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We derive robust algorithms for estimating parameters of motion of rigid
bodies that are observed by a television camera. Motion may be three­
dimensional, containing both translational and rotational components, but
the observations using the television camera are two-dimensional, i.e., projec­
tions on the camera plane. Our algorithms do not require a priori knowledge
of any corresponding points in three- and two-dimensional spaces. We give
both recursive as well as nonrecursive algorithms that minimize the error in
intensity by using the estimated motion parameters. Our theory has applica­
tions in interframe coding, computer vision, and computer animation. The
efficacy of our methods and the quality of the estimation procedures must
await experimental verification.

I. INTRODUCTION

One of the most important problems in machine analysis of image
sequences captured by a television camera is estimating the motion of
objects in the field of view.' We have previously given algorithms for
estimating the displacement vector when the motion is restricted to
translation in a plane perpendicular to the camera axis.2,3 This was
later extended to situations where the illumination in the scene is
spatially nonuniform" and to computationally more complex algo­
rithms with better properties." In this paper, we propose a further
extension by developing algorithms for estimating parameters of three-
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dimensional motion. The motion thus may have both the translational
as well as rotational components, and the translation may not be in a
plane perpendicular to the camera axis. Of course, although the object
is three-dimensional and it moves in a three-dimensional space, the
observations made by the television camera are still in a two-dimen­
sional space, i.e., the object is observed by being projected from the
object space to the image plane. Thus, information is lost in going
from the three-dimensional object space to the two-dimensional image
plane; this is a major source of difficulty in such estimation problems.
It leads to nonunique solutions or ambiguous situations, unless addi­
tional information is made available. One such example of additional
information is the correspondence of points in two- and three-dimen­
sional space. This example is often used to determine camera position"
or to make motion estimation unique.i" However, in many practical
problems such correspondence is either difficult or impossible to
establish.

Our contribution in this paper is twofold. First, we develop equations
of motion by noting the fact that a television camera creates a frame
every thirtieth of a second. Most rigid body motion, in such a small
amount of time, tends to be small. Therefore we develop models of
incremental motion that each use three parameters for translation
and rotation. Our second contribution is to give robust recursive and
nonrecursive algorithms for estimating these parameters. The algo­
rithms minimize the error in observed intensity by using these esti­
mated motion parameters. Also, since the estimation algorithm is
based on linearizing the intensity function, it is applicable in situations
where the motion parameters are small. We also give an extension
based on successive linearization that will work even when the motion
is substantially large.

Some of the limitations of our approach should be pointed out.
First, we are considering rigid body motion, i.e., no deformation of the
body is allowed as a function of time. Second, parameters are estimated
to minimize the intensity estimation error, and therefore, they may
not correspond exactly to the true motion parameters, particularly
since the problem may not have a unique solution due to loss of
information in transforming from three-dimensionality to two-dimen­
sionality. However, we believe that in most reasonable cases, param­
eters estimated by our procedure will be those corresponding to motion.
Third, traditional difficulties with dynamic scene analysis, such as
occlusion, spatial nonuniformity of motion parameters and illumina­
tion, and lack of proper segmentation, are largely ignored at this stage.
They will be considered in our future work. Last, and perhaps most
important, we have no simulation results to evaluate the performance
of our algorithms. We hope, however, that since motion estimation is
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important in such diverse fields as computer animation, computer
vision, and interframe coding, these algorithms will be specialized to
many of these applications and then evaluated.

II. MOTION MODEL

In this section, we develop a model of three-dimensional motion
that includes translation and rotation. The only constraint we impose
is that the body in motion stay rigid. Let us assume that the location
of different points changes in the object space as a result of object
motion and that only a two-dimensional projection on the image plane
is observable using a camera. (See Fig. 1.) Let a point P designated by
a vector r = col. (x, y, z) move to another point P' designated by
vector r' = col. (x', y', z'). Since the body stays rigid,

r = Rr + T, (1)

where R is a three-by-three rotation matrix and T is a three-dimen­
sional translation vector. Rcan be represented in terms of the Eulerian
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Fig. I-Coordinate system showing object space and image plane.
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angles cf>, 8, and 1/; as a product of three matrices, each corresponding
to rotation about one axis. Thus

where

(

COS cf> sin cf> 0)
A =. -sin cf> cos cf> 0

001

(2)

(3)

co~ 8 si~ 8)
-sin () cos ()

(4)

(

COS 1/; 0 -sin 1/;)
C= 0 1 0 .

sin 1/; 0 cos 1/;
(5)

These equations then specify general rigid body transformations. In
practice, a television camera observes a new scene every thirtieth of a
second. During such a small time, changes in the parameters of motion
(i.e., (), cf>, 1/;, and T) will be small. We therefore specialize these
equations to small or infinitesimal changes in motion parameters that
have taken place within a frame time.

2.7 Infinitesimal motion

For infinitesimal motion, changes in Euler angles are small. If
these are denoted by d(), dcf>, and d1/;, then if we use approximations,
cos d() = 1 and sin d() = d8, eqs. (3), (4), and (5) become

(
1 dcf> 0)A = -dcf> 1 0
o 0 1

(1 0 0)B= 0 1 d()
o -d8 1

(
1 0 -d1/;)C= 0 1 0 .

d1/; 0 1
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(9)

Therefore,

R=ABC

~ (-~¢ t¢ -~t)
ti1/; -e» 1

(
0 Wz -Wy )

= I + -wz 0 Wx tit,
Wy -Wx 0

where I is the identity matrix; and W x , Wy, and W z are angular velocities
about the x, y, and z axes, respectively. By substituting (9) into (1),
we get

where

(10)

and

(

0 Wz

P = -wz 0
Wy -Wx

-wy )
Wx

o
(11)

T ~ G:), vector of translational velocities. (12)

Next we denote the coordinates in the image plane by (X, Y). The
transformation from object space to image plane then proceeds as
follows:

X = zox
z

Y = zoY ,z

(13)

(14)

where Zo is the distance from the origin of the object space to the
origin of the image plane (see Fig. 1). Now for small tit, (10) becomes

x' = x + wzytit - wyztit + vxtit

y' = Y - wzxtit + wxztit + vytit

z' = z + wyxtit - wxytit + vztit

and

x' x ( y Vx ) x ( x y Vz)- ~ - + Wz - + - - Wy tit + - -Wy - + Wx - - - tit.
z' z z z z z z z
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Similarly,

y' y ( V
y x) y ( x y vz)- ;;a - + Wx + - - Wz - ~t + - -w - + Wx - - - ~t.z' z z z z y z z z

By letting Zo = 1 and using the definitions

(19)

xX=­z '

,
X'=~z'

Vx = V
x and

z
v = Vy

y ,z
(20)

we obtain

X' = X + (wzY - Wy + VxMt + (-X2wy + XYwx - X ~z) ~t (21)

Y' = Y + (-wzX + Wx+ Vy)~t + (-XYWy + y 2wx - Y ~) ~t. (22)

Let a = vz/z be the magnification parameter; then the differential
movement of the coordinates in the image plane for infinitesimal
motion is as follows:

dX X' - X
-d = = wzY - wy(1 + X 2

) + wxXY + Vx - aX (23)t ~t

dY Y' - Y
-d = = -wzX + w.(1 + y 2

) - wyXY + Vy - aY. (24)t ~t

Thus there are six unknowns (W., Wy , w., V., Vy , a) that need to be
evaluated to quantify motion. The only values that can be observed
are the intensities of the image in the present and the previous frames.
Several techniques can be formulated to estimate these parameters.
In the following, two techniques are described in detail.

III. MOTION ESTIMATION

The first technique deals with situations where the intensity changes
only slightly as a result of small changes in motion parameters,
whereas the second technique does successive linearization and there­
fore can handle larger changes in intensity. Let I(X, Y, t) be the
intensity function at time t. Then differential changes in intensity are
expected by

I(X, Y, t + ~t) = I(X + ~x~t, Y + ~y~t, t), (25)

where
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(30)

.lx = WzY - wy(l + X 2
) + WxXY - aX + Vx (26)

.ly = -wzX + wx(l + y2) - wyXY - aY + Vy. (27)

Expanding the intensity function in power series in .It yields

a
I(X, Y, t + .It) = I(X, Y, t) + ax I(X, Y, t)

a
. [.lx].lt + ayI(X, Y, t).[.ly].lt. (28)

Thus,

I(X, Y, t + .It) - I(X, Y, t)
.It

= wz[IAX, Y, t)Y - Iy(X, Y, t)X]

- wy[IAX, Y, t)(1 + X 2 ) + Iy(X, Y, t)XY]

+ wx[IAX, Y, t)XY + Iy(X, Y, t).(l + y 2 ) ]

- a[Ix(X, Y, t)X + Iy(X, Y, t)Y]

+ Vxl IA X, Y, t)] + Vy[Iy(X, Y, t)]. (29)

Let (Xi, Yd be a pel deemed to be from the set of "moving-area" pels,
i.e., the frame difference at these locations is above a certain pre­
specified threshold. Then, for each such moving-area pel define the
following six-dimensional vector

IAXj , Yj , t)Yj - Iy(Xj , Yj , nx,
-IAXj , Yj , t)(1 + Xn - Iy(Xj , Yj , nx. Yj

IAXj , Yj , ax. Yj + Iy(X, Yj , t)(1 + yy
-Ix(Xj , Yj , t)Xj - Iy(Xj , Yj , t)Yj

IAXj , Yj , t)
Iy(Xj , Y j , t)

If

c = col. (W., Wy , wx , a, Vx , Vy )

denotes the six-dimensional parameter vector that needs to be esti­
mated, then we can express the measured intensity difference, M j ,

M, = .rc + noise. (31)

If the number of measurements is n, then the problem is to create a
least-squares estimate of C (labeled en) that minimizes the following
Mean-Squared Error (MSE) after these n measurements:
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n

MSE = min L (Mi - .rCn )2.
C; i=1

Carrying out the minimization, we get the set of equations

(32)

(33)itl .IMi= [tl .1.r] en.
Thus, calculation of t; requires a matrix inversion at every step. The
inversion can be carried out recursively as follows.
Let

n

An = L .1.r
i=1

and
n

'TIn = L .IMi •
i=1

Clearly,

and

. An = An-1 + .n.~'
From the matrix inversion lemma in Ref. 9, we obtain

A - I "'" "",TA-1
A-I = A-I _ n-l'f"n'f"n n-l

n n-l 1 + .~A;;"!.I.n '

and when this is used in (33), we get the recursion
A - I

A _ C n-l T A

Cn - n-l - 1 + .~A;;"!.l.n·.n(.nCn-l - M n).

If

(34)

(35)

(36)

(37)

(38)

(39)

(40)
1 TA-l = a = constant,

+.n n-l.n
then the above reduces to a simple gradient algorithm.

If the motion was purely translational in the image plane and there
was no zooming (i.e., Vz = 0), then

W z = w% = Wy = a = O. (41)

The estimation of motion parameters would then be analogous to our
previous schemes. Matrix An would be two-by-two, and the vectors
such as 'In, C, would be two-dimensional.
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3. 1 Successive linearization estimation

In the previous section we derived an iterative procedure that did
not use the previous estimates in the linearization process. Improve­
ment may be obtained if the intensity function is linearized at different
locations in the previous frame based on the value of the previous
estimates." Thus, as before, let en- l be the estimate of six parameters
of motion made after observing a patch of (n - 1) pels. We wish to
revise this estimate to obtain c; which includes a patch of n pels
obtained by adding a new pel to the previous patch of (n - 1) pels.
Define

a~-l = w~-ly - w~-l(l + X 2 ) + w~-IXY - an-IX + V~-l (42)

a~-l = -W~-lX + W~-l (1 + y 2 ) - W~-lXY - an- l Y + V~-l. (43)

Also, define a new cost function DFD(·) to be*

DFD(X, Y, a~-l, a~-l, t)

= I(X, Y, t + .1t) - I(X + a~-l .1t, Y + a~-l .1t, r). (44)

We note that, as defined above, DFD = 0 if

Ak-l _ A
L.1y - L.1y,

for any X, Y

for any X, Y, (45)

i.e., when our estimates of motion are equal to the true value of the
parameters of motion. Also, for any given estimate of the motion
parameters, DFD can be calculated if we know the intensities of two
successive frames. As before, we can now expand DFD in Taylor's
series. Thus

DFD(X Y .in-l An-l t), , x ,~y ,

= I(X, Y, t + .1t) - I(X + a~-I.1t, Y + a~-I.1t, t)

= I(X + .1%.1t, Y + .1y.1t, t) - I(X + a~-I.1t, Y + a~-I.1t, t)

= I(X + a~-l .1t + (.1% - a~-I).1t, Y + a~-I . .1t

+ (.1y - a~-l ).1t, t) - I(X + a~-l ..1t, Y + a~-l .1t, t). (46)

Let

(47)

• As in Ref. 2, DFD stands for displaced frame difference.
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(49)""n-I _
'f"1 -

DFD(X, Y, ~~-I, ~;-I, t)

Ilt

~ (wz - w~-I)(LY - lyX]

- (Wy - w;-I)[IA1 + X 2) + lyXY]

+ (W x - w~-I)[lxXY + l y (l + y 2 ) ]

+ (cin- I - a)[lxX + T,Y]

+ (Vx - V~-I)(L]

+ (Vy - V;-I)[ly ] . (48)

Once again, define a vector of measured quantities

'LYi - lyX i

-Ix(l + X[) - l y X; Yi

IxXi Yi + l y (l + Y[)
-lxXi - lyYi

Ix
I y

Then

Mi- I = DFD(X, Y, ~~-\ ~;-I, t)/M

= (.~-I)T(C - Cn-I) + noise. (50)

The least-squares estimate, c., should minimize the following mean­
squared error,

MSE = min {~ [Mi- I
- (.i-I)T(C - Cn_d ]2 (51)

C i=1

for any given initial estimate Cn-I. As before, carrying out the min­
imization, we get

Then

As in the previous section, the matrix inversion lemma can be used to
invert the matrix
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The real difference between this method and that of the previous
section is that even if the motion is large (i.e., parameters of motion
are somewhat large), the successive linearization, if it converges, gives
more accurate estimates, since (C - Cn-d becomes smaller as itera­
tions proceed.

IV. CONCLUSIONS

A mathematical theory that provides algorithms for robust estima­
tion of a general set of motion parameters from frame sequences
obtained from a television camera is now available. The theory was
derived under mild assumptions. Both recursive and nonrecursive
algorithms are provided. The efficacy of our algorithms has to be
evaluated for each application. Potential applications are for inter­
frame coding, computer vision, and computer animation.
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