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Multistage queueing mechanisms with quantum service are suitable in
various computer and communication systems to guarantee small delays to
short jobs without first knowing the service requirement of any job. In this
paper we analyze the efficacy of one such scheme—a two-stage First-In First-
Out (FIFO) and Round Robin (RR)—in discriminating between short and
long jobs. We obtain the distribution of the delay for short jobs, the cycle time
in the RR queue for long jobs, and the number of messages in the FIFO and
the RR queues. For the specific parameters used in our numerical results, the
two-queue scheme seems to discriminate effectively between the long and
short jobs.

l. INTRODUCTION

In computer systems as well as data communication systems, it is
frequently desirable to guarantee that short jobs see small delay even
under a high load. This may be done at the expense of long jobs. It is
also true that in many of these systems the time required to do a job
is not known beforehand. Thus simple priority schemes based on the
service requirements of jobs are not possible. If the jobs are served in
order of arrival, First-In First-Out (FIFO), then all jobs will see long
delays at high load. To discriminate between short and long jobs
without knowing the type of a job beforehand, various schemes based
on quantum service are used. The simplest of these is a Round Robin
(RR) scheme. Here, when a job arrives, it is put behind all the waiting
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jobs. When it reaches the server it gets at most A time units of service.
If its service requirement is smaller than A, then the job leaves before
the quantum A expires. Otherwise, after getting A units of service, it
is put at the back of the queue and waits for the next pass at the
server. Since a shorter job requires fewer passes, its delay is smaller.
For this scheme, Wolff' obtained the mean delay conditioned on the
service requirement as the solution of an infinite system of linear
equations. Other schemes are possible if more discrimination is desired
between short and long jobs. At one extreme we have a scheme based
on infinite number of queues (IQ). In this scheme the server keeps an
infinite number of queues numbered 1, 2, .... On arrival a job is
placed at the back of the queue numbered “1.” When the server
completes a service, it takes the first job from the lowest numbered
nonempty queue. If this job is from queue n, then it gets at most A,
time units of service. If its service is not complete by then, it is put at
the back of the queue numbered n + 1. Schrage analyzed this scheme
and derived the mean and Laplace-Stieltjes transform of the delay
conditioned on the service requirement.2 Somewhere between RR and
I1Q schemes are the schemes based on a finite number (N + 1) of
queues. The first N queues behave as they do in the IQ scheme, while
the last one can be either FIFO or RR. In this paper we study one
such scheme. In particular, we consider the case where N = 1 and the
second queue is served round robin. We call this queueing system a
FIFO-RR system. The analysis for general N is almost identical but
the resulting expressions and notation are more complex.

Fraser and Morgan® have analyzed this FIFO-RR discipline as the
model of the trunk service discipline in Datakit™ Virtual Circuit Switch
(VCS) (see Ref. 3 for details of the trunk module operation in Datakit
VCS). They obtain the mean delay for various classes of jobs under
fairly general assumptions, essentially by extending the results in
Wolff! to the FIFO-RR system. They also use simulation to obtain
the percentiles of the delay distributions. In this paper we focus on
analytical methods to obtain information about the delay distributions.
In particular, we derive a simple expression for the transform of the
delay distribution for short jobs under the assumption of Poisson
arrivals and general service time distribution. This transform is in-
verted numerically to obtain the delay distribution. This enables us to
get the delay distribution for one-character typed messages and short
control messages in communication applications. For jobs long enough
to require service in both FIFO and RR queues, the analysis is more
difficult. Under more restrictive assumptions, we get the marginal
generating function of the number of jobs in the FIFO and RR queues,
the transform of the cycle time in the RR queue, and the mean sojourn
time in essentially closed form. We illustrate our analysis with nu-
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merical results from a data communication application such as the
trunk service in Datakit VCS. In particular, we show that extremely
short jobs see very short delay even under very high overall load. We
also discuss how our model may differ from the actual service discipline
in data communication applications and the performance implications
of these differences.

The analysis presented here for the RR queue uses busy cycle
analysis to derive quantities of interest. Recently, Ramaswami showed
that some of these quantities can also be derived using matrix
methods.*

This paper is organized as follows: In Section II we define the model
formally and introduce the notation. The delay in the FIFO queue is
analyzed in Section III. In Section IV we derive the performance
measures for the RR queue. Finally, in Section V we illustrate our
results with an application from communication over a 56-kb/s link.

il. MODEL

In this section we formally define the model of the FIFO-RR queues,
which we will analyze in Sections III and IV. The analysis of Section
II1 is for the FIFO queue and thus will give the delay distribution for
the jobs with service time less than or equal to the quantum size in
the FIFO queue. This will be done under fairly weak assumptions. In
Section IV we will analyze the RR queue under more restrictive
assumptions.

Assume that the arrival process of the jobs is Poisson at rate \. Let
H be the distribution function of the service time. Let A, and A,
denote, respectively, the quanta of service in the FIFO and the RR
queue.

In Section III we will let H be general. In Section IV we will assume
that there are two types of jobs. A fraction p of the jobs are short
enough to be completed within one quantum in the FIFO queue. Thus,
if H, is the distribution function of the service time of the short jobs,
then

H](Al) = 1. (1)

The other fraction, (1 — p), of jobs may be long and has distribution
function

Hy(x)=1—e™ O0<sx<wm (2)
for some x> 0. Thus
H(x) = pHi(x) + (1 = p)1 —e™), 0O0=x<om, 3)

Let hi; and h;; denote the first two moments of H,, i = 1, 2. Of course,
hay = 1/p and hop = 2/4%.
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When a job arrives it is put at the back of the FIFO queue. When
its turn arrives it gets up to A; units of service. If the complete service
is not rendered by then, the job moves to the RR queue. The RR queue
is served in a round robin way with quantum size A;. The FIFO queue
has priority over the RR queue to the extent that after each quantum
of service, the next service is from the FIFO queue as long as there is
work in the FIFO queue.

IIl. ANALYSIS OF THE FIFO QUEUE
Let

@ = H(4,y), 4)

and for i =1,

- H(A; + iA;) — H[A, + (i = 1)A,]

: . (5)

Let
Nz = 2 iri. (6)
i=1

Thus N, is the expected number of passes at the server in the RR
queue given that a job enters the RR queue. Let
@i(t)=H(t) 0=st<a, (7)

and

@ty = 3 A+ G = DA + 6] = H[A + (= 1) A}

i=1 1-q ’

O0=st< A, (8)

Then the rate of service completions in the FIFO queue is A\; = ), and
the distribution of the service time, X, in the FIFO queue is given by

PiX,=stj=F(t)=@(t)=H(t), 0=t<A, (9)
and
P{X, = A} = Fi(A) — Fi(AT) = 1 = H(AY). (10)
The rate of service completions in the RR queue is
e = AN, (1 — ¢) (11)

and the distribution of the amount of service, X5, in a typical service
in the RR queue is

PiX, =t} = F2(t) = Q(t)/N;y, 0 <t <A, (12)
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P{X; = Az} = Fa(Az) — Fo(47) =

No—1  1-@(4;)
+ N, . (13)

N,

Now consider a nonpreemptive priority queueing system with two
FIFO queues and one server. The arrival rate and the service time
distribution in queue i and \; are F;, respectively, i = 1, 2. It can be
shown using level-crossing arguments (see Refs. 5 and 6) that the
distribution of the waiting time in the high-priority queue does not
depend on the actual dynamics of arrivals in the low-priority queue.
Thus, the waiting time distribution for an arbitrary arrival in queue 1
for this system is the same as that for an arbitrary arrival in the FIFO
queue in the original FIFO-RR system. Thus, let f, and f, be the
Laplace-Stieltjes transforms of F; and F,, respectively, and let W, be
the Laplace-Stieltjes transform of the waiting time in the FIFO queue.
Let

af
1= Alj; tdF1 (1), (14)

AF
2= A J; tdF,(t). (15)

Then, from Ref. 7,

(s(1— & = $) + N[l = fi(s)]
. S )\1 + >\1f1(3)
if h+h<l
Wi(s) = < (16)
o) 1-6 Nl =fals)]
PV WAD) $2
L if G+6H=1, <Ll

Equation (16) can be inverted using a method of Jagerman® to obtain
the waiting time distributions numerically.

Let us now consider the total sojourn time (waiting time + service
time) for a job in the FIFO queue. Its Laplace-Stieltjes transform is
given by

El(s) = Wl(s)fl(s)

_sQ =6 = 6)+ M1 - fa(s)]
s—M+ )\1f~1(3)

Also, the transform of the total time in the system for a job that has
service requirement x < A, is given by

D (s) = Wi(s)e™. (18)

Fuls). (17)
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The FIFO queue is essentially an M/G/1 queue with arrival rate A
and service time distribution F;. Thus, from Ref. 9, the distribution
of the number in the system at an arbitrary instant is the same as
that at an arbitrary arrival epoch and is the same as that seen by a
random departure from the FIFO queue (either exiting the system or
going to the RR queue). Also, the distribution {P, x} of the number in
the FIFO queue at a random departure epoch is related to the sojourn
time distribution by

Pi(2) = 3 Pixz® = DuM1 - 2)]. (19)

Thus the generating function of the number in the FIFO queue at an
arbitrary instant is given by

Pi(z) = Di[\(1 - 2))], (20)
where D, is given by eq. (17).
IV. ANALYSIS OF THE RR QUEUE

In this section we mainly derive the expressions for various quan-
tities of interest for the RR queue. However, in that process we also
obtain some additional quantities related to the FIFO queue. As
mentioned earlier, in this section we will use the following distribution
function of the service time:

H(x) = pHi(x) + 1 —p)(1 —e™), 0=<zx<o,
with
H,(A) = 1.

As in Section III, let X; and X, denote the service times in typical
chunks of service in the FIFO and the RR queues, respectively. Let F,
and F; be the distribution functions of X, and X5, respectively. Then,
from Section III, we have

H,(x) + (1 — p)(1 — e™) 0=sx<A
F1(36)=][11J e P ) xzzl, 1

1—e™ 0<ax<A
Fz(x)={1 ) x222 ’

fi(s) = phi(s) + (i _:Z fu + se”#wdy
fz(s) = ﬁ; {p+ se_(""")Az},
xRz
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and
_ M1 = p)e™4
——“ .

$2

We begin by defining and analyzing various busy periods and cycles
associated with the FIFO-RR system. These will be used subsequently
to derive quantities of interest. The system is said to be busy as long
as a job is being processed at high or low priority. The continuous
interval of time during which the system is busy is called a system-
busy period. A 1-busy period is started by a job arriving at the system
while the server is idle and lasts until no job is left in the FIFO queue
(so that the server moves to the RR queue). A 2-busy period is started
by a service quantum in the RR queue and lasts until the end of this
quantum and the time required to empty the FIFO queue. Note that
each service quantum in the RR queue generates a 2-busy period and
that a system-busy period consists of exactly one 1-busy period, which
triggers off the system-busy period and is followed by zero or more 2-
busy periods.

Let B(x, k) denote the joint probability that the length of the system-
busy period is less than or equal to x and that during this busy period
exactly k jobs get routed to the RR queue after completing their service
quanta in the FIFO queue. Let

B(s, z) =f i e™2*dB(x, k) (21)
07 k=0

denote the joint transform of B(x, k).

Similarly, let B, (x, k)[Bz(x, k)] denote the joint probability that the
length of a 1-busy period (2-busy period) is less than or equal to x and
that during this busy period exactly k jobs are moved to the back of
the RR queue after receiving one service quantum during that cycle.
In the case of a 2-busy period, k includes the job in the RR queue that
started this busy period if it was routed to the back of the RR queue.
Let 8:(s, z) and B;(s, z) denote the joint transforms of B, (x, k) and
Bs(x, k), respectively:

61'(81 z) = j e § zkdBi(x, k)’ i = 1’ 2. (22)

k=0
In the Appendix we obtain expressions for these quantities in the form
of functional equations.

We will now derive the expressions for the cycle time, the distribu-
tion of the number in the RR queue at an arbitrary instant, and the
mean sojourn time in the RR queue. The actual distribution function
of the sojourn time does not seem to lead to a simple form.
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First we consider the number in the RR queue at special time points.
We look at the points in time when a service quantum has just
completed and the FIFO queue is empty. The interarrival times of the
new arrivals and the remaining service requirements of the jobs in the
RR queue are independent random variables with exponential distri-
butions. Thus the number in the RR queue at these imbedded instants
forms a Markov chain. Let n, denote the number in the RR queue at
the kth such instant. Then we have the following transition mecha-
nism:

(23)

n - n.—1+ 4 if no=1
k+1 lh if n,=0,

where /, denotes the number of jobs sent to the back of the RR queue
during a 2-busy period (including the message in the RR queue that
started this 2-busy period if it gets sent to the back of the RR queue
after completing its service quantum), and #; denotes the number sent
to the RR queue during a 1-busy period.

Let ¥,(2) be the generating function of n,. Then eq. (23) can be
rewritten as

_ [We(2) = ¥.(0)]B:(0, 2)

Vi (2) = . + ¥:(0)8:0, 2),  (24)

and the equilibrium generating function ¥(z) = lim,_.. ¥,(2) is given
by

_ Y(0)[28:(0, 2) — 5:(0, 2)]

v 25
@ 2 — 6200, 2) =
Equating ¥(1) with 1, we get the unknown ¥(0) as
_1-b
V) =7 + b, ~ b’
where
5 = 0. 2) i=1,2 (26)
dz

z=1

We now evaluate the Laplace-Stieltjes transform of the cycle time
defined as the time interval between two successive passes through
the server by a job in the RR queue. Let ¢, and ¢, be the instants at
which the server begins to provide two successive service quanta to a
tagged job in the RR queue. (In case the tagged job leaves the system
after receiving the first quantum, ¢, is the instant at which the job
would have begun to receive the second quantum had it still been in
the system.) Then ¢, — t, is the cycle time.
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Let m denote the number of messages in the RR queue at time ¢,.
Then the generating function of m is given by

E[2™] = E[2"|n = 1], 27

where n is the number in the RR queue at the imbedded instants
discussed above. Thus

¥(z) — ¥(0)
1-v() ’

where ¥ is as given by eq. (25). Now, because of the memoryless
property of the service requirements of jobs in the RR queue, the cycle
time ¢, — t; is the sum of m independent and identically distributed 2-
busy periods. Thus

x(s) = E[s“%] = E[Ba(s, 1)™]

_ ¥(Ba(s, 1)) — ¥(0)
1-¥(0)

We can now obtain an expression for the generating function of the
number in the RR queue at an arbitrary instant.

Let i and ni denote, respectively, the number of jobs in the RR
queue just after an arbitrary departure from and just before an arbi-
trary arrival to the RR queue. Then 7i and 7 have the same distribution.
Let n denote, as before, the number in the RR queue at an instant
when a service quantum has just completed and the FIFO queue is
empty. Then

Pi{ii = k} = P{A = k}
P{n = k + 1 and a departure occurs at

the end of this service quantumj}

= Pi{n = 1 and a departure occurs at the
end of this service quantum}

_Pln=Fk + 1}J(1 — e™*)
© Pz 11 - e
_Pin=k+1j

= " Pm=1 (30)

E[z"] = (28)

(29)

Now, the number of jobs in the RR queue just before a randomly
selected arrival to that queue is the same as the number in the RR
queue when this tagged job began to receive its first (and only) service
quantum in the FIFO queue. This number is a function only of the
arrivals prior to the arrival of the tagged job. Also, this number is
independent of the tagged job’s service time in the FIFO queue and,
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in particular, is independent of whether or not the tagged job enters
the RR queue. Therefore, the number in the RR queue when an
arbitrary job completes its service in the FIFO queue has the same
distribution as 7. Its generating function is given by

Y P(n = k)X

K=0

_ e P(n=k+1)"
k% P(n=z1)

_ (¥(2) = ¥(0))
2(1 = ¥(0))

We can now derive the generating function of the number in the
RR queue at an arbitrary instant. If the observation instant lies in an
interval of time during which the server is serving the FIFO queue,
the number of jobs in the RR queue is the same as when the job being
served finishes its service quantum in the FIFO queue, that is, it has
the generating function £(z). If the server is working on a job in the
RR queue, then the number in the RR queue has the same distribution
as the variable m defined above, that is, it has the generating function

¥(z) - ¥(0)
1-v(@©0) -

Finally, if at the observation instant the system is empty, the gener-
ating function of the number in the RR queue is 1. Thus the generating
function of the number in the RR queue at an arbitrary instant is
given by

£(2)

(31)

Pie) = k@) + TR0 - - n) @)

The average number in the RR queue at an arbitrary instant is
given by

dpz(z)

L= dz

(33)

z=1

Finally, the mean sojourn time in the RR queue can be obtained by
using Little’s law for that queue:

dPy(2)

_Le_ @ T
T X2 M1 = plerar”

Sz (34)
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V. SPECIAL CASES AND NUMERICAL EXAMPLES

We now consider two special cases of the general model analyzed in
Sections III and IV. These examples are typical of some communica-
tion applications. The service times here will correspond to the number
of characters in the message.

The first case corresponds to three types of jobs: one time unit long,
A, time units long, and A, + nA, time units long (n = 1). Let X be the
total arrival rate. Let X denote the service time of a job. Let

qu = P{X =1}, (35)
¢z = P{X = Ay}, (36)
@ =qun + qu, (37
w = P{X=1 f‘q’: ol el (38)
Then
N, = n_{‘l nr, (39)
fi(s) = que™ + que™™ + (1 — gy)e~*n
=gqne’ + (1 - g1 )e™™, (40)
&= Mgu + A(1 — qu)) (41)
fa(s) = e, 42)
A= AN (1 - q), (43)
and
o = A2Ao. (44)
Thus, _
Wi(s) = s(L = &1 = &) + N[l — fa(s)]

s— A+ )\1;1(3)
(s{l = Mgn + (1 — gu)Ai] — AN2A:(1 — 1))

_ + AN (1 - ¢)(1 — e™*2)) (45)
s— A+ )\(que_’ + (1 - qu)e"’Al) )
The second example corresponds to the traffic mixture assumed in
egs. (1) and (2), that is, a proportion p of the jobs have service time
less than or equal to A; and others have service time exponentially
distributed with mean 1/u. Thus,
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g =p+ (1 -p)1l-e*h), (46)

1-¢:=(1-ple™*H, 47
@i (¢) = pHi(t) + (1 — p)(1 — e™), (48)
0=st< A,
Fi(t) = @i(t) = pHi(t) + (1 — p)(1 — ™), (49)
0=<t<A,
and
Fi(A) — Fi(AT) = (1 = p)(1 — e™™). (50)

Let A, be the Laplace-Stieltjes transform of H;. Then, from egs. (1)
and (2), we get

4
fi(s) = phi(s) + (1 - p) fo e ue dt + (1 — p)e~Ar4

= phi(s) + (1 — p) [—“- (1 —e™8t™) + e“‘*““‘]
s+ u

= phy(s) + LB () 4 gomtrmmny (51)
s+ u
Also,
—u(A)+(i—1)4ag) __ —u(A1+id;) -
G Y —e )[1 - p]
1-q
—ulg(i—1) 5 —pl,y — p—Ha2 _
- e e (1 e )(1 P) . (52)
1 - a1
Thus
v ._ e®l-p) _ 1
N = o =) ~ e (53)
_Ae™4(1 - p)
N =Sy (54)
Finally,
F(t)=1-e™, 0=st<A,, (55)
and
Fo(Az) — Fo(A7) = e, (56)
Thus,
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Az
fals) = f ue e %dt + e HM2e TN
0

(1 — e_(3+“)A2) + e—(s"’#)Az

s+ u
-1t (u + se~+1d2), (67)
S+ u
For {; and ¢{,, we get
— —_ pTHAy
f= A (phl + 4 p"i ¢ )>, (58)
and
G = Ae™*2(1 — p) 1 — g7#22
-y
A1 - A,
= u)e_. (59)
H
Thus, from (16) we get
oo 8(l= 6 = &) + Nll = fo(s)]
WI(S) - § — )\1 + )\lfl(S)
s(l — Aph, — A\ U p)) + Aas (1 — e~ e*was)
u sty
= — . (60)
s —Ap(1 - }'il(s)) - M a- e—(sﬂ)Al)
u+s

In communication applications there is usually an overhead associ-
ated with each segment of transmitted data. Thus, with a typical
segment of X, characters transmitted from the FIFO queue, 8, over-
head characters are added. Similarly, 6, characters are added to each
segment of data transmitted from the RR queue. The effective num-
bers of characters sent in a typical service segment from the FIFO and
the RR queue are then X{ = X, + 4, and X3 = X, + §;, respectively.
The corresponding transforms are then f/ (s) = e~*fi(s). If we replace
f1 and f; by f{ and f} and adjust the occupancy numbers accordingly
in all the waiting time transforms, the resulting expressions will give
transforms of the waiting time in the presence of the overhead char-
acters. Besides these overhead characters associated with each service
segment, there are usually overhead characters associated with frames,
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that is, data from various service segments are combined into frames
of some maximum size and, at the end of each frame, framing protocol
characters are added. The exact analysis of the waiting time in
presence of the framing overhead is not easy, but good approximations
can be obtained by distributing the framing overhead over all trans-
mitted characters. We have chosen to exclude the framing overhead
in our numerical calculations.

Next we numerically evaluate performance measures for short and
long messages for a few traffic mixes. We assume that the communi-
cation link runs at 56 kb/s. Thus, each character corresponds to 1/7
ms of delay. We use 8, = 8, = 2 in all the cases described below.

First consider short messages (< A, characters). The Laplace-
Stieltjes transform of the waiting time is given by eq. (16) with
appropriate modifications to account for the overhead characters. We
numerically inverted this transform using the inversion algorithm of
Jagerman® for the following traffic mixes and quanta sizes (these
traffic mixes are selected to give the same mean number of characters
per message):

1. P(X=1) =100/111, P(X = A;) = 10/111, P(X = A, + nA;) =
rn X 1/111, where ¥, r, = 1 and N, = ¥=_ nr, = 99/6. Also, A, =
16, A, = 48. This will be called the traffic mix M,. Note that N,
uniquely defines the delay distribution irrespective of the individual
values of r,s.

2. P(X =1) = 100/111 and with probability 11/111, X is exponen-
tially distributed with mean 912/11. A, = 16, A, = 48. This will be
called the traffic mix M,.

3. For the third traffic mix, M;, we assume that P{X = 1} =
100/111, P{is exponentially distributed with mean 40} = 10/111 and
P{X is exponentially distributed with mean 512} = 1/111. A, = 16 and
Az = 48.

4. The traffic mix here is the same as in M; but we use A, = A, =
16 and A, = A; = 64. These cases will be denoted by M} and M7,
respectively. With these sizes of the quanta the cases M} and M/
correspond to the cases studied in Refs. 3 and 10 with and without the
framing overhead, respectively. We will use the results in Ref. 10 to
cross check our calculations.

Figures 1 through 3 show the tails of the delay distribution for short
messages under the traffic mixes M,, M,, and M, respectively. Two
occupancy numbers are given for each curve in these figures. The
lower number is the raw occupancy, while the larger number indicates
the total occupancy including the overhead characters. A number
larger than one indicates the saturation of the RR queue and an
indication that not all the offered messages will be completely trans-
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Fig. 1-—Delay distribution for traffic mix M1: short messages.
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Fig. 2—Delay distribution for traffic mix M2: short messages.
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Fig. 3—Delay distribution for traffic mix M3: short messages.

mitted. Note, however, that the occupancy of the server due to the
FIFO queue is still well below one for these curves.

It is clear from these figures that, for the parameters chosen, the
short messages will see very short delays due to queueing even when
the long messages see essentially infinite delays. Of course, if the
occupancy of the server due to the FIFO is close to one, the short
messages will also see long delays.

As mentioned earlier, cases M3 and M4 were selected to match the
traffic mix and the quanta sizes of those in Refs. 3 and 10 so that a
cross check can be carried out. In these references Fraser and Morgan
get the delay distribution (in particular, the 95th percentile of the
delay distribution) for short messages via simulation. Since the results
in Ref. 3 are obtained in presence of the framing overhead, they cannot
be compared directly with our results. However, in their unpublished
work Fraser and Morgan' obtain the 95th percentile of the delay
distribution without the framing overhead. In Fig. 4 we plot the 95th
percentile of the delay as a function of the raw occupancy of the server
for M3 and M3 . The simulation points from Ref. 10 are superimposed
on these curves and the agreement looks very good.

We next look at other performance measures studied in Section IV.

We have chosen two different traffic mixes to illuminate the effects
of various load parameters on the performance measures relevant to
queue 2. The traffic mixes are:
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1. A message has a single character in it with probability 0.98, and
with probability 0.02 it is exponentially distributed with a mean length
of five hundred characters. We call this traffic mix M,.

2. The probability of a message being a single character one is 0.9,
and with probability 0.1 it is exponentially distributed with a mean
length of one hundred characters. This traffic mix will be referred to
as Ms.

In both cases we assume that the “quantum overhead” (i.e., 6, = ;)
is two characters. The quantum size A, is assumed to be 16 characters
and A; to be 48 characters. The performance measures relevant to
queue 2 include the mean cycle time, the mean sojourn time (for
messages entering queue 2), and the mean queue length. These are
plotted as functions of the overall occupancy (or, equivalently, the
arrival rate) for both traffic mixes in Figs. 5 and 6.

From Figs. 5 and 6 it can be seen that the mean sojourn time for
messages entering queue 2 varies essentially in direct proportion to
the mean message length of type 2 jobs and in inverse proportion to
(1 — p), where p is the overall utilization of the server. The average
cycle time also appears to vary inversely in proportion to (1 — p);
moreover, it is insensitive to the mean length of type 2 messages as
long as it is large compared to A,. The mean queue length also displays
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Fig. 5—Some RR performance curves for traffic mix M4.

a similar behavior (a p/(1 — p)). The assumption of exponentially
distributed message lengths for jobs in queue 2 certainly plays an
important role in this behavior. However, it is heartening that the
mean cycle time should depend upon the server occupancy alone and
be insensitive to the mean message length.

VI. REMARK

In data communication systems providing virtual circuit service it
is necessary to move virtual circuits rather than individual messages
from the FIFO to the RR queue and vice-versa. That is, once A,
characters are removed for a virtual circuit in the FIFO queue, it is
moved to the RR queue. On successive turns A, characters are removed
from this virtual circuit until there are no data to be tranamitted on
the virtual circuit. At that time the virtual circuit is moved back to
the FIFO queue so that the first part of the next message is served
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Fig. 6—Some RR performance curves for traffic mix M5.

from the FIFO queue. This, of course, implies that a short message
immediately following a long message may see considerably longer
delay than predicted by our analysis. This is unavoidable but not likely
to happen often in practice. '

Next, the access lines bringing data to the node that serves the link
under consideration may be running slower than the §6-kb/s link. In
that case a long message will be seen as a number of short messages
by the node using FIFO-RR discipline. This will tend to increase the
delay for the short messages. The effects of slower access lines are
studied in Refs. 9 and 11. Also, under a heavy load, flow control may
force a long message to be transmitted as a number of shorter mes-
sages, thus increasing the utilization in the FIFO queue. The effect is
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similar to that of the slower access lines. Essentially, this breaking up
of long messages allows the same message to reappear in the FIFO
queue every so often. This could be discouraged by forcing each virtual
circuit to pass through the RR queue for at least one cycle after every
service in the FIFO queue. Only when a virtual circuit in the RR queue
is found empty, it is moved back to the FIFO queue. Genuinely short
messages could be exempted from this requirement by making the
decision to move the virtual circuit from the FIFO to the RR queue
depend on whether A,, or fewer than A,, characters were transmitted.
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APPENDIX
Analysis of the Busy Periods

We now derive expressions for the joint transforms of 8, (x, k) and
B2(x, k) and the Laplace-Stieltjes transform of the system-busy period.
Recall that

Bi(s, 2) = E[e™"z¥]
= Y e z*dBi(x, k), i=1,2, (61)
0— k=0
where b; denotes the length of an i-busy-period and K the number of
jobs moving to the back of the RR queue during this busy period.
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Let X denote the total service time of a job, X, the portion that gets
served in the FIFO queue, and N, the number of new arrivals during
the time X;. Then

Bi(s, z) = E[E[e*n2K| X, Ny]], (62)
where
—-sX QN
~sb; K — e .Bll(s, Z) OSXS A]
E[e 2 |X’ Nl] - {e—sAlzﬂIIVl(s’ Z) X > Al. (63)
Thus
at
61(3, Z) = pf e—sxe—)\x[l—ﬂl(s,z)]dHl(x)
0
4
+ (1 — p) f “e—uxe—sxe—Ax[l-—ﬂl(s,z)]dx
0
+ (1 — p) f e‘SAlze—’\Alll-ﬂl(s,Z)]#e—‘udx
4
= phi[s + A1 — Bi(s, 2))] + (1 - p)
. Lt — o~ MilutstA1-Fy(5,2))
u+s+}\(1—ﬁl(s,z)[1 € ]
+ (1 — p)ze—(n+S+A(1—B.(s,2)))A1
= fils + M1 = Bu(s, 2)))
+ (1 — p)(z — l)eAl(u+s+)\(l—ﬁl(s.z)))’ (64)

where f, is as in Section IV.
Similarly, let X, denote the length of a typical service in the RR
queue. Then

Ele™%2zK| X,] = e™XeeXel1-Ails2)) 0=< X, <Ay,
= e‘sxzze""XZ‘l_”l(s")’, X2 = Az. (65)

Thus
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Ba(s, 2) = E|E[e™2"| X,]]
4
— f “e_“xe—x(s+)\(1—B.(s.z)))dx
0

+ ze—Az(u+s+)\(l—ﬁl(s.z)))

. M =~ Ag(pu+s+M(1-(s,2)))
- 1 — e o2 !
u+s+)\(1—ﬁl(s,z))( )

+ ze—Az(u+s+>«(1—ﬁl(s.2)))
= fals + M1 = Bu(s, 2))) + (z — Der2sbterAi-hile)) (g6)

Finally, since the system is work conserving, the system-busy period
is the same as that in an ordinary FIFO system. Thus, its Laplace-
Stieltjes transform 8 is given by

B(s) = hls + M1 — B(s))], (67)
where
mg=p&wr+u—p>“is. (68)

In the presence of “chunk overheads,” analytic expressions for the
busy-period transforms can be obtained by making proper substitu-
tions for A(-), fi(-), f(-), etc., in eqs. (64), (66), and (67).
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