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Much has been learned in recent years about the existence, determination, 
and properties of power-series-like expansions for expressing a nonlinear 
system's outputs in terms of its inputs. In particular, the existence and local 
convergence of expansions, and of certain "associated expansions," for impor­
tant large classes of systems are now well established. While the focus of 
attention has been on questions such that the size of the inputs for which 
convergence is guaranteed is not the main issue, some related material has 
appeared that bears on the problem of determining the extent of the region of 
convergence. The result most closely related to this paper is a recent theorem 
that gives necessary and sufficient conditions under which/-1 has a generalized 
power-series expansion when / is an invertible locally-Lipshitz map between 
certain general subsets of two complex Banach spaces. In applications involv­
ing nonlinear models, ordinarily only real spaces of inputs and outputs are of 
direct interest. A "complexification" involving a certain solvability condition 
in complex spaces has to be able to be carried out to use the theorem referred 
to above. This paper reports on pertinent general results concerning invertible 
maps between subsets of real Banach spaces, with their complex extensions, 
and with generalized power-series expansions in both real and complex spaces. 
It focuses on questions concerning expansions for inverses of maps defined in 
real spaces. The results show that for a very large class of systems that have 
input/output maps, the ability to complexify is not just a useful sufficient 
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condition for expandability, but is in fact the key condition for an input/ 
output map to be representable by a generalized power-series expansion. 

I. INTRODUCTION 

Convolution operator input/output representations for linear sys­
tems are well understood and are widely used. With regard to corre­
sponding representations for nonlinear systems, much has been 
learned in recent years about the existence, determination, and prop­
erties of power-series-like expansions for expressing a system's outputs 
in terms of its inputs (see, for example, Refs. 1-7). In particular, the 
existence and local convergence of expansions, and of certain "asso­
ciated expansions,"3 are now well established for important large 
classes of systems. 

While the focus of attention in Refs. 1 through 6 has been on 
questions such that the size of the inputs for which convergence is 
guaranteed is not the main issue, some related material has appeared 
that bears on the problem of determining the extent of the region of 
convergence. The result most closely related to this paper is a theorem 
in Ref. 7 which gives necessary and sufficient conditions under which 
f~l has a generalized power-series expansion (in the sense of our 
Section 2.1) when / is an invertible locally-Lipshitz map between 
certain general subsets of two complex Banach spaces. Another theo­
rem in Ref. 7 yields an algorithm for obtaining the expansion whenever 
it exists, and these two theorems are used therein to prove results 
concerning a certain system model considered in Ref. 2 and in earlier 
papers. 

In applications involving nonlinear models, ordinarily only real 
spaces of inputs, outputs, and intermediate signals are of direct inter­
est. A "complexification" involving the existence of a certain inverse 
map defined on a complex space has to be able to be carried out to use 
the theorems in Ref. 7. One of the main applications of the results in 
this paper is a proof that in an important general setting this com­
plexification condition is always met when certain invertibility and 
expandability conditions are satisfied in the underlying real space. As 
a consequence, for a very large class of systems that have input/output 
maps, the ability to complexify emerges as the key condition for an 
input/output map to be representable by a generalized power-series 
expansion. (Under certain reasonable assumptions these expansions 
reduce to Volterra-like series.)2,8 

To be more explicit, models of the kind mentioned above are 
characterized by five operators: a nonlinear operator N, and four linear 
operators a, b, c, and d. They have an input v and an output w, which 
belong to a space X of functions. Here X is taken to be a real Banach 
space; a, b, and c are assumed to be bounded maps of X into X, and 

1640 TECHNICAL JOURNAL, SEPTEMBER 1985 



we suppose that N is defined on all of X and takes X into X. One has 
w = dv + bN(I — cN)~lav (I the identity map on X) subject to some 
natural qualifications, from which it is clear that the study of such 
models* often involves the study of maps of the form (/ - cN). The X 
of particular interest to us is the space of real Lebesgue-measurable, 
n-vector-valued functions x defined on [0, oo), with the norm in X 
given by ||x|| = max,-supt»o|x/(t) I, where Xj(t) is the j th component 
ofx(t). 

Let A0 and A be subsets of X such that (/ — cN) restricted to A0 is 
an invertible map of A0 onto A. Assume that both A0 and A are open 
sets, and that A contains the zero element of X. Under these condi­
tions, w is well defined for each υ such that av G A, the zero function 
is an allowed input, and the set of allowed inputs is open. The question 
that we ask is this: With (/ — cN)'1 the inverse of the restriction of 
(/ — cN) to A0, assumed to be continuous, when is it true that 
(/ — cN)~lu has a generalized power-series expansion that converges 
for u G A? When it is true, the map from v to w has an expansion 
that converges whenever av G A, assuming (and this is frequently very 
reasonable) that N is such that the existence of the expansion for 
(/ — cN^u implies the existence of an expansion for N(I — οΝ)-1^ 
see, for example, Corollary 1 in Appendix A or Theorems 1 and 7. 

Theorem 2 in Section II provides an answer to the question, un­
der the assumption that N has an extension into a complex 
space 3S associated with X, with this extension a certain type of 
globally convergent generalized power series. For the X of particular 
interest, this assumption is a reasonable one, and the corresponding 
38 turns out to be just the natural complex associate of X. The answer 
given by Theorem 2 is that there must be two open subsets Vo and V 
of 3S such that: A C V (meaning that u + iO G V for each u G A; see 
Section 2.1), A0 C Vo, V is a "star" in the sense that zq G V when q G 
V and 2 is a scalar such that | z | < 1, and the map (/ — cN) extended 
into 3S (see Section 2.2), and restricted to V0, must be a homeomorph-
ism of Vo onto V, with the inverse of the restriction of the extended 
(/ — cN) locally Lipshitz on V. While this necessary and sufficient 
condition may look complicated at first glance, its interpretation is 
straightforward: (/ — cN^u has a power-series expansion that con­
verges for u G A if and only if the equation x — cNx = u, when 

* There is an error in the corresponding equation in Ref. 7, where B in (11) should 
be replaced with BN. This does not change the conclusion drawn there from Theorem 
3; see, for example, our Theorem 7. 

f The sufficiency of this type of condition is discussed in Ref. 7, Section 2.4.2. Also, 
with regard to the system model in Ref. 7 (p. 84), note that the existence of an expansion 
for w (in terms of v) implies the existence of an expansion for y and thus for x if, for 
example, B is the identity operator. 
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extended into the complex space άβ, is, so-to-speak, uniquely locally-
Lipschitz solvable in some open subset of âS containing the points of 
A0 for all right sides belonging to V, where V is any open star in âB 
that contains the elements of A. (See Section 2.3.1. In this connection, 
notice that an open ball centered at the origin is an example of a star.) 

As is suggested by the application described above, the results in 
this paper are concerned with invertible maps between subsets of real 
Banach spaces, with their complex extensions, and with generalized 
power-series expansions in both real and complex spaces, with the 
focus on questions concerning global expansions for inverses of maps 
defined in real spaces. Preliminaries are introduced in Section 2.1, and 
Sections 2.2 through 2.6 contain the paper's principal results. 

There are several natural applications of the material in Section II 
other than the one already discussed. For example, consider again the 
five-operator model described above, and assume that the assumptions 
introduced are met. Assume in addition that an expansion represen­
tation for (/ — cN)~xu does exist for uE.A. Suppose that this expansion 
also converges for u £ B, where B is some open subset of X for which 
ACB. Theorem 3 shows that then the map from υ to w is in fact both 
well defined and has a generalized power-series expansion for av G B. 

It will become clear that the theorems in Section II are considerably 
more general than the applications discussed above are able to illus­
trate. For instance, they bear on cases in which the underlying function 
space is a set of functions of more than one independent variable. 
Also, in Section 2.5 corresponding results are given for certain implic­
itly defined maps. These latter results are useful in, for example, 
studies of globally convergent generalized power-series expansions for 
solutions of differential equations. 

II. COMPLEX EXTENSIONS AND EXPANSION REPRESENTATIONS 
2.1 Preliminaries 

Throughout the paper X denotes a real Banach space. We associate 
with X (see Ref. 9, p. 312 and Ref. 10, p. 665) a complex Banach space 
3§ defined as follows: the elements of £S are ordered pairs (xi, x2) of 
elements of X, addition and multiplication obey 

(xi, x2) + (yi, y2) ■= (xi + yi, x2 + y*) 

(a + iß)(xi, x2) = (axi - 0X2, aX2 + ßxi), 
and the norm of an element of 3S is given by 

| |(x1(x2)| | = eup[ia(x,) + €2(x2)]1/a, 
lt«=i 

where ξ denotes a general, real, bounded linear functional on X. We 
sometimes use Xi + ix2 to denote an element (χχ, x2) of âS. 

1642 TECHNICAL JOURNAL, SEPTEMBER 1985 



The map x —* x + iO of elements of X into elements of {& isometri-
cally* imbeds X into the complex space 38. In particular, in this sense, 
3S is a complex extension of X. For example, if X is the space of 
bounded, Lebesgue-measurable, real n-vector-valued functions x de­
fined on [0, oo), with || x || = max,supf | xj(t) |, then the elements υ of 
3S are bounded, Lebesgue-measurable, complex «-vector-valued func­
tions defined on [0, oo), and (see Appendix B) one simply has || υ || = 
maxjS\xpj\Vj(t)\. 

A star in 3S means a subset S oiSS such that ζυ G S for υ G S and 
any complex scalar z with | z | < 1. A subset S of âS is c-convex if for 
any bounded open set Δ of complex numbers, we have (v + Au) C S 
whenever (v + Γω) C S, where Γ is the boundary of Δ. 

In the paper, X0 denotes a second real Banach space and âB0 stands 
for its complex extension. We allow the possibility that X0 = X. 

Now let Y" and W be any two Banach spaces, both real or both 
complex. 

Given any positive integer m, by an m-linear map q from Ym 

into W we mean that q(ylt · · · , ym) is linear (i.e., additive and 
homogeneous) separately in each yj. Such a map is symmetric if 
g(yi» · · · ,y>m) is symmetric in the variables yu ··· ,ym.A map h from 
Y into W is called a homogeneous polynomial of degree m if there 
exists an m-linear q from Ym to Wsuch that h(y) = q(y, ■ ■ ■ , y) for 
all y* A homogeneous polynomial of degree zero is a constant map. 

For S a subset of Y, let &(S, W) denote the set of all maps p from 
S into W such that there are homogeneous polynomials hm of degree 
m (m = 0,1, · · ·) from Y to W, with the properties that £m=o hm(s) 
converges in W for each s G S, and 

oo 

Pis) = Σ Ms), s e S. (l) 
m=0 

The set &>(S, W) is, of course, a set of maps p that admit a generalized 
power-series expansion in the sense indicated. If S contains an open 
ball in Y centered at the origin, then the expansion (1) for any p G 
^(S, W) is unique in the sense that if 

oo 

P(S) = Σ gm(s), S G S, 

with each gm a homogeneous polynomial of degree m, then gm - hm for 
all m (see Ref. 11, p. 174 and Ref. 1, Section 2.7). 

Finally, we say that p belongs to &>F{S, W) if p G &>(S, W) and for 

* By the Hahn-Banach theorem, || x \\ = sup|i(x): |U || = 1|. 
f The same class of maps is obtained if "m-linear" is replaced with "symmetric m-

linear." 
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each positive m there is a continuous symmetric ro-linear qm from Ym 

into W such that hm(s) = qm(s, ■ · · , s) for all s. In particular, then 
each hm is bounded in the sense that there is a constant pm > 0 such 
that ||/im(s)|| <s pm||s| |m for all m and s, and every hm is Fréchet 
differentiable on Y. 

2.2 Inverse maps and necessary conditions for the existence of series 
representations 

Throughout this section, and in Sections 2.3, 2.4, and 2.6, / is a map 
from XQ into X, A and A0 are open subsets of X and Xo, respectively, 
with 0 ε A, / restricted to A0 is a homeomorphism of Ao onto A, and 
g: A —* A0 is the inverse of the restriction of/. It is assumed that there 
is an /* £ &>F(âBç>,âB) such that f(x) = f*(x + iO) for x £ X0. [Of 
course, by f(x) = f*(x + iO) we mean that/(x) + tO = f*(x + iO).] 

The following extension theorem is this paper's main result. 
Theorem 1: If g has a power-series representation in the sense that g G 
â»(A, Xo), then there are open sets V and Vo in 3S and &f0, respectively, 
together with a map g*:V —» Vo such that V is a c-convex star, A C V, 
Ao C Vo, and 

1. the restriction of f* to V0 is a homeomorphism of Vo onto V with 
inverse g* 

2. g*G0>F{V,ao) 
3. g(x) = g*(x + iO), x £ A. 

2.2.1 Proof of Theorem 1 

Two lemmas are used in the proof. The first of these follows. 
Lemma 1: Let D be an open subset of X with 0 £ D, let h £ ^(D, X0), 
and assume that h is continuous on D. Then there are an open c-convex 
star Z C â8 and a map h* from Z to ά&ϋ such that D C Z, h* £ 
&>F(Z, 3I0), and h(x) = h*{x + iO) for x £ D. 

Proof of Lemma 1: We have 

h(s) = Σ /»»(*), s £ D, (2) 
m=0 

where each hm is a homogeneous polynomial of degree m. Let qm be 
the unique symmetric m-linear map such that hm(s) = qm(s, · ■ · , s) 
for s £ X and positive m (see Ref. 12, pp. 762-3). Let ht = ho + iO, 
and define h^: 38 —* âëo for each m 3= 1 by 

h*m(xi + ixa) = Σ i0""*' (™) ç»(*i, · · · , * ! , * « , · · · , *2), (3) 

with kxis and (m - k)x2's on the right side. It is not difficult to verify 
that the h*m are homogeneous polynomials of degree m (see Ref. 9, p. 
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313 and Ref. 13, p. 71). By Theorem 5.7 of Ref. 13 there is an open 
subset Zi of 3S such that flCZi and the series 

Σ h*m(v) (4) 

converges for υ E Zi. Since D is open and h is continuous, it follows 
(see Ref. 13, Theorems 4.4 and 6.6) that h is analytic in D in the sense 
of Ref. 13, p. 75. Thus, using the hypothesis that 0ED,h has a power-
series expansion valid in a neighborhood of the origin, with the terms 
in the expansion continuous homogeneous polynomials. At this point 
the uniqueness result mentioned in Section 2.1 shows that the hm in 
(2) are continuous. 

By the continuity of the hm, the qm in (3) are continuous. Using (3) 
and the fact that || JCI || «s 1 and || %i || =s 1 are implied by || x\ + ix21| ^ 
1 [see (7), below], we see that each /i£ is bounded in the ball 
|| X! + ix21| « 1. This shows (see Ref. 12, Theorem 26.2.4) that the ht, 
are continuous. 

Let Z denote the interior of the region of convergence of the series 
(4), and let h*(v) be the sum (4) for any v E Z. Obviously Zi C Z. 
Since the /ι£ are continuous, it follows (see Ref. 12, Theorem 26.6.1) 
that Z is a c-convex star. Since it is clear that h„(x + iO) = hm(x) for 
xE X, the proof of the lemma is complete. 

Continuing with the proof of the theorem, by Lemma 1 there are an 
open c-convex star V CâS and a map g*: V —* âS0 such that Ac V,g* 
E &>F{ V, 3Bo), and g(x) = g*(x + iO) for xEA. 

We now turn to our second lemma. 
Lemma 2: Let h be a Fréchet-differentiable map {Ref. 14, p. 149) from 
an open connected subset D of âS into £&0- Assume that there is a point 
p in D and an open ball Q in X centered at the origin such that 
(p + Q) â \s e άβ: s = p + (q + iO), q G Q} C D and h maps (p + Q) 
into the origin in £S0. Then h vanishes everywhere in D. 
Proof of Lemma 2: Since h is Fréchet differentiable in a neighborhood 
of p, there are (see Ref. 12, Theorems 3.16.2 and 26.3.5) homogeneous 
polynomials Hm of degree m (m = 1, 2, · ■ · ) and a σ > 0 such that s E 
fland 

h(s)= Σ Hm(s-p) 
m=l 

when || s — p || < a. Thus, for some positive p < σ, we have 
oo 

Σ Hm(q + Ϊ0) = θ 

for q E [x E X: || x \\ < p\, where Θ is the zero element of â&o. It easily 
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follows (see Ref. 1, Section 2.7) that Hm (x + t'0) = Θ for each m and 
all x E X. 

Consider Hm(xi + ix2) with m, X\, and x2 arbitrary, and let Pm denote 
the polar form (see Ref. 12, pp. 762-3) associated with Hm. We see 
that Hm{xi + ix2) can be written as a finite sum of terms of the form 
cP(y>i + iO, · · · , ym + t'0), in which e 6 {±1, ± i | and each y; is either 
Xi or x2. On the other hand, Pm(yi + iO, · ■ · ,ym + iO) can be expressed 
(see Ref. 9, p. 306) as 

(m!)"1 Σ (-l)m-("+·■+e"')Hm[e1(y1 + iO) + · · · + tm(ym + iO)]. 

Therefore, using Hm(x + iO) = Θ for x G X, one has Hm(xi + ix2) = Θ. 
This shows that h(s) = Θ for s in an open ball in D. Since D is 
connected and h is G-differentiable in the sense of Ref. 12 (pp. 109-
10), it follows (see Ref. 12, Theorem 3.16.4) that h(s) = Θ throughout 
D, as claimed. We now return to the proof of the theorem. 

Let E{v) denote f*\g*(v)] - υ (υ E V). Since /* E &>F(&o, 3S) and 
g* E ^ F ( V, ^o) , /* and g* are Frechet differentiable on £g0 and V, 
respectively (see Ref. 12, Theorems 26.6.4 and 3.17.1). Thus, using a 
version of the chain rule for differentiating a composite map, E is 
Frechet differentiable on V. In addition, the set V is connected 
(because it is a star), and we have 

E(x + iO) = f*[g*(x + iO)] - (x + iO) = 0, I E A . 

Choose any point pi E A, and let Q be an open ball in X centered at 
the origin such that (px + Q) C A. Letp = (pi + iO), and observe that 
E[p + (q + iO)] = 0 for q E Q. By Lemma 2 (with ^ = ^ 0 ) , E(v) = 0 
(the zero element of 3S) for u E V. This gives 

Πί*(»)] = v, vBV. (5) 

Since Vis connected andg* is continuous on V,g*(V) is connected. 
The continuity off* implies that f*~l{V) is open. From (5) it is clear 
that g*(V) C f*~l(V). Let V0 denote the maximal connected subset 
(i.e., the component) of f*~l(V) that contains g*(V). Since f*~\V) is 
open, so is Vo· The map /* obviously takes Vo into V. 

Now let F(w) denote g*[f*(w)] - w (w E Vo)· It follows from 
Lemma 2 and F(x + iO) = 0 for x E Ao that 

**[/*(«>)] = io, io e Vo. (6) 

Since (5) and (6) hold, /* restricted to Vo is a homeomorphism of V0 
onto V. The observation that A0 C V0 because A0 = g(A) C g*(V) = 
Vo completes the proof of the theorem. 
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2.3 Complex-solvability criteria for global expandability 
Here we use Theorem 1 to obtain necessary and sufficient conditions 

for the global expandability of the map g introduced at the beginning 
of Section 2.2. With regard to our result, Theorem 2 (below), we say 
that a map h from an open subset D of 38 into £&o is locally Lipschitz 
on D if for each aE.D there are a positive number c„ and an open ball 
ßa C D centered at a such that || h(v\) — h(v2) || ^ c„ || Vi — v21| for vi 
and v2 in ßa. 
Theorem 2: We have g G &ÌA, XQ) if and only if (i) there are open sets 
V and Vo in 3B and éSo, respectively, with V a star, A C V, and A0 C 
Vo such that the restriction of f* to V0 is a homeomorphism of Vo onto 
V, with the inverse of the restriction of /* to V0 locally Lipschitz on V, 
and (ii) the spaces âB and âBa are homeomorphic, in the sense that there 
is a linear homeomorphism of £8 onto 3Ό-
Proof: The necessity of (i) follows from Theorem 1 and the observation 
that g* in Theorem 1, which belongs to &>?( V, âBo), is Fréchet differ-
entiable, hence continuously Fréchet differentiable (see Ref. 7, Lemma 
2), and thus locally Lipschitz. Similarly, the necessity of (ii) is a 
consequence of Theorem 1 and the fact that the conclusion of Theorem 
1 implies (see Ref. 15, p. 175, Problem 6) that the .F-derivative (i.e., 
the Fréchet derivative) of/* at any point in Vo is an invertible map of 
&o onto âB. 

On the other hand, if (i) and (ii) are met, then, using Lemma 1 of 
Ref. 7, the inverse H of the restriction of /* to Vo is F-differentiable 
[and thus G-differentiable (see Ref. 12, pp. 109-10)] on V. It follows 
that H G 9>{y, &o) (Ref. 12, Theorems 3.16.2 and 26.3.4). Let the 
series for H be given by 

H(v) = Σ Hm(v), vEV. 

By the conditions on /, for any x G A there is a y G A0 such that 
f*(y + iO) = (x + iO). Therefore, using H[f*(v)] = v (v G V0) and 
Ao C V0, we see that H takes A into A0. Thus, since f*[H(v)} = v 
(v G V), we have 

g(x) = Σ Hm(x + iO), xGA. 

Of course H0(0 + iO) G X0. We claim that for each positive m there 
is an m-linear map Qm from Xm into Xo such that Qm{x, · ·· , x) = 
Hm(x + iO), x G A. Since the Hm are homogeneous polynomials, we 
need only show that each Hm maps X into X0, and we do that as 
follows. 

The norm in ΛΌ has the property that || xi + ix21| < δ implies that 
|| x21| < δ, because, using the Hahn-Banach theorem, 
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Il x21| = sup | ξ(χ2) I *£ sup [ξ(Χι)2 + £(χ2)2]1/2 = || Χι + ix21|. (7) 
ΙίΙ-ι Ifl-i 

Thus, the convergence of £m=o Hm(x + iO)(x E A) implies that for 
each x G A, the series Σ„=0 KHm(x + iO) converges in X0, and that it 
converges to the zero element, where K is the map from àio to X0 
defined by x2 = K(xi + ix2). In particular, with β any open ball in A 
centered at the origin, one has rxE β and 

0 = Σ KHm(rx + ϊθ) = Σ rmKHm(x + iO) 
m=0 ■ m=0 

for x G β and \r\ < 1. It follows (see Ref. 11, proof of Theorem 6) that 
KHm(x + iO) = 0 for each m and any x G X, showing that the Hm map 
X into Xo· This completes the proof. 

2.3.1 Comments 

Since the inverse image of an open set under a continuous map is 
open, we see that (i) is equivalent to the condition that there be an 
open subset S of £&o and an open star V Z. â& with the following 
properties: A0 C S, A C V, for each υ G V there is a unique w E S that 
satisfies f*(w) = v, and the map υ —* w is locally Lipschitz. This more 
sharply focuses attention on how machinery for proving existence, 
such as fixed-point techniques, might be used to establish expandabil­
ity. A pertinent example can be found in Ref. 7, Appendix B. A simple, 
related additional example follows. 

Let X be the space of real numbers, with the absolute value norm, 
and observe that the corresponding 3S is the usual space of complex 
numbers. Take X0 = X, let f(x) = x + x3 for all real x, and take A and 
Ao to be |x : |x | < r\ and f~l(A), respectively, for some positive r. 
Notice that any r > 0 will do, and that our /* is given by f*(z) = 
z + z3 for all complex 2. 

An easy contraction-mapping argument* shows that given p G 
(0, \/3-1] and any complex number a with \a\ < (p — p3), there is a 
unique complex number z with \z\ < p such that 2 + z3 = a, that z is 
real whenever a is, and that the map from a to 2 is locally Lipschitz. 
It follows from Theorem 2 that we have g E &(A, X0) for r = r0, where 
r0 = 2(3V3)~1. 

Theorem 2 also can be used to show that g does not belong to 
&{A, Xo) if r > r0: Suppose, for the purpose of obtaining a contradic­
tion, that g E &"(.A, Xo) for some r > r0. Then for some V and V0 as 
described in the theorem, /* restricted to Vo is a homeomorphism of 
Vo onto V By the proof of Theorem 2, the inverse g* of/* is differ-

* A good general source of information on the use of the contraction-mapping theorem 
is Ref. 16. 
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entiable. Using g*[f*(z)] = z for z G V0, we have g*'[f*(z)]f*'(z) = 1 
(2 E Vo), where "'" denotes the ordinary derivative. Since /*'(z) = 0 
at 2 = z0 = i(\/3)_1, Vo cannot contain z0. Using this fact and the 
continuity of g*, it is not difficult to show that V cannot contain the 
point f*(zo) = 2i(3>/3)-1. Since V is a star and A C V, 2(3V3)"1 £ A, 
which is the contradiction sought. This finishes the discussion of the 
example. 

Using Theorem 1, it follows at once that Theorem 2 remains true if 
the word "star" is replaced by "c-convex star." 

The hypothesis concerning /* at the beginning of Section 2.2 is 
equivalent to the condition that / E ^F(XO, X)', see the proof of 
Lemma 1 and Ref. 13 (top of p. 75). 

2.4 Convergence and the extent of invertibility 

In this section we prove a result that shows, in particular, that if g 
is expandable on A, and if its expansion converges on a larger open 
set B, then there is a set B0 that contains the points of A0 such that / 
is in fact an invertible map of B0 onto B. 
Theorem 3: Let g belong to &(Α, Χ0), and let it have the generalized 
power-series representation 

g(x) = Σ *»(*) (8) 
m=0 

for x E A. Suppose that the right side of (8) converges in X0 for x E B, 
where B is an open subset of X such that A C B. Then there is an open 
subset Bo of X0 such that (1) A0 C B0, and f is a homeomorphism of B0 
onto B; and (ii) the inverse G of the restriction of f to B0 has the 
representation 

00 

G(x) = Σ gm(x), x£B. 
m=0 

Proof: Since g E &>(A, X0) and g is continuous, g E &>F(A, X0) (see 
the proof of Lemma 1). Thus, by Ref. 13, Theorem 6.2, the function 
h:B—*X0 defined by 

00 

h(x) = Σ gmix), xEB 
m=0 

is analytic in the sense of Ref. 13 and hence continuous. Using Lemma 
1, there is an open connected set W C ^ a n d a Fréchet-differentiable 
map h*:W^>&b such that B C Wand h(x) = h*(x + iO) for x E B. 

By Lemma 2 and the hypothesis that f[g(x)] = x(xEA),we find 
that 

f*[h*(v)] = v, vEW. (9) 
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Again using Lemma 2, and proceeding as in the proof of Theorem 1, 
one finds that 

h*[f*(v)] = υ, υΕ Wo, (10) 
where WO is the component of /*_1(W) that contains h*(W). There­
fore, /* is a homeomorphism of Wo onto W. 

We have, from (9), f[h(x)] = i ( i £ B). Now let B0 = Γ\Β) Π Ä0, 
where R0 = \x G Xo'-x + i0 = z, z G W0\. Since Wo is open, Ä0 is open 
in X0. Thus, fi0 is an open subset of X0, and from (10) one has h[f(x)] 
= x for x G fi0. This shows that / is a homeomorphism of B0 onto B, 
with h the inverse of the restriction of f to B0. Finally, using Ao C 
f-1(A)Cf-1(B), andAo = h(A) C h(B) C h*(W) C W0 (which implies 
that Ao C Äo), as well as the definition of fio, it is clear that A0C B0. 
This proves the theorem. 

2.5 Results for implicit functions 

Theorems along the lines of Theorems 2 and 3 are given here for 
maps that are defined implicitly in the sense of the implicit function 
theorem. In this section, Xi stands for a third real Banach space, 3S\ 
denotes its complex extension in the sense of Secton 2.1, and X0x X 
and SBo x 3S are product Banach spaces constructed from Xo and 
X and âSo and 3S, respectively.* We say that a map h defined on an 
open subset D of âiï into âSo is Gâteaux differentiable on D (see Ref. 
12, pp. 109-10) if for each υ G D and arbitrary w G âS the limit 
limz_K) z~\h{v + zw) — h(v)] exists, in which z is a complex scalar. 

As in Section 2.2, A is an open subset of X, with 0 G A. Here F is a 
map from X0 x X into Xi such that there is a continuous map G:A —*■ 
X0 with the property that 

F[G(x), x] = 0, xEA. 

Assume that there is an F* G &Έ(,&ο x 3B, 3S\) such that F(y, x) = 
F*(y + iO, x + I'O) for (y, x)EX0x X. 
Theorem 4: G G ^(A, Xo) if and only if there is an open star V C SS, 
with AC V, and a continuous Gâteaux-differentiable map G*: V—* 3So 
such that we have G(x) = G*(x + i'O) (x G A) as well as 

F*[G*(v), v] = 0, vEV. (11) 
Proof: First suppose that G G ̂ (A, X0). By Lemma 1 there is an open 
star V C âS and a map G* G &F(V, 3Bo) such that A C V and G(x) = 

* Except where indicated to the contrary, the choice of the norms in Xo X X and £B0 
x 31 is not important for our purposes. It would suffice to let the norm || · || in Xo x X 
be given by || (xo, x) II = max( || xo II, Il x II ), and similarly for £t0 X &■ 
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G*(x + ί'Ο) for x in A. Since G* E â»F(V, 0O), G* is F-differentiable 
on V and thus continuous and G-differentiable in V. 

It follows from a version of the chain rule (Ref. 15, pp. 171-2) that 
h defined by 

h(v) = F*[G*(v), v], vEV 
is F-differentiable on V. [Notice that h(v) = {F*Q)(v), where Q takes 
vEV into the point (G*(u), v) in âBç X 38.\ Since V is connected, and 
F*[G*($ + x + iO), x + t'O] = F[G(x), χ] = 0(θ is the zero element of 
{&) for x in some open ball in X centered at the origin, by Lemma 2, 
one has (11). 

Assuming, on the other hand, that we have a Vand a G* as indicated 
in the theorem, G* is F-differentiable (see Ref. 12, Theorem 3.17.1) 
and an obvious modification of the part of the proof of Theorem 2 
that concerns H shows that G E ^(A, X0). This proves the theorem. 
Theorem 5: Assume that G E &*{A, X0), and that G has the generalized 
power-series representation 

G(x) = Σ Gm(x) (12) 

for x E A. Suppose that the right side of (12) converges for xEB, where 
B is an open subset of X such that A C B. Then F[G(x), x] = 0 
(xEB), where G is defined for allxEB by (12). 
Proof: Paralleling the beginning of the proof of Theorem 3, there is 
an open connected set W C âS and a Fréchet-differentiable h*:W —* 
âBt> such that BC Wand G(x) = h*(x + iO)(x E B). Using Lemma 2 
and the observation in the proof of Theorem 5 concerning the appli­
cability of a version of the chain rule, we have F*[h*(v), v] = 0 for 
vEW, which implies that F[G(x), x] = 0 (x E B). 
Remarks: Theorem 4 bears directly on problems concerning the exist­
ence of generalized power-series expansions for the solutions of non­
linear differential equations, because, as is well known, these equations 
can frequently be put in the form F[G(x), x] — 0, x E A, where x takes 
into account inputs and/or initial conditions, and G(x) is the corre­
sponding solution. For related earlier work, see Ref. 8 and the refer­
ences cited therein; the work includes, in particular, a description of 
the specific type of expansions that arise. 

A result similar to Theorem 2 in Section 2.3 can be obtained for 
equations of the form H(y, x) = w, where y is a solution that depends 
on both x and w.* Specifically, suppose that H is a map from X0 x X 
into Xi such that H (y, x) = H* (y + iO, x + iO) for all x and y for some 

* See Ref. 8, p. 75, for an example of how such an equation arises. 
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H* G 3B
F(é80 x 38, &\)· Assume now that the norm || · || in X0 x X is 

defined by || (xo,x) || = max(||jc0||, ||x||), and similarly for (X1 X X), 
(380 x 38), and (38\ x 38). Assume also that 3B0 and 38\ are homeo-
morphic in the sense of (ii) of Theorem 2. 

Let Awx and S, respectively, be open subsets of (Xi x X) and 
(Xo X X), with (0, 0) G Awx, such that for each {w, x) G Awx there is a 
unique y G Xo for which (y,x) ES and if(y, x) = w. Assume that the 
map from (w, x) to y is continuous. Define / : (X0 x X ) - > (Xi x X) by 
f(y, x) = [H(y, x), x] for all y and x, and let Ay* denote the open set S 
Π /"HAwx). Notice that / restricted to Ayx is a homeomorphism of Ayx 
onto Αωχ. Thus, using Theorem 2 and the observation in the footnote 
in Appendix B, we see that the map from (w, JC) to y described above 
belongs to &>(AWX, X0) if and only if {3BX X 38) and (380 X 38), respec­
tively, contain open subsets V and Vo with Awx C V, Ayx C Vo, Va 
star, and [H*(y*,x*),x*] G V for (y*,x*) G V0, such that for each 
(w*, x*) G V, there is a unique y* G ^ 0 that satisfies (y*, x*) G Vo 
and H*(y*, x*) = w*, with the map from (w*,x*) to y* locally 
Lipschitz. 

2.6 Construction of the series for g of Section 2.2 

Here we return to the setting introduced at the beginning of Section 
2.2. Theorem 6 (in this section) provides an algorithm for determining 
the expansion of g whenever it exists. The theorem is a version of a 
result in Ref. 1 concerning complex spaces. We shall first prove a 
proposition that establishes the existence of certain derivatives that 
play a central role in the theorem. 
Proposition: For each m = 1, 2, · · · the mth order Fréchet derivative 
(Ref. 14, pp. 179-81) dmf[g(0)] [of f at the point g(0) G X0] exists, and 
one has 

f\g(0) + x]= f[g(0)] + Σ (m\)-ldmf[g(0)]xm, x e Xo. (13) 
m=l 

Proof: Using the hypothesis that /* G &>F(380, 38), the Fréchet deriv­
ative df*(w) and hence the derivatives dmf*(w) (m = 2, 3, · · ·) exist 
for w G 38$, and we have 

f*[g*(0) + w]= f*[g*®)] + Σ (m\)-ldmf*te*(0)]wm, wE&o (14) 
m = l 

(see Ref. 12, Theorems 26.6.3 and 3.16.2; Ref. 15, Lemma 3.6.1; Ref. 
7, Lemma 2), where g*(0) = g(0) + iO. Since df* exists on 3B0, and the 
norm in 38 has the property that || Xi + ix21| < δ implies that || jci || < δ 
and || x21| < δ [see (7)], it is easy to see that df exists on X0 and that 
one has df(a)x = df*{a + i0)(x + iO) for a and x in X0. A simple 
inductive argument shows that dmf exists on X0, with 
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dmf(a)Xl · - · xm = dmf*{a + iO)(x1 + iO) · · · (xm + iO) (15) 
for a G Xo, (xi, · · · , xm) G X™, and each m. This proves the 
proposition, since it is clear that f*[g*(0)] = f\g(0)]. The relation (13) 
directs attention to an interpretation of the dmf\g(0)]\ it is not used 
otherwise. 
Theorem 6: Let g G â"(A, X). Then df[g(0)] is a homeomorphism of X0 
onto X, and 

oo 

g(x) = g(0) + Σ gm(x), XE.A, 
m=l 

where the gm are the homogeneous polynomials defined by 

gi(x) = df\g(0)Vx 
and 

m 

gm(x) = -df\g(0)]'1 Σ (/!)_1 

• Σ d'f\g{Q)]gkM) ■■■g»Ax), m>2. 
*!+■ - -+k,=m 

kjX) 

2.6.1 Proof of Theorem 6 
The inverse of df[g(0)] exists because / is a homeomorphism of A0 

onto A with / and g, respectively, Fréchet differentiable on Ao and A 
(Ref. 15, p. 175, Problem 6). Let 

oo 

g(x) = g(0) + Σ gm(x), x G A, 

in which each gm is a homogeneous polynomial on X of degree m. 
With g* and V associates of g and A, respectively, in accordance 

with Theorem 1, we have g* G &>F( V, 3Βϋ) and υ = f*[g*(v)] for v G 
V. Let g*, gî, · · · be continuous homogeneous polynomials such that 

g*(v) = g*(0) + Σ g*m(v) (16) 
m = l 

for υ G V. By the part of the proof of Theorem 2 concerning H,gm(x) 
= gm(x + iO) for each m and each x E X. Using (14) and f*[g*(0)] = 
0, 
v = f*\g*(v)] 

= Σ (/!)-'<irii*(0)] ( Σ s*>) · · · Σ * * » ) , y e v. 

Since g* G ̂ ( V, 3Βϋ), there is a σ > 0 such that the right side of (16) 
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is absolutely convergent for || v || < a (Ref. 12, Theorem 26.6.6). Thus, 
using the boundedness of the cK/*[g*(0)] and an easily proved gener­
alization of Theorem 5.5.3 of Ref. 14, 

υ = Σ (/!)_1 Σ d7*te*(0)]te£» · · · gì(v)) (17) 
/"-l * ι , · · · ,* / -1 

for ||i;|| < σ, in which the sum over (ki, ··■ , k,) is absolutely 
convergent. 

At this point we use the proposition that there are positive constants 
M, β, Κ, and a such that 

I|d7*b*(0)]u>i · · · vo,\ */'Μβ'ΐυ>Λ • • • I M 
and 

\\gt(v)\\ *ΐΚ-(«||ϋ||)* 
for / è* 1, k > 1, i) E âB, and u;x, · · · , uv in ΛΌ (see Ref. 7, Appendix 
A). It is clear that 

WT\8*m\gW •■•gt(v)]\\ ^/'MißKViaWvW)^-». 
Consider the sum 

Σ Σ (/!)-V^Afd8K)/(a|u|)(*>+-+*'). (18) 
/ = i * l , - - , v = i 

Notice that 

Σ (α|ΜΙ)(*Ι+··+Μ = ΜΜΙ(ΐ-αΙΜΙΓΤ (19) 

for a|| u || < 1. Using (19) and Stirling's formula for n\, which gives n\ 
> (2ir)1/2n1/2nne~n, it easily follows that the sum (18) converges for 
|| υ || sufficiently small. Thus (see Ref. 14, Theorem 5.3.4) for such υ 
the sum in (17) over (S,k\, · · · , k,), which equals 

Σ Σ Σ (/!)_1rf7*b*(o)](i^(i;) ■■■gtM), (20) 
*,X) 

can be written as (see Ref. 14, Theorem 5.3.6) 

Σ Σ Σ WldT\B*migW---gW). (21) 
m=\ S=\ ki+· · ·+k,=m 

kjX) 

By the uniqueness result for generalized power series mentioned in 
Section 2.1, and the fact that (21) equals υ for v of sufficiently small 
norm, 

df*[g*(0)]g*Av) = υ 
and 
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df*[g*{0)]gt(v) 

= - Σ Σ ( / » - ' c m s * « ) ) ] ^ » · · · £*>)] (m S* 2) 
kjX) 

for VEL&. This, with v = x + ι'Ο and (15), completes the proof. 

2.6.2 Comments 
For the case in which the expansion (14) for /* has only a finite 

number of terms, the proof of Theorem 6 simplifies considerably, 
because then the equivalence of (20) and (21) is a consequence of just 
the absolute convergence of the sum over (ku · · ■ , k,) in (17). A 
related result for this case is given in Ref. 17, p. 29. 

For a different approach to the problem of determining the expan­
sion of g, see Ref. 18. 

The proof of Theorem 6 provides an alternative proof of Theorem 
2 of Ref. 1, which is an analogous result concerning only complex 
spaces. It also yields a proof of the following "substitution theorem" 
(an earlier version proved in a different way appears in Ref. 19).* 

Theorem 7: Take Wx, W2, and W3 to be three complex Banach spaces, 
and let Si and S2 be nonempty open subsets of Wi and W2, respectively, 
with Si a star. Let G E ^F(SI, W2) and let F be a Fréchet-differentiable 
map of S2 into W3. Assume that G(Si) C S2. Then (FG)(·) E 
PFÌSU WS), the Fréchet derivatives dmG(0) and dmF[G(0)] exist for m 
> 1, and we have 

(FG)(v) = F[G(0)] + Σ Hm{v), v E Su (22) 

where the Hm are the homogeneous polynomials given by 

Hm(v) = Σ (/!)_1 Σ d'FiGmWrWGMv"* 
/"=1 * t+ · · · +k/-m 

kjX) 
• · · (kA)-ldk'G(0)vk'. 

Theorem 7 and Lemma 1 can be used to obtain results along the 
lines of Theorem 7 for cases in which the spaces of interest are real. 
This is discussed briefly in Appendix A. 
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APPENDIX A 

Substitution Results for Real Spaces 

This appendix presents two useful corollaries of Theorem 7. Proofs 
are omitted because the corollaries can be proved using direct modifi­
cations of material already discussed. 
Corollary 1: Assume that W\, W2, and W3 are real Banach spaces, that 
Si and S2 are open subsets of Wx and W2, respectively, and that 0 G Si. 
Let G be a map of Si into W2 such that the Fréchet derivative dmG(0) 
exists for m = 1, 2, · · · , and G has the representation 

Gx = G(0) + Σ (m\r1dmG(0)xm, x G Su 
m=l 

Suppose that G(Si) C S2. Let F map S2 into W3 such that dmF[G(0)] 
exists for each m > 0, and 
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M 
F[y + G(0)] = F[G(0)] + Σ (ml)-1dmF[G(0)]ym 

m = l 

for y + G(0) £ S2, where M is a positive integer (and thus F is assumed 
to be a polynomial). Then (FG)(·) E &>{Si, Ws) and (22) holds. 
Corollary 2: Suppose that Wit W2, and W3 are three realBanach spaces. 
Let G G &>F(Si, W2) for some open subset Si of Wi containing the point 
0, and let F G &'F(S2, W3), where S2 is an open subset of W2 containing 
G(0). Then the Fréchet derivatives dmG(0) and dmF[G(0)] exist for m 
> 1, and there is an open subset 7\ of Si, containing 0, such that G(Ti) 
C S2, (FG)(-) G &>F(TI, W3), and one has (22), with Sx replaced with 
Ti. 

APPENDIX B 

A Comparison of Norms on Complex Spaces 

Consider the Banach space 3B described in Section 2.1, and let <& 
denote a Banach space consisting of the same set of points with a 
possibly different norm || · ||y. 
Proposition: Let the norm \\ ■ \\v have the property that \\ Xi || 'S 
II Xi + ix2 \\w for (xi + ix2) G ̂ , in which \\x\\ is the X norm of x. Then 
II X\ + ix2 II =S II Xi + ix2 Ivfor (xx + ix2) G âB. 
Proof: Assume, for the purpose of obtaining a contradiction, that 
II Xi + ix2 II > II X\ + ix2 \\v for some {xi + ix2). Then there is a ξ with 
II ξ || = 1 such that 

Ì(xi)2 + ^ 2 ) 2 > I U x + ix2||Ì-. 

For this ξ, choose real a and ß so that not both are zero and 

«ί(*2> + βξ(*ΐ) = 0. 
Using (a2 + β2)[ξ(χι)2 + ξ(χ2)2] > (a2 + β2)\\Χί + ix2\\% and the 
observation that [ξ(αχ - by)]2 + [£(bx + ay)]2 = (a2 + b2)[£(x)2 + 
l;(y)2] for real a and 6, and x and y in X, one has 

I ξ(αχι - ßx2) I > || (αχι - βχ2) + i(ßxi + ax2) \\9. 

Since the left side is at most || axi — ßx2 \\, we have a contradiction. 
Comments: For X the space of bounded n-vector-valued functions 
described in Section 2.1, and ^ the corresponding complex Banach 
space with || v ||«> = max/supt| ϋ,-(ί) |, the equality || · || = \\ ■ \\w holds, 
where || · || is the norm in âB. Indeed, || · || ^ || · ||r by the proposition, 
while with arbitrary t > 0 and j G {1, · · · , n\, 

l(xi)2 + £(*2)2 = [xij(t)]2 + [x2j(t)]2 
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for ξ the linear functional of unit norm on X defined by ξ(χ) = xj(t), 
showing that || · || Ss || · ||y.* 

However, we have || · || *s || · He· but not || · II = II - llr whenever X is 
a Hilbert space, || x1 + ix2 \\v = (|| xx ||2 + || x21|2)1/2, and X is typical in 
the sense that it has a pair of nonzero elements x and y that are 
orthogonal. This follows from the inner-product representation of 
linear functionals in a Hilbert space, and the fact that for X, x, and y, 
as indicated above, one can show that 

(v, x)2 + (v, y)2 

SS IMI2 + IMI2 ' 
where ( ·, · ) is the inner product in X. 

Finally, we mention that the norm in 33 cannot be replaced with 

II(XI,X2)II = ( I U I | | 2 + I | X 2 | | 2 ) 1 / 2 , (23) 

because (23) does not define a norm in SB unless X is a Hilbert space 
(see Ref. 20). It is not difficult to see that (23) does not suffice: If it 
did, we would have || ax - by ||2 + || bx + ay ||2 = (a2 + ft2)(|| x ||2 + ||y ||2) 
for any real numbers a and b, and arbitrary elements x and y of X. 
This would give || x - y ||2 + || x + y ||2 = 2(|| x ||2 + | |y ||2), which is not 
valid unless X is a Hilbert space (see Ref. 21, p . 211). 
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* This type of argument also shows that the norm || (oo, o) + i(bo, b) || of an arbitrary 
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