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In this paper we discuss parameter estimation by means of the reestimation
algorithm for a class of multivariate mixture density functions of Markov
chains. The scope of the original reestimation algorithm is expanded and the
previous assumptions of log concavity or ellipsoidal symmetry are obviated,
thereby enhancing the modeling capability of the technique. Reestimation
formulas in terms of the well-known forward-backward inductive procedure
are also derived.

I. INTRODUCTION

Hidden Markov models, which use probabilistic functions of Markov
chains to model random processes, have been found to be extremely
useful for stock market behavior, ecology,'? and more recently, speech
recognition.®® The effectiveness of this model class lies in its ability
to deal with nonstationarity that often appears in the observed data
sequences. The general structure of such a class of models may be
briefly described as follows.

Consider a first-order N-state Markov chain governed by an N X N
transition probability matrix A = [a;], and an initial probability vector
u’ = [wup - -+ un)]. Obviously, $¥,a;=1foranyi=1,2, ---, N,
and Y X, u; = 1. a; is the probability of making a transition from state
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I to state j given that the current state is i. For any integer state
sequence © = (b, 6y, 62, - - - 01), where 8, € {1, 2, . . . , N}, the probability
of © being generated by the Markov source can be easily calculated by

Pl‘(@ | A, U) = Ugoaaog‘ oo aaT_laT. (1)
Now, suppose @ cannot be directly observed. Instead, we assume that
what we observe is a stochastic process 8 = (s, 8,, - - - , 87), produced
by an underlying (stochastic) state sequence (f,, 62, --- 0r). Each

state, say i, manifests itself through a probability density function
fi(s), [ fi(s)ds = 1. We use F = {fi(-)} to denote such a set of density
functions. The probability density of S =S & (sy, s, --- , $7), given a
specific state sequence © generated by the Markov chain with transi-
tion probability matrix A, and initial probability vector u is thus

T
f(S18, A, u, F) =[] fo,(s)). (2)
t=1
It then follows that the density of S, given A, u and F, is
T
f(S|A,u, F) = %e Ug, H1 s,_y0,f0,(S¢). (3)
a t=

The triple (A, u, F) £ X is called a (hidden) Markov model source and
we write f(S|2) & f(S| A, u, F), for simplicity.

Given an observation sequence S, the objective in maximum-likeli-
hood estimation is thus to maximize f(S|\) over all parameters in A.
Such a maximization problem is clearly nontrivial. To solve this
problem, a reestimation algorithm—developed by Baum et al.! in
1970—that guarantees monotonic increase in the likelihood as the
algorithm iterates, is often used. An auxiliary function, based upon
the Kullback-Leibler number,® serves as the basis of Baum’s optimi-
zation procedure, in which parameter estimates are characterized as
the critical point of the auxiliary function. However, the development
in Ref. 1 encounters difficulties when the densities {f:(-)} are not log
concave. The Cauchy density f(s) = = }(1 + s2)7}, which is only
concave for 3s2 < 1, was cited as one such problematic example.

More than a decade later, in an effort to obviate the log-concavity
limitation in Baum’s algorithm, Liporace’ invoked a representation
theorem by Fan® to redefine the auxiliary function and then success-
fully extended the reestimation algorithm to accommodate a class of
elliptically symmetric, multivariate distributions. As a result, each
fi(s) € F is allowed to assume the form

IR; |72k gi(s)), (4)
where g;(s) is positive definite quadratic,
&(s) = (s — m)*Ri'(s — m).
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The asterisk denotes the transpose of a vector or matrix as we,
following Liporace, will be dealing with vector observations from this
point on. The matrix R; is positive definite and symmetric, and the
location vector #; is an arbitrary point in the observation space that is
d-dimensional Euclidean.

While Liporace’s results are significant in expanding the scope of
the reestimation algorithm, the requirements that the observation
densities be elliptically symmetric are in many real situations still very
restrictive. In particular, useful parametrizations of speech signals,
such as reflection coefficients and autocorrelation, have been shown
by Gray and Markel® and Rabiner et al.,'® respectively, not to exhibit
the desired symmetry. This lack of symmetry is often observed even
within each state because of the arbitrariness in choosing the number
of states for modeling the given process. It is thus the purpose of this
paper to further obviate the ellipsoidal symmetry assumption so that
an even more versatile statistical modeling technique than the previous
ones is obtainable. Levinson also reported the same effort.!!

The class of densities F' = {f; (-)] we consider in this paper is the
class of mixtures of general, strictly log-concave, and/or elliptically
symmetric densities, having the form

M
fi(s) = El cixbin(s), (5)

where b;,(s) is general strictly log concave and/or elliptically symme-
tric and c;, satisfies

M
Zcik=1 for i=1,2,---,N. (6)
k=1

As required in Liporace’s results,” one extra assumption for elliptically

symmetric b;(s) is necessary: the density b (s) also satisfies the

consistency conditions of Kolmogorov (see Ref. 12, p. 10) so that
bi.(-) has the representation

bir(s) = J; As; nir, vRa)dG(v) (7

for some probability distribution G on [0, ). In (7), the expression
A(s; nir, VRi) is the multivariate Gaussian density with mean vector
7% and covariance matrix vR;. Clearly, {f(s)}, as expressed in (5), is
very general and may serve better in the modeling of many complex
but realistic observations than unimodal, symmetric density functions.

This paper is organized as follows. The main body of the theory is
presented in Section II, where the auxiliary function is redefined and
the reestimation formula for all the parameters is derived. In Section
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III, applications of the theory to familiar probability densities are
discussed. Furthermore, for computational convenience, parameter
reestimation using the forward-backward inductive procedure is also
provided.

Il. REESTIMATION
2.1 joint density

For mathematical clarity, the following definitions are necessary.

Let A be an open subset of Euclidean p space. A hidden Markov
model A is a point in A and to each A € A we have a smooth assignment
A — (A(N), u()), F(A)). One trivial assignment is that dimensions in
A are one-to-one, corresponding to the parameters defining the triple
(A, u, F), and thus p is the total number of model parameters.

Define the state alphabet @, & {1, 2, ..., N}. Let QT*! be the
(T + 1)th Cartesian product of Q,. The state sequence space is de-
noted by Q7*!, and © € Q7" means © = (6,, 6y, - - - , 67), where every
0 € Q,.

We further define the branch alphabet 2, & {1,2, . .. , M}. Similarly,
Q7 is the set of all T-tuples K = (ky, ks, - - - , kr), where every k, € Q.
K is called a branch sequence.

The global density function of (3) with state density defined by (5)
can be written as

T M
f(SIN = E Uy, H [ao,_,a,' El Co,kbe,k(sz)]- (8)

alleeq T+ t=1

The summand in (8) over all ® € Q7*! is, in fact, the joint density
f(S, ®] \), which can be expressed as

T M
f(S, 0[N = ug, Il as, 5, X conrbonlse)
=1 k=1
M M M T
= Z T 2 [uao H aa,_lo,bo,k,(sz)]
ky=1 kg=1 ky=1 t=1
“CoykyCoghy * * * Cophpe 9
We further define
T
f(S,0, K|\ = Usg, H aa,-lo,bo,k,(st)co,k,- (10)
t=1

Therefore, the joint density of the truncated stochastic process S is
fSIN =% X f(S, 6, K|N. (11)
eeql Keqf
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An interpretation of (11) is that there are N7*! possible stochastic
state sequences that may lead to the observation S, with each possible
state sequence being a superposition of M7 branch layers.

2.2 Auxiliary function and an inequality

For more general theoretical interest, let @ = Q7*! x 0f be a totally
finite measure space with measure u(0, K). The joint density of (11)
then has the following general form:

f(SIN) =Lf(S, 8, K|\)du(8, K).

Following the concept of the Kullback-Leibler statistic, we define an
auxiliary function Q(X, A’) of two model points, A and A, in A, given
an observation S:

QA \) A J;f(S, 8, K|M)log f(S, ©, K|\')du(®, K). (12)

We now have the following theorem:

Theorem 1: If Q(A,\") = Q(\, \) then f(S|N') 2 (S| A). The inequality
is strict unless f(S, ©, K|\) = f(S, 0, K|\’) almost everywhere
du(0, K).

Proof: Similar to Baum et al.,’ log x is strictly concave for x > 0.
Hence,

log

ff(S 0, K|\) du(®, K)

f(SIA) F(SIN)
(S, 8, KN £(S, 8, KI\)
=log J s @ B e kN
£(S, 8, KIN [, (S, 8, KIN)
2 SN ['° 7S, 8, Km]d““” K)

= [fSIVNITIRM, X)) = Q(\, N =0

by hypothesis. The inequality above is due to Jensen’s inequality for
the measure d¢(0, K|\) = (S, 0, K|A)du(®, K)/f(S|A). This ine-
quality is strict unless f(S, @, K|X"}/f(S, @, K| ) is constant almost
everywhere d{(0, K|\), hence unless f(S, 0, K|\’') = f(S, 6, K|\)
almost everywhere du (@, K).

The significance of Theorem 1 will be discussed below. For simplic-
ity, we often use the expression of (11) for the joint density and define
the auxiliary function as
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QL N)= X ZI (S, ©, K| Mlog f(S, 6, K|\')  (13)

ecaft! Keq

as long as the key result of Theorem 1 is held valid.

2.3 Reestimation algorithm

Theorem 1 is one of the bases of Baum’s reestimation algorithm
that is sketched below for self-containedness. For a given observation
S, the reestimation algorithm starts with an initial guess of the model
A. The parameter reestimates are then defined to be those that
maximize @(\, A’) as a function of \’; that is, the model reesti-
mate X stemming from the current model A is X\ = J(A\) € {\ € A|
Q(A, A) = maxyes Q(A, A")}. The transformation 7:A — A is called
the reestimation transformation. If Q has a unique global maximum
as a function of \’, the set {A} has only one element A. Then X\ plays
the role of A\ as before and new reestimates are determined. The
procedure iterates until some criterion is met.

Due to Theorem 1 and the following theorem, the above iterative
procedure produces a sequence of reestimates that guarantee mono-
tonic increase in the likelihood f(S | A) unless it reaches a critical point
of the likelihood.

Theorem 2: Let f(S, 0, K|\) be continuously differentiable in \ for
almost all (0, K) € Q. Let 7 be a continuous map of A — A such that
for each fixed N\, X\ = F(\) is a critical point of @()\, ') as a function of
M. Then all fixed points of the reestimation transformation 7 are
critical points of f(S| ), and if f(S|X) > f(S|\), unless X = \, all limit
pointsof T™(N\g) & T(I(T --- (T (No))) ---) are fixed points of T
for any X € A.

Proof: Let V, be the gradient vector.

VA (SN |x = Vi J;f(S, 0, K|\ du(®, K)

= J;f(S@,KIA)[Vx log f(S, 6, K|)\)]du(8, K)

= VoQ(\, (A M) [ v

Thus VAf(S|A)|rx=x = 0 if and only if Vi Q(\, A')|r=x = 0 at
A = X. The rest of the proof follows Baum et al.!

Theorems 1 and 2 thus guarantee that after each iteration, the new
reestimate \ improves the likelihood, i.e., f(S|X) > f(S|\), unless X
is a fixed point of the transformation. On the other hand, the trans-
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formation will converge to a fixed point, or equivalently, a critical
point of the likelihood, if an increase in the likelihood is maintained
after each iteration and if the limit lim, .. .7 "(\o) exists, regardless
of what the initial guess \o(€ A) is. If f(S| A) has finitely many critical
points, 7 "(\o) approaches a critical point of f(S|A) that is at least a
local maximum.

The transformation as previously defined requires maximization of
the auxiliary function. Difficulties encountered in the maximization
process would directly translate into difficulties in obtaining the
maximum-likelihood estimate. We next show that if every b;(-),
i=1,2,... ,Nandj=1,2, ..., Mis strictly log concave or elliptically
symmetric with the representation (7), @(\, \’) has a unique global
maximum as a function of A’, and thus the transformation exists and
is single valued. The reestimation algorithm is thus guaranteed to
work for the joint density of (8).

2.4 Maximization of the auxiliary function

The auxiliary function for the joint density (8) with mixture densi-
ties is defined in (12). The following decomposition can be easily seen:

log (S, ©, K|\')
T T T
= log usy + X log aj_, + X log bos(se) + X log ci,. (14)
t=1 t=1 t=1

The next theorem suggests that maximization of the likelihood by way
of reestimation can be accomplished on individual parameter sets due
to the separability shown in (14), if the following assumptions hold.
Suppose for almost all (8, K), log f(S, 8, K|\) = YL, log f9(S, 6,
K| \), where for each i and almost all (8, K) log f*}(S, 6, K| \;) has a
unique global maximum as a function of A;. Note that A = {)\;] and ¢
is the number of parameter sets after separation. Define @;(, \/) by

QA N) = J;f(S, 8, K| Mlog f9(S, 8, K| \)du(®, K). (15)

Then for A fixed, @(X, A\/) as a function of A/ has a unique global
maximum A; that is a critical point of @(A, A\/). The reestimation
transformation 7 is thus defined as 7:A — X = {\J. We further
define F: A= Ni={\, Az, -+, Niy =+ 5 A}

Theorem 3: Under the above assumptions, for all A € A, and every
i, f(S| FiN) = f(S|\) with equality if and only if \; is a critical point
of f(S | \) with respect to \; or, equivalently, \; is a fixed point of ; and
furthermore, f(S| Z(\) = f(S|\) with equality if and only if A is a
critical point of f(S| \) or, equivalently, a fixed point of 7.
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Proof:

QO ) = £ Q0N + QO R)
2

J#i
j=

so Theorem 1 implies f(S|X;) = f(S|\). Since Q:(A, X)) has a unique
global maximum as a function of A/, the inequality Q(A, \;) = Q(A\, A)
is strict unless A; = A;. Furthermore,

Q0. T = £ QT = £ Q0,0 = Q0 ),

the second half of the theorem is thus true.

The separation of (14) is seen to be the key to the increased
versatility of the reestimation algorithm in accommodating mixture-
observation densities. Let bj, be the parameter set defining the density
bjx(s). Obviously, if bux(s) is multivariate Gaussian, by, = (9, Rj),
where 7, is the mean vector and R;, is the covariance matrix. We now
write the auxiliary function in a separated form using the simplified
expression of (13) without loss of generality.

Q(\ M) 4 § ;{: f(S, 6, K|M)log f(S, 8, K|\')
T
=Y ;{:f(S, 0, K|\ {log ug, + 21 log as, e,
e t=
T T
+ 21 log b (s:) + 21 log cé,k,}
N
= Qu(A9 u,) + §1 Qa,'[}‘y {a{ll}il]

N M N
+ 2 2 Qb(>\a bj’k) + §1 ch[ky {cj,k}gill, (16)

j=1 k=1

where

Q.(\, u’) = § %‘,f(S, 0, K| )log us,

™Mz

Y f(S, 8o = i, K| \)log u! amn
K

1
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T
Qul) {aflia] = 2 3 £(S, 8, KIN) % log 67 5(8e-s — i)
N T
=X Y Xf(S, 01=1i06=j K|\Noga; (18)
=1 t=1 K
T
: gl log bg,(s:)0(0: — j)o(k: — k)
T
= X (S, 6. = j, ke = k| Mlog bju(s.), (19)

-
Il

1

and

Qci(k’ {cj’klﬁl)

T
L X f(S,0,K|N) X log cipd(6: — j)
6 K t=1
M

T
= kE Y f(S, 6. = j, ke = k| N)log cj. (20)
=1 t=1
The above expression §(-) is the Kronecker delta function.
Individual maximization of Q., ., and Q.. fori=1,2, - .. , N subject
to the constraints

N
1.2u,~=1, Uj?O
j=1

<

N
2. ¥Ya;=1, a;=0 for all appropriate i and j
j=1
M
3. Yei=1 ¢ =0, (21)
j=1

respectively, is well known.!>!* These individual auxiliary functions
have the same form Y%, w;log y;, which as a function of {y;}X,, subject
to the constraints Y X, y, = 1 and y; = 0, attains a global maximum at
the single point

= Jj=12-,N (22)
2 w;
=1
The result has been proved in many ways.*

When b;.(s) is strictly log concave in by and lim)p,, | log bjx(s) =
—oo, it is easily seen that for A fixed Qy(\, b)) has a unique global
maximum that is a critical point of Q,(X, b/). When b;.(s) is elliptically
symmetric, the following theorem due to Liporace’ is applicable.

Theorem 4: If (i) bjx(s) has the representation of eq. (7), and (ii) there
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are among sy, Sz, - - - , St, d + 1 observations, any d (the dimension of
each observation vector) of which are linearly independent, for fixed \,
Qs(\, b)) has a unique global maximum as a function of b, = (nj,
R/.), and this maximum is the one and only critical point of @»(\, bjx)

Proof of this theorem is easily obtained by following the Appendix
in Ref. 7.

The reestimation algorithm has thus been extended to accommodate
the hidden Markov joint density (8) with mixture observation densi-
ties.

IIl. APPLICATIONS

We now explicitly derive the reestimation transformation. By ap-
plying eq. (22), we can easily calculate @, A, and {Ci}}, fori =1, 2,

., n, the reestimates that for fixed A maximize Q,(\, u’),
Qa (A, {afiXy) and Q (A, {chitL,) fori=1,2, ..., N, as a function of
u’, {ajlX, and {ci}iL,, respectively.

1. Initial probability:

Q.(\ u’) & Z Ef(S 8o = i, K| Mlog u/.

j=1 K

Hence, fori=1,2, ..., N,

o= 3 f(S, bo = 1, Klk)/xgnzf(S, K|»)

Keal

f(S, 60 = (| N)/f(S]N). (23)

2. Transition probability:
Foreveryi=1,2,...,N,
N T

Qa.'(>\, [als}}il) = 2 2

; f(S, 0(-1 = i, 0¢ = j, KI )\)log ai,j.

-

=

~.
=

Therefore, for ,j=1,2,.
2 Zf(s 0t—l = l" Ht_.l, K|A)/

-2 T f(S, 01 =i, K|\)

t=1 K

T T
= El (S, 61 = i, 6. = j| X)/ :21 f(S, 6y = i|N).  (24)

3. Branch probability:
Foreveryi=1,2, ..., N,
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M T
Q. {chdtl) = X X (S, 6. = i, k. = k| Nlog cf.

k=1 t=1

Then obviously, fori=1,2, ... ,N,k=1,2, --- , M,
T T
c= Y f(S,8,=1i k. =Fk|\) Y (S, 0, = i|N). (25)
t=1 t=1

4. Branch density:
Foreveryi=1,2,--- ,N,andk=1,2,--- , M,

T
@&\, bh) = Y f(S, 0. =i, k. = k| N)log bi(s.).
t=1

Maximization of @,(\, b)) with respect to b}, is well known for many
familiar density functions. The solution to the maximization problem
is, in general, obtained through differentiation; i.e., we find by that
satisfies

Vb, @(A, bix) bl = by

Vo, bix(s:)
bh(s) |bk = b

el

f(S, 8. =1, ke = k| ))

= 0. (26)

For strictly log concave b(s), the solution can be easily found. For
elliptically symmetric b;(s),

bi(s) = | Rie| 2hin(gn(s)),
where
8ix(s) = (s — na)*Ri (s — i),

with representation (7), Liporace’s results apply.” In particular, the
solution to (26), i.e., reestimates 7, and Ry, is given by

T
2 f(S, 0, =1, ke = Ek|N)-s,
t=1

(27)

Nin =

T
f(Sy 0t=l9kt=klx)

t=1

T
N 21 (S, 0. =1 ke =Ek|N)-(s: — nix)(se — ni)*
Ri="= 7 - (28)
Z f(S, 0: = i, kt = k|)\)
t=1
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Note that if by (s) is multivariate Gaussian, the reestimates 7%, and

R.. above are readily applicable. It is also easy to see that each Ry, is
positive definite. If s is any d-dimensional vector,

T
s*Rin s = 3 xal)[s*(s. — na))* = 0, (29)
t=1
where
T
xie(t) = f(S, 0. =i, ke = k|N) Y f(S,0.=1 ke =Ek|[))
t=1

= 0.

The inequality (29) is strict provided for any »;, the vectors {s, — 5]
span the d-dimensional observation space, i.e., the observation process
S = (s, 89, + -+ , $7) satisfies the condition laid out in Theorem 4.

The above reestimates can be conveniently calculated with the
forward-backward inductive procedure. Define “forward probabilities”
do(i)-:u,',i: 1:2, b ,Nyand

at(i) = f(slv Sgy vy 8y 0! = ilk)

N
= ¥ a1(f)aifilse), (30)

J=1

fori=1,2, ...,Nand t =1, 2, ..., T. Branch densities f;(s) are
defined in (5). Similarly, define “backward probabilities”

B:(t) = f(31+1, St42, * 00, ST|0t =1, A)
N
= 21 Bee1(J)ayfi(se41), (31)
j=

and Br(i) =1,fori=1,2, ..., Nandt=T-1,T-2, ---, 0.
Further define “branch probability” v.(i, k)

Vt(i’ k) =f(sl9 Sg, ¢+ sy Sty ot= i: kt= klx)

N
= ¥ ar1(f)aicabi(s), (32)
j=1
fori=1,2,...,NNk=1,2,... ,M,andt=1,2, ..., T. Then,
(S, 6: = i|N) = a(i)Be(0), (33)
which leads to
N
f(SIA) = g.l a:(1)B:(1), (34)
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and in particular at t = T,
N
f(SIN) = ¥ ar(i). (35)
i=1
Furthermore,
f(S, 01 =1, 6, =j|N)

= a-1(D)ayfi(s)Be(f)

M
= at—l(i)aij [ k§1 cjkbjk(st)] B:(J), (36)

and
f(S, 0, = i, k= k|)\)
= v.(i, B)B:(i)
N
= 21 ac-1(J)ajiciubin(s:) Be(i). (37)
=
As a result, the reestimates are expressed in terms of the forward and

backward probabilities:
1. Initial Probability:

N
& = ao(i)Bo(i) §1 ao(J)Bo(Jj)

N
= ao()Bo() ;1 ar(j) (38)

2. Transition probability:

M

T
21 ag-1(i)ay [ > cjkbjk(st)] B:(j)

a; =

T (39)
§ at—l(i)ﬁt—l(i)

3. Branch probability:

™M=

at—l(j)ajicikbik(sz)ﬁt(i)
Cir = ~ T (40)
2 a:(D)B:(3)

t=1

1
-
i
-
A
A

4. Branch density:
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M

2 ag( j)ajicikbih(st)ﬁz(i) +Se

Nk = t=1Tj=1 (41)
21 21 a,1(J)aiciubin(se) B:(1)
t=1 )=
and
T N
E 2 at-1(j)ajicikbik(sz)ﬂt(i)'(St — ni)(8e = nin)*

=
o

i

L
.

i

X

(42)

ik = T N
Y Y ami(f)aicabi(s)B:()
t=1 j=1
Note that the results of (41) and (42) apply to the case of mixture of
elliptically symmetric densities with the representation (7). Mixtures
of multivariate Gaussian densities, of course, fall into such a category.
For other strictly log-concave densities, (26) applies.

Note that the above results can be easily applied to conventional
parametric estimation of mixture distributions by setting the number
of states, N, to unity.

1V. CONCLUSIONS

We have extended the reestimation algorithm to accommodate a
broad class of mixtures of strictly log-concave or elliptically symmetric
multivariate distributions. The algorithm is particularly useful in
modeling nonstationary stochastic processes with multimodal non-
symmetric probabilistic functions of Markov chains that could not be
dealt with previously. Explicit reestimates in terms of the well-known
forward-backward inductive probabilities are derived for computa-
tional ease. Due to the greatly expanded capability of the reestimation
method, more accurate modeling of sophisticated signals and thus
improvements in various applications such as speech recognition are
expected.
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