional coupler.
Another integrated circuit is a 4 X 4 switching module built as a square
array.®® These circuits show the level of integration available today in
this technology. Because each photonic directional coupler has length
in the order of a centimeter, the expectation of increasing the level of
integration by several orders of magnitude is not high, unless some
major breakthrough changes the photonic coupling length by orders
of magnitude.

Two waveguides, made by diffusing titanium in a lithium-niobate
substrate, can be made to intersect or cross over. Crosstalk increases
as the angle of intersection decreases, and becomes unpredictable at
very small angles.!® Thus a configuration, like that of Fig. 2, is feasible
if the crossovers are truly at large angles, as the figure suggests.
However, the photonic directional couplers have lengths in the order
of a centimeter and widths measured in microns, so Fig. 2 is not drawn
to true scale. Furthermore, the loss in a waveguide increases rapidly
as its radius of curvature decreases. So, a configuration like that of

2336 TECHNICAL JOURNAL, DECEMBER 1985



Fig. 2 would require a physically large chip to allow geometries with
high crossover angles and high radii of curvature.

A major technological issue with today’s photonic directional cou-
plers is that they have significant insertion loss. While most of this
loss is due to coupling between fiber and chip and would be alleviated
with integrated circuits, the device loss is still high enough that
multidevice systems, like large switching networks, will require signal
amplification. Photonic gain can be simulated, expensively and with
imposing a bit-rate constraint, by a circuit with a photodetector, an
electronic amplifier, and a laser. However, direct photonic amplifica-
tion is believed to be coming available soon.* The devices described
in the reference are fabricated from gallium arsenide, while the pho-
tonic directional couplers are fabricated from lithium niobate. Thus,
integration on the same chip is currently impossible. However, when
such devices become practical, they could be integrated onto the same
chip carrier as the chip containing the photonic directional couplers.
If this form of integration is truly practical in the future, it allows
small radius bends and alleviates many of the problems described in
the preceding paragraph.

3.2 The 222 Module

We call one candidate 4 X 4 module the 222 Module because it is a
three-stage module, where each stage has two switches. (See Fig. 2.)
This topology is in the class of networks called Clos networks, and this
exact configuration is a frequently used example in the literature. The
following terminology is used to identify symbolic inputs and outputs
in the 222 Module:

e A and W represent an arbitrary input and output, respectively, each
shown arbitrarily as an upper port on an upper switch.

¢ B represents the other port on the same input switch as A and X
represents the other port on the same output switch as W.

e C represents either port on the input switch that A and B do not
share, and Y represents either port on the output switch that W and
X do not share, each shown arbitrarily as an upper port on a lower
switch. :

e D represents the other port on the same input switch as C, and Z
represents the other port on the same output switch as Y.

Because of the symmetry of the 222 Module, there is no topological
relationship between A and W.

3.3 The 2121 Module

We call the other candidate 4 X 4 module the 2121 Module because
the topology has four stages, where the input and middle stages have
two switches and the central and output stages have one switch. (See
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Fig. 3—Configuration and terminology of the 2121 Module.

Fig. 3.) This topology is also a special case of a general network

structure.’?> Throughout the paper we will carefully distinguish the

terms middle and central when applied to switching stages. The follow-
ing terminology is used to identify symbolic inputs and outputs in the

2121 Module:

e A represents an arbitrary input and B represents the other port on
the same input switch as A, both shown arbitrarily on the upper
input switch with A above B.

o W represents the only output that A or B can reach through two
stages (necessarily on the same horizontal level as A and B).

e C represents either port on the input switch that A and B do not
share, and D represents the other port on the same input switch as
C, both shown arbitrarily on the lower input switch with C above
D.

e 7 represents the only output that C or D can reach through two
stages (necessarily on the same horizontal level as C and D).

o X represents either port on the only switch with two outputs on it,
and Y represents the other port on the output switch with X, shown
arbitrarily with X above Y.

Because the 2121 Module is not symmetric, there is a topological
relationship between the inputs and the outputs. Accordingly, W or Z
is on the upper or lower middle switches depending on whether A and
B or C and D are on the upper or lower input switches, respectively.

3.4 A switching rule for the 2121 Module

An interesting and nonintuitive switching rule was discovered for
the 2121 Module. Consider the following sequence of events applied
to an idle 2121 Module. Let A to W be the first connection, and let
the path that avoids the central switch be selected (intuitively, the
best choice), setting the states of A’s input switch appropriately, and
W’s middle switch to the bar state.

If the second connection is B to X, representing two of the nine
second connections, the intuitively preferred path is not available
because the A to W connection has already set the switches, and is
using that junctor that B can reach that skips the central switch. Two
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other paths are available and the choice is extremely interesting. One
path shares the state of A’s input switch and W’s middle switch, and
assigns the central switch to the bar state and the output switch,
appropriately. This path requires the assignment of two switches in
addition to the ones already assigned, and it is intuitively appealing.
After A to W is disconnected, A to Y, A to Z, and C to W, representing
four of the nine third connections, require rearrangement, and the
other five do not.

The other path for B to X still shares the state of A’s input switch,
but it assigns the central switch to the crossed state, the unused middle
switch to the bar state, and the output switch appropriately. This path
requires the assignment of three switches in addition to the ones
already assigned, and is, therefore, intuitively less appealing than the
previous path. However, after A to W is disconnected, only A to Z,
requiring some of the junctors and switch connections used by B to
X, requires a rearrangement of the network configuration.

I have two general interpretations that cover the essence of this
switching rule: (1) If you must use the central switch, the crossed state
is preferred, and (2) Minimize the count of switches that are shared
with any other path. It is not clear yet whether either or both of these
statements is applicable to a generalization of the 2121 Module to an
n X n architecture. Even in the 2121 Module, I was afraid that the
overall use of this switching rule, while improving the performance
with some sequences of events, would degrade the performance with
other sequences. In all the sequences investigated and all the simula-
tions that were run, no such case arose.

3.5 Established connections disturbed in the 2121 Module

We give an example of a transient sequence of events applied to the
2121 Module in which the final connection in the sequence requires
the disturbance of two established connections, We then argue that
the worst-case number could not be greater than two.

The example begins, with an idle module, by connecting A to X.
The optimal path avoids the central switch by assigning W’s middle
switch to the crossed state and A’s input switch and the output switch,
appropriately. Let the second connection be from B to Y. Since two
of the paths are blocked, the remaining path must be used, by assigning
the central switch to the crossed state and Z’s middle switch to the
bar state. Now disconnect the first connection, the one from A to X,
freeing the state of W’s middle switch.

Let a new second connection be from C to X. Since the output
switch and Z’s middle switch are in the wrong states to use two of the
paths, the remaining path must be used, by assigning W’s middle
switch to the bar state, and using the idle link through the central
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switch. The states of all six switches are set, and two of four new
connections will require rearrangement.

Consider a third connection from A to Z. Its only path requires the
reconfiguration of the input switch shared by A and B and Z’s middle
switch, and also requires the link through the central switch now used
by B to Y. So the B-to-Y connection must be moved to its other
(optimal) path. But it can’t be moved directly because W’s middle
switch and the output switch are in the wrong state. So, the C-to-X
connection must also be moved to its other (optimal) path.

Having established, by example, that the worst-case number is at
least two, the question remains whether it could be higher. Since there
can only be four established connections, the only other number to
consider is three. However, in any network configuration with three
established connections, the unused fourth connection is always avail-
able. While this fact may not be immediately obvious, it can be proven
exhaustively for the 2121 Module. A more elegant proof, applicable to
the general n X n module, is desirable.

3.6 Comparing the modules
3.6.1 Blocking characteristic

The generalized Clos Network has the topology of Fig. 2, but with
n inputs and m junctors on each of r rectangular input switches, with
n outputs and m junctors on each of r rectangular output switches,
and with m square middle switches each connecting to r junctors
on each side. It is known? that such a switch is nonblocking if m =
2n — 1 and is rearrangeably nonblocking if m = n. The latter is
satisfied in the 222 Module, in whichn=m=r =2,

The 2121 Module is also rearrangeably nonblocking. This result can
be proven easily by exhaustion for the 2121 Module and is obvious by
inspection of the state diagram in Section VIII. A general proof for a
generalized n X n network is being developed.'? :

3.6.2 Symmetry and . uniformity

In the 222 Module each I/0 pair has exactly two connection paths.
That is, there are exactly two paths through the module from any
input to any output. The 2121 Module does not have this symmetry.
The I/0 pairs at opposite corners of the module (A to Z, B to Z, C to
W, and D to W) have only one path through the module, requiring the
central and the appropriate middle switches in the crossed state. The
I/0O pairs straight across the module (A to W, B to W, Cto Z, and D
to Z) have two paths through the module: one avoiding the central
switch and the other using the central switch in the bar state. Any
connection to an output on the only output switch (A to X, Bto X, A
toY,BtoY,CtoX,DtoX,CtoY,andD to Y), has three paths
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through the module: one avoiding the central switch, the second using
the central switch in the bar state, and the third using the central
switch in the crossed state.

In the 222 Module each path through the module passes through
exactly three photonic directional couplers. The 2121 Module does not
have this symmetry, either. In the 2121 Module some paths pass
through only two photonic directional couplers, some through three,
and some through four. This variation will make deterministic gain
difficult. If crossovers in the 222 Module require photonic directional
couplers, or have similar loss and crosstalk as photonic directional
couplers, then this module would not be symmetric in this sense-¢ither.

If crossovers in the 222 Module are insignificant, its inputs and
outputs are uniform. That is, all inputs and outputs have the same
properties of the following: count of paths per I/O pair, count of
switches per path, and equal access to any port on the other side of
the module. The last two properties do not hold true if crossovers are
significant in the 222 Module, but none hold true in the 2121 Module.

3.6.3 Crossovers

The interconnection topology of the 222 Module has two crossovers:
one between the input and central stages and one between the central
and output stages. The interconnection topology of the 2121 Module
has no crossovers.

An implementation is illustrated in Fig. 4 in which the two cross-
overs in the 222 Module are eliminated by off-chip fibers. Its practi-
cality depends on the difficulty of off-chip fibering, the impracticality
of crossovers on the photonic substrate, and the magnitude of the
advantage of the 222 Module over the 2121 Module (if any).

3.6.4 Transmission
It is difficult to predict the difference in the crosstalk characteristics
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Fig. 4—Off-chip fibering to avoid crossovers in the 222 Module.
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of the two modules. The crossovers in the 222 Module suggest that it
may be worse than the 2121 Module, but the extra stage in the latter
suggests otherwise.

Insertion loss is easier to predict. The worse-case count of switches
in a network path is four in the 2121 Module and is three in the 222
Module. Thus, the 2121 Module would appear to have a poorer
insertion loss characteristic. However, if crossovers must be imple-
mented by photonic directional couplers, or if they have equivalent
loss, then the worse-case count of (equivalent) switches in a network
path is five in the 222 Module and it would have worse insertion loss
than the 2121 Module.

3.6.5 Switching rule

The switching rule used in the 222 Module is the classical packing
rule discussed in Section 2.2. The switching rule used in the 2121
Module is the unusual rule discussed in Section 3.4. Two implemen-
tations of the switching rule are discussed in Section IX and the
network configurations for each module are enumerated.

3.6.6 The number of established connections disturbed

If some network configuration of the 222 Module must be rearranged
before a new connection can be completed, only one established
connection need ever be disturbed.? It was shown in Section 3.5 that
there exist network configurations in the 2121 Module in which two
established connections may need to be disturbed. Consequently, we
not only compute P, for each module in the sections below, but we
also compute, N, how many established connections must be dis-
turbed, on the average.

3.6.7 Familiarity

The 222 Module is intuitive, in so far as the theory of switching
networks is intuitive. Its transient behavior is not surprising, except
for one set of connect/disconnect sequences, as described in Section
IV. The application of switching rules is logical and classical and the
plethora of network configurations is easily partitioned into only 10
equivalence classes, or Markov states.

By contrast, the 2121 Module has been counter-intuitive. While its
transient behavior is smooth, it degrades with simple connect/discon-
nect sequences. The switching rule and count of established connec-
tions disturbed has been startling to those familiar with such things.
The plethora of network configurations is partitioned, with great
difficulty, into 50 equivalence classes, making Markov analysis tedious.

IV. TRANSIENT ANALYSIS
In transient analysis, we assume the module is idle and study its
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behavior under different sets of connect/disconnect sequences. The
network quality, the average probability of requiring rearrangement
for a specific set of sequences, is the proportion of those sequences in
the set that require rearrangement. Four sets are applied to each of
the two modules, giving eight results. Computer programs applied all
sequences in the four sets to each module and tabulated whether
rearrangement was required. The program’s output was studied and
generalized into theorems whose formal proofs are exhaustive and
tedious and not presented in this paper.!® The proofs are available to
the interested reader.

4.1 Sequences of switching events

A template is a set of fixed-length sequences of events applied to the
switching module, where an event is a connection or a disconnection
of an input-output pair. The nomenclature for templates is x; .. . x,,
where x; represents the ith event in a sequence; x; has value C or D,
depending on whether this ith event is a connection or disconnection,
respectively; and n is the length of a sequence.

The following rules govern the determination of significant tem-
plates:

e Since the module is assumed to be idle before any sequence is
applied, no sequence would begin with a D.

e Similarly, no sequence, nor initial subsequence, would have more Ds
than Cs.

¢ Since a module can only support four connections, no sequence, nor
interior subsequence, would have four more Cs than Ds.

¢ No significant sequences would have, nor would contain an initial
subsequence that has, as many Cs as Ds (e.g., no significant sequence
would begin with CD) because it would have the effect of restarting
from an idle module.

o Since we expect no problems honoring disconnects in these modules,
no significant sequence would end with a D.

e In no significant sequence would a D apply to an immediately
preceding -C because it would have the effect that the C never
occurred.

Templates with length 3 or less exhibit no anomalous behavior, and

templates with length 6 or greater are too complex to examine ex-

haustively. Fortunately, enough templates with lengths 4 and 5 are
significant. Combining these length and content constraints, the sig-
nificant templates are CCCC, CCDC, CCDCC, and CCCDC.

4.1.1 CCCC sequences

For sequences in a CCCC template, beginning with all switches idle,
the assumed order of events is
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1. One of four inputs connects to one of four outputs.

2. One of three idle inputs connects to one of three idle outputs.

3. One of two idle inputs connects to one of two idle outputs.

4. The last idle input connects to the last idle output.
With 4 X 4 = 16 cases of first connection, 3 X 3 = 9 cases of second
connection, 2 X 2 = 4 cases of third connection, and 1 X 1 =1 case of
final connection, the CCCC template contains 16 X 9 X 4 X 1 = 576
sequences.

4.1.2 CCDC(C) sequences

For sequences in a CCDC or CCDCC template, beginning with all
switches idle, the assumed order of events is
. One of four inputs connects to one of four outputs.
One of three idle inputs connects to one of three idle outputs.
. The first input-output pair is disconnected.
One of three idle inputs connects to one of three idle outputs.
In a CCDCC sequence only, one of two idle inputs connects to
one of two idle outputs.
With 4 X 4 = 16 cases of first connection, 3 X 3 = 9 cases of second
connection, 1 case of disconnection, 3 X 3 =9 cases of third connection,
and, in the CCDCC sequences only, 2 X 2 = 4 cases of fourth
connection, the CCDC template contains 16 X 9 X 1 X 9 = 1296
sequences and the CCDCC template contains 16 X 9 X 1 X 9 X 4 =
5184 sequences.

o oo o

4.1.3 CCCDC sequences

For sequences in a CCCDC template, beginning with all switches
idle, the assumed order of events is

1. One of four inputs connects to one of four outputs.

2. One of three idle inputs connects to one of three idle outputs.

3. One of two idle inputs connects to one of two idle outputs.

4. Either of the first two input-output pairs is disconnected.

5. One of two idle inputs connects to one ot two idle outputs.
With 4 X 4 = 16 cases of first connection, 3 X 3 = 9 cases of second
connection, 2 X 2 = 4 cases of third connection, 2 cases of disconnec-
tion (either the first or second connection), and 2 X 2 = 4 cases of
final connection. The CCCDC template contains 16 X 9 X 4 X 2 X
4 = 4608 sequences.

4.2 Results

In either module, with a prudent switching rule, no CCCC sequences
require rearrangement. Since all combinations of idle I/O pairs can be
simultaneously interconnected in both modules, they are both at least
rearrangeably nonblocking.
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The 222 Module outperforms the 2121 Module under CCDC and
CCDCC sequences. In the 222 Module, with a prudent switching rule,
no CCDC sequences, nor CCDCC sequences, require rearrangement.
However, in the 2121 Module with its unusual switching rule, 2 percent
of the CCDC sequences require rearrangement and 6 percent of the
CCDCC sequences require rearrangement.

Conversely, the 2121 Module outperforms the 222 Module under
CCCDC sequences. In the 222 Module, with a prudent switching rule,
8 percent of all CCCDC sequences require rearrangement. However,
in the 2121 Module, with its unusual switching rule, only 6 percent of
all CCCDC sequences require rearrangement. Since neither module is
generally nonblocking but both are at least rearrangeably nonblocking,
they are identically rearrangeably nonblocking.

Summarizing transient analysis, Fig. 5 illustrates module perform-
ance versus template complexity for the two modules. The scale of the
X axis has no mathematical nor physical meaning. The 222 Module
outperforms the 2121 Module under all tested templates up to and
including CCDCC sequences, but is outperformed by the 2121 Module
under CCCDC sequences. I expected the 222 Module to be consistently
better, so I was surprised by this turn of events. A qualitative expla-
nation of this unusual behavior is elusive, but I propose a conjecture.

The 2121 Module is distorted from its optimal connectivity by simple
sequences of events, because of its asymmetric junctor pattern and
nonuniform switch-count in alternate paths. These distortions usually

222 MODULE

2121 MODULE

REQUIRED REARRANGEMENT IN PERCENT

SEQUENCE TEMPLATE

Fig. 5—Percentage of sequences requiring rearrangement versus template.
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involve connections, like A to Z, that go diagonally across the module
and have only one path. The severity of these distortions is softened
by the presence of I/O pairs that have three paths, and by the
opportunity to be clever in the choice of switching rule. The 222
Module, however, is not distorted from optimal connectivity until the
event sequences are more complex. When it finally becomes distorted,
it is more severely distorted than the 2121 Module.

V. MONTE CARLO SIMULATION

In a simulation, a sequence of randomly generated events is applied
to an initially idle module. In this section, the results of simulation
program are plotted in a scatter diagram and interpreted.

5.1 Program description

Two distinct programs were written—one for each module. The
programs are, however, similar at a high level of description. Program
variables record switch states, paths assigned to connections, inter-
connected parties, and other parameters and outputs.

The program begins by initializing a random number generator and
reading module connectivity information from files. The program then
enters a loop on traffic intensity: varying from 1.1 to 3.8 in increments
of 0.3. Since the double exponential model of traffic is simulated, the
average holding time and the average quiet time of each input are
computed from the traffic intensity.

Rather than simulate the Poisson environment, by stepping through
small intervals of time and simulating events, the program skips
through time from one event to the next. Corresponding to each input
i, is the time to the next event tne[i], associated with that input. These
values are initialized to an exponentially distributed random number
whose mean is the quiet time. The number of rearrangements is
initialized to zero and an interior loop, on the number of events in the
simulation, is entered.

Time is advanced to.the minimum value of the four tne[i] and all
tne[i] are reduced by that value. The event that timed out is simulated.
If it was a holding time that expired, the connection associated with
the relevant input is disconnected and ¢ne[i] for that input is set to a
random quiet time. If it was a quiet time that expired, a connection is
made with the relevant input.

The connection is established by first locating a random idle input.
A subroutine that implements the switching rule determines the best
available path through the module. If there is no available path, the
count of rearrangements is incremented, and established connections
are disconnected and reconnected by their best paths. The connection
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associated with the event is established and tne[i] for that input is set
to a random holding time.

The loop on events terminates, and after printing out results as a
function of traffic intensity, the loop on traffic intensity terminates.

5.2 Results

Simulations were run with sequences of 1000 and 5000 events, for
the 222 and 2121 Modules, under varying traffic load. These numbers
of events should give statistically significant results, and should be
large enough that the transient effects from starting idle would be
damped out. The independent parameter is the mean of traffic inten-
sity, the product of global rate-of-origination by per-call holding time,
how many simultaneous connections exist in a module at any time.
The dependent variable is the percentage of new connections requiring
a rearrangement. Traffic intensity is varied from slightly over 1.0 to
slightly under 4.0, and the result of each simulation is plotted as a
scatter diagram in Fig. 6. Simulation results for the 222 Module are
shown with X and for the 2121 Module with +. Results of simulations
with 5000 events are circled and with 1000 events are not.

40

+ 2121-1000 CALLS
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Fig. 6—Scatter diagram of P, versus traffic.
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5.3 Interpretation

At low and moderate traffic intensities, it is noted that P, gets
worse as the traffic intensity increases and that P, is uniformly, but
slightly, worse in the 2121 Module than in 222 Module. In neither case
is P, particularly bad, even at their maxima. That there is a maximum
is somewhat surprising. A monotonically increasing P, might have
been expected.

At high traffic load, there will be times when a 4 X 4 module is
completely connected. The next event would have to be the discon-
nection of one I/O pair, and the event after that would be likely to be
the reconnection of the same pair. It would be likely to be a connection
because the traffic load is high, and it would have to be the same pair
because they are the only idle input and output, the only connection
that could be made. Such a connection would never require rearrange-
ment because it was just disconnected. This behavior is consistent,
whether the module is isolated as a simple 4 X 4 network or part of a
large network.

A familiar result in classical statistics comes from applying Che-
byshev’s inequality to Bernoulli trials. This Bernoulli law of large
numbers is used, for example in determining sample sizes of public
opinion polls:

P(lfa—pl>¢) =p(l —p)/né,

where f, is the observed frequency after n trials, p is the given or
assumed probability, and e is an arbitrary tolerance. For simulations
with n = 1000 events and p = 0.03, the inequality states that the
variation in the outcome should be within +3 percent for 97 percent
of the simulations. The tolerance is even less with smaller values of p.
A casual glance at Fig. 6 shows that the variation is much greater than
this. A conjectured explanation is that law of large numbers is derived
from the assumption that the Bernoulli trials are independent. Since
P,. in the ith event of a network simulation is highly dependent on
previous events, this fundamental assumption is invalidated.

VI. MARKOV ANALYSIS OF A GENERALIZED MODULE

Three analyses were performed. The first, presented in the remain-
der of this section, is of a generalized nature and pertains to both
modules. It establishes a general model to be used as a check for the
models of the modules under investigation. The second analysis, in
Section VII, is based on a Markov model of the operation of the 222
Module. The third analysis, in Section VIII, is based on a Markov
model of the operation of the 2121 Module.

2348 TECHNICAL JOURNAL, DECEMBER 1985



6.1 The generalized model

In this oversimplified model, any network configurations in which
the same count of connections are established are deemed to be
equivalent. There are five equivalence classes of network configura-
tions, corresponding to zero to four established connections, inclusive.
Hence, there are five states in the corresponding Markov process,
shown in Fig. 7. The model is general enough to cover both modules.

The stochastic behavior of the model is based on the classical traffic
assumptions: Poisson-distributed service arrivals and exponentially

Fig. 7—Markov-queuing model.

PHOTONIC SWITCHING 2349



distributed holding times. Since the Poisson and exponential distri-
butions are mutual inverses, this model is equivalent to having Pois-
son-distributed arrivals of connections and disconnections or expo-
nentially distributed off-hook and - on-hook times (as used in the
simulation program). Either way of looking at it, there are two random
variables and there are two underlying parameters: the busyness and
the true time scale. If results are considered per unit time or limited
to steady-state behavior, then true time scale is irrelevant, and one
random variable may be arbitrary and the other specifies busyness per
unit time. We will use the double-Poisson process, for this and the
two later models, and arbitrarily set the per-line disconnect rate to 1.

The state transitions are computed from the individual connect and
disconnect rates of the four inputs (or outputs, equivalently), which
are assumed to be statistically identical. Let A be the rate at which
each individual input requests a connection through the module, and
let 1.0 be the rate at which each individual established connection is
disconnected. In other words, X is the ratio of the connect rate to the
disconnect rate of each individual input (or output). The global rate
of new connections from state i is (4 — i)\, because there are 4 — i idle
inputs that could make such a request. The global rate of disconnec-
tions from state i is 7, because there are i established connections, any
of which could request disconnection.

The analysis is a special case of a queue with dependence on the
state of the system,'* but can also be viewed as a queue with finite
customer population and infinite servers.’®

6.2 Steady-state probabilities

The steady-state probabilities are calculated from a conservation
law. In the steady state, the mean exit rate from state i is the sum of
the rates on all exit arcs from state i times the steady-state probability
of being in state i. The mean entry rate into state i is the sum of the
products of a rate on each entry arc times the steady-state probability
of being in the state from which the arc comes. Conservation of calls
dictates that the mean exit rate must equal the mean entry rate in the
steady-state for each state. The resulting simultaneous equations have
the general solution:'*

&n= (AO M An—l)gO/(”'l e ﬂn)a

where n > 0, A; is the global connect rate on the arc from state i to
state [ + 1, u; is the global disconnect rate on the arc from state i to
state i — 1, and g; is the steady-state probability of being in state i.
Setting A; = (4 — i)x and y; = i gives
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&1 = (4N)go/1 = 4\go
g2 = (4N)(3N)go/2 = 6\’go
g = (4N (BN)(2N\)go/(2 X 3) = 4N\’
g = (AN (BN)(2N)Ago/(2 X 3 x 4) = Ngo.

Note that each g; is expressed as a function of g,. The probability g,
that there are no connections is found by setting the sum of all steady-
state probabilities to 1. This gives the neat result

Sa=0+4N+6N2+4N3 +2\) X g =1
go=1/(1+ N
The steady-state probability mass function is
G(\) = [1, 4, 6X% 433, N*]/(1 + N

6.3 Traffic intensity

Traffic intensity is a random variable giving the count of established
connections at any time. In the classical traffic model, having Poisson
arrivals with rate r and exponential holding time with mean h, traffic
intensity is known to be Poisson distributed with mean, 7 = rh.

One way of looking at the model of Fig. 7 is that the system has
four sources, each generating one calling cycle per unit time. The
calling cycle consists of an exponentially distributed off-hook interval
with mean A/(1 + A) and an exponentially distributed on-hook interval
with mean 1/(1 + )A). Setting the arrival rate to 4 and the holding time
to the mean off-hook interval, the Poisson-distributed traffic intensity
has mean r = 4 X A/(1 + \). This intuitive argument is verified by
computing the mean count of established connections in the steady
state

T=20EXg)=(0X1+1X4N+2X6N+3x4\+4X2Y/
1+ N
= 4N1 + 3N + 3N + N)/(1 + N
=4N/(1 + MN).
The inverse of this expression will prove useful later on:
A=7/(4 7).
6.4 Examples

Consider the two extremes. If A\ = 0, the steady-state probability
mass function is
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G(0) =[1,0,0,0,0],

and the mean traffic intensity + = 0. If A\ — oo, the limit of the steady-
state state probability mass function is

G(w) g [0’ 0’ O’ 0’ 1]’

and the limit of the mean traffic intensity 7 — 4. As a better example,
let A = 1, which means that the individual arrival rate equals the
departure rate, or that each input is on-hook for the same average
time as off-hook. The steady-state probability mass function is

G(1.0) = [1, 4, 6, 4, 1]/16,

showing a trend toward state 2, with decreasing probability in either
direction away from state 2. The symmetry about state 2 suggests an
average of two connections in the steady state and setting A = 1 in the
equation for traffic intensity gives r = 2.

As another example, let A = 2.0, meaning that each input is off-
hook twice the time that it is on-hook, that is, two-thirds of the off-
hook/on-hook cycle. The steady-state probability mass function is

G(0.5) = [1, 8, 24, 32, 16]/81,

showing a trend slightly under state 3 and a lack of the symmetry .
observed in the case where A = 1. If A = 0.5, the steady-state state
probabilities are reversed from the case where A = 2, The mean traffic
intensity in these cases is 8/3 and 4/3, respectively, representing the
center of mass for each distribution.

VIl. MARKOV ANALYSIS OF THE 222 MODULE
7.1 The model

The state model of the 222 Module is illustrated in Fig. 8.1 Each
bubble in the figure represents a state and contains the state’s name .
and a representative network configuration from the state’s equiva-
lence class. State I represents the idle network configuration and is
equivalent to state 0 in the generalized model. State J represents the
16 network configurations with one connection established. These 16
network configurations are all equivalent, for purposes of determining
P,,, and this state is equivalent to state 1 in the generalized model.

States S through V represent four equivalence classes of network
configurations in which two connections are established. This set of
states is equivalent to state 2 in the generalized model. In state S, the
two established connections terminate on the’same input switch and
on the same output switch. In states T and U, the two established
connections terminate on opposite input switches and on opposite
output switches. In state T, both middle switches are used and in state
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U, one middle switch is shared by both established connections and
the other is idle. State T is the only malevolent state in the model and
the only transition in which rearrangement is required is the one from
state T to state X. In state V, either the two established connections
terminate on the same input switch and on opposite output switches,
or the two established connections terminate on opposite input
switches and on the same output switch. These conditions are equiv-
alent for purposes of computing P,.

States W and X represent two equivalence classes of network
configurations in which three connections are established. These two
states are equivalent to state 3 in the generalized model. In state W,
two of the established connections terminate on the same input switch
and on the same output switch, and the third established connection
terminates on the other input switch and the other output switch. In
state X, the two established connections that terminate on the same
input switch terminate on opposite output switches, and the two
established connections that terminate on the same output switch
terminate on opposite input switches. These are the only distinctions
that need be made among all network configurations with three
connections established.

States Y and Z represent two equivalence classes of network config-
urations in which four connections are established. These two states
are equivalent to state 4 in the generalized model. In state Y, two
established connections that terminate on the same input switch
terminate on the same output switch. In state Z, two established
connections that terminate on the same input switch terminate on
opposite output switches. These are the only distinctions that need be
made among all network configurations with four connections estab-
lished.

7.2 State transitions

Corresponding to the transition from state I to J is a connection
through the module in which two paths are possible. The choice of
path is arbitrary and in no way affects the results. Corresponding to
the transitions from state J to S or V is a second connection that has
only one available path. Corresponding to the transition from state J
to U, is a connection in which the selected path shares a middle switch
with the established connection. Selecting the other path would cor-
respond to an imprudent transition to state T.'® Corresponding to
transitions from states T, U, and V to states W and X are third
connections that have only one available path, even with the rear-
rangement required before the connection corresponding to the tran-
sition from state T to X. Corresponding to the transition from state
S to W, is a third connection in which two paths are possible. The
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choice is arbitrary, not affecting the results, but the choice determines
that established connection, which if later disconnected, would corre-
spond to the undesired transition to state T. Corresponding to the
transitions from states W or X to states Y or Z, respectively, are
fourth connections in which only one path is available. The transition
from state J to U represents the only connection where the switching
rule is relevant.

The rates on the arcs connecting the states in Fig. 8 are similar to
those in the generalized model, but several need further explanation.
e The sum of the connect rates on transitions from state J to states S

through V must be 3\, corresponding to the connect rate on the

transition from state 1 to 2 in the generalized model. With one
established connection, there are nine possible second connections:
one that terminates on the same input and output switches as the
established connection, four that terminate on the opposite input
and output switches as the established connection, and four that
terminate on one same switch and one opposite switch as the
established connection. Thus the rates on the transitions to states

S, U, and V are 3\ X 1/9, 3\ X 4/9, and 3\ X 4/9, respectively. The

switching rule would prevent a direct transition from state J to state

T; state U always being preferred over state T.

e The sum of the connect rates on transitions from each of states S
through V must be 2\, corresponding to the connect rate on the
transition from state 2 to 3 in the generalized model. In states S and
V, all third connections lead to the same next state, state W or X,
respectively, and so each single transition is labeled with 2\. In
states T and U, however, half the third connections terminate on
the same input and output switches as an existing connection, and
half terminate on the same input switch as one connection and the
same output switch as the other connection. Thus, states T and U
each transit to both states W and X, and the rates on those
transitions are all A. All third connections associated with transi-
tions from state T to state X require rearrangement, and these are
the only connections requiring rearrangement in the entire model.®
Either of the two established connections may be rearranged so that
one middle switch is shared by both connections and one is idle—
an intermediate network configuration that conforms to state U.

e The sum of the disconnect rates on transitions from each of states
W and X must be 3, corresponding to the disconnect rate on the

_transition from state 3 to 2 in the generalized model. In any network
configuration belonging to state X, two of the three single discon-
nections results in a configuration belonging to state V, so that arc
is labeled with a rate of 2. The other single disconnection results in

a configuration belonging to state U, so that arc is labeled with a
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Fig. 8—Markov model for the 222 Module.

rate of 1. In any network configuration belonging to state W, a
transition to a configuration belonging to state V is impossible, but
each of the three single disconnections results in a configuration
belonging to state S, T, or U, respectively. Thus, each of these
transitions is labeled with a rate of 1. The transition from state W
to T is the only entry into that malevolent state, and it is unavoidable
under any prudent switching rule.
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The rates on the state transitions and the notion of X in this devel-
opment are slightly different from that of the reference.'® In that
paper, A represented the rate of origination of connections between
specific inlet and outlet pairs. In this development, traffic is assumed
to originate at an inlet, and terminate on any random idle outlet.

7.3 Steady-state probabilities
The rate equations for each of the ten states are

4\p1 = p;

(38X + 1)py = 4\p1 + 2(ps + pr + pu + pv)

(2N + 2)ps = (\/3)ps + pw

2\ + 2)pr = pw

(2\ + 2)py = (4N/3)ps + pw + Px

(2\ + 2)pv = (4M/3)ps + 2px

(A + 3)pw = 2Aps + Apr + Apy + 4py

(A + 3)px = Apr + Apu + 2Apv + 4pz
4py = Apw
4pz = Apx.

As is customary with such processes, only n — 1 of the n equations are
independent. Setting the sum of the n probabilities to 1 provides the
nth independent equation. The solution, after several hours of manual
algebra is

p=1/1+N*
ps=4N/(1 + N)*

ps = 27\%/3(1 + \)*

pr = 2N\%/3(1 + \)°

pu = N8 + 60\)/3(1 + \)°
pv = 8\*/3(1 + N)*

pw = 4X3/3(1 + M*

px = 8\3/3(1 + N)*

py = N/3(1 + M*

pz = 2\*/3(1 + M)A
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As a check, it is verified that p; above equals g, from the generalized
model, p; = &, ps + pr + pu + Pv = &, pw + Px =g, and py + pz =
gs. Of particular interest, of course, is the steady-state probability of
the malevolent state, pr.

" -7.4 Probability of requiring a rearrangment

P.. is the proportion of those new connections that require that
an (one) established connection be rearranged before a new connec-
tion may be completed. The numerator is the sum over all states of
(the average count of new connections requiring rearrangement from
state i) X (the steady-state probability of state i). For this network,
it is simply 1 X pr. The denominator is the weighted average count of
possible new connections, similar to the calculation of 7 in the previous
section

T4 -0 Xg=@4X1+3X4AN+2X6N\+1x4\+0Xx21Y/
1+ N
= 4(1 + 3A + N7 + A/ + N
= 4/(1 + )).
The ratio is then
P = [223/3(1 + N)°] + [4/(1 + N)] = A3/6(1 + N)4,
or, as a function of traffic intensity,
P. =74 - 7)/1536.
The curve for this expression is plotted in Fig. 9 through the data
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Fig. 9—Simulation results and derived curve for the 222 Module.
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points for the 222 Module, taken from the scatter diagram of Fig. 6.
Setting the derivative of the expression above to zero yields an extre-
mum at A = 7 = 3, and the value at that maximum is 1.76 percent.

- Related to this figure is Ny, the average count of established con-
nections that must be rearranged when a new connection is completed.
Since exactly one established connection is rearranged when the 222
Module requires rearrangement,

N = P = N/6(1 + N)* = 7%(4 — 7)/1536.

VIll. MARKOV ANALYSIS OF THE 2121 MODULE
8.1 The model '

Since the Markov model for the 2121 Module has 50 states, a natural
nomenclature is a mapping to a familiar set with 50 elements, also
called “states.” The mapping is shown in Fig. 10, where each U. S.
state represents a set of equivalent network configurations from the
2121 Module. A representative configuration is shown with each state
in Fig. 10. The states are grouped according to the number of estab-
lished connections, or their relationship to states in the generalized
model. FL represents the idle Markov state and the six New England
states represent six Markov states in which all four inputs connect to
all four outputs. States in three intermediate east-to-west bands across
the U. S. A. represent Markov states with one, two, and three estab-
lished connections, respectively. To avoid clutter in Fig. 10, the tran-
sitions among the states are shown in later figures.

8.2 State transitions

The upward transitions in the model for the 2121 Module, in which
no rearrangements are required, are shown in Fig. 11. Consider the
three upward transitions from FL. The transition from FL to GA
represents establishing, in an originally idle module, an A-to-Z (or C-
to-W) connection diagonally across the module. This connection has
only one path through the module, and that path requires the central
switch in the crossed state. By contrast, A-to-W (or C-to-Z) connec-
tions have two paths through the module, represented by NM and AZ.
A direct upward transition from FL to AZ, and none from FL to NM,
demonstrates the preference for the path that avoids the central
switch. Similarly, the direct upward transition from FL to AL, and
lack of same to LA or TX, demonstrates the choice of the path for an
A-to-X connection that avoids the central switch over the other two
paths. Similar logic governs the other upward transitions on the graph.
For simplicity, the weights on the arcs are not shown, but they are
similar to those of the 222 Module.
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Fig. 10—Markov states and nomenclature for the 2121 Module.
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Fig. 11—Direct upward transitions in the 2121 Model.

The upward transitions, in which one or two established connections
require rearrangement, are shown in Fig. 12. The three states with
one established connection from which rearrangements may be re-
quired—LA, TX, and NM—have no direct upward transitions from
FL, while the only three states that can be reached directly from FL—
GA, AL, and AZ—have no upward transitions requiring rearrange-
ment. Two of the states with two established connections from which
any rearrangements may be required—TN and KS—have no upward
transitions from any state with one established connection. The other
five states with two established connections from which any rearrange-
ments may be required—VA, IL, AR, IA, and NE—have upward
transitions from states with one established connection, but only from
LA, TX, and NM, the states that cannot be reached directly from FL.
The transitions from IA to MD, KS to SD, and KS to ND are
particularly interesting because both established connections require
rearrangement before the new connection, corresponding to the tran-
sition, can be completed. Since the states from which rearrangement
is required are reached only through complex sequences of connection
and disconnection, we expect P, to be small.

The downward transitions in the model for the 2121 Module are
shown in Fig. 13. The rates on all the arcs connecting the states, as in
the two previous figures, are not shown.

8.3 Steady-state probabilities

The rate equations for each of the 50 states are given in Appendix
A. A closed-form solution to this set of equations has not been found,
but approximations were derived by a simple, and tedious, iteration.
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Fig. 13—Downward transitions in the 2121 Model.

The states are initiaily distributed equilikely within their equiva-
lence class such that the sum of the state probabilities within each
class equals the corresponding state probability in the generalized
model. Thus,

grL = 1/(1 + N,
gz = 47/6(1 + N\)* for the 6 states: GA to AZ,
g. = 6A2/21(1 + N\)* for the 21 states: NC to HI,
g = 42\*/16(1 + A)* for the 16 states: DE to AK,
g. = \*/6(1 + A)* for the 6 New England states.
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Then, temporarily deleting (1 + \)* from every denominator, these
expressions were substituted into the right side of the rate equations
in Appendix A. The resulting intermediate expressions for each g, are
polynomials in A divided by the (a + b)) term on the left side of the
corresponding rate equation. The long division was effected and the
quotient was truncated to a simple polynomial in A, a new expression
for each q,. Most of these new expressions had coefficients between
double and half their analogs in the original expressions.

These new expressions were then substituted into the rate equations,
and a similar simplification and approximation was effected. By the
third iteration, the expressions were surprisingly close to those of the
second iteration, and rapid convergence was observed. These approx-
imations to the steady-state probabilities, without the long division
and quotient truncation in the final iteration, are given in Appendix
B. Of particular interest, again, are the steady-state probabilities of
the ten malevolent states.

8.4 Probability of requiring a rearrangement

P, is the proportion of those new connections that require rear-
rangement of an (at least one) established connection before the new
connection may be completed. The numerator is the sum over all
states of (the average count of new connections requiring rearrange-
ment from state i) X (the steady-state probability of state i). For the
2121 Module, the numerator is

(4/3) X qra + (1/3) X grx + (1/3) X gnm + 1 X gva + 1 X grn
+1Xqr+1Xgar+1Xga+1Xgks+1Xqagng

= (210 + 4.80% + 10N — LIN/(1 + 3\)(1 + NP,

using the approximate expressions from Appendix B. The denomi-
nator, 4/(1 + A), is the weighted average count of possible new
connections, as in the calculation from the previous section. The ratio
is then

P = (0.5M + 1.203 + 0.2)2 — 0.3))/(1 + 3\)(1 + \)*
or, as a function of traffic intensity,
P, = (057%(4 — 7) + 1.27°%(4 — )% + 0.27r%(4 — 7)®
— 0.37(4 — 7)%/512(2 + 7)
= 7(r — 4)(+% + 27 — 887 + 96)/2560(2 + 7).

The curve for this expression is plotted in Fig. 14 through the data
points for the 2121 Module, taken from the scatter diagram of Fig. 6.
Setting the derivative of the expression above to zero yields an extre-
mum at 7 = 2.6, and the value at that maximum is 3.1 percent.
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Fig. 14—Simulation results and derived curve for the 2121 Module.

Related to this figure is, N, the average count of established
connections that require rearrangement when a new connection is
completed. Since this count is two on three of the state transitions,
this figure is not equal to P;,:

N, = [(4/3) X qra + (1/3) X qrx + (1/3) Xgum+1Xgua+t1lXgrn
+1Xqg+1Xgar+2Xqa+2Xggs+1Xgnel/[4/(1+MN)]
-Np = 7(r — 4)(+® — 272 — 88+ + 96)/2560(2 + 7).

This expression is also plotted in Fig. 14. We observe that the Markov
analysis of such an innocent-looking network is surprisingly complex.

IX. NETWORK CONFIGURATIONS

Two algorithms for a switching rule are by direct calculation or by
table look-up. The direct calculation of the switching rule for either
module would be time-consuming, with the switching rule for the 2121
Module significantly more complicated than that for the 222 Module.
The count of connection combinations in either module is also large,
with little difference between the two modules, so a table look-up
implementation of the switching rules would require a large ROM.

Two distinct realizations of such an algorithm are by a microcon-
troller per module or by a common controller governing all modules
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in a network. Direct calculation in a common controller of a large
network suggests a real-time bottleneck and table look-up in a per-
module algorithm suggests considerable replication of a large ROM.
Therefore, the logical choices are distributed control by direct calcu-
lation in a per-module microcontroller, or centralized control by table
look-up. The count of network configurations in a table look-up
algorithm is discussed in this section.

9.1 Count of 222 Module configurations

The Markov diagram of the 222 Module is repeated in Fig. 15, except
that an additional number is placed in each bubble, the count of unique
network configurations that are represented by the Markov state.
State I represents the only idle network configuration. Considering
configurations with a single established connection, since any of four
inputs can be connected to any of four outputs, and each connection
has two paths through the network, state J represents 4 X 4 X 2 = 32
network configurations.

States S through V represent all configurations with two established
connections. A configuration in state S derives from a configuration
in state J by connecting the only other input on the same input switch
as the established connection to the only other output on the same
output switch as the established connection by the only available path.
Thus state S also represents 32 configurations. A configuration in
state T derives from a configuration in state J by connecting either
input on the opposite input switch as the established connection to
either output on the opposite output switch as the established connec-
tion by the path using the unused middle switch. Thus state T
represents 32 X 2 X 2 = 128 configurations. A configuration in state
U derives from a configuration in state J by connecting either input
on the opposite input switch as the established connection to either
output on the opposite output switch as the established connection by
the path sharing the used middle switch. Thus state U represents
32 X 2 X 2 = 128 configurations. A configuration in state V derives
from a configuration in state J by connecting the only other input on
the same input switch as the established connection to either output
on the opposite output switch as the established connection, or either
input on the opposite input switch as the established connection to
the only other output on the same output switch as the established
connection by the only available path. Thus state V represents 32 X
(2 + 2) = 128 configurations.

States W and X represent all configurations with three established
connections. A configuration in state W derives from a configuration
in state S by connecting either input on the unused input switch to
either output on the unused output switch by either available path, or
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Fig. 15—Configurations per state in the 222 Module.

it derives from a configuration in state T or U by interconnecting
either of two specific I/O. pairs by the only available path. The specific
pair share both an input switch and an output switch with either
established connection. Thus state W represents 32 X 2 X 2 X 2 = 128
X 2 = 256 configurations. A configuration in state X derives from a
configuration in state U by connecting either of two specific 1/0 pairs,
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those that share an input switch with one established connection and
an output switch with the other one, by the only available path. Each
also derives from configurations in state V by connecting either idle
input to either idle output by the only available path, but each derives
from two different configurations in state V. Thus state X represents
128 X 2 = 128 X 2 X 2/2 = 256 configurations.

States Y and Z represent all configurations with four established
connections. Each configuration in state Y derives from a configura-
tion in state W by connecting the only idle I/O pair by the only
available path. Each configuration in state Z derives from a configu-
ration in state X by connecting the only idle I/O pair by the only
available path. Thus state Y represents 256 configurations and state
Z represents 256 configurations.

Summing, we count a total of

1+32+ 32+ 128 + 128 + 128 + 256 + 256 + 256 + 256 = 1473
distinct network configurations in the 222 Module.

9.2 Count of 2121 Module configurations

The Markov diagram of the 2121 Module, showing downward tran-
sitions, is repeated in Fig. 16, except that a number replaces the state
name, the count of unique network configurations that are represented
by the corresponding Markov state.

State FL represents the only idle network configuration. States GA
through AZ represent all configurations with one established connec-
tion. In the four configurations in GA, any of the four inputs connects
to the output on a middle switch diagonally across the module by the
only path. In the configurations in AL, LA, and TX, any of the four
inputs connects to either output on the output switch. Each state
represents 4 X 2 = 8 configurations and the states are distinguished
by which of three paths is used for the connection. In the configura-
tions in NM and AZ, any of the four inputs connects to the output on
a middle switch directly across the module. Each state represents four
configurations and the states are distinguished by which of two paths
is used for the connection. Summing it up, states GA through AZ
represent 3 X 4 + 3 X 8 = 36 configurations.

States NC through HI represent all configurations with two estab-
lished connections. In one subset of these 21 states, the inputs, one
from each input switch, connect to the two outputs on the middle
switches. Each state in this subset—SC, MS, or HI—represents four
configurations, and the states are distinguished by whether the con-
nections are diagonally across the module or directly across by either
of two similar paths. In OK, either output on a middle switch connects
to either input directly across the module by the best path, and the
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Fig. 16—Configurations per state for the 2121 Module.
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other input on that same input switch connects diagonally across the
module to the other output on a middle switch. In CA, either output
on a middle switch connects to either input directly across the module
by the best path and either input on the other input switch connects
directly across the module to the other output on a middle switch by
the worst path. OK represents 2 X 2 = 4 configurations and CA
represents 2 X 2 X 2 = 8 configurations.

In another subset of these 21 states, any of the four inputs connects
to either output on the output switch and the other input on the same
switch connects to any other output by the best remaining path. Each
state in this subset—NC, IN, MO, CO, or NV—represents 4 X 2 =8
configurations, and the states are distinguished by the path of the first
connection and/or the output of the second connection. In another
subset of these 21 states, either input on the upper input switch
connects to either output on the output switch, and either input on
the lower input switch connects to the other output on the output
switch, and both connections use similar paths. Each state in this
subset—KY, TN, or JA—represents 2 X 2 X 2 = 8 configurations, and
the states are distinguished by the three possible paths. In the final
subset of these 21 states, any of the four inputs connects to either
output on the output switch and either input on the other input switch
connects to any other output. Excluding the cases, covered in the
previous subset, where the paths are symmetric, each state in this
subset—VA, WV, IL, AR, NE, KS, WY, and UT—represents 4 X 2 X
2 = 16 configurations, and the states are distinguished by the path of
the first connection and/or the output and/or the path of the second
connection. Summing it up, states NC through HI represent 4 X 4 +
9 X 8 + 8 X 16 = 216 configurations.

States DE through AK represent all configurations with three
established connections. In all 16 states, any of four inputs connects
to either output on the output switch, and either input on the other
input switch connects to some other output. Each state represents
4 X 2 X 2 = 16 configurations, and the states are distinguished by the
path of the first connection and/or the path and/or output of the
second connection and/or the input and/or output and/or path of the
third connection. Summing then, states DE through AK represent
16 X 16 = 256 configurations.

States RI through VT represent all configurations with four estab-
lished connections. In the subset containing RI, CT, ME, and VT,
either input on the upper input switch connects to either output on
the output switch, either input on the lower input switch connects to
the other output on the output switch, and both connections use
similar paths. The remaining two inputs connect to the remaining two
outputs, by the best remaining similar paths. Each state represents
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2 X 2 X 2 = 8 configurations, and the states are distinguished by the
path of the first two connections and/or the parties interconnected by
the last two connections. In MA, both inputs on one input switch
connect to the outputs on the middle switches by the best paths, and
both inputs on the other input switch connect to the outputs on the
output switch. In NH, both inputs on one input switch connect, one
to the output straight across on a middle switch and the other to one
of the outputs on the output switch, using paths like those in VT.
Both inputs on the other input switch connect to similar outputs, but
using paths like those in CT. Both MA and NH represent 2 X 4 X
2 = 16 configurations. Summing them up, states RI through VT
represent 4 X 8 + 2 X 16 = 64 configurations.
Summing them up, we count a total of

1+ 36 + 216 + 256 + 64 = 573

distinct network configurations in the 2121 Module. The module
supports more configurations, but no others are reached using the
prudent rule. We see that the 222 Module has more than 2.5 times as
many reachable configurations as the 2121 Module and, hence, a table-
look-up implementation of a control algorithm would be more complex
for the 222 Module than for the 2121 Module.

X. CONCLUSION

Two architectures for a 4 X 4 photonic switching network were
compared by their traffic-handling capacity. Both networks are rear-
rangeably nonblocking. The percentage of sequences requiring rear-
rangement was found to be tolerable for both modules. Thus, both
modules are judged acceptable, insofar as rearrangeably nonblocking
modules are acceptable, and practically indistinguishable in their
traffic performance. The selection of one module over the other may
proceed based on criteria other than traffic capacity, like loss, cross-
talk, or cost of manufacture.
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APPENDIX A

Rate Equations for the 2121 Module

(4)) grL
(BN + 1) gaz

B\ + 1) gnm
3\ + 1) grx
3\ +1) gra
B\ + 1) gaL

(B\+1) gca

(2X\ + 2) qur
(2N + 2) gca
(2N + 2) gnv
(2\ + 2) qur
(2N + 2) qwy
2\ + 2) gco
(2\ + 2) gne
(2\ + 2) gks
(2X\ + 2) gox

=gaz + gnm + grx + qra + gaL + Gca

AgrL + 2qu1 + gca + gnv + qur + gwy + geo + gne t+
dok
gca + gks + qiL + gmo + 2qms
= gnv + qur + 2q1a + qin + gva
' gco + gks + gne + gar + 291N
= 2A\grL + gwy + @ar + gmo + Qi + qin + 2gxy + gwv +
gnc

= ArL + gok + qwv + gva + 2gsc + gne

= (2M/3) qaz + gax + qwa

= (2)\/3) gnm + gor + qip

= (M3)[2qaz + grx] + gax + gun

= (2M/3) qrx + gax + gnp + gun + gwi
= (M/3)[4gaz + 2gaL] + gor + gut + gnp + gsp
= (\/3) qua + gwa + g + guT + g™
= (2M/3) qua + gwa + qmn

= g + don

= (M/3)[gaz + gnm + geal + gsp + qwr
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2\ +2) qia

(2\ + 2) gar
(2N + 2) gmo
(2N + 2) qu

(2N + 2) gms
2\ + 2) qin

(2N + 2) g1~
(2N + 2) gry
(2N + 2) qwy
(2\ + 2) qva
(2X + 2) gsc
(2X\ + 2) gne

(A + 3) qax
(A + 3) gor
(A + 3) qwa
(A +3) g

(A +3) gur
(A + 3) gnp
(A +3) gsp
(A + 3) gun
(A + 3) gwr
(A +3) g
(A + 3) qon
(A + 3) gny
(A + 3) gpa
(A +3) gmp

A+ 3) gn
(A + 3) qor

4qmE

(2M\/3) grx +
(2M\/3) qua +

(A/3)[2gnm + gaL] +

(4M/3) gqnm +

(A/3)[grx + qra + gaL]l +

(2M/3) qaL +

(>\/3)[2(ILA + 2QAL + 4QGA] +

(27/3) grx +
(2N\/3) gea +

gdMN

gmr + qon

gor + gou + gny + gpa
gny + gpa

gny

gnp + gng

ami

grea + gup

gsp + gmp + gng + QpE
qwi + gng

dpE

= (A/3)lgaL+ grx +qra+2gcal + gmp + gor

= (N/2)[4qu1 + 2gnv + qur] + 2gmE
(A/2)[2gca + qwy + 2gmo] + gnH
(M/2)[2gco + gnE] + 2gqvr
(A/2)[2gca + gks] + gNH
(M2)[gwy + gar] + gnH

(M\/2)[gwy + qur + gxs + gnE + 2qiv + q] + gma
(M2)gwy + gnE + gks + 490k + gL + gwv] + gma

(M/2)[2gnv + qur + 2q14] + 2gqmE
(M/2)[gur + gval + gma
(A/2)[gnE + 29co + 2qTn] + 2gvr
(M/2)[gks + gar] + gNH
(A/2)[qi + 4gwms] + 2qcr
(M2)[qw. + 2gmo + 2gky] + 2qcr
(M2)[2q1a + 2gar + 2gky + 2g1N + gwv + gva

+ 2QNC] + 2QRI
(A/2)[2qin + qwv + qva] + qma
(M2)[gwv + qva + 4gsc + 2gnc] + 2qr1

AMgak + gumn]

4gvr = Mgwa + gmi]
4gnu = Mg + gmr + qor + GoH]
4qma = ANgnp + gsp + qwr + gl
4qgcr = Agny + gpal
4gr1 = Mgmp + gpE]

APPENDIX B

Approximate Probabilities for the 2121 Module
ger =1/(1+)N)*

gaz = (2.822 + 1.1N) /(38X + 1)(1 + N)*
gum = (1.2X2 = 0.3\) /(3N + 1)(1 + N)*
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grx = (14%2) /(3)\ + 1)(1 + )\)4
qra = (0.92\2 — 0.5)\) /(38X + 1)(1 + N\)*
gaL = (8.6M% + 2.4\) /BN + 1)L + N)*
goa = (2.IN% + 1.37\) /(38X + 1)(1 + N)*

gur = (0.5)% + 0.6A?) /2N + 2)(1 + N)*
gea = (0.4X% + 0.32% — 0.1N) /(2N + 2)(1 + A)*
gnv = (0.6N° + 0.8)\?) J2N + 2)(1 + N)*
gur = (L.ON® + 0.42% — 0.1N)/(2\ + 2)(1 + M)*
gwy = (1.4X% + 2.00% + 0.3N)/(2X + 2)(1 + N)*
gco = (0.6X\% + 0.1\?) /(2N + 2)(1 + M)*
gne = (0.32% + 0.20% — 0.1N) /(2N + 2)(1 + N)*
gxs = (0.1)%) /2N + 2)(1 + N)*
gox = (0.6)\% + 0.7)\%) J(2\ + 2)(1 + N)*
gia = (0.22% + 0.32% — 0.11)/(2X + 2)(1 + A)*
gar = (0.22% + 0.22%2 — 0.1N)/(2x + 2)(1 + N)*
gmo = (0.8\3 + 0.7\%) J@2N + 2)(1 + 2t
g = (0.37% + 0.52%2 — 0.20)/(2X + 2)(1 + N\)*
gms = (0.12%) /2N + 2)(1 + M)*
g~ = (0.6)\% + 0.7\2) /(2N + 2)(1 + \)*
gt~ = (0.1)\3) /2N + 2)(1 + 2!
gky = (0.8\% + 0.8)% + 0.2\)/(2\ + 2)(1 + N)*

gwv = (L72% + 1.92% + 0.30)/(2\ + 2)(1 + N)*
gva = (0.32% + 0.37% — 0.1N) /(2N + 2)(1 + N)*
gsc = (0.42% + 0.50% + 0.1A)/(2\ + 2)(1 + A)*
gne = (0.92% + 1.1A%2 + 0.1N)/(2X + 2)(1 + N)*

gak = (0.3X* + L.ON) /(A + 3)(1 + N)*
gor = (0.1IM* + 0.9\3) /(A + 3)(1 + N)*
gwa = (0.2\* + 0.423) /(A + 3)(1 + N)*
gp = (0.1A* + 0.23%) /(A + 3)(1 + N)*
gur = (0.IX* + 0.32%) /(A + 3)(1 + N)*
gnp = (0.3M* + LINY) /(A + 3)(1 + N)*
gsp = (0.3\* + L5A3) /(A + 3)(1 + N)*
gvn = (0.3\* + 0.62%) /(M + 3)(1 + N)*

gwi = (0.3M* + 0.303) /(A + 3)(1 + N)*
gvi = (0.2M* + 0.503) /(A + 3)(1 + \)*
gon = (0.IA* + 0.1A3) /(A + 3)(1 + N\)*
gny = (0.2M* + 0.403) /(A + 3)(1 + \)*

gea = (0.2\* + 0.923) /(A + 3)(1 + A)*
gnp = (050 + L7A3) /(A + 3)(1 + N)*
gns = (0.3 + 0.7203) /(A + 3)(1 + N)*
gpe = (0.5M* + 1.3N%) /(A + 3)(1 + N)*
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gue = (0.1A%) /(1 + N)*
gvr = (0.13*) /(1 + M)*
gnu = (0.2)%) /(1 + N)*
gma = (0.32%) /(1 + M)*
dctr = (01)\4) /(]. + A)“
grt = (0.20%) /(1 + N)*
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