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Simple Analytical Representation of Antenna
Spatial Radiation Patterns With Application to
the Pyramidal Horn-Reflector Antenna
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(Manuscript received January 14, 1985)

The spatial (three-dimensional) radiation characteristics of directive anten-
nas are often needed in radio interference calculations and predictions. Pre-
sented is a method that allows a fast computation of the spatial radiation
envelope characteristics of antennas from measured pattern information. This
is achieved by fitting the measured data to simple functional forms that are
based on salient physical properties of the antennas. An example is given in
which radiation envelopes for a pyramidal horn-reflector antenna, widely used
in AT&T service, are calculated from measured data. Superpositions of quad-
ratic functions to fit main radiation lobes and logarithmic functions to repre-
sent the side-lobe envelopes are being used, and good agreement with the
measured data is demonstrated.

I. INTRODUCTION

Ground scattering is a major source of interference in microwave
communication links." Its analysis involves repeated computations
incorporating the antenna directivity in different directions through-
out its three-dimensional (3D) coverage.

For a mathematical representation of the 3D directivity pattern of
the antenna to be applicable for such purposes, it should be compatible
with the data storage and computability constraints and commensur-
ate with the accuracy requirements of the analysis package. Direct
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representation of measured data, for instance, requires storage of
densely sampled data, about 20 points per beamwidth in every mea-
surement cut, and a fraction of a beamwidth separation between cuts,
resulting in the immense number of 400,000 points in the data storage
for a 1°-beamwidth antenna. Interpolation methods, based on the
bandlimitedness of the antenna spatial spectrum, can reduce the
required database by at least two orders of magnitude,® but many
applications require even further simplicity. Such a simplification can
be offered by approximating the radiation pattern by its envelope only
and disregarding the detailed side-lobe structure, which varies from
one antenna unit to another of the same type and varies rapidly with
frequency.

The envelope surface, representing a local angular average (or peak
cover) of the radiation pattern, is much smoother and more repeatable.
Its generation still requires all side-lobe peaks, and any general pro-
cedure of surface matching is not as straightforward and simple as
desired. A major reduction in complexity may be achieved when use is
made of salient features of the antenna. It is demonstrated, in what
follows, that a complex surface may be well approximated to a high
degree of accuracy with relatively simple analytic expressions by
relying on basic antenna features.

It is worth mentioning here that simple models, using a single skirt
function, have found use for specifications,*® but their approximation
is much too crude for other applications.

The approximation to the radiation pattern of the Pyramidal Horn-
Reflector (PHR) antenna,® widely used by AT&T Communications, is
worked out as an example encompassing only four coefficients in each
region, out of a lookup table with 29 constants, while maintaining
tight match over the main beam and no more than 5-dB deviation
from the side-lobe peaks throughout. This work was briefly summa-
rized in Ref. 7.

fl. SURVEY OF PERTINENT ANTENNA FEATURES
2.1 Symmetries in the antenna pattern

The field distribution in a radiating aperture is transformed to the
far field via the Fourier Transform (FT),

F(u, U) &« f dx f dyf(x’ y)e—jk(xu+yu) (1)
aperture

(see Fig. 1), where
u = sin 4 sin ¢
v = sin ¢ cos ¢,

and k, being the wave number, equals (27)/\.
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Fig. 1—Coordinate systems for the pyramidal horn-reflector antenna.

For any cut through the z axis (perpendicular to the aperture), one
may rotate the coordinates to align the cut with the u and v axes and,
thus, reduce eq. (1) to a one-dimensional FT

F(u, 0) « f dxe f dyf (x, ¥), @)
aperture aperture

where the symmetry rules of Table I apply.

The aperture of the PHR antenna, for example, is tilted and not
perpendicular to its main beam boresight (see Fig. 1). In the vertical
plane, the aperture distribution is, therefore, not real, and the resulting
radiation pattern not symmetrical. A simple computation technique
by which the field is projected onto a virtual vertical aperture is widely
used (see Refs. 8 through 10 in connection with the PHR antenna)
and produces a symmetrical pattern in the vertical plane, which is
obviously in error. In the horizontal plane, however, the aperture is
perpendicular to the pattern boresight and is symmetrical. Further,
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Table |I—Aperture symmetry rules
Rule Aperture Distribution Radiation Pattern

1 f(x) real |F(u)| = Fl(-u)|
or f(x) = |f(x)|e’“"’ arg F(u) = —arg F(-iu)
2 f(x) = £f(—x) F(u) =+F(-u)

3 f(x, ) = f(2)f, (y) F(u, 8) = F,(u)F,(v)
t(x) < —>F,(u)

) fy<—F.(v) .
4 flo, 0) = fp(p)e"" F(u,v)= F,.(w)e""‘
P = x? + w = Ju? + v
=tg(y ) Y (ufv)

Han el transform)

Table ll—Asymptotic power density
drop-off for rectangular distributions

Rectangular Aperture  Asymptotic Power

Distribution Density Drop-Off
Uniform u?
Cosine ut
(Cosine)® u®
(Cosine)? u
Taylor u?
Dolph-Chebyshev Constant

with the side walls of the aperture tilted, the field is not separable
(rule 3 in Table I), nor is the far field.

2.2 Asymptotic drop-off of the radiation pattern envelope

The FT relationship between the aperture field and the radiation
pattern may be evaluated asymptotically for large u. By integrating
by parts one gets

b
F(u) = f f(x)e 7 dx

P 1 n+1
=3 (-) f (x)e vt 2, ®)
n=0 \U
which represents the radiation pattern as an asymptotic series of
diffraction terms by discontinuities at the aperture edges. The leading
term in that inverse power series is determined by the order of the
derivative of the aperture illumination that is discontinuous at the
edges. A representative list of aperture distributions, along with the
resulting power density drop-off, is listed in Table II (for an extensive
list, refer to Ref. 11).

Phase-modulated aperture distributions (e.g., wide flare horns,
shaped beam antennas) may have an additional, nondiffraction con-
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Table lll—Asymptotic power
density drop-off for circular
distributions

Circular Aperture  Asymptotic Power

Distribution Density Drop-Off
Unif;or/m . u“5
1 - (p/a) u"
= (o/a)* u’
1 - (x/a)?)? u®
ircular Taylor u?

tribution resulting from saddle-point integration, which applies prin-
cipally to the main beam (see, for example, Ref. 12).

The radiation pattern of a planar aperture with rectangular sepa-
rable distributions (rule 3 in Table I) is a product of the principal
plane patterns. Polar separable distributions generate patterns with
drop-off rate u™""/? by integrating the Hankel transform'® by parts
and using asymptotic expressions for the Bessel functions. Represent-
ative circular distributions are listed in Table III.* Discrete element
construction of the aperture distribution adds grating lobes to the
antenna pattern when the elements are periodically displaced. The
grating lobes are isolated, however, and their location can be predicted
from the array structure.

A wedge diffraction pattern is a product of axial and cross patterns,
with the latter culminating at the shadow boundaries of the incident
and reflected illuminations and decaying from it as (sin v/2)™! for a
thin wedge or as (sin 3y/2)™! for a right-angle wedge,® ¥ being the
angle from the shadow boundary.

Diffraction by strips and cylinders is similarly a product of axial
and cross patterns, where Snell reflection rules apply to the axial
pattern. The diffraction pattern thus forms a cone around the axis,
azimuthally and axially weighted by the respective pattern behavior.

2.3 Reconstruction of the antenna 3D radiation envelope approximation

The above survey shows simple pattern behavior for elemental
radiators when represented in their natural coordinate systems. The
generic form

F(u)(dB) = a — b logou (4)

may be used on each of the principal axes of the pattern of a separable
distribution or edge diffraction and on representative radial cuts for a
nonseparable distribution where azimuthal interpolation functions can
close the gap. Paraboloids, circular or elliptical, are used to match the
peak regions.
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Contributions to the antenna radiation pattern come from the
illumination of the aperture and its edges, diffraction by the feed and
structural members, and the weather cover. All these can be classified
by the categories surveyed in the previous section, and the character-
istic pattern of each can be traced on the 3D antenna pattern in
regions where it dominates. These traces are easiest to identify on the
sin 8, ¢ polar plot of the antenna pattern, pivoted around the boresight,
where they take elliptical shapes. For instance, an edge slanted by an
angle o from boresight (z axis) in a plane slanted by 8 from the xz
plane, diffracts the outgoing wave on a cone, the trace of which is an
ellipse with axes

a = sin «a

b = (1/2) sin 2« (5)

DIFFRACTION BY A SLANT EDGE

DIFFRACTION CONE TRACE
ON THE RADIATION SPHERE

2 = sin @

b = 1/2 sin 2a
4

PROJECTIONS

Fig. 2—Projections of the edge diffraction cone.
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tangent to a line through the boresight forming an angle 8 with the y
axis (see Fig. 2).

Once skeleton shape matching is obtained, parameters of eq. (4) are
adjusted to match the envelope of each contributor in its natural
coordinate system. The partial patterns are then retransformed to the
antenna coordinate system where final patch up might be required in
transition regions.

The desired application of the radiation envelope approximation
should determine the coordinates of representation and the transfor-
mation formulas. In analyzing scattering interference in terrestrial
transmission, for instance, the azimuth (AZ)-elevation (EL) coordi-
nate system blends with the computations of the model much better
than 6, ¢ coordinates, and the transformations and approximations
are best done directly in that representation (see Fig. 1).

tlI. THE PYRAMIDAL HORN-REFLECTOR ANTENNA PATTERN

The PHR antenna is extensively used in terrestrial microwave links
(see Fig. 3). The measured data of the frontal hemisphere of its 3D
radiation pattern at 4 GHz consists of 91 ¢ cuts made every 1° with a
sampling rate of 0.08° totaling about 200,000 measured points.” The
sin 8, ¢ polar plot of its radiation distribution for horizontal polariza-

Fig. 3—The AT&T pyramidal horn-reflector antenna.
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Fig. 4—Radiation pattern for the ;lnyramidal horn-reflector antenna of Fig. 3insin 6, ¢
coordinates at 3900 MHz, horizontal polarization.

tion is shown in Fig. 4, truncated at 60 dB below the main beam peak,
while the accompanying 3D pattern is shown in Fig. 5 in AZ-EL
coordinates. The trace a in Fig. 4 could be matched to an ellipse with
a = 14.5°, 8 = 14.5° and identified as side edge diffraction. The trace
b, on the other hand, matches an ellipse with o = 3.6°, 8 = 14.5°
corresponding to the side blinder (see Fig. 3).2¢ A closer look at the
side blinder attachment detail shows a step at the aperture edge,
allowing for the aperture edge diffraction to dominate on one side and
to be shadowed by the side blinder on the other. The large diffused
lobe at d is due to reflection by the weather cover emerging down after
a second bounce from the reflector (see Fig. 6), while the one at ¢ is a
spillover of the horn field illuminating the top edge of the reflector.
The flare of the side-lobe ridge at the top and at the bottom is
attributed to the curved top edge of the aperture.
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Fig. 5—Radiation pattern for the pyramidal horn-reflector antenna in AZ-EL coor-
dinates at 3900 MHz, horizontal polarization.

The aperture field of the PHR antenna has the TE,o-mode distri-
bution prevailing in the pyramidal horn, blown up by the reflector.
The horizontally polarized field strongly illuminates the side walls but
is much weaker at the upper and bottom edges. The case is reversed
with vertical polarization as shown in Figs. 7 and 8; the side wall
diffraction is highly suppressed, while that of the top and bottom
edges is very strong at the center and decays to the sides. The spillover
lobe, ¢, is much stronger, but the window lobe, d, is similar to that of
the horizontal polarization.

IV. THE RADIATION ENVELOPE APPROXIMATION FOR THE PHR
ANTENNA

The contributors to the radiation pattern, identified by examination
of both the pattern and the antenna, are aperture illumination taper,
top edge (curved), bottom edge, side edges (slanted o = 14.5°, 8 =

ANTENNA 1609



~ \ WEATHER COVER
\ ' _——~—7{1-mm FIBERGLASS WINDOW}
T \ 2
A \ \ o //
\

/T 5
X 7/ \ 7 //1#
k AN ///)(\ \)// /
NX WA // _BOTTOM-EDGE
W/’ BLINDER
\
\ N v
\\\ v
\ \ v
\ \ AR
\\ \ |\ --wINDOW LOBE
¥
Ay VD
N \
\

Fig. 6—Pyramidal horn-reflector antenna with bottom-edge blinder and window lobe.

14.5°), side blinders (slanted o = 3.6°, 8 = 14.5°), weather cover
(window lobe), top-edge spillover, and bottom-edge blinder (optional).
Each of these contributions is approximated by the following generic
function in the peak regions:

& = 8max — Ku(u - u0)2 - Kv(v - UO)Z; (6)

where gnax is the peak level in decibels below the main beam peak, u
and v are the local principal plane coordinates [see eq. (1)] for each
contributor, and K,,, K, are the parabolic coefficients to be matched.
In the fall-off regions,

g = a, + a, — b,logou — b,logyov (M

supplies the envelope, with a., a,, b,, b, coefficients to be matched.
The local coordinate systems are then transformed to the antenna sin
AZ, sin EL coordinate system for preserving computational economy
in the repeated transformations between the antenna and the scatter-
ing model! coordinates. Such a simplification is made possible by the
fact that the antenna boresight is almost horizontal and its azimuthal
plane aligns with that of the scattering model to enough accuracy. The
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Fig. 7—Radiation pattern for the pyramidal horn-reflector antenna in sin 6, ¢ coor-
dinates, vertical polarization.

sin AZ, sin EL coordinate system is presented in Fig. 1 and is related
to the spherical coordinates via

sin EL =sinfsin ¢ = u

sin AZ = sin 6 cos ¢/v1 — sin? 4 sin? ¢

and
cos § = cos AZ cos EL
sin ¢ = sin EL/V1 — cos? AZ cos? EL.
The top edge contribution is flared to £15° by scaling the AZ coordi-
nate input to eq. (7).
The partial contributions to the radiation envelope thus obtained

are drawn in Figs. 9 through 12 and 14 through 17 for horizontal and
vertical polarizations, respectively. The overall radiation envelopes,
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Fig. 8—Radiation pattern for the pyramidal horn-reflector antenna, vertical polari-
zation.

drawn in Figs. 13 and 18 for these polarizations, respectively, are then
represented by the largest partial contribution at every point, all the
rest being ignored. Note that the three contributions aperture illumi-
nation taper, top edge, and bottom edge have been combined into one.
The PHR antenna radiation envelope can, therefore, be well approx-
imated by single functions of the type (6) or (7) in every region
characterized by their respective coefficients. The total number of
constants used by the program for each polarization is 36, only four
or five of which are used in any individual function. Also, transfor-
mations using eq. (5) are required for the side edge and side blinder
contributions.

V. SUMMARY

A procedure was described by which a simple and computationally
economical mathematical model can be constructed to approximate
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Fig. 18—Overall radiation envelope for the pyramidal horn-reflector antenna, vertical

the 3D radiation envelope of directive antennas by making proper use
of the salient antenna features. Accuracy is a parameter in such a
model. Test computations of carrier-to-interference ratios executed by
using this model versus the measured 3D pattern in the terrain

scattering interference model' agreed to better than 3 dB in all cases.
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