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A large-scale, single-period, mathematical programming model of a multi-
commodity distribution system has been designed and implemented to analyze 
and to help reconfigure AT&T distribution facilities. Within this model, the 
number, size, and location of major stocking locations and subsidiary stocking 
locations are determined on the basis of various incurred costs. These costs 
include facility setup costs, facility closing costs, and shipping, inventorying, 
handling, and operating costs. The model incorporates various features that 
do not appear in standard facility location models, such as nonlinear economies 
of scale in operating cost, capacity constraints, special products that are 
handled by only a limited number of facilities, and establishment of subsidiary 
stocking locations where desirable. In this paper we describe the model, provide 
a mathematical programming formulation of the problem, and describe the 
algorithm that was developed to obtain good solutions in an efficient manner. 
The flexibility of the formulation and the efficiency of the solution technique 
make this model a unique and useful tool. It can provide insight when used to 
study an existing or proposed distribution system, and it has already been 
used in a variety of case studies. 

I. INTRODUCTION 

Large manufacturing and industrial concerns, such as AT&T, pro­
vide for the warehousing and distribution of finished goods. Decisions 
concerning the number, size, and locations of warehousing and distri­
bution facilities greatly affect the cost of a large material logistics 
system. 
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This paper describes a large-scale, single-period, mathematical pro­
gramming model of a multicommodity distribution system. Various 
quantitative studies of distribution problems can be performed using 
this model. For example, an analyst can examine the trade-off between 
many small distribution facilities and a few large facilities, determine 
a consolidation strategy in areas of contracting demand, plan an 
expansion strategy in areas of increasing demand, and so forth. 

This model currently is being used to analyze and help reconfigure 
AT&T distribution facilities in order to meet future material logistics 
requirements. The flexibility of the model has allowed it to be applied 
in a variety of in-depth case studies. These studies have included both 
national and regional studies, studies of different tiers within the 
distribution system, and studies involving different families of prod­
ucts. To provide this flexibility, components of the model are described 
in generic terms with a minimum of restrictive assumptions. 

Within the model, the number, size, and location of major stocking 
facilities, called Distribution Centers (DCs), and subsidiary stocking 
facilities, called Local Distribution Centers (LDCs), are determined 
on the basis of various incurred costs, including facility setup costs, 
facility closing costs, and shipping, inventorying, handling, and oper­
ating costs. The model is quite complex and combines several features, 
or combinations of features, that do not appear in standard facility 
location models. Among these features are nonlinear economies of 
scale in operating costs, capacity constraints, special products that are 
handled by only a limited number of facilities, and establishment of 
subsidiary stocking locations where desirable. These features are dis­
cussed in Section II. 

The generic distribution system that is considered is illustrated in 
Fig. 1. We describe this system briefly here; it is described in greater 
detail in Section II. Within the model, products are assumed to move 
from various vendors (and repair shops) to the DCs. These DCs, in 
turn, distribute these products to demand area locations. In certain 
instances, a group of demand areas can also be served by an LDC. 
Different products move according to different patterns among ven­
dors, DCs, LDCs and demand areas; these different product "types" 
are described in particular in Section 2.2. The mathematical program­
ming formulation of this problem is quite large; for example, a problem 
with 50 possible major distribution center locations, 20 subsidiary 
stocking locations, 100 demand areas, and 1 special product would 
involve 13,170 variables and 110,531 constraints. A sample problem of 
this size was solved in 115.6 CPU seconds on an Amdahl 470/V8 
computer. 

An extensive literature exists on operations research techniques for 
discrete facility location problems. A recent survey of facility location 
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Fig. 1—The advanced distribution and location model. 

work is given in Francis, McGinnis, and White.1 We will here only 
mention briefly some representative problems and papers. 

In the p-median problem, p facilities are chosen so as to minimize 
the sum of the distances from facilities to customers. A Lagrangian 
relaxation technique for a capacitated p-median problem is incorpo­
rated into the algorithm described in this paper (see Section 3.4). 
Surveys of work on p-median and related network location subjects 
can be found in Refs. 2 and 3. 

A classic model is the Uncapacitated Facility Location Problem 
(UFLP), in which there exists a trade-off between setup costs of 
facilities and the costs of shipping products to demand areas.4"7 Com­
plete surveys of work on UFLP can be found in Refs. 8 and 9. 

Some facility location problems can be modeled as generalized 
assignment problems (see Ref. 10). Here, customers with demands 
must be allocated among given facilities with limited capacity. Each 
customer must be served by only one facility. Lagrangian relaxation 
techniques for this problem are discussed in Fisher11 and Ross and 
Soland.10 A related procedure is incorporated into the algorithm de­
scribed here in Section 3.2. 

The Capacitated Facility Location Problem (CFLP)—in which a 
customer's demand can be split among several facilities—is considered, 
for example, in Refs. 12, 13, and 14. Some authors have considered 
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the case in which there are concave operating costs associated with 
each facility. See, for example, Refs. 15, 16, and 17. In particular, the 
algorithm of Kelly and Khumawala,15 which involves solving a se­
quence of linear transportation problems, is adapted here for use in 
the major optimization routine (see Section 3.3). 

A Benders decomposition approach for a multicommodity problem 
was developed by Geoffrion and Graves.18 Discussion of dynamic 
facility location can be found in Erlenkotter19 and in a section of the 
capacity expansion survey by Luss.20 

In Section II, we provide a complete description of the material 
logistics system being modeled and the mathematical programming 
formulation of the problem. Section III describes the solution tech­
nique that was implemented. The first subsection provides a general 
overview of the various stages of the algorithm. The subsequent 
subsections describe each stage in turn. Some brief discussion of 
implementation details and some concluding remarks are then given 
in Section IV. 

II. DESCRIPTION OF THE PROBLEM 

2.1 Types of locations and facilities 

Five major types of facilities or physical locations can be identified 
in the material logistics system. Several products k = 1, ■ ■ · , K move 
among these facilities and locations. 

Vendors are those locations, such as factories and manufacturing 
locations, from which products first enter the material logistics system. 
Each product k has its own set of fixed and known vendor locations 
n = 1, · · · , Nk. 

Repair shops are similar to vendors. Each product has its own set of 
fixed and known repair shop locations m = 1, · · · , Mk. For each 
product, some fraction of demand p* (possibly zero) is to be satisfied 
by repaired items. 

Demand areas are geographical areas to which products are ulti­
mately destined. These demand areas ; = 1, · · · , « / , and the amount 
of demand Djk for each product k at each demand area j , are assumed 
to be fixed and known. 

Distribution centers are major intermediate stocking locations. The 
DCs must be chosen from among a set of locations i = \, ··· ,1, which 
can be either "potential" or "existing." For potential locations, the 
model specifies a minimum capacity size B\, a feasible capacity incre­
ment b], and a maximum capacity size E\. For existing facilities with 
fixed capacity, we assume B\ = E\ and b} = 0. DC i can serve demand 
areas within a radius of b\ miles. 

Local distribution centers are subsidiary stocking locations that 
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handle certain types of products for several nearby demand areas. 
Depending upon the product type, LDCs receive products from either 
a DC or directly from vendors and repair shops; they then ship the 
products to demand areas. LDC locations must be chosen from among 
a set of existing and potential locations / = 1, · · · , L. Potential 
facilities have minimum capacity B2, maximum capacity B% and 
capacity increment b2. Existing facilities have fixed capacity B2 = 
E2 and b2 = 0. An LDC / can serve demand areas within a radius of 
δ2 miles. 

Ordinarily, each DC deals only with certain demand areas that are 
"assigned" to it. The DC is (perhaps) associated with some LDCs. 
Each demand area that is assigned to a given DC obtains products 
only from that DC, and from at most one of the LDCs associated with 
it. Some products are exceptions to this rule; they are discussed in 
Section 2.2. 

2.2 Types of products 

Many different products move through this material logistics sys­
tem. For modeling purposes, each "product" may represent an aggre­
gation of several products. We distinguish four categories or types of 
products, according to how they are handled within the system. These 
types are described below and are pictured in Fig. 1. In Fig. 1, the 
three demand areas in the lower right corner are assigned to an LDC 
as well as a DC, whereas the other demand areas are assigned only to 
a DC. 

Type 1 products can be handled only by a DC. These products are 
shipped to the DC from the vendor and repair shop. (We assume that 
the particular vendor and repair shop that supply a given DC are 
chosen so as to minimize shipping cost.) From the DC, they are shipped 
to all demand areas that are assigned to that DC. 

Type 2 products can be delivered to demand areas either from a DC 
or else from an LDC. If a demand area is assigned to an LDC, the DC 
ships Type 2 products to the LDC for delivery to the demand area. 
This is indicated by the dashed lines in Fig. 1 that are labeled with 
the numeral 2. 

Type 3 products can also be delivered to demand areas either from 
a DC or else from an LDC. The LDC receives shipment of Type 3 
products directly from the vendor and repair shop. We assume that 
the LDC receives shipments from the same repair shops and vendors 
that serve the DC with which the LDC is associated. This is indicated 
by the dashed lines in Fig. 1 that are labeled with the numeral 3. 

All Type 1, Type 2 and Type 3 products are handled with the 
arrangement whereby each demand area deals with only one DC and 
at most one LDC. (If a demand area is assigned to an LDC, it obtains 
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all Type 2 and Type 3 products via that LDC.) However, Type 4 
products ("special" products) are an exception to the rule. Only a 
small number pk of DCs are chosen to handle a given Type 4 product 
k. These DCs then serve all demand areas. This is indicated by the 
alternate short-and-long dashed lines in Fig. 1. 

Each product's type is given as input by the user. We let ΤΊ, T2, T3, 
and T4 denote the sets of indices of Type 1, Type 2, Type 3, and Type 
4 products, respectively. 

Each unit of demand that is handled by a DC or an LDC occupies 
some average amount of warehouse space (measured in units of capac­
ity). The amount of space occupied depends upon, among other things, 
the size of the product, turnover time of inventory, and the type of 
facility (DC or LDC). We define the following parameters: 
si = warehouse space required per unit demand at a DC if a DC ships 

product A; to a demand area, 
sj. = warehouse space required per unit demand at an LDC, 
si = warehouse space required per unit demand at a DC if a DC ships 

product k to an LDC (relevant for Type 2 products). 

2.3 Costs 
2.3.1 Facility setup costs 

Facility setup costs are costs incurred when a facility (DC or LDC) 
is chosen to be open. The setup cost depends upon the size of the 
facility. We assume that, for DC i, opened with a capacity of x units, 
the setup cost is of the form <x\ + ß\x, where a) and ß\ are given 
constants that depend upon the particular facility. For LDC / , the 
setup cost is of the form a2/ + ß2/x, where a2- and ß, are given constants. 
Actual total setup costs realistically might be assumed to be amortized 
over several time periods. Since ours is a static, single-period model, 
the setup cost used in the model could be set equal to an amortized 
share of the total setup cost. 

2.3.2 Facility closing costs 

In the model, if a facility is not chosen to be open, a closing cost c\ 
(for DC i) or c, (for LDC / ) is incurred. 

2.3.3 Shipping costs 

Shipping cost parameters are given in cost per mile per unit demand. 
These cost parameters for product k follow: 
t\ = cost of shipping from vendor/repair shop to DC/LDC, 
11 = cost of shipping from DC to demand area, 
tl = cost of shipping from DC to LDC, 
ti = the cost of shipping from LDC to demand area. 
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Obviously, for each type of product only certain of these parameters 
are applicable. (The model can also be easily modified so that shipping 
costs are measured per unit demand, independent of distance.) 

2.3.4 Inventorying or storage cost 

An inventorying or storage cost per unit demand is incurred at each 
DC and LDC. We define the following parameters: 
η\ί = inventorying cost per unit demand at a DC i that ships product 

k to a demand area, 
rils = inventorying cost per unit demand at an LDC / that ships 

product k to a demand area, 
ηΐί = inventorying cost per unit demand at a DC i that ships product 

k to an LDC (relevant for Type 2 products). 
The value of τ/i can differ from η\ι because of differences in turnover 
time for inventory bound for an LDC and inventory bound directly 
for demand areas. 

2.3.5 Handling cost 

When a product is processed at a warehousing facility (either a DC 
or an LDC), there are some labor costs incurred. We define the 
following parameters: 
h\i = handling cost per unit demand at a DC i that ships product k 

to a demand area, 
ht- = handling cost per unit demand at an LDC / that ships product 

k to a demand area, 
h\i = handling cost per unit demand at a DC i that ships product k 

to an LDC / (relevant for Type 2 products). 

2.3.6 Operating cost 
Other operating costs at each facility are represented as a continu­

ous, nondecreasing, concave function of the space occupied in order to 
account for possible savings due to economies of scale. Let 
σ\ = volume of space occupied at DC i,i = \, ■ · ■ , I, and 
σ* = volume of space occupied at LDC / , / = 1, · · · , L. 
Then, we define the cost functions: 
f\(<A) = operating cost at DC i, i = 1, · · · , I, and 
fA<ò) = operating cost at LDC / , / = 1, · · · , L. 
Within the software implementation, we assume these cost functions 
to be piecewise linear with a nonnegative intercept at the origin. In 
typical examples, each function used between three and five piecewise 
linear segments. 
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2.4 The mathematical programming model 
2.4.1 Decision variables 

To formulate the mathematical programming model, we first specify 
the necessary decision variables. All variables take on integer values. 
They are as follows: 

{1 if DC i is open, 
for ί = 1, · · · , /, 

0 otherwise, 

{1 if LDC / is open and served by DC i, 
for / = 1, ■·· , L and i = 1, · · · , / , 

0 otherwise, 

{1 if demand area j is assigned to DC i, 
for i = 1, · ■· , I and j = I, · · · , J, 

0 otherwise, 

{1 if demand area j is assigned to LDC / , 
for / = 1, · · · , L and j = 1, · · · , J, 

0 otherwise, 

Î1 if DC i is used to serve special product k, 
for i = 1, ■ ■ · , I and k E T4, 

0 otherwise, 

{1 if demand area j receives special product k from DC i, 
for j = 1, · · · , J and i = 1, · · · , / 

0 otherwise, and k E T4, 

number of size increments 
q] = above the minimum 

opened at DC i, for i = 1, · · · , / , 
number of size increments 

q2s = above the minimum 
opened at LDC / , for / = 1, · · · , L. 

2.4.2 Distance and other parameters 

Shipping cost calculations require the distances between pairs of 
locations. For notational simplicity, we refer to all such pairwise 
distances by the notation d with two subscripts. The subscript i refers 
to a DC i, subscript / to an LDC / , and subscript j to a demand area 
;'. Further, the subscript n(i) refers to the vendor closest to DC i, and 
subscript m(i) refers to the repair shop closest to DC i. Thus, <&,(«),« is 
the distance to DC i from its nearest vendor, dfj is the distance from 
LDC / to demand area j , and so forth. 
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A particular latitude/longitude point is associated with each facility 
location and each demand area and used to estimate road distances 
on an as-needed basis. The software allows users to provide distance 
data that would override the calculated distance. 

To simplify the formulation, let the space (units of capacity) re­
quired for a DC to serve demand area j (excluding Type 4 products 
and provided it is not served by an LDC) be 

S}= Σ s\Djk. (1) 
*ε7ΊυΓ2υτ3 

If demand area; is served by an LDC as well as a DC, then the amount 
of space required at the LDC is 

Sj= Σ slDjk, (2) 
ker2uT3 

and the amount of space required at the DC is 
Sf= Σ slDjk+ Σ slDjk. (3) 

The space required at a DC to serve Type 4 product kGT4 for demand 
area j is 

S% = slDjk. (4) 
Likewise, it is convenient to aggregate the shipping costs, inventory­

ing costs, and handling costs associated with assigning demand area ; 
to DC i in an "assignment cost" A \j, as follows: 

Mj = Σ (tkdn(i)i(l - Pk) + t\dm{i)iPk 
keTluT2OT3 

+ tldij + hi + vh)Djk. (5) 
If an LDC / is involved, the assignment cost A %/ is expressed as 

Aìy= Σ (tkdnu)i(l - Pk) + tkdmii)ipk + tldij + hh + vh)Djk 
fcer, 

+ Σ (.tkdn(i)i(l — pk) + t\dm[i)iPk + tkdi/ + t\d/j 
ker2 

+ hi + hì, + vìi + i/DDjk 

+ Σ (tkdn(i)A'i- — Pk) + t\dm(i)/Pk 
*er3 

+ tUsj + hV + vlADjk. (6) 

Finally, the cost A *jk of assigning Type 4 product k at demand area j 
to DC i is as follows: 

AU = (tldB(i,i(l - ph) + t\dMi)ipk + tldij + hi + Vki)Djk. (7) 
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In the event that demand area j cannot be assigned to a DC i or an 
LDC / because j lies outside the operating radius of the facility (i.e., 
du > δί or d/j > òs), then the corresponding assignment costs can be 
set to an arbitrarily large number. 

2.4.3 Formulating the model 

Below, we provide the mathematical formulation for the problem. 
Then, the objective function and each of the constraints is explained 
in turn. The problem is formulated as follows: 

min Σ («Ϊ + tö(B} + 6foï))y,· 
ί=1 

+ Σ (<£ + Ûi& + WA) Σ zu 
/=1 1=1 

+ Σ cKi - y.) + Σ <£(l - £ ZiA 
i= l / = 1 \ i= l / 

+ Σ Σ Atei ( 1 - Σ w,j) 
i= i ; = i \ / = i / 

I J L 

+ Σ Σ Σ AfyXijWsj 
i= l y'=l S=\ 

1 J 

+ Σ Σ Σ AjjkUijk 

i=i ;=i ter, 

+ Σ /Ησϊ)>( 
1=1 

+ Σ ßtä) Σ zu (8a) 
subject to 

Σ Xij = 1 for ; = 1, · · · , J, (8b) 
i= l 

Xij «s y. for i = l , . . . , 7 and j = 1, ■ · ■ , J, (8c) 
L 

Σ uvj- »si for j = 1, · · · , J, (8d) 
/"=1 

"V; ^ XiyZ«' for i = l , · · · , / and 
/ = 1, · · · , L and ;' = 1, · · · , « / , (8e) 

Σ z* *£ 1 for / = 1, · · · , L, (8f ) 
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J 

+ Σ Σ SjkUijk for 
*ετ4 ;=ι 

σ> *£ Bì + ofaj for i = 1, · · · 
j 

oî = Σ SX; for / = 1, · · · 

<£ s£ Bî + fcjçj for / = 1, · · 

ß> + ftjçî ^ B] for i = l , · . 
ß*. + bWs *&, for / = 1, · ■ 

Σ Vik sS p* for fc G T4, 

i = l , 

, / , 

,L, 

■,L, 

· , / , 
• , ^ , 

σ.1 = Σ s}xij ( î - Σ w/ï) + Σ Σ sfcjwsj 
j=l \ /=\ } S=l 1=1 

,1, (8g) 

(8h) 

(8i) 

(8j) 
(8k) 
(81) 

(8m) 
1 

Uijk ^ Vik for 7 = 1 , · · · , «7, and i = 1, · · · , I and k € T4, (8n) 
Σ Uijk = 1 for ;' = 1, · · · , J and k E T4, (8o) 

y,·, 2i/, x,>, u,/ï» y'*> "iy* e {°» 1) for i = 1, · · · , /, 
j = 1, · · · , J, 
/ = 1, · · · , L, and 
/e E Ti, (8p) 

çj, ç j e {0, 1, · · · , oo} for i = 1, · · · , I and / = 1, · · · , L. (8q) 

The first two summation terms in the objective function (8a) rep­
resent the setup cost incurred for open DCs and LDCs. The next two 
terms represent the closing costs that are incurred if a DC or an LDC 
is not open. In the fifth term, we include the assignment costs that 
are incurred if demand area./ is assigned to DC i with no LDC involved. 
(Only in that case would Xij (1 — Σϊ=ι "V;) = 1.) The sixth term, on 
the other hand, gives the assignment costs that are incurred if demand 
area j is assigned to DC i and LDC / , and the seventh term considers 
the assignment costs for Type 4 products. The last two terms of the 
objective function represent the operating cost that is incurred at each 
open facility. 

Constraints (8b) ensure that each demand area j is assigned to 
exactly one DC, and constraints (8c) ensure that demand areas are 
assigned only to DCs that are open. Constraints (8d) permit each 
demand area j to be assigned to at most one LDC. The condition (8e) 
guarantees that such an LDC assignment is made only if the LDC is 
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open and is served by the same DC that serves the demand area j . 
Constraints (8f) ensure that each LDC is served by at most one DC. 
Constraints (8g) define σ], the space actually utilized at each DC i. 
This is obtained by adding the space required to serve demand areas 
that are assigned only to DC i, plus space required for demand areas 
assigned to both DC i and an LDC, plus space required to serve any 
Type 4 products that are assigned to DC i. In (8h), this space utilized 
is constrained to not exceed the capacity installed. Similarly, (8i) 
defines σ2*, the space utilized at LDC / , and (8j) constrains a2, to not 
exceed the capacity installed at that LDC. Constraints (8k) and (81) 
ensure that the capacity installed does not exceed the maximum 
permitted capacity for DCs and LDCs, respectively. In (8m), the 
number of DCs that serve each Type 4 product k does not exceed the 
permitted number p*. Constraints (8n) guarantee that a demand area 
receives each Type 4 product k from a DC that handles that product. 
Constraints (8o) require that each demand area ; be assigned to only 
one DC for a given Type 4 product. [In the event that no Type 4 
products occur in the problem, constraints (8m) through (8o) do not 
appear]. Finally, conditions (8p) and (8q) enforce integer constraints 
on the variables. 

The integer program (8) is quite large. For example, for 10 possible 
DC locations, 10 possible LDC locations, 50 demand areas, and 1 Type 
4 product, there are 1640 variables and 6221 constraints. For a larger 
problem of 50 DCs, 20 LDCs, 100 demand areas, and 1 Type 4 product, 
there are 13,170 variables and 110,531 constraints. Nonlinearities 
appear in the objective function (8a) and in constraints (8e) and (8g), 
thus making it even more difficult to solve the program directly. 

III. SOLUTION APPROACH 
3.1 Overview 

Because of the difficulty of the integer programming problem, the 
proposed algorithm contains some heuristic elements. In particular, 
we propose to first treat a simpler version of the problem and then 
adjust this solution with a series of heuristics to obtain a solution to 
the overall problem. 

The elements of the problem that are judged to be most important 
are considered in the initial optimization. Other elements that are 
considered, by comparison, less important or elements that are ex­
pected to appear less often in actual case studies are treated by the 
secondary optimization. Specifically, the issues of Type 4 product 
distribution, LDC locations, and discrete facility sizing are set aside 
in the initial optimization. The initial optimization problem thereby 
becomes a type of capacitated facility location problem with concave 
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costs. After obtaining a solution to this problem, the solution is 
modified in a step-by-step fashion to incorporate, in turn, Type 4 
products, LDC locations and facility sizing. In the subsections that 
follow, we describe the various portions of the algorithm. 

Within our software implementation, there is the option to specify 
that certain variables be fixed in advance, for example, that certain 
DCs or LDCs be fixed open or closed, that certain demand area 
assignments be forced or forbidden, or that certain DCs be prevented 
from handling Type 4 products. The necessary modifications to the 
algorithm are generally straightforward, and therefore not discussed 
explicitly here. 

3.2 The preprocessor 

In Section 2.4.2 we described various DC and LDC space require­
ment parameters and assignment cost parameters. These parameters 
are computed by the algorithm in a preprocessor routine. The impor­
tance of the space requirement parameters lies in the fact that, when 
not considering Type 4 products, the original multicommodity problem 
becomes a single-commodity problem. The "commodity" in this case is 
warehouse space; the DCs have supplies of space and the demand 
areas require space. Further, the assignment costs (5) and (7) provide 
a convenient aggregation of shipping, inventorying, and handling 
costs. (Because of storage requirements, however, the assignment cost 
for assignments that use LDCs [eq. (6)] is calculated as needed.) 

3.3 The primary optimization 

In the primary optimization routine, we determine a set of DCs to 
be opened. Initially, we assume that all demand is served by DCs alone 
and that the maximum possible capacity 5, is available at all open 
facilities. We associate a cost with each possible pairing of a DC i and 
a demand area j of the form 

Cu = A}j + ßjSj. (9) 
This represents the assignment cost for demand area j (as discussed 
in Section 2.4.2) plus a cost corresponding to the variable setup cost 
for the warehouse space required to serve j . We also compute a "net 
fixed cost" 

Ft = a] - c), (10) 
which is equal to the difference between the fixed setup cost and the 
closing cost. 

At first, we also set aside the requirement that each demand area 
be served by only one DC. After first obtaining a solution without this 
restriction, we then will adjust the solution to enforce the restriction. 
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The initial problem is then the following capacitated facility location 
problem with concave operating cost: 

min Σ FiVi + Σ ίΚσί) + Σ Σ dfri (Ha) 
1=1 £=1 i = l j-1 

subject to 
j 
Σ SJXÌJ ^ Sfa for i = 1, · · · , / , (lib) 

; = i 

Σ *,; = 1 for ; = 1, · · · , J, (lie) 
i= l 

J 
<ή = Σ Sfa for 1 = 1 , . . · , / , (lid) 

; = i 

0 «s Xij 'S 1 for i = 1, · · · , / and j = 1, · · · , . / , (lie) 
y,· G (0, 1} for i = 1, · · · , /. (llf) 

Several algorithms for problems of this form have been pro­
posed.15"17 We have implemented the iterative algorithm due to Kelly 
and Khumawala15 that defines and solves a sequence of standard linear 
transportation problems. In these problems, the DCs are "sources" 
and demand areas are "sinks." Linear costs on arcs from sources to 
sinks are based on the values of C,y and on the values of f}(a}) that are 
implied by the solution at the previous iteration. Key to the algorithm 
is the provision for a "dummy sink." Incoming arcs to this dummy 
sink have negative costs based on the setup costs F; and the operating 
cost values f)(c\) at the previous iteration. Intuitively, this dummy 
sink offers to "buy back" the capacity at a DC. Costs on arcs into this 
sink are chosen from iteration to iteration in such a way as to 
discourage opening very underutilized DCs and to encourage taking 
advantage of the economies-of-scale in the concave operating cost. 
Complete details are given in Ref. 15. Within our implementation, the 
linear transportation problems are solved using primal network flow-
convex,21 which is a state-of-the-art simplex network flow code. 

Upon solving problem (11), we obtain a set G of open DCs, each of 
which serves some group of demand areas. Some set U of demand 
areas will be served by more than one DC. Typically, in our compu­
tational experience the numbers of such demand areas that have their 
demand "split" in this way among DCs is small. We next seek to 
resolve these splits and obtain a solution in which each demand area 
is served by only one DC. 

Within this phase, we momentarily leave fixed those demand areas 
that are assigned to only one DC in the solution obtained to (11). The 
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demand areas JE.U whose assignments have been split are considered 
to be unassigned. The fixed assignments, on the other hand, take up 
warehouse space at the open DCs. The remaining available warehouse 
space at each DC i is denoted B,. 

To take the unassigned demand areas and assign them among the 
open DCs, we must, if possible, (approximately) solve this problem: 

min Σ Σ CijXy (12a) 
ieG jeu 

subject to Σ x'j = 1 for j e U, (12b) 
ieG 

Σ Sjxij *£ Bi for i E G, (12c) 
jeu 

xy e {0, 1) for JEU and i G G. (12d) 
This is of the form of a generalized assignment problem.10,11 As 
described below, we first attempt to solve this using Lagrangian 
relaxation (see Ref. 11) and branch-and-bound techniques. Later, we 
add additional DCs to the set G in the event that (12) is infeasible. 

If we associate nonnegative Lagrange multipliers Ai, i E G with 
constraints (12c) and incorporate these constraints into the objective 
(12a), we obtain the relaxed problem: 

min Σ Σ CM + Σ λ, ( Σ Sjxy - Βή (13a) 
ieG jeu ieG \jeu ] 

subject to 
Σ Xij = 1 for ; E U, (13b) 

ieG 

Xij E (0, 1) for i E G and j E U. (13c) 
The relaxed problem can be solved by inspection. For each j , let index 
e be chosen so that 

Cej + XeSj = minfCy + X;Sj}. (14) 
ieG 

(Ties can be broken arbitrarily.) Then, for each demand area./, 
[ l if i = e 

Xij = i for i E G. (15) 
Ιθ otherwise 

This is incorporated into an iterative scheme where the \ are increased 
from iteration to iteration if the solution obtained violates constraints 
(12c). This update is of the form 

\i <- \i + r ί | Sfa - Bj , (16) 
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where "«—" indicates "is replaced by" and τ is a positive scalar. A 
formula for τ is 

T ~ [1 f ] 2T 1/2 » \il) 

tëU **-*}! 
where 7 is a positive scalar (in our implementation, y = 0.25 has been 
used successfully) and Z is an estimate of the difference between the 
optimal objective function value (12a) in the original problem and the 
current value (13a) in the relaxed problem. Within our implementa­
tion, we obtain an estimate of the magnitude of (12a) based on 
arbitrarily assigning each ; ' £ U to one of the DCs to which it has a 
split assignment. The value of Z is then chosen to be 10 percent of 
this estimate of (12a). 

Similar updating rules appear in Held, Wolfe, and Crowder.22 Sim­
ilar relaxation techniques for generalized assignment problems are 
discussed in Fisher.11 

If the Lagrangian relaxation problem (13) does not yield a feasible 
solution to (12) within a reasonable number of iterations (40 iterations 
have been used successfully in our implementation), then a branch-
and-bound technique for (12) is initiated. A description of branch-
and-bound algorithms for integer programming problems can be found, 
for example, in Ref. 23. We outline below the major features of the 
algorithm that we have implemented. 

At each node of the branch-and-bound tree, assignments for some 
of the demand areas j G U are assumed fixed. At each node, a 
Lagrangian relaxation problem, similar to (13), is solved for the 
unfixed demand areas. A lower bound on the optimal objective function 
value (12a), given the fixed assignments at the node, is obtained by 
evaluating the relaxed objective function (13a) at solution (15). Like­
wise, another lower bound at the node can also be calculated by 
assuming that each unfixed demand area is assigned to the least costly 
DC. The branch-and-bound routine uses the maximum of the two 
lower bounds. If a feasible solution is found by Lagrangian relaxation, 
it is an upper bound. A very simple branching rule is used in which 
variables are chosen for branching in order of increasing j . Nodes are 
chosen for branching by the least lower bound value among most 
recently created unfathomed nodes. If the lower bound at a given node 
is within, say, 10 percent of a current upper bound, then no further 
branching is done from that node. 

If problem (12) is not feasible, an additional facility is chosen to be 
in the open set and then problem (13) is resolved with the DCs in the 
larger set G fixed open and all other DCs fixed closed. This additional 
new facility is chosen according to a rule that estimates the change in 
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assignment cost that would result from its opening. That is, for each 
DC i £ G, compute 

Ω; = Σ min{max(CÄJ - Cih 0)\. (18) 

Each term in this summation gives, for a demand area j , the minimum 
savings in assignment cost that would result if DC i were available. 
The DC with maximum Ω, value is chosen to be open and is thus 
added to G. (This rule is similar to the "largest omega" rule proposed 
by Khumawala6 as a branching rule in a branch-and-bound algorithm 
for plant location problems.) The Kelly and Khumawala algorithm for 
problem (11) is then repeated with facilities i G G open and all others 
forced to be closed. 

In Fig. 2, we provide a flowchart of the primary optimization routine. 
This figure summarizes the procedures described in this subsection. 

3.4 Assigning Type 4 products 
As explained in Section 2.2, for each Type 4 product k, only a limited 

number ph of DC facilities are chosen to handle it. These facilities can 
be different for each k. We assume that Type 4 products occupy, at 
most, only a small percentage (perhaps 10 percent or less) of the 
warehouse space required. 

Given the demand area assignments determined by the primary 
optimization algorithm, each open DC i G G only has some amount 
Bi of warehouse space still available. If demand area ; is assigned to 
DC i for Type 4 product k, we associate cost 

CU = AU + ß}S}k, (19) 
which represents the assignment cost plus a share of the variable 
setup cost. 

Given the set G, the problem of choosing p* locations to serve 
product k can be formulated as the following capacitated p-median 
problem: 

j 

min Σ Σ CUuijk (20a) 
i'eG j=i 

subject to 
Σ " » ΐ Ph, (20b) 

ieG 

Σ uijk = 1 for j = 1, · · · , J, (20c) 
ieG 

Uijk ^ Vik for 7 = 1 , . . · , « / and i G G, (20d) 

Σ Sjkuijk *£ Bi for i G G, (20e) 
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e START 

( END ) 

SOLVE CONCAVE-COST, CAPACITATED 
FACILITY LOCATION PROBLEM f i 1) 

SET G - SET OF OPEN FACI LITIES 
SET U = SET OF DEMAND AREAS 

WITH SPLIT ASSIGNMENTS 

YES 

APPLY LAGRANGIAN RELAXATION 
TECHNIQUE TO GENERALIZED 

ASSIGNMENT PROBLEM (12) 

YES 

APPLY BRANCH-AND-BOUND 
TECHNIQUE FOR (12) 

YES 

OPEN NEW FACILITY ACCORDING 
TO LARGEST Ω RULE. ADD 

NEW FACILITY TO SET G 

FORCE FACILITIES IN G TO 
BE OPEN, ALL OTHERS CLOSED 

Fig. 2—The primary optimization routine. 

Uijk, Vik £ {0, 1} for j = 1, · · · , J and i E G. (20f) 

Without constraints (20e), this is the well-known p-median prob­
lem.3'24,25 The additional constraints (20e) are capacity constraints 
that take into account the amount of warehouse space that is actually 
available to serve product k. Problem (20) is solved for each Type 4 
product in turn. If there is more than one Type 4 product, the available 
capacities 5, are updated each time (20) is solved. 

To solve problem (20), we apply a Lagrangian relaxation technique. 
Nonnegative Lagrange multipliers μ, are associated with constraints 
(20e) and unrestricted multipliers λ, with constraints (20c). These 
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constraints are incorporated into the objective function to produce the 
relaxed problem: 

J J I 
min Σ Σ CijkUyk + Σ \ ( Σ u»k - 1 

•eG >=i y-i \ieG 

+ 
subject to 

Σ vik *£ pk, (21b) 

•eG 

unk «£ Vik for y = 1, · · · , J and i e G, (21c) 

e {0, 1} for j = 1, ■■■ ,J and i € G. (21d) 
The relaxed problem can be solved by inspection. For each DC i, 
compute 

j 

Ri= Σ min(Ct* + λ, + μ,-SjL O). (22) 

This represents the contribution to the objective function (21a) that 
is possible if vu, = 1. For given λ, and μ,, it is optimal in (21) to choose 
those DCs corresponding to the p* smallest values of R. (If Vu, = 1, 
then it is optimal to choose Uyt = 1 only if CJ* + λ, + μ,ιδ* ^ O.) 

If these optimal values of uijh satisfy constraints (20e) and (20c), 
then we obtain a solution to the original problem (20). If not, then the 
values of λ, and μ, are modified for the next iteration. If Σ·εο "*/* > 1. 
then A, is increased, whereas if Σίεα ".>* < 1, λ, is decreased. Likewise, 
if Σ/=ι SjkUijk > Bi, then μ, is increased. To avoid oscillations, we do 
not allow values of μ* to decrease. Thus, if Σ/=ι SfkUyk ^ Bi, the 
constraint is satisfied and μ; is held fixed. Procedures for updating 
these multipliers are analogous to those described in Section 3.3. 

If a feasible solution is not found within a reasonable number of 
iterations (again, 40 has been used successfully), then a solution is 
generated based on the last set Gk of Ä, values. The DCs corresponding 
to the Pk smallest Ri values are chosen to serve product k (i.e., for 
these DCs set υ& = 1). For each demand area j , we find index e such 
that 

CU + /wSjlk = min [CU + inS%\, (23) 
ieGt 

where the μ; are also taken from the last iteration. Then, for each j , 
set 

) 

Σ μ. ( Σ S W - Βή (21a) 
i€LG \j=l ) 
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fi if i = e 
uijk = i for i G G. (24) 

Ιθ otherwise 
No immediate modification of this solution is made, even in the event 
that this solution violates capacity constraints (20e). The solution will 
be adjusted to feasibility later in the facility sizing routine (see Section 
3.5). In the meantime, the amount of violation is small, since Type 4 
products are assumed to constitute only a small portion of the demand. 

The description of the algorithm above can be modified in a straight­
forward way so that the special DCs are restricted to be chosen from 
among a predetermined list of DCs for each special product. If none 
of the facilities from the predetermined list were to appear in the 
solution obtained in the primary optimization routine, then the model 
would serve demand areas directly from the Type 4 product vendors. 
This possibility could be completely avoided by fixing one or more of 
the facilities on the list to be open a priori. 

3.5 LDC locations 

After a set of open DCs and demand area assignments are chosen, 
both for Type 4 products (Section 3.3) and other products (Section 
3.2), we attempt to introduce LDCs into the solution. First, we deter­
mine a tentative set of open LDC locations and accompanying demand 
area assignments. With LDCs in place, utilized capacity in some DCs 
may now be decreased, thus allowing additional demand areas to be 
assigned. We then check if any "small" DCs can now be closed 
advantageously and their demand areas reassigned. 

3.5.1 Determining tentative LDC assignments 

In this routine, we first order the DCs in terms of decreasing 
throughput (i.e., amount of warehouse space occupied). For each DC 
in order, we perform an "LDC assignment procedure" to determine 
the set of LDCs that should be associated with the DC. We consider 
the larger DCs first, since they are more likely to serve a larger 
geographic region and, hence, more likely to benefit from the presence 
of subsidiary LDC locations. The following is the LDC assignment 
procedure for DC i: 

Step 1. Let Q, denote the set of demand areas; that are assigned to 
DC i. Let E denote the set of possible LDC locations that have not 
already been assigned to another DC. For each j G Q;, determine the 
LDC e E E that satisfies 

Afje = min A%,. (25) 

For each such j G Q,, in turn, make a tentative assignment of; to e if 
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A % < A}j, unless the assignment would result in the violation of 
capacity bound E\. If assigning; to a particular LDC e would violate 
the capacity bound, check other demand areas that are already as­
signed to e; if a feasible solution with lower total cost can be obtained 
by removing another demand area from LDC e and replacing it with 
demand area ;', then do so. Let P, denote the set of demand areas j 
tentatively assigned to LDC / at the end of step 1. 

Step 2. Consider those LDC locations to which demand areas j G Q, 
have been tentatively assigned at the end of step 1. Sort these LDCs 
in order of increasing throughput. Thus, underutilized LDCs, which 
are less likely to be cost-effective, are considered first. 

Step 3. Consider each LDC / on the list in order. If the throughput 
due to tentative assignments is greater than some threshold amount 
(say, some fraction of the minimum capacity B2), leave its assignments 
unchanged. Otherwise, remove the LDC from the list, cancel the 
tentative demand area assignments to LDC / , and attempt to reassign 
the demand areas ; G Ρ,, if possible, to other LDCs. (That is, find 
another LDC è such that 

A%i = min Afjy. (26) 

\îA\e < A}j, tentatively assign j to è.) 
Step 4. Resort LDCs remaining on the list in order of increasing 

throughput. 
Step 5. For each LDC / remaining on the list, estimate the total 

cost for serving demand areas j G P, using DC i and LDC / . This 
estimate includes the assignment costs Σ;ε/ν Afy plus the fixed setup 
cost a2/, plus variable setup costs β2 Σ&Ρ, Sj, plus the concave oper­
ating cost / / (Zjep, Sj)> a n d minus the closing cost c2. Compare this 
with an estimate of the cost for serving demand areas j G P, using 
DC i alone. This estimate includes the assignment costs Σ&Ρ,Α-Ι, plus 
variable setup costs β} Σ^Ρ, S), plus the difference in the concave 
operating cost function due to the additional throughput. If the cost 
using the LDC is less, then open LDC / and make the tentative 
assignments permanent. If not, then attempt to tentatively reassign 
the demand areas j G P/ to other LDCs still on the list. □ 

Obviously, more sophisticated procedures can be designed to decide 
assignments for LDCs. However, since it is expected that demand 
areas will only be assigned to LDCs that are relatively proximate, the 
potential number of economically attractive assignments is limited. 
Thus, more sophisticated procedures have not been found necessary. 

After completing this procedure for each DC i that is open, we have 
a tentative set of open LDCs and LDC assignments. 
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3.5.2 Closing small DCs 
We allow DCs with relatively small throughput to be closed and 

their demand areas reassigned. We first sort open DCs in a list in 
order of increasing throughput. In this way, the smaller DCs that are 
more likely to close will be considered first. For each DC i on the list, 
we then execute a "DC closing procedure," which follows. 

Step 1. If the throughput of DC i exceeds some minimum threshold 
(say, half the minimum capacity B}), then leave it as is; go on to the 
next DC. If not, continue with step 2. 

Step 2. For each j £ Q„ attempt to tentatively reassign the demand 
area to another DC. This reassignment should be to a DC that is 
feasible; that is, the DC should have sufficient spare capacity to handle 
the demand area, and the demand area should be within the radius of 
operation for the DC. If there is more than one such feasible DC, 
choose the one that minimizes the assignment cost for j . If, for some 
j e Qi, no feasible reassignment is possible, then cancel all tentative 
reassignments, keep DC i open, and go on to the next DC. Otherwise, 
continue with step 3. 

Step 3. Compare the additional assignment cost, operating cost and 
facility closing cost brought on by reassigning demand areas j € Qi. 
Compare this with the savings in setup cost for DC i. If it is advanta­
geous to close DC i, make the tentative reassignments permanent. 
Otherwise, cancel all tentative reassignments and go on to the next 
DC. D 
At this point, the set of open DCs and LDCs is determined. There 
remains only the question of sizing these open facilities, which we 
address in the next subsection. 

3.6 Facility sizing 

The model must determine the number q] of increments installed 
such that B} + b}q\ < E}. At this point, there is a tentative set of 
demand area assignments that require amount o\ [see (8g)] of ware­
house space at each DC i. The simplest sizing routine would be to 
choose q) to be the smallest integer such that σ] < B\ + b\q). There are 
two reasons why we might want to modify this approach: 

1. DC i is overcapacitated by an amount Wi (perhaps because of 
assignments that were made for Type 4 products). 

2. By moving some demand areas to other DCs, we can perhaps 
install one less increment of space, thereby saving variable set-up cost 
ß}b}. Suppose that if we reduced the requirements for warehouse space 
at DC i by Wi units, we could install one less increment of space; call 
this value Wi the "excess" space requirement. 
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The facility sizing routine attempts to adjust demand area assign­
ments in order to allow certain facilities to be installed at a smaller 
capacity. It begins by ordering the DCs in a list. First, any overcapaci-
tated DCs are entered in the list. Next, other DCs are entered in the 
list in order of increasing Wi. For each DC on this list, in order, we 
then perform the following "DC sizing routine." 

Step 1. For each demand area) G Q, find its next best "feasible" DC 
assignment and compute the associated assignment cost differential. 
(By feasible we mean that assigning the demand area to the DC would 
not cause certain capacity limits to be exceeded. If DC i, the facility 
being sized, is overcapacitated, we take this limit to be the maximum 
capacity of the other DC; otherwise, we take it to be the capacity size 
required to serve the current assignments to the other DC. Assign an 
arbitrarily large cost differential if no other feasible assignment is 
possible.) At this point, consider only reassignments to a DC alone. 
The use of LDCs will be considered in step 5 below. 

Step 2. Sort demand areas j € Q; in order of increasing cost 
differential. 

Step 3. Tentatively reassign a sufficient number of demand areas 
from the top of the list so as to decrease the throughput at DC i by an 
amount greater than or equal to the excess Wi. 

Step 4. If DC i is overcapacitated, make permanent the reassign­
ments found in step 3. If not, check the cost differentials for the 
reassignments. If the sum of the cost differentials for the reassigned 
demand areas is greater than the savings ß}b} in variable setup cost, 
then cancel the reassignments. Otherwise, make the reassignments 
permanent. 

Step 5. If demand area reassignments were made permanent in step 
4, then consider the possible use of LDCs for each such demand area. 
In particular, if demand area j were permanently reassigned to a 
DC Γ, examine those LDCs / that are now associated with DC i' (i.e., 
z,v= 1). Determine if total costs can be reduced by assigning demand 
area j to one of these LDCs. If so, assign ; to the LDC that results in 
the minimum total cost. D 

After this procedure is completed, the values of q] (number of space 
increments for DCs) and q, (number of space increments for LDCs) 
are chosen to be the smallest integers that provide sufficient ware­
housing space to handle the assigned demand areas. 

IV. IMPLEMENTATION DETAILS AND CONCLUDING REMARKS 

To provide an effective tool for decision makers, our model was 
designed to be flexible and efficient. Flexibility in the implementation 
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allows the user to analyze many different real situations using the 
same "generic" model. Further flexibility comes from an implementa­
tion that permits some variables to be fixed a priori, thus allowing the 
user to impose various "nonquantifiable" conditions on the model. For 
example, various DCs or LDCs can be fixed open or closed. Certain 
DCs can be forbidden from handling Type 4 products; certain demand 
areas can be assigned a priori to a given DC or LDC. These conditions 
can be imposed to reflect some physical constraint or corporate policy. 
Such conditions can also be imposed after studying a previous solution 
obtained from the model. In this way, the model is "forced" to consider 
alternate solutions of interest to the user. The user may also wish to 
perform a sensitivity analysis in which the model is run several times 
with variations in one or more cost parameters. 

Efficiency of the algorithm is essential so that multiple runs as 
described above can be accomplished in a short time frame without 
excessive computation. The current implementation allows for a max­
imum of 10 different products, 50 possible DC locations, 40 possible 
LDC locations, and 200 demand areas. Some average run times for a 
variety of problems that have been encountered in practice are given 
in Table I. (Problem I, in particular, was the basis for a nationwide 
distribution planning study.) These times were obtained on an Amdahl 
470/V8 operating under MVS; the code was compiled using the FOR­
TRAN 77 compiler. All times are within an acceptable range for 
performing multiple runs in an economic study. Note that, as is typical 
in combinatorial optimization problems, run times can vary among 
different problems of the same size. For example, problem H is smaller 
than problem E, but took over twice the CPU time (262.2 seconds 
versus 115.6 seconds). (This variation is due primarily to the difference 
in the number of iterations required by the Kelly and Khumawala 
algorithm, which is used within the primary optimization procedure 
described in Section 3.3.) 

The many cost components considered (including nonlinear oper­
ating costs), the ability to incorporate such features as different 

Table I—Average execution times 

Number of 
Problem 

A 
B 
C 
D 
E 
F 
G 
H 
I 

Number of 
Demand 

Areas 
30 
54 

149 
54 

100 
100 
149 
100 
158 

Number of 
DCs 

8 
8 
8 

48 
50 
48 
48 
50 
50 

Number of 
LDCs 

10 
25 
25 
25 
20 
25 
25 
0 
0 

Number of 
Special 

Products 
1 
0 
1 
0 
1 
0 
0 
0 
0 

CPU 
Seconds 

4.6 
11.1 
16.7 
61.2 

115.6 
126.6 
170.1 
262.2 
603.7 
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product types and capacity bounds and subsidiary warehouses, the 
flexibility offered by the ability to fix variables a priori, and the 
efficiency in run times make this model a unique and useful tool. It 
should provide genuine insight when used to study existing or proposed 
material logistics systems. 
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