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Clocked schedules are used in a variety of real-time systems to perform
tasks in accordance with their delay requirements. A comprehensive overview
of various clocked schedules can be found in the accompanying paper by
Fredericks et al. For one model of a clocked schedule we can see approximate
and exact analysis of the relevant performance measures in the papers by
Fredericks et al. and by Ackroyd in this issue of the Journal. These results
can also be used to evaluate the long-term delays in the other models. For
extremely time-critical (high-priority) tasks, the probability of tasks not
getting served in the scheduled interval and the short-term delay distribution
are important performance measures that are sensitive to the detail structure
of the clocked schedule. In this paper, we show that these performance
measures can be obtained in terms of steady-state distribution of an embedded
Markov chain. This steady-state distribution is calculated, exactly or approx-
imately, for a number of models, and the results are used to compare,
numerically, various scheduling mechanisms.

I. INTRODUCTION

Clocked schedules are used in a variety of real-time systems to
perform tasks in accordance with their timing requirements. These
real-time systems (switching, monitoring, etc.) are characterized by
having to perform some tasks with extremely stringent timing require-
ments. We call these high-priority tasks. Besides these, real-time
systems also perform tasks that can tolerate somewhat longer delays
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without affecting performance. These will be called low-priority tasks.
Finally, these systems perform a variety of background tasks (audits,
maintenance, etc.), which have very liberal timing requirements but
which require a specified minimum fraction of the processor time over
a reasonably long period of time. These tasks are usually performed
when no high- or low-priority work is present in the system. We call
these the fill tasks. We emphasize that the boundaries among these
categories of tasks are not clear-cut and that within each category the
tasks may have significantly differing time scales. There are various
mechanisms for allocating the processor time to meet the varying
requirements of the individual tasks. These mechanisms and their
relative merits are discussed in Ref. 1. Clocked schedules provide a
very effective and reliable mechanism to achieve the desired timing
objectives. Of course, to use them effectively, it is necessary to under-
stand their performance as it applies to the various categories of tasks.
Considerable progress has been made in this direction (see Refs. 1, 2,
and 5 through 8). For low-priority and fill tasks approximate analysis
of queueing models is described in Ref. 1. Exact numerical procedures
for these models are developed in Ref. 2. For many systems the
analyses in Refs. 1 and 2 can also be used to study high-priority tasks.
However, for other systems the modeling assumptions may not ade-
quately capture the working of the schedule to accurately analyze the
short-term delay of high-priority tasks. For such systems it is necessary
to incorporate additional features into the clocked schedule model and
understand the implications of these features. Some of these features
are the gating mechanism, the strategies used under overrun, and the
dependence introduced by autonomous work generation. In this paper
we consider increasingly complex models of clocked schedule by intro-
ducing these features one at a time, and we develop methodology to
study the performance measures for the high-priority tasks in these
situations. To analyze these models in a relatively simple way, we
make assumptions that restrict our analysis only to high-priority tasks.

This paper is organized as follows: In Section II we briefly define
the clocked schedule and the performance measures that we will use.
We also introduce various gating mechanisms and overrun strategies
in that section. In Section III we analyze a simple clocked schedule
with respect to the performance measures for the high-priority tasks.
We also use this analysis to numerically compare various scheduling
and priority mechanisms. Section IV deals with various generalizations
and complex clocked schedules.

Il. MODEL OF A CLOCKED SCHEDULE

The mechanism underlying a clocked schedule has been discussed
in detail in Ref. 1, so we will be very brief here.
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Fig. 1—Multiclass queueing structure in clocked schedules.

Assume that there are m high-priority tasks and n low-priority tasks
numbered {1,2,...,m, m+ 1,..., m + n}. Each task has two queues,
the external queue and the internal queue (see Fig. 1). Jobs arrive at
the external queues and, at specified times, are transferred to the
corresponding internal queues. The internal queues are served accord-
ing to a priority scheme, with lower-numbered queues having higher
priority. The priority of the high-priority queue over the low-priority
queue and the fill work is preemptive. The priority between two high-
priority queues is determined by the overrun strategy discussed below.

The time is divided into intervals of length T ms. During each of
these time slots some high-priority tasks and some low-priority tasks
are scheduled (for an example see Fig. 2). The jobs in the queues for
the tasks scheduled in a given slot are typically moved from the
external queues to the internal queues in that time interval. The gating
mechanism determines when this transfer happens. Three gating
mechanisms are used in practice, the actual choice depending on the
application and hardware limitations. The first gating mechanism
(G1) transfers the jobs in the external queues to the internal queues
for all tasks scheduled in a given interval at the beginning of that
interval. No more transfer takes place during that interval. In the
second gating mechanism (G2) the processor starts with task 1 at the
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TASK
NUMBER
1 1 1 1 1
2 [} 1 0 1
3 1 0 0 0
4 0o 0 0 1
T 2r 3r aTr
1 = TASK SCHEDULED

0=TASK NOT SCHEDULED

Fig. 2—An example of a clocked schedule for m =2, n = 2.

beginning of each interval. If it is scheduled for that interval the
transfer takes place and the processor serves the internal queue for
task 1 to completion. During this period no additional transfer takes
place for queue 1. After exhausting the first queue the processor moves
to queue 2. If the corresponding task is scheduled, the transfer takes
place at this time, and so on. Note that the order of service for the
internal queues is always (1, 2, ..., m + n, fill). The schedule table
only indicates when the transfer takes place for each task. The third
gating mechanism (G3) is essentially similar to G2, the difference
being that when the processor is serving an internal queue, the new
arrivals to the corresponding external queue move immediately to the
internal queue.

If all the internal queues become empty before any interval ends,
then the processor does fill work until the end of that interval. If the
interval ends while the processor is working on a low-priority job, then
that work is preempted and the processor moves to queue 1. If the
processor is working on a high-priority queue when the interval ends,
then we say an overrun has occurred. We consider three different
overrun strategies, S1, S2, and S3. In strategy S1 (Fig. 3) the remaining
high-priority work in the internal queues is expelled. This is done in
some systems either because the necessary bookkeeping ability is not
available or because serving a high-priority task after a reasonably
long delay is most likely to result in unsuccessful service and waste of
the processor time. More importantly, as we will see in Section IV,
this strategy is the starting point of our analysis for more common
strategies S2 and S3, which are discussed below. The strategy S2 (Fig.
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Fig. 3—Strategy S1, in which incomplete work is destroyed.
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Fig. 4—Strategy S2, in which incomplete work is rescheduled.

4) under overrun is the same as that used for interrupting a low-
priority task, namely, the incomplete work is rescheduled and the
processor moves back to queue 1. In strategy S3 (Fig. 5) the end of
interval is ignored until all the high-priority internal queues are empty.
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Fig. 5—Strategy S3, in which incomplete work is carried over.

Only then does the processor move to queue 1. Note, however, that
the end of interval is usually marked by an interrupt from an asyn-
chronous clock. Thus in S3 an overrun reduces the time available in
the next interval.

As mentioned earlier, the high-priority tasks are typically very time
critical. In this paper we consider high-priority tasks as those which
we require to be completed in the scheduled interval with very high
probability. This dictates which performance measures capture our
interest.

We are interested in the probability of an overrun. Assuming that a
high-priority task is scheduled once every p time slots, we are inter-
ested in the delay distribution in the range [pT, (p + 1)T]. Once we
address these two questions successfully, we can answer the other
important questions: What is the largest T for which the delay criteria
for all high-priority tasks are satisfied? This frequently determines
the best value of T. Which is the best priority order for the high-
priority tasks?

Since we are interested in the delay distribution over a short time
range, the effects of gating mechanism and overrun may be quite
significant here. In this paper we develop a methodology to address
the issues discussed above in a manner suitable for relatively easy
computations. We begin with a rather simple special case of the general
model and then introduce complexity in the schedule gradually.
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Fig. 6—A simple clocked schedule.

IIl. ANALYSIS OF A SIMPLE CLOCKED SCHEDULE

Recall that high-priority tasks have preemptive priority over low-
priority and fill tasks and so are not affected by them. Thus we can
simplify the description of the schedule by replacing all the low-
priority and the fill tasks with a single task, m + 1.

The special case we study here (see Fig. 6) is a clocked schedule in
which each of the m high-priority tasks is scheduled in each interval.
Thus the entire schedule has a period of one time interval (7). In
addition we assume that the jobs in the external queue i arrive
according to a Poisson process at rate \;, and that the arrival processes
in different queues are independent. When the processor starts serving
queue i, it incurs an overhead OH; with distribution function H;. Each
job in queue i has service time X; with distribution function F;, i = 1,
o.,mFori=1,2,...,m,let

ai=f xdH;(x),
0

a; = J; (x — ai)dei(x)y
b; =f xdF;(x),
0

B = f xzdFi(x)y
0

pPi = )\ibi,
and
Yi = A
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We analyze this clocked schedule with overrun strategy S1 and
gating mechanisms G1 and G2. Note that we require the high-priority
queues to exhaust in every interval with high probability, so the
difference between overrun strategies S1, S2, and S3 should be small.

3.1 Analysis for gating mechanism G1

The analysis for the gating mechanism G1 is simple. First consider
an arbitrary clock interval of length T. Suppose we let this interval
continue until all the internal high-priority queues are empty. Let ¢;
denote the time from the beginning of this interval to the moment the
processor exhausts internal queue i Then

2 OH, + 3 ki X, (1)
J=lk=
where X is the service time of the kth job in the jth queue and N; is
the number of jobs served by the processor from the jth queue. N; has
Poisson distribution with mean \;T. Thus, if G;, H; and F; denote the
Laplace transforms of t;, OH; and X;, respectively, then

Gits) = T1 [Hy(s)eTo-he] @)

The above equation can be inverted to obtain the distribution of ¢;.
This can be done, for example, by using the transform inversion
technique discussed in Ref. 3. Alternatively, the convolutions involved
in eq. (1) can be carried out directly using fast Fourier transforms
after suitably discretizing the random variables.? Obviously, an over-
run occurs when t,, > T. Thus,

Ploverrun} = P{t,, > T} =1 — G.(T).
Also,

f_o et (1 — Gn(t))dt = 1—_%;& (3)

Thus, we can get P{overrun} by inverting the right-hand side of eq.
(3) at T.

Next, we obtain the sojourn time distribution for a job arriving at
queue [ assuming that it does get served in the following time slot. Let
S; denote the sojourn time for an arbitrary job arriving at queue i, that
is, S; is the time between the arrival of a job at queue i and the
completion of its service. Suppose that a job arrives at queue i when
R time units are left to the end of a time slot and that there are N;
jobs waiting in that external queue at that time. Then R is uniformly
distributed on (0, T') and, conditioned on R, N; has Poisson distribution
with mean \;(T — R). The sojourn time, S;, is then given by
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Ngt1

Si=R+t_,+ 2 X,J+0H,

j=1
Thus, if S; denotes the Laplace transform of S;, then
Hi(5)Gior(s) Fi(s)[e NTO-Fitn — g7
T(s — M(1 = Fi(s))
Once again, eq. (4) can be inverted to obtain the distribution of S;.

We next obtain the mean and variance of ¢; and the mean of S;.
From eq. (2) we easily get

4)

Si(s) =

Elt]= 3 (@ + o/T), )
and
Varlt] = 3 (& + 7). ®)

i=1

Also, by differentiating eq. (4) and setting s = 0, we get
i—1 T
S,' = E[S,] = 2 (aj + pjT) + b; + E 1+ p) + a. (7)
j=1

3.2 Analysis for gating mechanism G2

We next analyze the simple clocked schedule under gating mecha-
nism G2. The overrun strategy is still assumed to be S1. Our general
approach is to define an embedded Markov chain and show that the
relevant performance measures can be obtained easily in terms of the
steady-state distribution of this Markov chain. We then find expres-
sion for this steady-state distribution.

Let N, ; denote the number of jobs in the external queue i when the
nth time slot of length T begins. Then {(N,1, N,2, - -+ Npn):n = 1} is
an ergodic Markov chain. Let (Ny, N,, --- N,,) denote the steady-
state random vector corresponding to this Markov chain and let

P(zy, 23, - - - , 2,,) denote the generating function of the random vector
(N1 --- Np,), that is,
P(zy, 2o, -+, 20) = E[zM12}2 ... 20n].

We first show that the probability of overrun and the sojourn time
distribution for any queue can be obtained easily in terms of P.
Consider an arbitrary time slot and, as before, allow all high-priority
internal queues to be completely served in this slot by letting the
available interval overrun, if necessary. Let ¢; denote the time from
the beginning of this time slot until the completion of service to the
internal queue i. Let (N), Ny, ... N,) denote the number in the
external queues at the beginning of this slot, and fori =1, 2, ... m,
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let N/ denote the number transferred from the ith external queue to
the internal queue when the service to that queue begins. Let ¢, = 0.
Thenfori=1,2, .-.-,m,

N!
ti=t, + OH; + ¥ X, ®
j=1
Ni= N; + Mi(ti-), 9)
where
M;(x) ~ Poisson (\;x). (10)
Equations (8) through (10) allow us to calculate the distributions of ¢;
and N/,i=1,2, .-- m, recursively. In terms of transforms, let
G(sy, S, - -+ 8pm) = E[ettrtoatat - +omtn)),
Then, G can be obtained recursively from egs. (8) through (10) as
follows: Let s = (s, s2, - - - , Sm). Define 0i(s) and wi(s),i=1, --. , m,
recursively by
Um(ﬁ) = Sm,

wm(f) = Fm(am(ﬁ))y

0i(s) = Ml = wina(8)) + oina(s) +s:, 1<ism-—-1, (11)
and

wi(s) = Fi(oi(s)), 1<ism-1
Then

G(s) = Plun(s), wa(s), wals), - - wm(s)] ﬁ Hlo)  (12)

The marginal Laplace transform of ¢,, now follows by putting s = s™
=(0,0, - - -, s,). Once again, this can be inverted to get the distribution
function of t,,. In particular,

Ploverrun} = 1 — Pit. < T},
and

_ (m)
1-667) (Z(g ) (13)

J; e 'Pt, > t}dt =
Thus P{overrun} can be obtained by inverting the right-hand side in
eq. (13) at T.

We next derive the distribution function of the sojourn time in a
given queue in terms of P. Suppose we are considering queue i. We
assume that the probability that the task i overruns the interval is
essentially zero. Let S; denote sojourn time of an arbitrary job in queue
i and S; its Laplace transform. Let N7, and N, denote, respectively,
the numbers in the internal queue i and the external queue i when an
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arbitrary job in queue i completes service. Let N/= N/, + N/, Finally,
let N{be the number of jobs in the external queue i just before they
are transferred to the internal queue and the processor starts working

n

on them. Let 7y, Fi», 7, and §; denote the generating functions of N,
%, N7, and N/, respectively. We express S; in terms of 7;, 7; in terms
of g, and §; in terms of P. Combining these relations we will get S; in
terms of P.
First note that, since the service within a given queue is First-In
First-Out (FIFO), Ndenotes the number of arrivals to queue i during
a time interval of length S;. Thus, from Ref. 4 we get

Si(s) = A1 = s/\). (14)
Next,
Fi(z) = E[ZNZ]
= E[E[z"|N{]]
= E[E[E[z""*N2| K,]| N1]], (15)
where K; is the position of the job that completed service in the batch

of size N/ transferred to the ith internal queue when the processor
last arrived there. From eq. (15) we get

Fi(z) = E[E[zM™F:(\(1 = 2))5H: (L (1 - 2)) | N
_ H(\@1 - 2))(F1 - 2))[Gi(2) — G(F:(\(1 = 2)))]
Ai(z — F(\(1 = 2))) ’

where n; = E[N/]. Finally, by the arguments used to derive eq. (12) we
obtain the following relation between §; and P: Let

o-1(2) = (1 = 2),
wi(z) = Fi-—1[0i—1(2)],

0j(2) = N1 = 0/ui(2)) + ofui(x), 1sjsi-1,

(16)

and
w/(z) = Fj(ﬂj’(z)) l<sj<i-2
Then
Gi(z) = E[2"]]

- H Bi(o/(2)P(wi(2), 0i(2), -+, wla(z), 2).  (17)

Combining eqgs. (14), (16), and (17) we obtain S; in terms of P.

Thus, all performance measures of interest can be expressed in
terms of the steady-state distribution of the vector (Ny, Ny, -+, N,).
We next evaluate this distribution P(l, b, ---, I,) or, equivalently,
its generating function P(z;, 2z, -- -, 2,,). Let
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QK, K, --- y Kby, by <+, 1)
= P{Nn+ll = ky, N, ni12 = kg, +- o, Nn+1,m
=Rn|Np1=b, -+« , Nom = 1,,}
be the transition probability function for the Markov chain {(Nu1,

Np2, - -+, Nom): n 2 1}. Then P is the unique nonnegative solution of
P(kly k2, D m)
2 2 z P(lla l2, Tty lm)Q(kl’ k27 B kmlll’ R ] lm)9 (18)
;=0 5h=0 I,=0

fork,=0,1-..,i=1,2... m,and

2= Y Pk kn)=1. (19)

0 =0

nMS

Q can be readily expressed in terms of I}, ly, - - - , I, ky, ks, - - - , ky, and
the arrival and service time parameters. In particular, it is clear that
Q(ky, « - km|l, b, - -+ 1) does not depend on [,,. Thus, if we define

Pi(ky, kyy -+, k) = P{N,=ky, ---, N; =k} (20)
and
Qi(kl killl, by -, ;=)
= P{Nus11 = ki, +++, Npsri = ki| Ny
=1h, -, Nn’,-_1 = i—l}, (21)

for 1 <i< m,then

Path, -+ k) = 3 % oo 3 Pall -+ b

m=0

||
nMs

.Qm(kl, kmlll lm—l)
= 2 2 Po il --- 1aoy)

L=0 b1=0

-Qn(ky --- Rally -+ ln-y), (22)

and, in general, fori=2, --. m,

Piky, --- k)= % --- ¥ Pially, -+, k)

;=0 L_y=0

Qi(ky -+ killy <o, L), (23)
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Thus Py, Py, - -, P, can be calculated recursively using eq. (23). We
start these recursions with

e"“T(MT) K,
ky!

These recursions use the functions @; for i = 1, 2, - .. m. Of course,
some form of discretization is necessary to carry out these recursions.
For large m it is convenient to have a closed form approximation
instead. Such an approximation is possible if we assume that the
probability of an overrun occurring by queue i, i =1, --- m — 1 is
negligible. We illustrate this approximation below for the case m = 2
and then write down the approximation for general m. For m = 2, the
exact generating function is given by

P(z, z;) = E[z}12}"]
= E[E[zY'2}2| {]]

- E[e—)\lT(l—zl)—)\zT(l—z2)+xzt{(1—zz)],

Py(ky) = kh=0,-.--.

where t{ represents the time from the beginning of the previous s ot
until the completion of all work in the internal queue 1 in that sl t.
Thus,

5 eRTOT)

4=0 h!

el T=2) f_T f—o‘ dH,(x,)dF{" (s, — z,)

P(Zh 29) = e MTU-2~%T0-2),

T 8y )
+ f f dHl(xl)dFﬁl‘)(sl - xl)ex”‘(l"z) (24)
§=0" &x;=0

Our approximation is equivalent to replacing the first term in the
squared bracket in eq. (24) by

f f dHl(xl)dFsll)(sl — zl)ekzsl(l—h).
$,=T &Jxy=0"

If we denote the resulting approximation for P by P, then
P(Z1, Z) = ﬁi(—Az(l _ zz))e—)\lT(l—z,)—)\zT(l—zz)—)\lT(l—i‘l(—)\z(l-zz))). (25)

How good is P an approximation for P? If we put 2; = 1 in egs. (24)
and (25) and then invert the resulting generating functions for N,, we
can compare the exact and approximate distributions for N,. Tables I
through III give such distributions for three sets of parameters. The
approximation seems remarkably good in these cases. These tables
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Table I—Distribution of the number in
queue 2 at the beginning of an interval
with A; = 0.05,\, = 0.10,b, = 1.0,b, =

1.0, T=20.0
P(N,=k)
Approximation
k Exact Using P
0 0.055308 0.055308
1 0.104504 0.104504
2 0.099035 0.099035
3 0.062750 0.062750
4 0.029901 0.029901
5 0.003648 0.003648
6 0.001001 0.001001
7 0.000241 0.000241
8 0.000052 0.000052

Table Il—Distribution of the number in
queue 2 at the beginning of an interval
with A, = 0.05,\, = 0.10,b, = 2.0,b, =

1.0,T = 20.0
P(N,=k)
Approximation
k Exact Using P
0 0.062126 0.062126
1 0.109075 0.109075
2 0.097270 0.097270
3 0.058602 0.058602
4 0.026782 0.026782
5 0.009889 0.009889
6 0.003069 0.003069
7 0.000823 0.000823
8 0.000194 0.000194
Table Il—Distribution of the number

in queue 2 at the beginning of an
interval with A\, = 0.05,\, = 0.10,b, =
3.0,b, = 1.0,T = 20.0

P(N;=k)
Approximation
k Exact Using P
0 0.070641 0.070636
1 0.112676 0.112681
2 0.094152 0.094152
3 0.054193 0.054193
4 0.023988 0.023988
5 0.008665 0.008665
6 0.002651 0.002651
7 0.000704 0.000704
8 0.000166 0.000166
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also suggest the region in which the approximation is likely to work
well.
In general let P, represent the approximation for P,, and for 1 < i
m~—1,let

Pz, 2z, -+ 2) = Pu(zy, 23, -, 2, 1, 1, «-- 1). (26)
Then we can express P; in terms of P;_, as follows, thus enabling a
simple recursive calculation of P,,: For 2=(z1,29 -+, 2p), let

¢i(z) = N(1 - 2),
¥m(2) = ém(2),
andforl<sism-—1,
Vi(2) = ¢i(2) + Yin(z) — N(1 - Fi(—¢i+l(é)))- (27)
Then
Pm(zl, ey 2m)

"TE #z) ™1

= H Hi—¥in(2)]
Pr(Fi(—¥2(2)), Fo(—45(2)), -+, Fns(—¥m(2)), 1), (28)

This represents P, in terms of P,,_,. Applying this equation succes-
sively m times we get P, in terms of P,,_;, P,_,, ---, P, and Py =
P,(1,1, -.., 1) = 1. Thus P,, can be obtained recursively from eq.
(28).

3.3 Moments for gating mechanism G2

We again look at the case m = 2 and obtain approximate expressions
for the first two moments of ¢, and t,, where ¢, and ¢, are as defined in
Section 3.1. We also obtain the mean values of the sojourn times, S;,
i =1, 2, assuming that the probability of an overrun is negligible. We
compare these expressions with those for gating mechanism G; and
also with the gating mechanism G2 but with indices 1 and 2 reversed,
that is, with queue 2 served at higher priority than queue 1. We will
use our approximation throughout this analysis. First, from egs. (12)
and (28) we get

G(s1, s2) = E[e™117%%]
= Hy(so)Hi(s1 + 82 + M1 — Fiyls2)) Hi(=No(1 = Fi(s2))))
co=TA(1 = Fiy(s2)) + M[2 = Fi(s1 + s
+ M1 = Fy(s2)) = Fi(=2a1 = Fo(s2))))]]. (29)
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Putting s, = 0(s; = 0) in eq. (29) we get the approximate Laplace
transform of t,(¢,). Let

&1(s) = Log G(s, 0) (30)
and
g2(s) = Log G(0, s). 31)
Then
E[t;] = — §/(0") (32)
and
var[t;] = gA0") (33)

for i = 1, 2. Substituting from eq. (29) into egs. (30) through (33), we
get

Elt)] = a1 + pi T, (34a)
Elts)) = ay + as + (p1 + p2)T, (34b)
Var[tl] = a; + Y1 T, (340)

and
Var[t;] = an + a2 + T(v1 + v2) + 202(1 + po)(ay + 71 T).  (35)

Comparing these with the expressions derived in Section 3.1 for the
gating mechanism G1, we conclude that the mean values of ¢, and ts
do not depend on the gating mechanism. The variance of ¢, also
remains the same. However, the variance of ¢, for the gating G, is
larger than that for gating G,. The difference is

2p2(1 + po)(er + 71 T) > 0. (36)

This implies that the probability of an overrun is likely to be larger
for gating G2 than for gating G1. The difference depends on the
average load in queue 2 (p.) and the variability of the load in queue 1
(a; + 1 T). Since, in general, it is much easier to analyze G1 than to
analyze G2, we frequently use the gating G1 as an approximation for
gating G2. The left-hand side in (36) then gives a measure of this
approximation. If this quantity is small the approximation is likely to
be good. We will come back to this point in Section 3.4.

Next, we see what happens if we interchange queues 1 and 2. In
other words, the parameters of the arrival and service time for these
two queues are interchanged and we compare the moments of ¢, and
t, for these two orders. We will use suffix 0 for the original order and
R for the reversed order. Then,
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Eg[ti] — Eolt:] = 0,
Eg[t;] — Eoft;] = 0,
Varg([t;] — Varg[t,] = 0,
and
Varg(ts] — Varlts] = 2p1(1 + pi){ae + v2T) — 202(1 + p2)(er + 11 T).

If we associated smaller variance with better performance, then the
order (1, 2) is better than the order (2, 1) if

p1(1 + p1) _ paAl + po)
a1+'le (12+71T'

(37)

This suggests that if other things are equal the queue with smaller
variability should be served first if we are concerned about the over-
runs.

We next evaluate the mean sojourn time, S;, in queue i, i = 1, 2,
assuming that it gets served completely in the scheduled slot. We use
egs. (14), (16), (17), and (28) and some straightforward but tedious
algebra to obtain

Si=a b+ g+ o), (38)

and

+ T
ﬂ<§141+mx (39)

Comparing egs. (38) and (39) with eq. (7), we see that the mean value,
Si, of 8, is not affected by the gating mechanism. However, S, does
depend on the gating. If we use the suffixes 1 and 2 to denote gatings
G1 and G2, respectively, then

T
S2=a2+b2+5(1+l)2)+

a1+ 1T
Sos = S = % 1+ p) —a;— T (40)
Under the assumption that the probability of overrun is very small,
the above difference is negative. Thus the mean sojourn time under
gating G2 is smaller than under G1.

3.4 Numerical results

In this section we use the analysis of Sections 3.1 through 3.3 to
compute the probability of overrun and the sojourn time distributions
for some special cases of the simple clocked schedule described earlier.
For these numerical results we used the algorithm in Ref. 3 for
inverting Laplace transforms. When the underlying function is not
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Fig. 7—P,{OVERRUN} as a function of load.

smooth enough, it may be more appropriate to discretize the problem
and then use one of the routines for inverting the generating functions.

Suppose m = 2 and the overhead is zero. The service times are
deterministic, 5 ms for queue 1 and 1 ms for queue 2. The length of a
time slot is T = 20 ms. Finally, A\, = 2.5\ and X\, = 12.5\. Figure 7
shows the probability of overrun as a function of X for gating G,, gating
G: (exact), and gating G, (approximate). For gating G2 the exact and
approximate results agree very well. For the selected values of the
parameters the results for gating G1 and G2 differ significantly. The
probability of overrun using gating G2 is higher than that using G1.
This can be explained by the higher variance, as shown in Section 3.3.
Alternatively, consider the work in queue 1 and queue 2 to be done in
a time slot (see Fig. 8). For queue 1 the number of jobs to be served is
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Fig. 8—Work content in queue 2.

the number that arrived in time T for both gating mechanisms. The
number of jobs to be served in queue 2 is the number that arrived in
time T for gating G1 and in time T — t{ + ¢, where t{ and ¢, are,
respectively, times to complete all work in queue 1 in the preceding
and current intervals. The mean value of T — t{ + ¢, is T, but because
of the randomness in T — t1 + ¢;, the amount of work arriving at queue
2 in that time interval has a larger tail than that of the work arriving
in time T. This explains the larger probability of overrun. This also
indicates that the difference in the two gating mechanisms is related
to the variability in ¢{ and ¢;, which corresponds to the variability in
the work arriving at queue 1.

Next we reverse the order of service within a time slot. For gating
G1 the probability of an overrun is not affected by this. However, for
gating G2 this does change the probability of an overrun. Figure 9
shows the probability of an overrun as a function of \ for gating G1,
gating G2 with order (1, 2), and gating G2 with order (2, 1). We
see considerable reduction in the probability of an overrun with order
(2, 1). This is expected because queue 2 has less variable work load
than queue 1 has. Also, as expected, the difference between gating G1
and G2 is much smaller with order (2, 1) than with order (1, 2).

We further investigate the effects of the order of service within a
time slot by considering an example with three queues (m = 3). The
service times and overheads are deterministic. The parameters are as
shown in Table IV. Queues 2 and 3 have the same parameters, while
queue 1 has more variable work load than either queue 2 or 3. The
probability of an overrun with gatings G1 and G2 and orders (1, 2, 3),
(2, 1, 3), and (2, 3, 1) are shown in Table IV. Once again, we observe
that the probability of an overrun decreases as we push the more
variable queue down in the priority order.

CLOCKED SCHEDULES—IIl 651



0.016

0.014}-

0.012-

0.010

0.008 |~

P (OVERRUN)

1 GATING G1
2 GATING G2 ORDER (2,1)
3 GATING G2 ORDER (1,2}

0.002

1 1 1 1
0'089010 0.011 0.012 0.013 0.014 0.015

A

Fig. 9—P{OVERRUN} as a function of load.

Thus, from the moments considerations and from numerical results
we have the following guidelines when the probability of an overrun
is of concern:

1. The difference between the two gating mechanisms is greater
when the queues with more variable work load are served earlier in a
time slot.

2. The probability of an overrun is smaller if queues with more
variable work load are pushed down in the priority order.

Of course, in most clocked schedules the differences in the time
criticality of various tasks determine the order of service. The above
guidelines, however, are useful when deciding order of service among
tasks of comparable time criticality.

We next evaluate the sojourn time distributions numerically. The
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Table IV—Probability of overrun
Number of Queues = 3,T = 20.0 Parameters

Arrival Service
Queue Rate Time Overhead
1 1.0 0.2 1.0
2 2.0 0.1 1.0
3 2.0 0.1 1.0
P{OVERRUN}
Gating G2
Approxima-
tion (First
Schedule Gating G2 Gating G1 Order)
(1,2,3) 0.027 0.015 0.025
2,1, 3) 0.023 0.015 0.022
(2,3,1) 0.021 0.015 0.020

case considered here is m = 2, no overhead, and deterministic service
times. The parameters are A\, = 0.05, b, = 2.0, A\, = 0.05, and b, = 1.0.
In Fig. 10 we have complementary sojourn time distribution, 1 — Sa(t),
for queue 2 under gatings G1 and G2. As indicated earlier the delay
for queue 2 with gating G1 is larger than with gating G2.

IV. GENERALIZATIONS AND COMPLEX SCHEDULES

This section contains various generalizations of the basic method-
ology described in Section III. Some of these generalizations are aimed
at relaxing underlying assumptions, while the others look at more
complex schedules. To avoid presenting a lot of tedious and repetitive
algebra we will only outline the derivations in this section. The details
are similar to those in Section III.

4.1 The effects of queues feeding downward

In Section III we assumed that the arrivals to different queues form
independent Poisson processes. In many applications an arrival (job)
may complete one task and immediately request another. Thus some
of the task queues may feed the others. In typical situations the high-
priority queues feed downward within an interval. That is, when a job
is served in a high-priority queue, it may create an arrival directly to
the internal queue of another task still to be served in that interval.
Here, we indicate how to extend the results of Section III to include
such feed-downs.

The basic clocked schedule is still the same as in Section III, but
the arrival processes are now more general. Queue i still has an
exogenous Poisson arrival process at rate \;, i = 1 --- m. However,
when a job is served in queue i, it creates an arrival to the internal
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Fig. 10—Delay distribution in queue 2.

queue j with probability p;;. We assume
pi=0 j=i (41)
and
2 pj<1 (42)

j>i

The Poisson arrivals may represent either genuinely exogenous ar-
rivals or those generated by service completions in other queues in
previous intervals. The Poisson approximation seems reasonable when
the number of intervals between the completion of a task and the
generation of a new one is large.

We consider the overrun strategy S1 and gating G2 (gating G1 is
easier to analyze) and obtain the joint transform G(sy, so, - - - $m) Of
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ti, - -+, tm. This can be done recursively as follows: We first obtain G
in terms of P where

P(zy, -+, 2m) = E[zMz}2 ... 2n].

We then express P in terms of G with the last argument being zero.
Since G(0, 0, --- 0) = 1, we get both G and P by iterating on these
two relations. We implicitly make the assumptions of the type made
in Section III. Our expressions below are approximations that work
when the probability that queue i overruns is very small, i =1, ...
m-—1.

s

Forz = (21, 25, -+, 2m), let ¢i(2) = —=M(1 — 2),i=1, ... m. For
s =(81, 82, « - 8p), let
Ai,m(g) = 11 L= 1’ e m,
B.(s) = sm,

Cm(ﬁ) = Am(l - Fm(Bm(ﬁ))Am,m(ﬁ))9
and, fori<j<sm-1,
A;j(s) = Aijn(s)1 — pijr + pi,j+lﬁ‘j+1(Bj+l(§))]s
Bi(s) = s; + Cj4+1(s) + Bjn(s),

and
Ci(s) = N1 — Fi(B;(s))Ajji(s)].
Then
G(s) = ﬁﬁi(B.-(g)>
PBUBY)ALS), -, F(Bu(s)Amm(s)), (43)
and
P(z) = ¢ 5 G(gal2), - -+ , dmlz), 0). (44)

We next study the effect of these feed-downs numerically. We
consider the case m = 2, no overhead, and deterministic service times
with b; = b, = 1.0. Let p;; = p. We consider six cases with p varying
from 0 to 1 in steps of 0.2. The exogenous arrival rate A, in queue 2 is
adjusted so that

A2 =N+ D\ = Ay,
that is,
A2 = AM(1 - p)
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for all six cases. A, is varied from 0.1 to 0.15. The case p = 0 corresponds
to no feed-down. Increasing p corresponds to increasing feed-down
and hence increasing correlation between the queues in an interval.
The probability of overrun for each of these six cases is presented in
Fig. 11. At large p, the effect of feed-down is clearly very significant.

4.2 Complex schedules

In Section III we analyzed a simple clocked schedule in which each
high-priority queue is scheduled in each interval. Although such sched-
ules occur in practice, in most applications a subset of the set of high-
priority tasks is scheduled in each interval. This subset changes from
one time interval to the next. The entire schedule may repeat after
Nierioa time slots. Such a schedule is a clocked schedule with time slot
length T and schedule period Nperica. Figure 12 illustrates a schedule
with period 2.

In theory we can extend the results of Section III to analyze a
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Fig. 12—A clocked schedule with period 2T.

schedule with period Nyerioq. For overrun strategy S1 and gating mech-
anism G1, the analysis is straightforward and can be carried out
individually for each time slot within a period. For gating G2 with
overrun strategy S1, note that

{(Nan"iod-fd,l’ Naneriod+1v2’ R ] Naneriod+l’ m:n = 1)}

is a time-homogeneous Markov chain and its balance equations can
be written down as in Section III. We can also use the techniques of
Section III to obtain transforms G for each time slot in a period in
terms of P, the joint generating function of the steady-state numbers
in m queues at the beginning of a period.

However, for large Nyerioa both the analysis and numerical evalua-
tions may be difficult because of the dimensionality. Moreover, we
need individual analysis for each schedule. When such difficulties
arise, the approximation discussed below may be an appropriate alter-
native. This approximation applies uniformly to a wide variety of
complex schedules and, for each slot, requires the same computational
effort as for the simple schedule of Section III.

In order to understand this approximation consider an interval in
which m, of the m high-priority queues are scheduled. For simplicity
we number them from 1 through m;, the order in which they are
scheduled for service. Let T denote, as before, the length of the interval
and,fori=1,2 ... my,let T; denote the nominal time between service
initiations for queue i (that is, if all queues complete service at their
expected times, then the time between two successive starts of service
to queue i is T;). For the simple schedule of Section III, T; = T for i =
1, -- - m. For the schedule in Fig. 12, T, = T, To = T = 2T.. Let

i-1
T{= T,' - 2 (a,- + qu-vj). (45)
j=1
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Then the approximation for P is given by

- ’il NT ~ z)
1

Pz, 23 -+ 2p) = - (46)

The relations expressing G(sy, s,, - - - $m,) and Si(s) in terms of P
remain the same as in Section I1I.

Recall that in Section III we calculated the probability of overrun
for m = 3. The parameter values and the probability of overrun are
given in Table IV. For the same parameter values we calculated the
probability of overrun for gating G2 using the approximation described
above. The results given in the last column indicate that the approx-
imation works well in this case. A little reflection suggests that for
schedules with longer periods, the approximation should be even
better.

4.3 Other overrun strategies

In Section III we analyzed clocked schedules with overrun strategy
S1. In theory, it is possible to extend these results to the schedules
using overrun strategies S2 and S3. For strategy S2, {(N,1, Ny, - - -
N.m):n = 1} is still a time-homogeneous Markov chain. Its balance
equations can be written down easily, but they do not have the
triangular structure of those for strategy S1. Thus, these equations
cannot be solved recursively. They can, however, be solved as a system
of linear equations after suitably discretizing the underlying distribu-
tions. For strategy S3 an overrun in one time slot will reduce the time
available in the following slot. In this case {N.y, N, ---
Num, Un):n 2 1} is a Markov chain, where N,; is the number in the
external queue i when the server visits queue 1 for the nth time and
U, is the time remaining in that interval. Again, the steady-state
distribution of this Markov chain can be obtained by solving a system
of linear equations obtained by suitably discretizing the underlying
distributions.

The numerical complexity involved in the above procedures may
preclude their use for all but small values of m. For large m, some
approximation or relatively easy to obtain bounds are needed. Note
that for strategies S2 and S3 the probability of an overrun is bounded
below by the probability of an overrun for strategy S1, because strategy
S1 ignores the work carried over from an overrun interval into the
next. If the amount of overrun is probabilistically small this bound
must be quite close.

For strategy S3 we can also get an approximation if we assume that
overrun does not extend beyond one clock interval. This approxima-
tion is obtained by adding a dummy queue, say queue 0, at the
beginning of each schedule interval. The overhead in this queue
represents the work carried over from the preceding interval. The
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Table V—P{OVERRUN} for strategy S3
with T=20.0, \; = 0.1, b, = 1.0, and

bz =5.0
P{OVERRUN}
Approximation
Approximation Using Dummy
A S Queue
0.025 0.003278 0.003427
0.05 0.023526 0.026999

arrival rate to this queue is assumed to be zero. We then use the
following iterative procedure:

Step 1—Assume that the overhead in queue 0 is 0.

Step 2—Using the results of Section III for strategy S1, obtain the
distribution of the carried over work, (¢, — T)".

Step 3—Assume that the overhead in queue 0 has the distribution
of (tn, — T)* obtained in Step 2.

Repeat Steps 2 and 3 until two successive iterations give “close” values
for the distribution of (¢, — T)".

Numerical values of P{OVERRUN]} calculated using strategy S1
and the approximation for strategy S3 are given in Table V. The
parameter values are m = 2, no overhead, deterministic service times,
bl = 10, b2 = 50, Al = 01, and )\2 = 0.025 and 0.05.

V. CONCLUSIONS

We presented a methodology to analyze the performance measures
for the high-priority tasks in clocked schedules. The analysis was exact
for a simple clocked schedule. For more complex clocked schedules
this analysis formed the basis for easy to use approximations.
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