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In this paper we discuss parameter estimation by means of the reestimation 
algorithm for a class of multivariate mixture density functions of Markov 
chains. The scope of the original reestimation algorithm is expanded and the 
previous assumptions of log concavity or ellipsoidal symmetry are obviated, 
thereby enhancing the modeling capability of the technique. Reestimation 
formulas in terms of the well-known forward-backward inductive procedure 
are also derived. 

I. INTRODUCTION 

Hidden Markov models, which use probabilistic functions of Markov 
chains to model random processes, have been found to be extremely 
useful for stock market behavior, ecology,12 and more recently, speech 
recognition.3"5 The effectiveness of this model class lies in its ability 
to deal with nonstationarity that often appears in the observed data 
sequences. The general structure of such a class of models may be 
briefly described as follows. 

Consider a first-order iV-state Markov chain governed by an N x N 
transition probability matrix A = [α#], and an initial probability vector 
u ' = [uiu2 · · · UN]· Obviously, Σ£*ι Oy = 1 for any i = 1, 2, · · · , N, 
and Σ j^i "j = 1. cty is the probability of making a transition from state 
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i to state j given that the current state is i. For any integer state 
sequence Θ = (00,6U θ2, · ■ ■ θτ), where 0t E (1,2, · · · , N}, the probability 
of Θ being generated by the Markov source can be easily calculated by 

Pr(01 A, u) = Ue0ae^ ■ ■ ■ αβ7._1%,. (1) 
Now, suppose Θ cannot be directly observed. Instead, we assume that 
what we observe is a stochastic process S = (si, 82, · · · , Sr), produced 
by an underlying (stochastic) state sequence (0i, 02, · · · 0r). Each 
state, say i, manifests itself through a probability density function 
/i(s), / fi(s)ds = 1. We use F = {/;(·)} to denote such a set of density 
functions. The probability density of S = S 4 (si, s2, · · · , ST), given a 
specific state sequence Θ generated by the Markov chain with transi­
tion probability matrix A, and initial probability vector u is thus 

/ ( S | e , A, u ,F ) = n/ . , (*) · (2) 
t = l 

It then follows that the density of S, given A, u and F, is 

f(S\ A, u, F) = Σ ue0 Π α._Α/#,(*). (3) 
all θ t=l 

The triple (A, u, F) â X is called a (hidden) Markov model source and 
we write f(S \ X) à f(S \ A, u, F), for simplicity. 

Given an observation sequence S, the objective in maximum-likeli­
hood estimation is thus to maximize f(S \ X) over all parameters in λ. 
Such a maximization problem is clearly nontrivial. To solve this 
problem, a reestimation algorithm—developed by Baum et al.1 in 
1970—that guarantees monotonie increase in the likelihood as the 
algorithm iterates, is often used. An auxiliary function, based upon 
the Kullback-Leibler number,6 serves as the basis of Baum's optimi­
zation procedure, in which parameter estimates are characterized as 
the critical point of the auxiliary function. However, the development 
in Ref. 1 encounters difficulties when the densities f/i(·)) are not log 
concave. The Cauchy density f(s) = ir_1(l + s2)-1, which is only 
concave for 3s2 ^ 1, was cited as one such problematic example. 

More than a decade later, in an effort to obviate the log-concavity 
limitation in Baum's algorithm, Liporace7 invoked a representation 
theorem by Fan8 to redefine the auxiliary function and then success­
fully extended the reestimation algorithm to accommodate a class of 
elliptically symmetric, multivariate distributions. As a result, each 
fi(s) E F is allowed to assume the form 

iR,r1/2^te(s)), (4) 
where g,-(s) is positive definite quadratic, 

gi(s) = (s- ViVRTHs - m). 
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The asterisk denotes the transpose of a vector or matrix as we, 
following Liporace, will be dealing with vector observations from this 
point on. The matrix R, is positive definite and symmetric, and the 
location vector TJ, is an arbitrary point in the observation space that is 
d-dimensional Euclidean. 

While Liporace's results are significant in expanding the scope of 
the reestimation algorithm, the requirements that the observation 
densities be elliptically symmetric are in many real situations still very 
restrictive. In particular, useful parametrizations of speech signals, 
such as reflection coefficients and autocorrelation, have been shown 
by Gray and Markel9 and Rabiner et al.,10 respectively, not to exhibit 
the desired symmetry. This lack of symmetry is often observed even 
within each state because of the arbitrariness in choosing the number 
of states for modeling the given process. It is thus the purpose of this 
paper to further obviate the ellipsoidal symmetry assumption so that 
an even more versatile statistical modeling technique than the previous 
ones is obtainable. Levinson also reported the same effort.11 

The class of densities F = {/,(·)! we consider in this paper is the 
class of mixtures of general, strictly log-concave, and/or elliptically 
symmetric densities, having the form 

M 
fM = Σ cikbik(s), (5) 

where ò;*(s) is general strictly log concave and/or elliptically symme­
tric and cu, satisfies 

M 
Σ « * = 1 for i = 1, 2, ■ · · , N. (6) 

As required in Liporace's results,7 one extra assumption for elliptically 
symmetric bik(s) is necessary: the density bik(s) also satisfies the 
consistency conditions of Kolmogorov (see Ref. 12, p. 10) so that 
bik( · ) has the representation 

J\B\ m, vRik)dG(v) (7) 
0 

for some probability distribution G on [0, °°). In (7), the expression 
yV{s; 77,*, vR;*) is the multivariate Gaussian density with mean vector 
Vik and covariance matrix vRik. Clearly, {/i(s)}, as expressed in (5), is 
very general and may serve better in the modeling of many complex 
but realistic observations than unimodal, symmetric density functions. 

This paper is organized as follows. The main body of the theory is 
presented in Section II, where the auxiliary function is redefined and 
the reestimation formula for all the parameters is derived. In Section 
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Ill, applications of the theory to familiar probability densities are 
discussed. Furthermore, for computational convenience, parameter 
reestimation using the forward-backward inductive procedure is also 
provided. 

II. REESTIMATION 
2.1 Joint density 

For mathematical clarity, the following definitions are necessary. 
Let A be an open subset of Euclidean p space. A hidden Markov 

model λ is a point in A and to each λ G A we have a smooth assignment 
λ —* (Α(λ), u(X), F(X)). One trivial assignment is that dimensions in 
A are one-to-one, corresponding to the parameters defining the triple 
(A, u, F), and thus p is the total number of model parameters. 

Define the state alphabet Ω, â (1, 2, · · · , N\. Let Ω4
Τ+1 be the 

(T + l)th Cartesian product of Ω„. The state sequence space is de­
noted by SlJ+1, and Θ G SlJ~+1 means Θ = (0O, 0i, · · · , θτ), where every 
0, G Ω,. 

We further define the branch alphabet Ω& â {1,2, · · · , M). Similarly, 
ΩίΓ is the set of all T-tuples K = (ku k2, · · · , kr), where every kt G Qb. 
K is called a branch sequence. 

The global density function of (3) with state density defined by (5) 
can be written as 

f(S\X)= Σ ueoh 
a l l eeß , r t l t=i 

M 

*=1 

>r+i 

(8) 

The summand in (8) over all θ £ Ω, is, in fact, the joint density 
f(S, Θ | λ), which can be expressed as 

T M 

f(S, θ | λ) = Ue0 Π α»,-,β, Σ Cetkbetk{st) 
(=1 *=1 

(9) 

(10) 

Therefore, the joint density of the truncated stochastic process S is 

/(S|x) = Σ Σ f(s, Θ,ΚΙΧ). (ID 

MM M 

= Σ Σ · · · Σ 
* j = l Αϋ=1 *T=1 

r 
u«o Π ae^e.be.k.ist) 

ί=1 

' ^ 1 * 1 *-*2*2 ' ' ' ^*Γ*Τ· 

We further define 

f(S, Θ, K\\) = ueoU 4 ),-ie,be,k,(st)ce,k,· 
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An interpretation of (11) is that there are NT+1 possible stochastic 
state sequences that may lead to the observation S, with each possible 
state sequence being a superposition of MT branch layers. 

2.2 Auxiliary function and an inequality 

For more general theoretical interest, let Q = fif+1 x Ω? be a totally 
finite measure space with measure μ(θ, Κ). The joint density of (11) 
then has the following general form: 

= \ns,e, 
Ja 

f(s\\)= ns, e, K\\)dß&, K). 
Ja 

Following the concept of the Kullback-Leibler statistic, we define an 
auxiliary function Q(\, X') of two model points, λ and λ', in A, given 
an observation S: 

•Ja 
Q(X, λ') â f(S, 0, X | X)log / (S, 0, Κ\ \')άμ(Θ, Κ). (12) 

•Ja 

We now have the following theorem: 
Theorem l:IfQ(X, Y) 3s Q(\, X) then f (S | X') S*/(S | λ). The inequality 
is strict unless f(S, 0, K\\) = / (S , 0, K\\') almost everywhere 
άμ(&, K). 
Proof: Similar to Baum et al.,1 log x is strictly concave for x > 0. 
Hence, 

log Äspö - l o g Jo /(six) άμ(Θ'K) 

. log f m±g» dM(e, K) ̂  * *ί-λ'> 

-x 
/(S|X) ~"v ' ' / (S,0,KJX) 

f(S,e,K\\) 
/ (S|X) 

tog/çg.e.giv) 
/(S, 0,tf|X) dß(e, κ) 

= [/(S|X)r1[Q(X, X ' ) -Q(X, λ ) ] > 0 

by hypothesis. The inequality above is due to Jensen's inequality for 
the measure df(0, K\ X) = /(S, Θ, Κ| \)άμ(&, K)/f(S\\). This ine­
quality is strict unless / (S, 0, K| X')//(S, 0, X | X) is constant almost 
everywhere df(0, K| X), hence unless f(S, 0, K\ X') = /(S, 0, tf| X) 
almost everywhere ώμ(θ, Κ). 

The significance of Theorem 1 will be discussed below. For simplic­
ity, we often use the expression of (11) for the joint density and define 
the auxiliary function as 

MIXTURE ESTIMATION 1239 



Q(K λ ' )= Σ Σ f(S,e,K\\)\ogf(S,e,K\\') (13) 

as long as the key result of Theorem 1 is held valid. 

2.3 Reestimation algorithm 

Theorem 1 is one of the bases of Baum's reestimation algorithm 
that is sketched below for self-containedness. For a given observation 
S, the reestimation algorithm starts with an initial guess of the model 
X. The parameter reestimates are then defined to be those that 
maximize Q(X, λ') as a function of λ'; that is, the model reesti­
mate X stemming from the current model λ is λ = 5ί(λ) e | λ £ Α| 
Q(\, λ) = maxx'gA Q(X, λ') | . The transformation J7:A —> A is called 
the reestimation transformation. If Q has a unique global maximum 
as a function of λ', the set (λ) has only one element X. Then X plays 
the role of X as before and new reestimates are determined. The 
procedure iterates until some criterion is met. 

Due to Theorem 1 and the following theorem, the above iterative 
procedure produces a sequence of reestimates that guarantee mono-
tonic increase in the likelihood f(S \ X) unless it reaches a critical point 
of the likelihood. 
Theorem 2: Let f(S, Θ, K\ X) be continuously differentiable in X for 
almost all (0, K) G Ω. Let ST be a continuous map of A —> A such that 
for each fixed X,X= J7(X) is a critical point of Q(X, X') as a function of 
X'. Then all fixed points of the reestimation transformation 3~ are 
critical points off(S | λ), and iff(S \ X) > f(S \ X), unless X = X, all limit 
points of ^n{Xo) A f( ST{ ST . . . ( ^(λ0))) ■ ■ ■) are fixed points of 3~ 
for any Xo G A. 
Proof: Let Vx be the gradient vector. 

Vx/(S | λ) U = Vx I f(S, Θ, Κ\ Χ)άμ(&, Κ) 
Ja 

= I Vx/(S, &, K\X)dß(&, K) 
Ja 

= I /(S0, K\ λ)[νλ log f(S, Θ, Κ\ Χ))άμ(Θ, Κ) 
Ja 

= VvQ(X, (λ, λ ' ) |ν-χ . 
Thus_ Vx/(SI λ) Iχ=χ = 0 if and only if Vx-Q(X, λ') |χ=λ = 0 at 
λ = X. The rest of the proof follows Baum et al.1 

Theorems 1 and 2 thus guarantee that after each iteration, the new 
reestimate X improves the likelihood, i.e., f(S | λ) > f(S | λ), unless X 
is a fixed point of the transformation. On the other hand, the trans-
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formation will converge to a fixed point, or equivalently, a critical 
point of the likelihood, if an increase in the likelihood is maintained 
after each iteration and if the limit lim„_«, -^"(λο) exists, regardless 
of what the initial guess X0(E Λ) is. If f(S \ X) has finitely many critical 
points, ^""(λο) approaches a critical point of f(S \ X) that is at least a 
local maximum. 

The transformation as previously defined requires maximization of 
the auxiliary function. Difficulties encountered in the maximization 
process would directly translate into difficulties in obtaining the 
maximum-likelihood estimate. We next show that if every &$(·)> 
i = l , 2 , - - · , N andy = 1,2, · · · , M is strictly log concave or elliptically 
symmetric with the representation (7), Q(X, λ') has a unique global 
maximum as a function of λ', and thus the transformation exists and 
is single valued. The reestimation algorithm is thus guaranteed to 
work for the joint density of (8). 

2.4 Maximization of the auxiliary function 

The auxiliary function for the joint density (8) with mixture densi­
ties is defined in (12). The following decomposition can be easily seen: 

log/(S, θ , Χ | λ ' ) 

= log μ'β0 + Σ log <4,_ιβ, + Σ log b'eth,(st) + Σ log clkkl. (14) 
t = l f = l i = l 

The next theorem suggests that maximization of the likelihood by way 
of reestimation can be accomplished on individual parameter sets due 
to the separability shown in (14), if the following assumptions hold. 
Suppose for almost all (Θ, K), log f(S, Θ, K\ X) = Σ?=ι log /(i)(S, Θ, 
K\Xi), where for each i and almost all (Θ, K) log/(i)(S, θ, Κ\ λ;) has a 
unique global maximum as a function of λ(. Note that X = (λ,) and q 
is the number of parameter sets after separation. Define Q,(X, λ/) by 

Qi(K λ/) = I f(S, Θ, K\ X)log /( , )(S, θ, Κ\ Χοάμ(Θ, Κ). (15) 
»/a 

Then for X fixed, Q,(X, λ/) as a function of λ/ has a unique global 
maximum λ; that is a critical point of Qi(X, \(). The reestimation 
transformation 3~ is thus defined as J7":X —» X = (λ,). We further 
define ^ : X —* % = |λι, λ2, · · · , λ,, · · · , λ,). 
Theorem 3: Under the above assumptions, for all X G A, and every 
i,f(S\ ^i(X)) > f(S\X) with equality if and only if λ, is a critical point 
off(S\X) with respect to λ, or, equivalently, λ, is a fixed point of ßiand 
furthermore, f(S | J?"(X)) > f(S \ X) with equality if and only if X is a 
critical point of f(S | λ) or, equivalently, a fixed point of 3~. 
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Proof: 

Q(X, h) = Σ Qi(K λ;) + Qi(\, Xi) 
>=1 

> Σ Qj(x, Xj) = Q(x, x), 

so Theorem 1 implies f(S | λ,) 5* f(S \ X). Since Qi{X, λί) has a unique 
global maximum as a function of λ/, the inequality Q(X, λ;) > Q(X, X) 
is strict unless λ, = λ,. Furthermore, 

Q(X, X) = Σ Qdx, Xi) > Σ Qi(x, xd = Q(x, x), 
i - i ;=i 

the second half of the theorem is thus true. 
The separation of (14) is seen to be the key to the increased 

versatility of the reestimation algorithm in accommodating mixture-
observation densities. Let b,* be the parameter set defining the density 
bjk(s). Obviously, if bjk(s) is multivariate Gaussian, b,* = (JJ7*, R,*), 
where r\jk is the mean vector and R;* is the covariance matrix. We now 
write the auxiliary function in a separated form using the simplified 
expression of (13) without loss of generality. 

Q(X, λ') â Σ Σ f(S, Θ, K\ X)log f(S, 0, K\ X') 
θ K 

= Σ Σ f(S, Θ,Κ\Χ) {log ui0 + Σ log ae^e, 

T T Ί 

+ Σ log i>e,*,(st) + Σ log citA 
£-1 t=l J 

= QU(X, u') + Σ Qa,[X, \ai\jLi] 

+ Σ Σ Qt(x, b<k) + Σ Qjx, {cM&i], (16) 

where 

Qu(X,n') = llf(S,Q,K\X)logul0 
e K 

= Σ Σ f(S, θο = i, K\X)log u< (17) 
i=l if 
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QjX, |α$}£ι] = ΣΣ HS, Θ,Κ\λ) Σ log αί^δ^-ι - 0 
θ Κ ί=1 
Ν Τ 

= Σ Σ Σ f(S, 0f-i = i, θ< =j,K\ X)log ali (18) 
j= i f=i K 

Q6(x,bA) = 2Z/ (S ,e ,K | \ ) 
T 

Σ iog«A(«t)i(et-;)i(fe-*) 
(=1 

= Σ HS, et =j,kt = k\\)iog bjk(st), (19) 

(=1 
T 

and 

Qcj(\, {e}k\ti) = Σ Σ / (S, Θ, XI λ) Σ log cb,W - j) 
Θ K £ = 1 

= Σ Σ /(s, e( =j,kt = k\x)iog c;*. (20) 
* = 1 £ = 1 

The above expression δ(·) is the Kronecker delta function. 
Individual maximization of Qu, Q0, and QCj for i = 1, 2, · · · , N subject 

to the constraints 
N 

i . Σ uj= i> uj ^ o 
j-i 

N 
2. Σ a« = 1. ay "& 0 for all appropriate i and j 

. 7 - 1 

M 

3. Σ Cij = 1, c,y 3* 0, (21) 
.7=1 

respectively, is well known.1314 These individual auxiliary functions 
have the same form J%i wjlogyj, which as a function of \yj\jii, subject 
to the constraints £j^i yj = 1 ar*d yj 3= 0, attains a global maximum at 
the single point 

yj = -P- j=l,2, ■■· ,N. (22) 
Σ u>i 
;-=i 

The result has been proved in many ways.14 

When bjk(s) is strictly log concave in b,·* and lim|b>(1|-«> log bjk(s) = 
—oo, it is easily seen that for X fixed Q&(X, b,*) has a unique global 
maximum that is a critical point of Qt(X, by*). When 6/*(s) is elliptically 
symmetric, the following theorem due to Liporace7 is applicable. 
Theorem 4: If (i) bjk(s) has the representation of eq. (7), and (ii) there 
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are among su s2, · · · , ST, d + 1 observations, any d (the dimension of 
each observation vector) of which are linearly independent, for fixed X, 
Qb(\, hjk) has a unique global maximum as a function of b,* = (η&, 
R/fc), and this maximum is the one and only critical point of Qb{\, bjk). 

Proof of this theorem is easily obtained by following the Appendix 
in Ref. 7. 

The reestimation algorithm has thus been extended to accommodate 
the hidden Markov joint density (8) with mixture observation densi­
ties. 

III. APPLICATIONS 

We now explicitly derive the reestimation transformation. By ap­
plying eq. (22), we can easily calculate u, Ä, and (calìLi for i = 1, 2, 
· · · , n, the reestimates that for fixed λ maximize QU(X, u ') , 
Qo,(X, \aij\jLi) and QC,(X, {c,*}/üi) for i = 1, 2, · · · , N, as a function of 
u' , \aij}jLi and \cik\iti, respectively. 

1. Initial probability: 

QU(X, u ') â Σ Σ f(S, 0o = i, K\ X)log u/. 

Hence, for i = 1, 2, · · · , N, 

üi = Σ f(S, 0o = i, K\\) / Σ f(S, K\ λ) 
Kerf I Keaf 

= f(S,0o = i\\)/f(S\\). (23) 

2. Transition probability: 
For every i — 1, 2, · · · , N, 

Qai(K [aiïîLr) = Σ Σ Σ f(S, et-x = i,6t = j , K\ X)log a$. 

Therefore, for i, j = 1, 2, · · · , N, 

äij=l lf(S,et-1 = i,et=j,K\\) / 
t=i K I 

•Σ Σ /0Μ*- ι = ί ,Κ |λ ) 

= Σ f(S, 0t-i = i,et = j\\) Σ f(S, et.x = i\\). (24) 
t=l / t=l 

3. Branch probability: 
For every t = 1, 2, · · · , N, 
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M T 

Qc,.(X, {<&}&) = Σ Σ f(S, Bt = i, kt = k\ X)log e'·. 
*=1 (=1 

Then obviously, for i = 1, 2, · · · , N, k = 1, 2, ■ · · , M, 

c = Σ / ( s , 0( = *; kt = k\\) / Σ / ( s , Ö£ = ί |λ) . (25) 
ί=1 / (=1 

4. Branch density: 
For every i = 1, 2, · · · , iV, and k = 1, 2, · · · , M, 

Qfc(X, bi) = Σ f(S, Θ, = i,kt = k\ X)log 6i(et). 

Maximization of Qt(X, b£) with respect to b,'* is well known for many 
familiar density functions. The solution to the maximization problem 
is, in general, obtained through differentiation; i.e., we find E,* that 
satisfies 

VbrtQ6(X, b i ) b,* = E,·* 

= lf(S,et = i,kt = k\\)^j^-
t-i Oik(st) b'ik = E,* 

= 0. (26) 

For strictly log concave bik(s), the solution can be easily found. For 
elliptically symmetric bik(s), 

M e ) = \Rik\-1/2hik(gik(s)), 

where 
gik(s) = (S - Vik)*R~k(s - 77,*), 

with representation (7), Liporace's results apply.7 In particular, the 
solution to (26), i.e., reestimates !?,* and R,*, is given by 

Σ f(S,et = i,kt = k\\)-st 

Vik = ^ (27) 
Σ f(S, et = i, kt = k\\) 

(=1 

T 

Σ f(S, θι = i, kt = k\ X)-(st - 77;*)(Si - Vik)* 

H* = — T · (28) 
lf(S, et = i, kt = k\x) 
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Note that if bikis) is multivariate Gaussian, the reestimates 17,* and 
Ri* above are readily applicable. It is also easy to see that each Rifc is 
positive definite. If s is any d-dimensional vector, 

T 

s*Rik s = Σ **(*)[«*(«« - Vik)]2 & 0, (29) 

where 

xa,(t) = f(S, 9t = i, kt = k| λ) / Σ f(S, et = i,kt = k\ X) 

3=0. 

The inequality (29) is strict provided for any i/i* the vectors [st — τ/,*) 
span the d-dimensional observation space, i.e., the observation process 
S = (si, s2, · · · , ST) satisfies the condition laid out in Theorem 4. 

The above reestimates can be conveniently calculated with the 
forward-backward inductive procedure. Define "forward probabilities" 
a0(i) = uh i = 1, 2, · · · , N, and 

«i(i) = f(si, s2, · · · , st, 0« = ί'| λ) 
N 

= Σ aM(j)Oiifi(st), (30) 

for i = 1, 2, · · · , N and t = 1, 2, · · · , T. Branch densities /,(s) are 
defined in (5). Similarly, define "backward probabilities" 

ßt(i) = f(St+u St+2, ■ ■ · , ST\ 0, = l, X) 

N 

= Σ &+i0')a,y/,(si+1), (31) 
y-i 

and /8T(i) = 1, for i = 1, 2, · · · , TV and t = T - 1, T - 2, · · · , 0. 
Further define "branch probability" yt(i, k) 

ltd, k) = f(su s2, · · · , st, et = i,kt = k\ X) 
N 

= Σ at-i(j)ajiCikbik(st), (32) 
y=i 

for i = 1, 2, · · · , N, k = 1, 2, · · · , M, and ί = 1, 2, · · · , T. Then, 
/ (S,0 t = /|X) = at(»)ft(i), (33) 

which leads to 

f(S\X)= Σ <*t(i)ßt(i), (34) 
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and in particular at t = T, 

/(S|X) = Σ aT(i). (35) 

Furthermore, 

and 

f(S,et-l = i,Ot=j\\) 

= at-iWanfjistißtU) 

= α£-ι(ϊ)α„ 
M 
Σ Cjkbjk(st) 

. *-ι 

f(S,et = i, kt = k\X) 

= γ,(ϊ, k)ßt(i) 

ßtU), (36) 

N 
= Σ at-i(j)aßCikbik(st)ßt(i). 

. 7 - 1 
(37) 

As a result, the reestimates are expressed in terms of the forward and 
backward probabilities: 

1. Initial Probability: 

Ui = a0(i)ßoÜ) / Σ ot0{j)ßoü) 
I ;=i 

Λ7 
= oo(i)jSo(i) / Σ ar(j) (38) 

2. Transition probability: 

Σ at-i(i)a« 
_ t=i a.·,· = — 

M -] 
Σ cjkbjk(st) ßt\ 

k=l J 
0) 

(39) 
Σ «WOft-iW 

3. Branch probability: 

Cik = 

T N 
Σ Σ <x,-1(j)ajiCikbik(st)ßt(i) 
t=l 7^1 

Σ at(i)A(i) 
(=1 

(40) 

4. Branch density: 
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Τ Ν 

Σ Σ ott-i(j)ajiCikbik(st)ßt(i)-St 
Vik = '-=ψϊ (41) 

Σ Σ at-i(j)ajiCikbik(st)ßt(i) 
ί=1 ; = 1 

and 
Τ Ν 

Σ Σ ott-i(j)ajiCikbik(st)ßt(i) ■ (st - J?,*)(S( - t)ik)* 
Rk = tJ±Jrl irH («) 

Σ Σ at-Aj)ajiCikbik(st)ßt(i) 
(=1 j=l 

Note that the results of (41) and (42) apply to the case of mixture of 
elliptically symmetric densities with the representation (7). Mixtures 
of multivariate Gaussian densities, of course, fall into such a category. 
For other strictly log-concave densities, (26) applies. 

Note that the above results can be easily applied to conventional 
parametric estimation of mixture distributions by setting the number 
of states, N, to unity. 

IV. CONCLUSIONS 

We have extended the reestimation algorithm to accommodate a 
broad class of mixtures of strictly log-concave or elliptically symmetric 
multivariate distributions. The algorithm is particularly useful in 
modeling nonstationary stochastic processes with multimodal non-
symmetric probabilistic functions of Markov chains that could not be 
dealt with previously. Explicit reestimates in terms of the well-known 
forward-backward inductive probabilities are derived for computa­
tional ease. Due to the greatly expanded capability of the reestimation 
method, more accurate modeling of sophisticated signals and thus 
improvements in various applications such as speech recognition are 
expected. 
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