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We present a method for calculating the moments and the distribution of
sojourn time in a multiprogrammed computer system. We assume that the
CPU and I/0 subsystem can be represented by a general state-dependent
server who works according to the processor sharing discipline. Further, at
most m jobs may be simultaneously receiving service. Thus, m is the multi-
programming level of the system. The arrival of jobs occurs according to a
Poisson process, and the arrivals must wait in a waiting area if m jobs are
already receiving service. The method presented may be useful in designing
the multiprogramming level needed to meet certain objectives on the charac-
teristics of the sojourn time.

I. INTRODUCTION

This paper is concerned with finding the moments and the distri-
bution of sojourn time in a multiprogrammed computer system. We
assume that jobs arrive into a computer system according to a Poisson
process at a rate of A. The computer system is divided into two areas,
a waiting area and a service area. The service area can hold at most
m jobs, where m is the multiprogramming level of the system. The
jobs in the service area receive service from a server whose service rate
is assumed to be state dependent. The server operates at a rate p;

[using the Processor Sharing (PS) discipline] whenever there are j
jobs in the service area with u,, = u. We assume that each job’s service
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time is exponentially distributed, so that on every service completion,
each customer in the service area is equally likely to leave the system.
An arrival into the system goes directly into the service area if it is
not full. An arriving job goes to the waiting area of unlimited size if
there are already m jobs in the service area. The customers are drawn
from the waiting area into the service area according to the First-In
First-Out (FIFQO) discipline. Figure 1 depicts this situation schemati-
cally. The model may be useful in determining the multiprogramming
level needed to meet a certain response-time characteristic.

The model is an obvious generalization of the M/M/1 First-Come
First-Served (FCFS) queue (m = 1) and of the M/M/1 PS queue
(uj = p and m = o). A little thought should convince the reader that
the M/M/m FCFS queue is also a special case of this model with u; =
ic fori =1, --., m, where ¢ is the service rate of each server. Avi-
Itzhak and Heyman had proposed the use of a state-dependent server
to approximate the CPU and I/O subsystem.! We depict a multiple
CPU and disk subsystem in Fig. 2, which is approximated by a state-
dependent server in our model. The service rate u; of our model is
obtained by solving for the throughput in the closed queueing network
of Fig. 2 with a population size of i. Reiser and Lavenberg describe a

WAITING AREA SERVICE AREA
— [ 1111 —0 o O —
A

CAPACITY =m

SERVICE RATE=fi,,i=1,...,m

Fig. 1—Model of a multiprogrammed computer.

5 CPUs — || ] § ———— SERVICERATE= @
DISK 1 ——— O []] —2e—{ service raTE- B
L) - L]
: : :
DISK d — O 1 —L2e— 1 servicERATE-B

NOTES: 1. POPULATION SIZE =/
2. FCFS DISCIPLINE
3. THROUGHPUT =, i=1,...,m
Fig. 2—Model of a multiple CPU and disk subsystem.
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method of solving the throughput of such a closed queueing network.?
Fredericks obtains approximations for mean delays in a multipro-
grammed computer system and discusses the question of accuracy of
the state-dependent server model.®> Konheim and Reiser examine a
computer system with one disk and one CPU, subject to a bound on
the number of jobs present.* Mitra obtains the waiting time distribu-
tion for a computer system fed by jobs from a finite number of
terminals.® Salza and Lavenberg investigate hierarchical decomposi-
tion methods for approximating response-time distributions in certain
closed queueing network models of computer performance.® Coffman,
Muntz, and Trotter obtain the sojourn time distribution of the
M/M/1 queue with processor sharing discipline.’

In Section II of this paper, we discuss some preliminary results.
Sections III and IV are concerned with finding the moments of sojourn
time. In Section V, we provide a method of obtaining the distribution
of sojourn time. In Section VI, we present some numerical examples.

II. DEFINITIONS AND PRELIMINARIES
Let us define the following quantities:

N = Number in system seen by an arrival, excluding itself.
P,= P(N =n).
I = Number in system seen by a customer entering the service
area, including itself.
g=PI=1i).
U = Time spent in the waiting area by an arrival.
F(u)=P(U < u).
2z, = E(U").
T = Time spent in the service area by a tagged customer.
B;(s) = Laplace-Stieltjes transform of the conditional distribution
of Tgiven I =1, i.e.,

Bi(s) = f edP(T < t|I =1i).
0

Xin = E(T"

I=i) =1L Bys)
dS s=0
V = sojourn time, ie., V=U+ T.

By solving the equation of a birth and death process, one obtains the
following results directly.
Let
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Then

m—1 -1
P, = [1 + 2 w, + Ym ] s
n=1

1-p
where
p = Mum = Mu

and

P={w,,P,, %f n=1..-,m

" p" Py if nzm+ 1.
Let L be the mean number in the system. Then
m-1 P, mP,,

L=P, ,21 nw,,+(1_[;)2+1_p.

Let W be the mean time spent in the system. Then, from Little’s law,

W = L/\.

I1l. CHARACTERIZATION OF U, I, AND V

In this section, we will derive the distribution and moments of U,
and the distribution of I, and we will characterize the moments of V.
It is clear that

0 if N=m-1
U = 1 sum of (N — m + 1) independent exponentials each
of rate u if N =z m.

Then,
m—1 o u ~put k—m
pe™ (ut)
= . LandBY el A >
F(u) EO P; + kgm P, J; &= m) dt for u=0
and

I . _ . R e 1) i
2z, = EU —J; ”dF(“)_kngkJ; u = m)! du.

This can be shown to be equal to
P,n!
1= p)(p— N
This result could also have been obtained as follows:
2, =EU"=E(U""|Nzm)P(N=zm)+ E(U"|N<m)P(N <m).

Given that a customer waits (i.e., N = m), the waiting room behaves
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like an M/M/1 FCFS queue. Thus, the wait time corresponds to the
sojourn time of an M/M/1 queue and is exponential with parameter
(x — ). So,
n__ Pn
(u=N"1-p
We will now derive the distribution of I. Consider first the case
where I > m:

2, =

qi=£ P(I=1i|U=u)dF(u)

+

f“ oo e—}\u(xu)i—m p.e_““(pu)k_’"
= du.
0

& G=ml (k= my
After some algebra one can show that
g =P, for i>m.

This can be explained by the fact that an arrival to and a departure
from the waiting area see the same distribution of the number in the
waiting area and that the number in the service area is constant, given
that N > m. For I < m, the number in the system including the arrival
is one more than the number seen by the arrival. So

g=P_, for 1=1,-.. , m—1.

For I = m, it is possible for an arrival into the service area to see m
customers including itself in one of two possible ways. First, there
were m — 1 customers in the system and an arrival occurred. Second,
the arrival saw at least m customers and no one arrived during its
wait. So,

Qm=Pm-1+f P(I=mIU=u)dF(u)=P,,,_1+P,,,

0+

by the arguments used above. Thus,

P, if i=1,..-,m-1
qg = Pm—1+Pm if i=m
P; if i>m.

We now characterize the moments of the sojourn time in terms of
xin. In the next section, we will show how to calculate x;,.

n n! ) .
EV: = — E(T'U™?
j§o jin = j) ( )

and
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E(T'U™) = J;_ u"“E(T|U = u)dF(u)

= E‘. fo uE(T/ |1 = )P = i| U = u)dF(u).

The last step follows from the fact that T is independent of U given
I. We now consider three cases:
1. Forj =n,

[nw ki

ET" = XinQi.

1

W

2. For 0 <j < n, the expression for E(T'U") is

[l ® » e—)\uo\u)i—m
nj,. - 0%
i=2m J;_ u"x; = dF(u),

which, after some algebra, reduces to

- (I' +n _.’ - m)' Xij i+n—j-m

Pr =—G=mt w7
3. For j = 0, but n # 0, the expression is simply
P,n!
EU' =2, = —————.
(1= p)u— A"
So,
r o«
Z Xinqi if j= n

Il
-

. . P, & (i+n—-—j—m) S ) .
E(T'U) = « X._,»E . (';—:n)' m) x;pt T if 0<j<n

i=m

P,.n!
_ _if j =0, but n # 0.
LA =-p-n =7

IV. CALCULATION OF x;,
In this section, we show how to calculate x;,. The transforms B;(s)

satisfy the following equations:

A+ i ]

Bii(s) = [)\ ¥ o + 5

A Mi+1
'[x + o D8+ (GaBle) + A Ct+1))] )
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fori=1,2,.-- and

A+ A M1 '
B = B + , 2
1(s) [}\ + g + S:ll:}\ + 2(5) A+ M]] 2)
where
i—1 if i<m
o i e if i<m
“TYm-1if izm and {u if i=zm.

m

These equations are obtained by assuming that the system is in state
[ + 1 in steady state and conditioning on the time of the next event.
An event is defined to be a service completion or an arrival, whichever
occurs first. By rearrangement,

At g + s i+1Ci :
LB T P Ba(s) + B By = — B (g ).

Bisa(s) — X Y y

Taking the nth derivative, multiplying by (—1)", and setting s = 0, we
get

A Mi i+1Ci n
Xi+2,n — _>\_+l i+1,n + E% i — X Xi+1,n—1 (3)
fori=1,n=1,2,---,and
A+ n
X2,n = _)\_ﬂl Xin = — X X1,n-1, 4)
where
Xio =1, 1= 1. (5)

Equation (3) is a second-order partial difference equation with variable
coefficients. However, we note that for i = m, the coefficients do not
vary with i. So we will first show a method of solving an equivalent
system with coefficients that do not vary with i and then present a
procedure for the solution of eq. (3). The interested reader is referred
to Boole® or Jagerman® for details of the techniques used to solve this
difference equation. Consider the equation

A+ c n
Yivon = —A—#“ Yit1,n + E}\— Yin = — X Yi+1,n-1 (6)

for positive integer valued i and n, where ¢ = c,,. For the homogeneous
version of this equation, the solution is

yin = Ano'il + Bno'i2’
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where ¢, and g, are the roots of

o° - N o+ 7 = (,
ie.,
N4+ n+ VA + 2+ 20(1 — 20))
o=
22
and
[N+ = AT+ 2+ 22u(1 - 2¢)]
Oy = .

2

It can be shown that o, > 1 > o3. The constants A, and B, will be
evaluated later. To find a particular solution to (6), we define the
translation operator E and the difference operator A such that

Eu; = uin
and
Au; = Uiy — w; = (E — D
We can then rewrite (6) as

n

(E = ai)(E = 02)yin =~ xyii-l,n—l-

The solution is

1 ( 11 .
ym_(dl—az) E—0g, E-o; )‘y:ﬂ,n-l .

In order to solve this, we must evaluate (E — o) (-—- il- y,-+1,,._1).

Now,

(E-o)! (— ; yi+1,n—1) = (E = ¢)lg"*tg~"V (— '_;yi+l,n-1)

0! (6E — )" 1g™ Y (— '_;yi-t—l,n—l) .

The last step is obtained from the shift formula (see footnote on page
73 of Boole®):
f(E)(d'w) = o'f (aE)u;.

The expression now is
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o*[o(E — 1)] 1o~V (— 2 yi+1.n—l>

A
= ¢’A™! l:a'_(i“) (" ;'yiﬂ,n—l):l
nd .
=Xy e
j=

So a particular solution is

n i -
Yin = = <_> E (0"1 7 - 0"2])yj.n—l-

Aoy — 02)/ j=1

The general solution is

n { .. .. . .

Yin = — <———) Y (657 = 657)yin-1 + Anci + Baok  (7)
Moy — 02)) =1

for positive integer valued i and n. It is easy to verify that this satisfies

eq. (6).

4.1 Calculation of A,

We first state that y;, has a probabilistic interpretation. We replace
the original system by a new one in which the service rate of the server
is u, regardless of the number of customers in the service area. Further,
consider a tagged customer whose probability of leaving the system is
1/m at each service completion, whenever there are at least two
customers in the service area. Then eq. (6) describes the behavior of
the conditional moments of the time spent in the service area by the
tagged customer in this new system for i = 2. Clearly, as i tends to
infinity, the conditional moments of the original and new systems are
identical. Further, as i tends to infinity, the server is going to operate
at rate p for a long time in the original system. If we now tag a
customer in the service area, it will leave the system with probability
1/m and, therefore, T is exponential with rate u/m as i tends to infinity
in the original system. So

lim y;, = lim x;, = nl(m/u)".
i—00 i—»o0

If we divide eq. (7) by ¢! and let i tend to infinity, we have
n ht .
Y 07 Yjn1

>\(61 - 62) j=1

A, =
Thus,
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Yin = )\—n— < 2 O'li_jyj,n—l + 2 Ué_jyj,n—l) + Bnaé- (8)
(01 — 02) \j=in1 j=1
At this point, it is possible to verify that this result indeed yields the
familiar answer for the M/M/1 FCFS queue. To do this, one has to
set m = 1. This yields ¢ = 0 and o, = 0. After some algebra, one obtains
yin = n!/u" for i = 1 as expected.

4.2 Calculation of B,

We have so far been able to find y;, up to a constant, and a
comparison of (3) and (6) should convince the reader that y;, obtained
from (8) satisfies (3) for i = m. Thus, after finding x;, for { = m, we
can recursively compute X,,—1,, - - - , X1, by using (3). It is clear that
each of these variables is a linear function of the unknown constant
B,. Finally, we will find B, to satisfy (4). This is done by choosing two
trial values of B,, evaluating two sets of x;,, and using linear interpo-
lation to satisfy (4). The formal procedure to do this is as follows:

1. Setn=1.Set xpy=yo=1foralli= 1.

2. Select two trial values of B,, say B and B2.

3. For each Bk (k = 1, 2), use (8) to obtain y* fori = 1 and &k = 1,
2. In this step, the terms y;,—, on the right-hand side of (8) should not
be indexed by k.

4. Set xt, =yt forizmand k=1, 2.

5. Use (3) recursively to compute x*_,,, ---,x}, fork =1, 2. In
this step, the terms x;,; ,— on the right-hand side of (3) should not be
indexed by k.

6. From x%, (k = 1, 2) evaluate the left-hand side of (4). Let L% be
the left-hand side corresponding to B% for k=1, 2.
7. Since x;, is a linear function of B, for all i, we have

B, =B, + (1 - v)B;,
Xin = yxl + (1 = v)xf,,
and
Y. =YL + (1 — v)Y% for all positive i,

where

Y= (— % Xip-1 = Lﬁ)/(Li - L3).

Note that v does not have to be between zero and one.
8. Set n=n + 1 and go to step 2.
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V. THE DISTRIBUTION OF SOJOURN TIME

In this section, we provide a direct method of obtaining the distri-
bution of sojourn time. First, we observe that U and T are independent
random variables conditional on I. Thus,

P(V=t)=Y [P(U=<t|I=i*P(T < t|I = i)q, 9
i=1
where * is the convolution operator. It is easy to see that
P(U=t|I=1)

[P(I= HU=0PU=0) + J‘; P(I=i|lU= u)dF(u)]

?

qi
from which we obtain, after some routine algebra (for ¢t = 0),
1 if ism-1
PWUs<t|I=i)={ 1~ Pne™/qn if i=m

" (uu)m pe
o (i — m)!

If we let V(s) and U;(s) be the Laplace-Stieltjes transforms of
P(V =t)and P(U = t|I = i), respectively, then from (9) we have

du if i>m. (10)

Vis) = iB.-(s)U.-(s)q.-. (1)

It is possible to use the method of Section IV to solve eq. (1) for B;(s)
directly. In fact, for i = m, B;(s) has the form

_ I-"/m i
Bi(s) = m +5) + B(s)oa(s), (12)

where

[N+ p+s— VO + u+5)? = dhuc]

o2(8) = N

After finding B;(s) for i = m, we can recursively compute B,,—,(s),
..., Bi(s) by using (1). It is clear that all of these quantities depend
on the unknown function B(s). Finally, one can find B(s) to satisfy
(2). This would have to be done by choosing two trial values of B(s),
evaluating two sets of B;(s), and using linear interpolation to satisfy
(2). It is possible to shown that V(s) simplifies [by using eqs. (10),
(11), and (12)] to
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(pgm+ sPm-1)

m—1
El B;(s)g; + Bn(s) (5 +3)

@ ( b _B()er(s) )
pw+s\s(u+sm) s+ pyl—a(s)])’

To find P(V < t), one would have to invert this transform numerically.

In the remainder of this section, we will show a method of calculat-
ing P(T = t|I = i) directly. Let us assume that at all times, events
occur in this system according to a Poisson process at a rate of A\ +
Max(u, g2, - -+ , #m). Let a be the maximum value of the arguments.
Whenever the system is in state i, arrivals occur with probability A/(A
+ a), departures occur with probability u;/(\ + «), and with probability
(a — p:}/ (A + a) the system does not change its state. We assume that
uo = 0. Let v;;, be the probability that a tagged customer departs on
the kth event given that I = i. Then, v;x can be recursively computed
from

A Cil; o= .
Vipg = X+ a Vir1e—1 + ;\-li-_la Vi-1,k-1 .+ al vig-1 for 121, k=2
(1 —cu .
gg=——— for i=1
T TONF @)
and

Vor = 0 for k=1.

Since events are occurring at a Poisson rate of A + «, departure of the
tagged customer at the kth event means that its time in the service
area is a Gamma random variable of order k and parameter A + a.
Thus,

© t —(AMa)x k—1
P(T<t|I=i)=7Y ”i'kf A + a)e (A + a)x] dx. (13)
k=1 0 (k=1

It is now possible to use (10), (11), and (13) to show that V(s) is given
by

i A+e
k=1 A4t a+s
m—1 ( ® i—-m+1
wgm + SPm—l) ( [ ) :'
. VipQi + Ve ————— + v, .
I:ig:l «d g (n +s) i=§+l g puts

V1. NUMERICAL RESULTS

In Table I we present numerical results for four examples, obtained
by using the methods described earlier. In all examples, p is 0.9 or 0.95
and u is 1. The first example is for the M/M/1 FCFS queue and the
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Table [—Numerical results

Type of
Queue | m| w(i=1,...,m) | A w EV EV? EV? EV*
M/M/1 0.90 | 10.0 10.0 200.0 6,000 240,000
1 1
FCFS 0.95 | 20.0 20.0 800.0 47,995 3,838,494
M/M/5 5 y 0.90 | 12.625 | 12.625 | 278.75 8,756 358,121
i/m
FCFS 0.95 | 22.556 | 22.556 | 927.71 | 56,023 | 4,483,284
M/M/1 50 ) 0.90 | 10.0 10.0 358.25 | 26,817 3,252,699
PS 0.95 | 20.0 20.0 1322.0 |157,901 |27,094,857
0.90 | 14.388 | 14.388 { 380.17 | 14,260 686,744
General | 10| 1 — [(m — i)/m]®
0.95 | 24.356 | 24.356 | 1073.82 | 67,654 | 5,538,847

second for the M/M/5 FCFS queue. We approximate the M/M/1 PS
queue in the third example by choosing a high value (50) for m. The
fourth example is likely to be typical for a multiprogrammed computer
system where y; is increasing in { but at a diminishing rate. We get a
good correspondence between W (obtained from Little’s formula) and
EV in all cases. It is possible to verify that the higher moments in the
first two examples are very accurate.

The computational procedure described earlier works well for up to
fairly high values of m (about 100). However, for very large values of
m (say 200), the method is prone to numerical difficulties. We feel
that this happens because m determines the number of recursions and
this, in turn, determines the extent to which errors are compounded.
However, in real-life applications, one may not encounter values of m
greater than 40, which makes our method suitable for these applica-
tions.
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