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This paper describes the design, testing, and measured performance of a 
rate 11/12 self-orthogonal convolutional codec that meets the bit-error-rate 
objective of M-state quadrature amplitude modulation systems in terrestrial 
radio transmission. The objective is to reduce a bit error probability of 10"* to 
10~10 or smaller. In fact, the measured output error probability is well below 
10"10 when the channel error probability is below 10~5. 

I. INTRODUCTION 

To maintain the low bit error rates—as required for high-quality 
data transmission in the face of increased demand for bandwidth 
efficiency—through the use of M-ary quadrature amplitude modula­
tion (M-QAM) signaling, application of error-correction coding in 
terrestrial digital radio transmission may be desirable. Accumulated 
"randomly scattered" errors from different error sources may make it 
difficult to meet an objective of very low average background error 
probability, for example, a 10-10 Bit Error Rate (BER) with a high-
level modulation such as 64-QAM. 

As will be explained in this paper, convolutional coding was consid­
ered as a potential candidate for this task. To answer some of the 
implementation questions, and because the code seems very attractive 
for high-speed transmission, we developed a rate 11/12 double error-
correcting convolutional codec and measured its actual performance 
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in terms 01 codec input/output bit error probability. The code effi­
ciency is 0.9166 and is in the range that is justifiable for spectrally 
limited terrestrial radio applications. The intention is to have the 
process of encoding and decoding applied to data rates in the high 
megabit range. As such, there is a need for considerable parallel 
processing in the encoder and decoder realizations. In this paper we 
describe a procedure for such processing for a rate 11/12 convolutional 
code. The parallel processing can be implemented using standard logic 
elements. 

After a general description of convolutional coding, we describe the 
implemented codec in Section I and then present the test setup in 
Section II. Finally, in Section III we present the measured performance 
of the codec. Section IV provides our conclusions. 

7.7 Code structure 

In general, a convolutional encoder can be assumed to be a linear 
sequential network that maps a block of ko parallel bits entering the 
circuit into an no > ko bit block over a certain period of time. If the 
bits leaving the encoder are the original data bits plus (no — ko) parity-
check bits, defined by the particular code polynomials, the code is 
called systematic. The ratio ko/no is defined as the code rate. In 
convolutional coding, the parity bits in a given block have not only 
been affected by the data bits in the present block but also the 
preceding blocks. (This is not the case for block codes.) 

The constraint length of the code N is the number of bits no in a 
coded block multiplied by the number of blocks m checked by the 
no — ko parity checks. For block codes, m = 1. 

In general, convolutional codes have the same limitations and, 
roughly speaking, the same inherent capabilities as block codes. 

Like block codes, convolutional codes are capable of correcting 
random errors, burst errors, and combinations of random and burst 
errors. Since the parity bits in a convolutional code check information 
symbols in the blocks preceding the present block, the basic parity 
matrix is of the form 

h = [Pi-, 0PT
m-2 o ■■■ Pin, 

where (no — ko) by ko matrices Pjare arbitrary, and 0 and / represent, 
respectively, the zero and identity matrices of order no — ko. The 
encoding process associates (no — ko) parity checks, as specified by the 
matrix n, to every block of ko bits of the entering information, once 
every no channel-bit times. 

Decoding of a convolutional code is possible by algebraic or sequen­
tial methods. Although both techniques deal with convolutional codes, 
they do so in entirely different manners. As a result, most of the 
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definitions applied in coding are of different forms, depending on the 
way that the code is decoded. 

In algebraic methods, the decoder bases its decisions on the check 
digits within a constraint length, but in the sequential methods the 
decisions are made based on a section of the syndrome that is much 
longer than the code-constraint length. This substantially improves 
error-correcting performance. 

Decoding simply associates an error pattern with the syndrome. 
After the decoder calculates the syndrome, it uses it to decode the 
oldest block in its registers. Like block codes, a convolutional code can 
be modeled in terms of parity-check and generator matrices. 

An n-tuple 6 is a code word in the convolutional code family de­
scribed by h if and only if bHT = 0, where HT is the transpose of the 
parity-check matrix 

H = 

where Pf, 0,1 were defined in the equation for n. The sequence 6 can 
be obtained by multiplying the information-bit sequence d = (4_i · · · 
dido by the generator matrix of the code, which is 

>ό7 
Ρΐ 
ρΤ 

opli 
oPl-2 o ■ ■ PÏL 

G = 
IPo OP, 

IPo 
OPm-x 
OPm-2 
IPo -

that is, 6 = dG. 
It can be seen that GHT = 0. The syndrome of a received n-tuple r 

is defined as rHT = s. Clearly, all n-tuples containing errors (not a 
code word) have nonzero syndromes. 

Self-orthogonal codes are a class of convolutional codes that are 
rather simply implementable, and they can also be decoded with 
majority-logic decoding (a nonsequential decoding approach). The 
disadvantage of these codes is that for large values of no and ko the 
random-error-correction ability of the code decreases, that is, their 
minimum distance gets small. For ease of implementation only the 
self-orthogonal codes with no — ko = 1 are usually considered for 
construction. In self-orthogonal codes with minimum distance d, at 
least d — 1 rows of the parity matrix H are orthogonal (in the coding 
sense) on each of the ko bits of the zero block. For these codes, it can 
be shown that 

N <no (no - l ) (d - l)(d - 2) + 1 

where N is the constraint length and d the minimum distance of the 
code. 
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Suppose that a self-orthogonal code has the ability of correcting t = 
(d — l)/2 random errors. If t or fewer errors occur within a constraint 
length of the (m — l)th block, it can be shown that it is possible to 
arrange a set of J = d — 1 orthogonal check sums on each data bit in 
the (TO — l)th block of this code. It has been proved that the value 
assumed by the majority of these check sums will always be the correct 
value of the noise digit that was added to the considered data bit.1 

Therefore, by adding this bit to the data bit the correction can be 
made. 

The threshold decoder corrects errors by reencoding the received bit 
stream, adding the regenerated parity bit to the corresponding received 
parity bit, and then forming the syndrome. Then the error pattern 
associated with the syndrome is added to the (TO — l)th block of the 
received sequence. For practical limitations, the m-bit section of the 
(semi-infinite) syndrome that is within a constraint length is stored 
in the syndrome register. As mentioned above, J — d — 1 of the check 
sums represented by the syndrome bits are orthogonal on each data 
bit in the (TO - l)th block. 

Each of the ko majority gates functions as a voter for one of the 
orthogonal check-sum sets. Therefore, the syndrome register bits are 
weighted according to the coefficients of the generator polynomials to 
form the orthogonal check-sum sets, and fed to ko majority gates 
(threshold circuits). Hence, the number of inputs to each majority 
gate is the same as the number of terms in each generator polynomial, 
that is, J = d — 1. 

The output of the ith threshold circuit, which is a zero when more 
than 

[j/2, J even] 
\(J - l)/2, J odd J 

of the inputs are zeros, and one otherwise, is added to the ith data bit 
in the (TO — l)th block in the parity regenerator (reencoder) circuit. 
This correction bit is also used to invert each bit of the syndrome that 
is connected to the ith threshold circuit. After correcting all the errors, 
the bits are shifted out so that the next block can be processed. 

With this introduction we can proceed with the design of the code 
for microwave radios. 

1.2 Design model 

The self-orthogonal convolutional code applied here, as stated ear­
lier, is a rate 11/12 code. That is, the encoder appends one parity bit 
to the end of each block of 11 information bits to form a 12-bit coded 
block. The code constraint length, that is, the number of bits checked 
by every parity bit, is N = 1716. Therefore, the maximum term in the 
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code generator polynomial is of the order of 142, which is the length 
of the encoder and syndrome shift registers. The code generator 
polynomial set is1 

Gi = 1 + D + D3 + D1 

G2 = 1 + D8 + D24 + D41 

G3 = 1 + D9 + Dhh + D73 

G4 = 1 + Dn + D92 + D128 

G6 = 1 + D22 + D43 + D83 

G6=l+D10 + Dm + D1U 

G7=l+D59 + D76 + D103 

Gs=l+D42 + D122 + D142 

G9 = 1 + D6 + Dbl + D95 

G« = 1 + D8" + Dna + D132 

Gn = 1 + D66 + D" + D133. (1) 

We use these polynomials to form the encoder shift register shown in 
Fig. 1 and the syndrome register of the decoder in Fig. 2. The details 
of shift register tap connections for this type of code are shown in Fig. 
3. The blocks in the block diagrams in Fig. 1 through 3 will be described 
in the following paragraphs. 

ENCODED DATAs 

Fig. 1—Block diagram of encoder. 
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The encoder circuit shown in Fig. 1 takes a serial data stream at a 
clock rate of R, and, via a Serial-to-Parallel (S/P) converter, the 
stream is converted to 11 parallel streams, each clocked at the rate 
Äi = Ä/11. To realize the S/P converter circuit, an 11-bit serial-in/ 
parallel-out shift register at the rate R was used. The clock conversion 
is performed by the divide-by-eleven circuit shown in Fig. 1. The 
timing alignment of the data streams is done through a set of flip-
flops clocked at Äi. The encoder shift register consists of 142 delay 
elements, along with 32 exclusive OR gates placed at locations deter­
mined by the code generator polynomials. The delay elements were 
realized by using 8-bit Transistor-Transistor Logic (TTL) shift reg­
ister Integrated Circuits (ICs). The generated parity and 11 data bits 
are then combined through a TTL multiplexer addressed by a 12-bit 
counter. The multiplexer has to be clocked at R2 = (12/11)Ä, or more 
simply, R2 = 12Äi. Hence, a clock multiplier was needed to generate 
the 12th harmonic of Äx. A digital phase-lock frequency multiplier was 
designed for this purpose. The circuit is shown in Fig. 4. It consists of 
a phase detector IC, a low-pass loop filter, a voltage-controlled multi­
vibrator, and a divide-by-twelve counter. To generate the R2 clock, a 
harmonic filtering method was tried first and discarded in favor of the 
phase-lock frequency multiplier. As stated earlier, the clock signal 
generated by the phase-lock frequency multiplier is used to address 
the multiplexer (mux) IC and the output of this is reclocked through 
a single flip-flop by the R2 clock. 

A block diagram of the decoder is shown in Fig. 2. The received 
coded data at rate R2 = (12/11)Ä is passed through an S/P converter 
to obtain 12 parallel bit streams. To alleviate the encoder/decoder 
synchronization problem in the experimental model, the R2 clock 
generated on the encoder board was hard-wired to the decoder front-
end circuit, where a divide-by-twelve counter was used to generate 
Ri = Ä2/I2. This clock, in turn, is used to time align the 12 data 
streams through a set of flip-flops. The reencoder circuit is identical 
to the encoder shift register shown in Fig. 1. The generated parity and 
received parity bits are added through an exclusive OR gate to form 

fREF 

' PHASE 
DETECTOR LOOP FILTER 

DIVIDE BY m 
COUNTER 

VOLTAGE-
CONTROLLED 

MULTIVIBRATOR 

'VCM - " " - ' R E F 

Fig. 4—Phase-lock frequency multiplier. 
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the syndrome bits. The syndrome register is set up the same way as 
the reencoder shift register. The syndrome register outputs are fed to 
a set of 11 threshold circuits. Each threshold circuit, as explained 
earlier, performs a majority logic vote; that is, if more than half the 
inputs to each circuit are binary ones, the output of that circuit will 
be a one, otherwise it will output a zero. Each binary one at the 
threshold circuit output indicates an error on a particular data line 
being checked by that threshold circuit. Because the code implemented 
here is a double error-correcting code, there are four inputs to each 
threshold circuit that operate on the orthogonal check bit set. 

To have the error correction correctly performed, the 12 data lines 
have to be delayed by one syndrome register length. This can be done 
by using two RAMs in parallel; however, in this experimental model 
we used a set of shift register ICs, each containing a 128-bit delay and 
clocked at Ri to acquire the delay needed. The error indicators are 
then modulo-2 added to the proper data bits, and the corrected data 
lines are multiplexed by a similar approach, as explained in the encoder 
circuit description. Again, a phase-lock frequency multiplier is used to 
provide the information clock rate at the decoder output. The multi­
plexer output is reclocked through a single flip-flop at the clock rate 
R. In addition, the error indicators are used to remove the effect of 
corrected errors from the check bits entering the syndrome register. 

The fact that the main encoding/decoding operations here are done 
at a relatively low speed, because of the input serial-to-parallel con­
versions, makes this type of codec attractive for high-speed data 
transmission. Next we discuss the test procedure. 

II. TESTING 

To check the performance of the encoder and decoder, a test drawer 
was designed and built. The test drawer consisted of the encoder/ 
decoder circuits, a thermal noise source, a summing amplifier, two 
attenuators, and a switch, as shown in Fig. 5. Functionally, this test 
drawer was to measure the error rate at the input/output of the codec. 

The BER test set used here produces a random bit stream, repre­
senting the information bits, which is then encoded through the 
encoder. Noise is then added to the encoded signal before it enters the 
decoder. In order to measure both the input and output error proba­
bilities with the same BER test set, we used the following method. 
The syndrome register flip-flops are set during the normal course of 
error correction and the decoder output stream closely resembles the 
encoder input data stream. However, if we reset the decoder syndrome 
register, the decoder error-correcting function is blocked. Conse­
quently, the decoder outputs the unmodified noisy bit stream. There-
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CLOCK, Ä 2 

X1 X> 

O U T P U T N 

DECODER 

J 

SYNDROME 
■±r SWITCH RESET 

ATT - ATTENUATOR 

Fig. 5—Block diagram of test setup. 

fore, the BER test set will measure the input error probability. The 
syndrome register resetting operation was done by the switch shown 
in Fig. 5. The noise generator was a standard thermal noise source. 
The step attenuators were to vary the signal and noise power in order 
to display different error rates at the input. 

The test was performed at an input rate of 10 Mb/s. However, 
because of the serial-to-parallel operation at the encoder/decoder 
input, up to a 250-Mb/s data rate can be handled by this codec, using 
standard TTL integrated circuits. 

III. CALCULATED AND MEASURED RESULTS 
An approximate expression on the performance of the self-orthog­

onal convolutional codes for low channel error rates is presented in 
Ref. 2, and more details can be found in Ref. 3. The result is an 
asymptotic, upper bound on the bit error probability of the decoded 
bit. The bound is given by 

1 " ' " Ip'd - p)N-, (2) PftS 
NRC 

N 

Σ 
=t+l (f> 

where 
S = 
No = 
pb ■■ 
N ■■ 

Re -
t ■■ 

p ■■ 

asymptotically (in N0) 
white noise spectral height 
bit error probability after decoding 
constraint length = 1716 
code rate = 11/12 
number of bit errors corrected per constraint length = 2 
input bit error probability. 

1634 TECHNICAL JOURNAL, SEPTEMBER 1985 



The expression for Pb in (2) is for any particular decoded bit in the 
first group in a constraint length, under the assumption either that 
(1) decoding is direct (without feedback syndrome correction) and the 
immediately preceding constraint span was free of decoder input 
errors, or (2) decoding is with feedback and the immediately preceding 
constraint span was free of decoder output errors. It happens to be 
valid, in general, only by virtue of the fact that the effects of prior 
history of the decoder are outweighed by the excess probability— 
included in eq. (2)—of those triple or higher weight input error 
patterns that do not cause output errors. This bound for the code 
implemented here is shown as one of the curves in Fig. 6. 

As stated earlier, the set of error indicators can be used as a feedback 
to clean up the syndrome register. To investigate how much improve-

10-3 

10-* 

10"6 

o 

a o u 
10" 

10-' 

NOTE: ON THE VERTICAL AXIS, BETWEEN 
THE SPECIFIED POINTS, A LINEAR 
SCALE HAS BEEN USED. 

APPROXIMATE ERROR 
RATE EXPRESSION 

MEASURED PERFORMANCE 
WITHOUT FEEDBACK 

MEASURED 
PERFORMANCE 
WITH FEEDBACK 

J_ 
10-' 10"! io-' io-2 

DECODER INPUT ERROR RATE 

Fig. 6—Performance of a rate 11/12 codec. 
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ment is achieved by this operation, the output error probability mea­
surements were taken for two cases: with and without syndrome error 
correction. These results are also shown in Fig. 6. As one can observe, 
having the set of feedback error indicators connected improves per­
formance. In this case, the output probability of error is improved by 
almost one half of an order of magnitude at an input error rate of 10-4 

by having the feedback links in Fig. 2 connected. 
As stated earlier, the difference between the approximate bound and 

the measured performance of this double-error-correcting code can be 
due to the fact that a self-orthogonal, double-error-correcting, convo-
lutional codec can correct many—triple, quadruple and longer—error 
patterns. However, the bound in eq. (2) only takes into account double-
error correction. 

Note that the BER test setup simulated only thermal noise effects. 
The possible effects of modem implementation and other nonthermal 
effects on a real channel need to be characterized. If these effects 
merely increase the decoder input error rate for a given bit energy to 
noise density (Eb/N0), but maintain a pure Poisson distribution of 
those errors, then the output BER versus input BER results of the 
decoder test will still apply. Conversely, if the other effects cause 
significant departure from a Poisson arrival of decoder input errors, 
then the output BER performance versus input BER performance of 
the decoder will degrade from the test results previously described. In 
particular, if there is a tendency towards error clustering, a degradation 
could occur. For instance, clusters of three errors or more in a con­
straint span that are more frequent than that predicted by a Poisson 
model could be a source for performance degradation. 

For example, in a gray coded 16-QAM modem, even a very small 
residual phase offset error in detection would significantly increase 
the probability of 2 bit errors in a 4-bit baud. Then both errors are 
prone to erroneous decoding if a third input error happens to occur 
nearby. When the objective is a 10~10 output BER, even a very slight 
effect of this sort can quickly result in an order-of-magnitude degra­
dation in the codec performance. 

IV. CONCLUSIONS 

This paper has described the design, testing, and performance of a 
rate 11/12 self-orthogonal convolutional codec that meets the BER 
performance objective of M-QAM radio systems. The objective was to 
convert a bit error rate of 10~6 to an equivalent error rate of 10-10 or 
better. The measured error rate is well below 10~10 at an input error 
rate of IO-6. 
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