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In the present paper we use transform methods (characteristic function
techniques) and contour integrals to derive a closed-form expression for the
performance union bound of a general discrete-time system. We show that
previously published results may be derived as particular cases of the general
formulation developed in this paper. It is well known that the maximum-
likelihood Viterbi algorithm may be employed not only for decoding of con-
volutional codes but also for optimal detection in other situations. Examples
include bandwidth-efficient demodulation, optimal accommodation for inter-
symbol interference and cross-channel coupling, text recognition, simultane-
ous carrier phase recovery and data demodulation, digital magnetic recording,
nonlinear estimation and smoothing. The union bound is a useful measure of
the performance of the Viterbi algorithm. Past closed-form expressions for
the union bound have usually involved considerable approximation.

I. INTRODUCTION

A Maximum-Likelihood Receiver (MLR) is optimal when the input
signal is distorted not only by noise but also by some deterministic
factors. The MLR compares the received signal with all possible
signals distorted by the same deterministic factors but not by the
noise. The latter comparison signals must be available at the receiver.
Possible deterministic impairments include intersymbol interference,
cross-channel coupling, modem-implementation errors, channel mis-
equalization, signal distortion by the channel nonlinearities, etc.
Guided by some metric, the MLR searches for the comparison signal
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that is closest to the signal actually received and asserts that this
signal, as it existed before being subject to the deterministic impair-
ment, was the transmitted message.

The MLR performance depends on how well we can model the
deterministic distortions of the signal and also on distances between
signals. The signal separation may be increased by coding.

Technical problems arise in MLLR implementation. Strictly speak-
ing, we need to store the whole transmission history and generate all
possible comparison sequences. However, if the system may be mod-
eled by a Markov process, then the Viterbi algorithm may be used to
realize a recursive MLR.!

In designing the MLR it is very important to be able to accurately
evaluate the receiver performance. Because of a very large number of
possible comparison signals, it is difficult to find the exact formula for
an MLR performance characteristic. The performance characteristic
upper bound (so-called union bound) is more easily found. Viterbi
introduced transfer function techniques to evaluate the union bound
for some performance characteristics of binary convolutional codes.!
These methods have been extended to obtain performance bounds of
the general finite-state system.”> However, the original union bound
was loosened to simplify a series summation. Using the transform
methods developed in this paper, the original union bound is expressed
in closed form.

1. SYSTEM MODEL
Coﬁsider a discrete-time system?
xx = f (we),
Ske1 = g(we),
we = (Ug, sx), —0 <k<om, (1)

where u,, is a source symbol, x; is the transmitted channel symbol, and
sx is the corresponding system (transmitter) state. Symbols x, are
transmitted over a noisy memoryless channel that outputs symbols

Ye = h(xp, n), (2)

where n,, are independent identically distributed variables. The re-
ceiver outputs symbols i, = (5x, tx) which minimize the sum

M(y, lU) = % m(yk’ wk)’

where m(y, we) is the so-called branch metric and may be treated as
a cost function for making a decision that the transmitter superstate
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was w; if y, was received. This metric is usually a measure of the
signal degradation due to noise. For example,

m(yr, wr) = In Pr{ye/f (we)}
for the maximum-likelihood receiver,

m(ye, wy) = In PriugPriy./f (ws)}
for the maximum a posteriori receiver,

m(ye, we) = =l vk — f(we) |7
for the minimum mean-square receiver.

The optimal solution may be found using the Viterbi algorithm. A
sequence W, W, --- , Wj-1, Wj, which terminates at time j, is called a
survivor if it minimizes the metric accumulated to this time:

Jj Jj
Y m(Yk, W) = Milgg,...,) 2 MYk, Wi,
k=0 k=0

where w; = ;. It is obvious that the sequence that minimizes the total
sum M (v, w) must begin with one of the survivors. The survivors may

be determined recursively via the Viterbi algonthm Wo, Wi, *+ -, W,
wj+1 is a survivor if and only if W, W1, - -+, Wj—1, w; is a survivor and
w; satisfies the equation:

J+l j+l

Y m(Yk, W) = ming Y m(ye, we),

F=0 =0
where wy = o, - , Wj—1 = Wj_1.

If all the survivors have a common part, then this part also belongs
to the sequence that minimizes the total metric M(y, w) and the
corresponding symbols are output by the Viterbi receiver.

Depending on the application, we may want to evaluate the Viterbi
receiver performance using some distortion measure d = E{d (ws, t:)},
where d (wy, W) is the distortion characteristic of the symbol w; which
the receiver identifies as .. For example, if we wish to find a symbol
error probability, then the distortion characteristic d(ws, ;) is equal
to zero if there are no errors in the symbol (u; = i) and is equal
to one otherwise. If we wish to evaluate a bit error probability, then
d(wy, 1) = my/b, where m, is the number of bit errors in the symbol
Uy (the Hamming distance between u; and i), and b is the total
number of bits in the symbol.

I1l. PERFORMANCE UNION BOUND

In order to find the distortion measure union bound, consider an
error event of length L (see Ref. 1) that is a pair of the correct path
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o1, = {we} and an incorrect path o, = {i:} such that s, # § for k=1,
2, .--,L—1 and s, = §; otherwise.
Then the distortion measure is upper bounded by the union bound:?

d=E. 3 ¥ Pu(6r/or)di(os, 51),
=1 or,

where the average is taken over all source sequences, P (d./01) is the
conditional probability that the incorrect path o1 has a larger metric
than the correct path o, and 0.5 the probability of equality of metrics
if a tie is resolved randomly:

-1
Pi(o1/oL) = Pr {kE Am( Yy, We, We) > 0}
=0

L-1
+ 0.5 Pr {2 Am(Yr, Wk, we) = 0} , (3)
k=0

AM(Yr, Wiy Wr) = M(Yr, Wr) — M(Yr, W),

di (oL, 61) is the total distortion along the incorrect path:
L-1
dilor, 6.) = X d(wg, ).
k=0

Consider first a discrete memoryless channel. Define a generating
function of a variable Am (yx, we, Wi):

D (z; wi, i) = T Priy/wpletmosssin, @)

Yr '
The generating function of the sum of variables Am(yx, we, W) is
equal to the product of the generating functions (4), and the probability

P.(6./01) is equal to the sum of the coefficients of the positive power
terms of the product and one half of the zero power term. Using

contour integrals, we may express the sum as

Pr(o1/oL) = 2}(} J;s|=,, (z i 1 2lz> Il D(z ws, wi)dz, (5)

where p > 1. The total distortion along the incorrect path o, may also
be expressed using generating functions:

d L-1
E k=0
and therefore the average distortion is bounded by

— 1 d 1 1
d= dz {J; (v —1- é;) Gz, v)dv}
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where

-] L-1
G(z, v) =E. 3 Y I D(v; ws, ty)z4@», (8)
L=1 57 k=0

C € {v:Rs N |v| > 1}, R is the region of convergence of (8). The
right-hand side of the inequality (7) is a new expression of the union
bound of the average distortion d.

The generating function G(z, v) may be found from the system state
transition graph with branch weights

D(z; wh, )z 9)

or the corresponding matrix equation.'® The system symmetry sim-
plifies the construction of the generating function.

In the case of a continuous channel we may also use a transform
(characteristic function) technique to obtain a union bound similar to
(7). For example, if h(x, n) = x + n, where n is a zero-mean Gaussian
variable with one-sided spectral density Ny (AWGN) and Euclidean
metric is used by a Viterbi algorithm, then (3) takes on the form

PL(&L/O'L) = 0.5 erfc(ﬂa), (10)

where 8% = E,/N, is the signal-to-noise ratio,
L-1
8 = kZO I f (e) — f(we) |17 (11)
Using Laplace transform,*

® ePdt T
f = — erfc(Vap),
s tt—a Va

which after substitutions va = 8, «/1_)_ = §, vt ~ a = v, takes on the
form

2 0
erfc(Bs) = 28 L _ Paalasar )
T V]

(8% + v?)
We obtain from (10) and (11)

. ® 1 L-1 R
Pr(or/oL) = g j; TS kH—o D, (v; wy, w)dv, (12)
where
D1 (v; wy, i) = e N —flo 12(8%+0?) (13)

Equation (12) is similar to (5), and therefore we may derive a new
union bound for the analog case that is similar to (7):

.
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s B4 f "1 |
where
® L-1 )
Gi(z,v) = E, Y X [I Di(v; w, )z,
L=1 (;L k=0

IV. EXAMPLES
4.1 Hard-decision convolutional code

Consider the binary convolutional code shown in Fig. 1 with gener-
ator polynomials {1 + D + D? 1 + D?} (Ref. 1), and the binary
symmetric channel with the bit error probability p = 1 — ¢ < 0.5. For
each input bit w, the encoder generates two channel bits x, =
(x#, x#) and the encoder state is defined by the two input bits s, =
(p—1, Ur—2) and therefore wy = (up, U1, Uz—2) is simply the contents
of the shift registers. According to Fig. 1 the equation x, = f(w;) is
equivalent to the following two equations:

Xp = Up + Up—1 + Upo

Xp = Up + Up,

where “+” denotes mod2 addition (exclusive-or).
The second equation of the system (1) sxy+; = g(wp) may also be
expressed as the system

-
Sper = Up

” —
Sk+1 = Up-1.

+

Fig. 1—Convolutional encoder.
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However, usually it is represented by the system state graph whose
nodes correspond to the system states, and the symbols along the
transition lines indicate the encoder input symbols (see Fig. 2).

The next step is to define the algorithm branch metric. Suppose
that we received a sequence yo, ¥1, + - - , ¥n. Then the MLR will output
the sequence iy, U, - - - , ly, Wwhich maximizes the likelihood proba-
bility

Pr{yo, - » Yn/Uo, -+ > un} = ¢ (p/q)?,

where 2 is the number of bit errors in the sequence x,, x;, - - - , 2y OF,
in other words, the Hamming distance (HD) between the sequences:
z=HD{(yo, - - - ,¥n); (%0, - - - , 2n)}. Since 0 < (p/q) <1, maximization
of the likelihood is equivalent to minimization of the HD. Therefore
we may define the algorithm metric as m(w, w) = HD{y; x}. This
metric depends only on the signal difference.

Fig. 2—Encoder state graph.
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The channel model may be expressed by eq. (2), which takes the
form y, = x; + n, where n, = (n{, nf) has the following distribution:

Pr{nk = (0’ 0)} = p2’ Pr{nk = (1’ 0)} = pgq,
Prin. = (0, 1)} = pg, Pr{m = (1, 1)} = ¢*

We wish to evaluate the decoder output error probability. Therefore
the distortion characteristic is

N 0 if u=ua
d(d, w) = {1 if ws#d
This distortion characteristic depends only on the signal difference.
We see that the convolutional code is described in terms of the
discrete-time system defined above, and therefore the bit error prob-
ability union bound may be found from (7). Because the code is linear,
the branch metric and the distortion characteristic depend only on the
signal difference. Therefore the generating function (8) is independent
of the encoder input sequence and the averaging in (7) is not needed.
We assume that the all-zero sequence is transmitted. The generating
function (4) now takes on the form

D(v; w, @) = (pv + qu™*)*@),

where w = (0, 0, 0), u(i0) = HD{(0, 0); £} is the Hamming weight of %
= f(W). The distortion measure d (&0, w) = iI; therefore 2% = z*
and

D(z; w, 1)22® = z%(pv + qu!)*@,

If we use these values as branch weights on the system state graph,
where the all-zero state is split into an initial and final state! as shown
in Fig. 3, we obtain

Fig. 3—Signal flow graph of the encoder. D = (pv + qu™*).
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2(pv + qut)®
1 - 22(pv + quty
[22(pv + g ™H)| <1

as the transition from the initial state to the final state.
The union bound for the bit error probability is found from (7):

-1y5
2 b () s
Ce:|2(pv+ g )| <1n|v|>1].

Applying the residue theorem to the previous integral, we obtain
Pe < 27°[5 — (g — p)(5 — 96pg)(1 — 16pq)™"* + 14p + 12p* — 8p?),

which coincides with the bound derived in Ref. 5.

Gz, v) =

4.2 Soft-decision convolutional code

In this example we find the union bound on the bit error probability
for the same convolutional code but with soft-decision decoding.
Suppose that symbols x; are BPSK modulated. The receive demodu-
lator is followed by a soft-decision sampler with infinite precision.

The likelihood density of receiving (o, -+ , ¥n) if (xo, - -+ , Xxn) Was
transmitted is

ﬁ 2N
\1/(3’0, Tty yN/xOy Tty xN) = <ﬁ) e—a232,

N
b = \/E (0% = %)* + (9F - )P
k=0

is the Euclidean distance (11) between the signals and % = E,/N, is
the signal-to-noise ratio. '

It is clear that the maximum likelihood corresponds to the minimum
of the Euclidean distance and vice versa. Therefore we may define the
MLR metric as m(@ib, w) = |x — £[|2 = (' — x”)? + (x” — %’)% This
metric depends only on the signal difference.

Using the same arguments as in the previous example, we may

assume that the all-zero sequence was transmitted. According to (10)
and (13)

where

n e
D1 (v; w, w) = e~ F+Im@

The union bound for p; is found from (14):

g~ e~56 N gy,
Py =— 2, 2\10
T Jo (8% + p?)[1 — 2 EHIP
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If we use the inequality
1. < 1
1— 207+ 7 1 — 97’

we obtain
Py < 0.5(1 — 2¢77)Zerfe(BV5),

which coincides with the well-known result.! Using the more general

inequality
1 1 §
(a+q)2_ 2k§_:o(k+1)< )

where a = 1 — 2¢, (8 = VIn 2), and q = 2¢ % (1 — "), we may
obtain better approximation. For n = 2

Py < 0.5¢72[A erfc(8V5) + B erfe(8v8) + C erfe(8VT)),
where A =1 — 207" + 4a7% % B =2a"' — 8¢ %¢ ™", and C = 4a™2.

V. SUMMARY

Using contour integrals we have derived a closed-form expression
of the union bound on Viterbi algorithm performance. The transform
methods developed in this paper may be used for some other applica-
tions. For example, using eq. (12), a sum

S =Y a erfc(BVE)
k

may be expressed as

_28 f F(e=®+) -“’**"*’)
(B + Y

where F(z) = ¥, a,z* is the sequence generating function.
k

dv,

The union bound on the performance characteristic of hard- and
soft-decision codes was found as an illustration.
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