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We consider a queueing problem involving multiple priority classes where 
the station is divided into waiting and service areas. The service area has a 
finite number of positions where a customer of a particular class has access to 
only a subset of these positions. The admission into the service area is 
controlled by a mechanism that allows customers within a priority class to 
enter the service area on a first-come first-served basis. The customers of 
different classes are assumed to be indistinguishable once they have entered 
the service area. We consider service under three different disciplines: last-
come first-served preemptive resume, multiple server, and processor sharing. 
We show that the waiting time of a customer is related to that of a customer 
in an equivalent M/G/l queue. We characterize the Laplace-Stieltjes trans­
form of the time spent in the service area. We also discuss three potential 
applications in the area of computer and communication systems. 

I. INTRODUCTION 

This paper is concerned with investigating a queueing system in 
which customers from n different job classes representing various 
priority levels receive service in a service area with a finite capacity of 
m. The capacity, m, of the service area refers to the maximum number 
of customers that can be present in the service area at any time. We 
describe an admission scheme that allows preferential access to the 
service area by the higher-priority customers. This scheme may give 
rise to a smaller waiting time before entry into the service area for the 
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higher-priority customers. The customer classes are assumed to be 
indistinguishable after they have gained access to the service area. 
The performance measures that we characterize are the distributions 
of waiting time and the mean time spent in the service area. This 
work has potential applications in the design of multiprogramming 
levels for computer systems and the design of window levels for 
communication systems. 

More formally, let n independent classes of customers arrive at a 
queueing station, each according to a Poisson process. Let the mean 
arrival rate of class i be λ,. The classes are arranged according to 
decreasing order of priority, that is, class 1 has the highest priority 
and class n has the lowest priority. The queueing station is divided 
into n waiting areas (one for each class) and a service area. The service 
area can hold at most m customers simultaneously. Service is provided 
at a state-dependent rate of μ, whenever there are i customers present 
in the service area. We consider three service disciplines within the 
service area: Last-Come First-Served Preemptive Resume (LCFS-PR), 
m Server (MS), and Processor Sharing (PS). The admission into the 
service area is controlled by means of a gate that allows customers 
from the waiting areas to enter the service area on the basis of the 
contents of the service area. The admission policy gives preferential 
treatment to higher-priority customers in gaining access to the service 
area. In particular, the admission policy is governed by two rules: 

1. When a customer of class i is admitted to the service area, the 
waiting areas of classes 1, · · · , i — 1 must be empty. 

2. When a class i customer enters the service area, the number of 
customers in the service area (excluding itself) must be less than h. 
The sequence {£,·, i = 0, · · · , n + 1) is a set of strictly decreasing, 
nonnegative integers with ko = °°, kx = m, and kn+i = 0. 
This admission scheme reserves some slots in the service area for the 
exclusive use of the high-priority customers. In the case of the MS 
model, this means that at times the low-priority customers will not be 
allowed to enter the service area although some servers are idle. 
Obviously this is not the most efficient way of utilizing the servers' 
capacity. However, when the designer's overriding concern is to reduce 
the delays suffered by the high-priority customers, it is useful to 
reserve certain slots exclusively for the high-priority customers. The 
queueing station is shown schematically in Fig. 1. 

In this paper, we show that this problem has an interesting structure, 
which can be exploited to characterize (1) the waiting-time distribu­
tion, by class, and (2) the mean time spent in the service area, by 
class. For the special case of the PS discipline, we show how to obtain 
this mean when n equals two. Since writing this paper, it has been 
brought to our attention that Schaack and Larson1 have independently 
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Fig. 1—The queueing station. 

studied the special case of the MS discipline and reported the same 
results as we do here. 

This paper is organized into four sections. In Section I, we discuss 
some potential applications for this model. In Section II, we derive 
the waiting-time distribution, by class. We characterize the mean time 
spent in the service area, by class, in Section III. Section IV summa­
rizes our conclusions. 

II. POTENTIAL APPLICATIONS 

We discuss three potential applications in this section. In the first, 
we propose this scheme for sharing of multiprogramming threads by 
several job classes in a computer system. Our second and third exam­
ples propose this admission scheme for sharing a window size by 
several job classes at the link level and the application level, respec­
tively, in a communication system. 

Avi-Itzhak and Heyman2 had first proposed that a state-dependent 
server be used to approximate the CPU and disk subsystem of a 
computer. We depict a multiple CPU and disk subsystem in Fig. 2, 
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Fig. 2—A computer with shared multiprogramming threads. 

which is approximated by a state-dependent server in our model. The 
service rate μ, of our model is obtained by solving for the throughput 
in the closed queueing network of Fig. 2 with a population size of i. It 
is assumed in our model that the service requirements in terms of 
CPU and I/O times are approximately the same for all classes of 
customers. Also, the service discipline for the state-dependent server 
that is most appropriate for this application is PS. The closed queueing 
network of Fig. 2 can be solved by mean-value analysis described by 
Reiser and Lavenberg.3 The circumstances under which a single state-
dependent server is a good approximation of the CPU and I/O subsys­
tem was investigated by Fredericks.4 This approximation is usually 
good when each customer makes many trips to the I/O devices and 
when the CPU and I/O times required by a customer are not too 
unbalanced. In our model, m is the multiprogramming level of the 
computer, usually determined by considerations such as available 
memory and the extent to which the jobs require concurrent access of 
the same databases. Given m, our model can be used to determine a 
way to allocate available multiprogramming threads to the various job 
classes so that some requirements on mean response time can be met. 

A second application would be in the modeling of a link layer 
protocol such as high-level data link control. Assume that a provider 
of packet-switching service offers n grades of service, each with its 
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own response-time requirement. The different grades of service may 
be provided by appropriately sharing a link-level window size of m 
among the packets of n service grades. The admission scheme proposed 
in the Introduction is one means of offering different levels of service 
to customers. In this application, the queueing station represents a 
node in the network where the customers in the service area correspond 
to the jobs ready for transmission. Service provided to a customer 
constitutes its transmission to an adjacent node and the return of the 
acknowledgment. Since data links are often characterized by relatively 
low utilizations, the value of μ, may be approximately proportional to 
i, at least for small values of i. The constant of proportionality may 
be taken as the mean round-trip time to receive an acknowledgment 
on a link that has no traffic. This linearity would imply that there is 
hardly any wait for transmission to commence once a packet has 
entered the service area. For larger values of i, some saturation of μ; 
will take place as the presence of a large number of packets in the 
service area starts to choke the capacity of the link. The limiting value 
of μ, may be chosen as the rate at which acknowledgments can be 
returned in a fully utilized link. We show the closed queueing network 
used for calculating μ; in Fig. 3. This is an approximation along the 
lines of one proposed by Schwartz.6 

The third potential application is from the point of view of a user 
of a data network. This potential application is similar in spirit to the 
previous one except that we are concerned with the high-level protocol 
of host-to-host traffic using a data network. The network itself is 
approximated by a state-dependent server. The closed queueing net­
work used for calculating μ; is shown in Fig. 4. This approximation 
was proposed by Reiser.6,7 The user of the network must allocate a 
window size of m to n different types of traffic. The admission scheme 
described earlier may enable the user to determine a way to share the 
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Fig. 3—Link layer protocol. 
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Fig. 4—High-level protocol. 

window size among the types of traffic to meet certain response-time 
criteria. 

III. THE WAITING-TIME DISTRIBUTION 

In this section, we will characterize the waiting-time distributions 
without assuming anything about the service discipline. The key result 
of this section is that, given that a customer of class I is required to 
wait, its waiting-time distribution is related to that of a suitable 
M/G/l queue. 

The state of the system is completely specified by an n-tuple ( Ji, 
Ji, · · · , Ji, · · · . Jn), where J,(t = 2, · · · , n) represents the number of 
customers of class i waiting and Ji represents the number of customers 
of class 1 waiting plus the number of customers present in the service 
area. With this description of the state space, one can, in principle, 
write down a system of equations for the steady-state probability 
vector P(j) = P ( J i = ji, Ji =j2, · · · , Jn =jn)· In particular, for I = 0, 
...,n-l 

n I 

(A + ßh)P(j) = Σ x*P(j - β*)«(Λ) + Σ A*P(J - βθ ίθ ι ) 
k=l+l A=l 

where 

+ μΛ+1Ρ() + βχ) + μΛΡΟ + βί+1)(1 - HJ! - kl+1)W), (1) 

kl+1 ^ ji < kl, 
n 

A = Σ λ*, 
k=l 

δ(χ) = 1 if x > 0 and 0 otherwise, and e* is an n-tuple with a 1 in the 
fcth position and 0 elsewhere. For ;Ί > m, pjl is to equal to μη(=μ), 
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since for '̂i > m, the number of customers in the service area is m. The 
solution of this equation is not easy; however, it is possible to solve it 
for the case where n = 2. Since the solution of this equation does not 
concern us at present, we show how to calculate this for n = 2 in 
Appendix A. 

We will now concentrate our attention on the stochastic process 
defined by the random variable J\. Let {u,} be the steady-state mar­
ginal probability distribution of Jx. Since arrivals are Poisson, a 
customer of class I is required to wait outside with probability 
^jLk, Uj. Clearly, the waiting time is 0 whenever an arrival finds that 
J\ < h. Let us now start observing the system when Ji changes its 
value from ki — 1 to ki. Let t0 denote this instant. At io, a customer of 
type;, withy < /, arrives to find exactly ki—l customers in the service 
area and is immediately admitted for service. Let tf denote the first 
instant after io when «A moves from h toki—\ with no type / customers 
waiting outside. During the open interval (i0, tf), several type I cus­
tomers may get admitted to the service area. If n(n > 0) type I 
customers are admitted to the service area during the open interval 
(io, tf), let ii, Ì2, · · · , in denote instants when these admissions took 
place (refer to Fig. 5). Note that at the instants ix, i2, · · · , i„, a 
departure occurs from the state J\ = ki and there is at least one type I 
customer waiting outside. Also, at these instants there cannot be any 
higher-priority customers in the waiting area. Now let us focus our 
attention on the intervals (i0, ii), (ti, t2), · · · , (£n-i, tn) and (i„, tf). [In 
case n equals 0, we need consider just one interval (t0, tf).] The lengths 
of these intervals are governed by the customers inside the service 
area, which by assumption are indistinguishable, and by arrivals of 

* / - 2 

Fig. 5—A typical sample function of the process J\. (The notches at t\ and t2 represent 
the event that a departure occurred from the state Jx = ki and a waiting type / customer 
was immediately admitted to the service area.) 
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customers of priority higher than that of type I customers (i.e., the 
types of these customers are less than /) that are Poisson. Also, since 
the service requirements are memoryless and since the end points of 
these intervals are marked by identical states so far as customers of 
priority higher than that of type I customers are concerned, the lengths 
of these intervals are independent and identically distributed (i.i.d.) 
random variables. Let Hi denote the generic random variable corre­
sponding to these lengths and let Ht(s) denote the Laplace-Stieltjes 
Transform (LST) of its distribution function. 

Now a type I customer is required to wait if it arrives during an open 
interval similar to the interval (i0, t/) described in the previous para­
graph. Since the interadmission times for type / customers during such 
an interval are i.i.d. random variables with LST of distribution func­
tion Hi(s), it follows that the waiting-time distribution of a type / 
customer, given that it is required to wait, is identical to that of a 
customer in an M/G/l queue [with arrival rate \t and LST of service-
time distribution Hi(s)], which arrives to find the server busy. Let 
Wi(s) denote the LST of the waiting-time distribution of a type I 
customer given that it is required to wait. Then, from page 223 of Ref. 
8, we have 

= (l - HAsMi - PÒ ( 2 ) 

where 

and 

p, = \tE(Hi) 

1 = 2, ■■■ ,n. 

The LST of the unconditional waiting-time distribution for a customer 
of type / is given by 

Σ uj + w,(s) Σ uj. (3) 
>=0 j=k, 

The waiting-time distribution of a class 1 customer is easier to 
characterize. Given that a class 1 customer has to wait, its waiting 
time is the same as the sojourn time in an M/M/l queue where the 
server is working at a rate of μ„,(=μ, say). So, 

WAs)= μ~Χ' (4) 
μ — λι + S 

and the unconditional waiting-time distribution is given by 

f uj + W1(s) Σ uj. (5) 
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In the remainder of this section, we will show how to calculate u, 
and Ht(s). Let us define a random variable Bi to be the elapsed time 
from the instant Ji changes from ki — 1 to ki until the next instant 
when the value of J\ drops from h toki—1 and Ji = 0. In other words, 
Bi is the length of an interval similar to (ίο, ί/) discussed earlier. From 
the preceding discussion it should be clear that Bi constitutes a busy 
period of an M/G/l queue with arrival rate \i and the LST of service-
time distribution Hi(s). Let Bi(s) be the LST of the distribution of Bi. 
Then Bi(s) and Hi{s) are related by (see page 212 of Ref. 8) 

B,(s) = H,[s + λ, - λΑ(β) ] . (6) 

Since -Bi(s) represents the busy period of an M/M/l queue, 

n , v M + λι + s - [(μ + λι + S)2 - 4μλ1]ι/2 

Ol(S) = — (I) 

from page 215 of Ref. 8. 
Next, we define the random variable Ç, to denote the first passage 

time from the state Ji = j to Ji = j — 1, where ki-i >j> h. Let Cj(s) 
be the LST of the distribution of Ç,. It should be clear that the waiting 
customers of class /, ■ ■ · , n play no role in determining this first 
passage time. Further, Jx = j implies that J2 = J3 = · · · = J1-1 = 0. 
From these observations, now it is possible to write down the following 
equations for Cj(s): 

W = (A ^ 1 u. ) (AiC,+1(s)C,(s) + ßj) \Λ, + ßj + s) 

for ;' = h + 1, · · · , fc,_i - 2; 

<V,-i(s) = ( . _,_ -—) ( Δ ^ ^ ι ί β ^ , - ι ί β ) + μ*,.,-!); 

H'^ = (Λ ^ 1 ^ ) (AjC^xieJHKe) + M*,); \A/ + μ*, + S) 

and 
z-i 

A, = Σ λ* for l = 2, · · · , n. (8) 

Thus, eq. (8) defines a recursive technique for obtaining Hi(s) from 
JB/_I(S) via the functions Ç,(s) for &<_i > j > h. By using eq. (6), one 
can obtain Bt(s) from Hi(s); and eq. (7) provides the value of Bi(s), 
the boundary for eq. (8) when I = 2. 

Finally, we show how to characterize u, for j = 0, ■ · · , which is the 
steady-state marginal distribution of J\. To do this, we define n Semi-
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Fig. 6—Sample function of the Ith SMP derived from the sample function of Jj 
shown in Fig. 5. 

Markov Processes (SMP), where the Zth SMP has states ki, · · · , ki-i, 
where I = 2, · · · , n + 1. The state of the Zth SMP is the realization of 
the random variable J\ with two differences. When J\ > ki-i, we will 
assume that the state of the SMP is ki-i. Further, we will simply 
ignore the times when «A < kt. A typical sample function of the 
/th SMP shown in Fig. 6 may help illustrate the structure of these 
SMPs. The transition probability for the SMP from state j t o ; + 1 is 
Λ(/(Λ/ + ßj) and j to j - 1 is μ,/(Λ( + μ,), where ki < j < ki-i. The 
holding time in state j (ki <j< ki-i) is exponential with rate Λ; + μ;. 
For state kt-\, the holding time is Bt and this state makes a transition 
into state ki-i — 1 with probability 1. State ki makes a transition into 
h + 1 with probability 1, and the holding time is exponential with rate 
Λ/. In the description of the SMP, only one statement needs clarifi­
cation, that is, the holding time in state &;. Since we are ignoring all 
times when J\ < ki, this is equivalent to ignoring the transition of J\ 
from ki to ki — 1. The result follows from observing that the transition 
from h to ki + 1 occurs at an exponential rate of A;. It is relatively 
easy to solve these n SMPs using methods described in Ross.9 Let τμ 
be the steady-state probability of state j in the Zth SMP {1 = 2, ■ · ■ , 
n + 1; j = ki, · · · , ki-i). Then it should be clear that 

P(Ji =j\Ji > kt) = Uj / Σ Ui - -Kji 

for j = ki, ■■■ , h-! - 1 (9) 

and 
00 / OO 

P(J i > fe(-i|Ji > ki) = Σ ui Σ "· = f*,-,/· 

It is easy to use (9) to calculate uj(j = 0, ··■ , m — 1) recursively, 
starting with the solution of the (n + l)st SMP and working backwards 
through to the second SMP. For j > m, the server always works at a 
rate of μη(=μ), and the random variable Ji behaves like the number 
in the system for an M/M/l queue. Thus, we have 
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U, = (1 - λχ/μΧλχ/μ)''-™ i l - V Uj\ 

for 7 > m. We note at this point that the probability that the system 
is idle is given by Uo. 

IV. THE TIME SPENT IN THE SERVICE AREA 

In this section, we describe methods of obtaining the mean time 
spent in the service area by class for the LCFS-PR and MS disciplines. 
For the PS discipline, we describe a method for characterizing the 
means when n = 2. 

4.7 The LCFS-PR discipline 

In this discipline, we will assume that on entry into the service area, 
a customer occupies the lowest-numbered service position that is 
empty. Further, the server renders service to the customer in the 
highest-numbered service position that is nonempty. Thus, a customer 
occupies the same service position from entry until departure. Let 
Tj(s) be the LST of the distribution of time spent in the service area 
by a customer who occupies position j on entry into the service area. 
Then, 

Tkl(s) = μ/(μ + S) 
and 

(Cj(s) if k,-l>j>k, 
Tj(s) = 1 and 1 = 2, · · · , n. (10) 

ltf((s) if j = k, 
It is now easy to use the results of Section II to obtain this LST or 
any other characterization of this distribution. 

4.2 The multiple-server discipline 

In this discipline, let μ; = ίσ. Then the time spent in the service area 
is simply exponential with parameter σ. 

4.3 The processor sharing discipline 

The exact solution for the mean time spent in the service area can 
be obtained by first noting that customer classes are indistinguishable 
on entry into the service area. We denote the state of the system by 
an ra-tuple (Ji, J2, · · · , Jn) as seen by a customer of class I after entry 
into the service area and let Q;(j) denote the probability that the state 
of the system is j when an arbitrary class I customer is admitted to 
the service area, where j \ includes the newly admitted customer. 
Further, let x(j) be the mean time spent in the service area for a 
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customer who sees state j immediately on being admitted to the service 
area. If we let tt be the mean time spent in the service area by a class 
I customer, then 

u= Σ *G)Q/(j), (ID 
jeA, 

where 

A,= {0Ί, h, · · · , ; „ ) |y'* = 0 for 2 <k<l\ for I = 1, ■ ■ ■ , n. 

It is possible to obtain Q/(j) from the following observations: 
1. Forj'i <ki, 

Qi(j) =P(j- ex). 
For a customer of class I to see ji including itself, there must be ji — 1 
ahead of it in the service area. 

2. Whenever a customer of class I enters the service area, J2 — J% — 
• · · = Ji-i = 0 and J\ < kt. 

3. Fory'i = ki, one of two disjoint events must occur. Either the class 
I customer arrived to see ki — 1 customers ahead of it in the service 
area or it must have waited in the waiting area prior to admission. 
The former case is identical to the first observation above. In the 
latter case, we have to characterize the distribution of («//, · · · , Jn) at 
the time of entry into the'service area. The random variable «7/ behaves 
like the number waiting as seen by a customer about to enter service 
given that it had to wait in an M/G/1 queue with an arrival rate of λ; 
and a service time of Hi. The distribution of Jk(k = / + 1, · · · , n) is 
simply the convolution of what was seen on arrival and the number of 
new arrivals of type k during the wait of the customer of class /. 

In principle, it is possible to write down Q/(j) in terms of P(j) from 
the observations made above. The notation is cumbersome, so we will 
not go into the details here. The exact derivation when n = 2 is given 
in Appendix B. 

Further, for ki+i < j \ < ki, the x(j) satisfy 

(A + μΛ)*ϋ) = 1 + Σ X*x(j + e*) + Σ A*x(j + ei) 

+ l·-^) *0'iKI*0 - *i)Hji - kl+l) + [x(j - βι)(1 - ô(jt+l)) 

+ x(j- e;+1)Ô(7i+1)](l - δΟΊ - ki+1))\. (12) 

The solution of this equation is not easy; however, it is possible 
to solve it for the case where n = 2. We present this solution in Ap­
pendix C. 
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V. CONCLUDING REMARKS 

In the earlier sections, we have shown how to characterize distri­
butions of the waiting time and the time spent in the service area. Of 
interest in many applications would also be the sojourn time (i.e., the 
elapsed time between arrival into and departure from the system) of 
customers. In principle, it is possible to characterize the sojourn time 
distribution for the two-class PS problem by the methods used in Ref. 
10. 

We note that the time spent in the service area for the first-come 
first-served discipline is somewhat difficult to characterize, whereas 
the results for the waiting time is the same as that in Section II. The 
reason for this difficulty can be seen by first assuming that we are 
about to characterize a two-class problem. Then the mean time spent 
in the service area has to be found conditioned on Jx, J2 and the 
position of the tagged customer in the service area. The difference 
equations for this mean time thus will be in three variables and are 
hard to solve. 
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APPENDIX A 
The Steady-State Probabilities for a Two-Class Problem 

In this appendix, we show how to obtain the solution to eq. (1) when 
n = 2. For the sake of notational ease, we will refer to the random 
variables Jx and J2 as / and J in this and the other appendices. Further, 
ί and j will be the realizations of the random variables / and J, 
respectively. Let Py be the steady-state probability that / = i and 
J = j . Equation (1) reduces to the following equations when n is 2: 
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(λχ + λ2 + ßi)Pij = XiPi-ij + XiPij-i + μί+ιΡί+χ,ί 

if i > ht, j>0, (13) 

(λχ + λ2 + μί)Ρβ = λχΡ,-ι,ο + λ2Ρί-ι,ο + Ρ-ι+ιΡ;+ι,ο 

if 0 < / < k2, (14) 

(λι + λ2 + μ^Ρ^,ο = (λι + λ2)Ρ*2-ι,ο + μ^Ρ^ , ι + Mfej+iPfcj+i.o (15) 

(λχ + λ2 + μ,)Ρ;ο = λιΡί-ι,ο + μ,+ιΡ1+1,ο if i > k2, (16) 

(λχ + λ2 + μ^Ρ^,ί = X2Pfcjj-i + M*JP*,J+I + μ*2+ι, Ρ^+ι,; 

if > > 0 (17) 
and 

(λι + λ2)Ροο = μ ι Ρ 1 0 · (18) 

It should be clear that UQ (of Section III) is the same as Poo. So, one 
can obtain Pi0 for 0 < i < /^ by using (18) and (14). Even though the 
coefficients of Py in eqs. (13) and (16) depend on i, it is easy to see 
that these are constant coefficient partial difference equations when 
i > m. Further, these equations are very similar to the ones solved by 
Rege and Sengupta.10 Using these methods, it is easy to show that 

Pio = Β0σ2 (19) 
and 

Pij = , P2 , ( Σ σΡΡ,,,-ι + Σ ffPfVi + Bjah) 

for i > m and j > 0, (20) 

where 

ffi = (1 + pi + p2 + V(l + P l + p2)2 - 4Pl))/2, 

σ2 = (1 + P! + p2 - V(l + p! + p2)2 - 4Pl))/2, 

Pi = λι/μ, ρ2 = λ2/μ, 

and [Bj, j = 0, 1, · · · J constitute a sequence of unknown constants to 
be determined from the boundary conditions (15) and (17). 

Now we will show how to determine the unknown constants in two 
steps. First, we will show this for B0 and then for Bj. It is possible to 
determine Bo by assuming two trial values and using (19) and (16) to 
recursively calculate two sets of P« for i = m + 1, m, ·■· ,hi· Since 
each of these Ρ# is a linear function of the unknown constant Bo, now 
it is easy to use linear interpolation to obtain the correct value of Bo 
that agrees with Ρ^,ο already obtained from (14). One can now use 
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(15) to obtain Ρ^,\· To calculate Bj(j > 0), let us assume the P^j has 
been obtained from (15) for j = 1 or from (17) for j > 1. Further 
assume that Ρ,τ,ίΟ < k < j — 1 and all i) are known. As before, we start 
with two trial values of Bj and recursively calculate two sets of Py for 
i = m + 1, · ■ · , k2 by using (20) and (13). Since each of the Py is a 
linear function of Bj, we can use linear interpolation to obtain the 
correct value of Bj that agrees with P^j already obtained from (15) 
for j — 1 or from (17) for ; > 1. Finally, one can use (17) to obtain 

APPENDIX B 
State Probability As Seen by Customers on Admission to the Service Area 

Here we describe the procedures for computing Qi(i,j) and Q2(i,j) 
that denote the state probabilities as seen upon admission to the 
service area by type 1 and type 2 customers, respectively. The proce­
dure for computation of Q2(i,j) is described first. 

It is clear that if, on arrival, a type 2 customer finds less than k2 
customers in the system, it does not have to wait before entering the 
service area. So, 

Q2ÜJ) = P(i - 1, j) for i < ht. (21) 
It is also obvious that Q2(i,j) = 0 for i > k2, since a type 2 customer 

cannot enter the service area if the number of customers in the service 
area other than itself is greater than or equal to k^. A type 2 customer 
will see I = k2 upon its admission to the service area in one of two 
ways: (1) if there are k2 — 1 customers in the system just before its 
arrival, or (2) if / > k2 at the time of its arrival and it has to wait until 
all type 2 customers ahead of it in the waiting area are admitted to 
the system and a departure occurs from the state I = k2. 

From the analysis of Section II, W2(s) is the LST of the distribution 
of the waiting time of a type 2 customer given that it has to wait. The 
generating function of the number of arrivals of type 2 during this 
wait is W2(X2(1 — z)). Further, the probability that a type 2 customer 
has to wait before entering the service area is ££=&, M«· 

Thus, 

O ih i\ - Λ Ρ 4- (<*yAfeW2(X2(l-z))U $ ,99> 
ί&(«2, J) = àjF^-ι,ο + η L Mi. (22) 

J · j=ki 
where S; = 1 if y = 0 and 0 otherwise. 

To compute Qi(i,j), we note that type 1 customers do not have to 
wait if there are less than ki customers in the service area at the time 
of their arrival. Thus, 

QAiJ) = P(i - 1, j) for i<hi. (23) 
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For i> ki, 

Qi(i,j)= Σ Σ P(i'J') 

Λ d - fei)! (t - ki)\ 0 - ; )! 
For i = ki, there are two possibilities: (1) if the type 1 customer 

finds ki — 1 customers in the service area upon arrival and does not 
have to wait, (2) if it has to wait but no type 1 arrivals occur during 
its wait. Thus, 

QAkuj) = P(k1-i,j)+ Σ Σ Pd'J') 

•/"f^^-'^'r^^*· <25> 
Jo (Ï - ki)\ (j -j')\ 

In deriving (24) and (25) above, we have used the facts that the 
waiting time of a type 1 customer (given that it has to wait) has a 
gamma distribution and that the type 1 and type 2 arrivals that occur 
during this wait are independent and Poisson. 
APPENDIX C 
Characterization of the Time Spent in the Service Area by a Tagged 
Customer in a Two-Class Processor Sharing System 

Let X(s) denote the LST of the distribution of the time spent in 
the service area by an arbitrary "tagged customer." Similarly, let Xij(s) 
denote the LST of the conditional distribution of this random variable 
given that the state J of the system at the time the tagged customer 
was admitted to the service area was (i,j). (Here i is assumed to 
include the tagged customer.) Let X;(s) denote the row vector with 
entries 

\Xi(s)]j = Xij(s) for »afe, ; > 0 . (26) 

When i < k2, there can be no type 2 customers waiting outside, that 
is,;' = 0. So we let X,(s) denote the quantity X,(s). We are interested 
in determining the quantities X,(s) for i > k2 and X,(s) for 1 < i < k2. 

Assume that the tagged customer was admitted to the service area 
at time 0 and let T denote the time at which the tagged customer 
finishes service and quits the system. Then, 

\Xi(s)}j = E[e~sf | J0+ = (i, j)] for i > k2, j = 0, 1, · · ·, 

and 
Xi(s) = E[e~st | Jo* = (t, 0)] for i < i < k2 - 1. (27) 
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Let Ti denote the first passage time (after time 0) into the state (i,.), 
that is, 

Ti = Mm\t:t > 0, J ( = (i, .)} for i > 1. (28) 
Also, for i > k2 and;', k = 0, 1, 2, · · · , let iRj,k(s) denote the quantity 

E[e-°T>-n\f > TÌ^MJTU = (i - l,j)\\J0+ = (i, k)], 

where 1\A\ denotes the indicator function of the event A. Observe that 
for i > m the server continues to work at the maximum multiprogram­
ming level until the first passage time into the state (i — 1, · ) so that, 
sample path by sample path, the above expectation is independent of 
i. Thus, 

iRjj.(8) = Rjj,(s) for i > m. (29) 

Also, during this time no type 2 jobs are admitted to the service area 
so that j cannot be less than k, that is, 

Rj,k(s) = 0 for j < k. 
Let R(s) denote the matrix with entries 

\R(s)\j,k = Rj,k(s) for ;, k = 0, 1, 2, 

(30) 

(31) 

Then R(s), clearly, is lower triangular. Moreover, by a sample path 
argument it can be shown that Rj,k(s) depends upon the difference, 
j — k, which represents the number of type 2 arrivals during (0, T,-i), 
and not on k, which refers to the number of type 2 customers waiting 
outside at time 0+. Thus R{s) has the form 

R(s) = 

ro(s) 
ri(s) r0{s) 0 
r2(s) n(s) r0(s) (32) 

C.I A matrix equation for R(s) 
By conditioning on the first event to occur, we write Rj,k(s) as 

Ai μ{τη - l)/m 
Rj,k(s> = ~ir^—1— hk + 

Λ + μ + S A + μ + S 
E[e-sT'-ll\f > Τ,-χ! 

•lfJrt , = (i - 1,7)11 Jo* = (» + 1, *)] + E[e-
Λ + μ + s 

• l j f > T ^ l l U r t , = (Î - 1, j)\ | Jo- = (i, k + 1)], (33) 
where the first term corresponds to the event "departure of a nontagged 
customer," the second to the event "arrival of a type 1 customer," and 
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the third to the event "arrival of a type 2 customer." Now the 
expectation in the second term can be written as 

E[e-T»1\T> Twill J , ^ = (i - l , ;)}|Jo* = (» + 1, *)] 

= Σ E[e -s(T'+T") 

j'-O 
i\f>r + T"\i\jT.+r = (i-i,j)} 

■l{Jr = (i,j')\\Jo+ = (i+l,k)], (34) 
where T" is the first passage time into the state (i, · ) and T" is the 
time elapsed since the first passage into (i, · ) until the first passage 
into the state (i - 1, ·)· Clearly, T;_i = T + T" since the Markov 
process J is skip-free. From the Markov property of Jr it follows that 
the right-hand size of (34) equals 

Σ E[e-srl\t -T> n i { J ( r - + r r = (* - 1 ,»} | J T ~ 
j ' - o 

= (i,j'),f>T] X E[e-°T\\t > r ) l { J r * = (»,/))! J<r> 

= (* + 1, k)], 
which is nothing but 

Σ RJJ>(8)RJ.J,(8) = \R2(s)\jJt. 
; ' = 0 

Thus, (34) can be written as 

μ(τη - D/m λι | f?2f ,, 
A + μ + s Λ + μ + s 

or in a matrix form 
A + μ + s 

λ2 

Äjjk+ιίβ) (35) 

Α(β)Δ. (36) 
A + / i + S A + μ + S A + μ + 

In (35) and (36), δ,·,* is the Kronecker δ, that is, 6Jik equals 1 if j = k 
and 0 otherwise; and the matrix Δ is given by 

0 
1 0 0 

1 0 
0 1 0 · (37) Δ = 

The structure of R(s) as given in (32) makes it possible to compute 
the entries ri(s) recursively. r0(s) satisfies the quadratic equation 
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. . aim — l)/m λι , . . .„„. 
A + μ + s Λ + μ + s 

so that rois) is given by 

, , (A + μ + s) ± V(A + μ + s)2 - 4λιμ(τη - l)/m 
r0(s) = — . (39) 

Since, for s > 0, | r0is) | must be less than or equal to 1, the larger of 
the two roots is unacceptable. Thus, 

, , (A + μ + s) - V(A + μ + s)2 - 4λιμ(/η - l)/m 
rois) = — . (40) 

Once rois) is known, nis), for i > 1, can be computed recursively since 
r,(s) is expressible in terms of r0is), · · · , r,-i(s). We note here that 
rois) has a form similar to that of σ2(β) in Ref. 10. In fact, if λ2 = 0, 
then rois) and σ2(β) are identical and represent the same quantity. 

C.2 The structure of X/(s) 

Now that we have an explicit expression for Ris), we shall attempt 
to express the quantities X,(s) in terms of Ris). 

The &th entry of X;(s) can be written as 

{X,(s)U = E[e-°fl\f> TV-!}| Jo+ = U, k)] 
+ E[e-sfl\f < TU} | J0+ = ii, k)]. (41) 

The first term on the right-hand side of (41) can be expanded as 

E[e-stl\t>Ti-1\\Jo* = Ü, k)] = Σ E[e-Slif-T^)+T^ 

• 1{? > Ti-xlHJn- = U - 1, ;')) I Jo* = (i, k)], (42) 
which, because of the Markov property of J(, reduces to 

Σ E[e~'lt-T^)\Jn.l = H- l,j),t>Ti-1]E[e-sTi-1 

■\\f > τ,-xiiij^ = (i - i,j)iUo+ = a, *)]. 
It follows from the memoryless property of the tagged customer's 
service-time distribution that E[e"s<f-7'-l) | JTt_l = (i -l,j),f> Tt-i] 
equals {Xi-i(e)|>; and, for i > m, E[e-aT'-1l\f > T ^ l l ^ t , = (i - 1, 
j)\ I Jo+ = ii, k)] equals {Ä(s)};,*. Thus (42) reduces to 

E[e-et\\t > Τ,-i) | J 0 + = (i, k)] = \Xi.1is)Ris)\k for i>m. (43) 
To derive an expression for the second term in (41), we note that, 

for i > m, no sample path that figures in the expectation 
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E[e~sTl\t < Ti-i \ | J0+ = (i, k)] allows the multiprogramming level to 
fall below m before the departure of the tagged customer. Thus the 
server continues to operate at rate μ until the tagged customer's 
departure. Also, for any two initial states (ii, ki) and (i2, k2), as long 
as ii, i2 > m, there is a one-to-one correspondence between sample 
paths describing the trajectory of J t between 0 and f, which make 
equal contributions to the expectation. Thus, 

E[e-sfl\f < Ti-!} I Jo+ = (i, k)] = a(s) for i > m, (44) 

where a(s) is independent of i and k. 
To derive an expression for a(s), it will be convenient to introduce 

a quantity σ(β) defined by 

ff(s) = E[e-sT'-n\f> T^WJo* = (i, k)] 

for i > m, k = 0, 1, · · · . (45) 

Note that although the definition of a(s) involves the initial state 
(i, k), a{s) is independent of the latter as long as i > m. Also note that 

<r(s) = Σ rk(s). (46) 

By conditioning on the first relevant event to occur, a(s) can be 
written as 

μ(?η - l ) /m λι 
<r(s) = — + 

λι + μ + S λι + μ + S 
■E[e-s{T<->-T^Hf > Ti-!} I Jri+1 = (i + 1, ·), Ή_ι > Ti+1]. (47) 

In (47) it can be seen that arrivals of type 2 customers are completely 
ignored since they do not affect the mechanics involved. Since the 
first passage time from the state (i + 1, ·) to (i — 1, ·) involves the 
sum of the first passage times from (i + 1, ·) to (i, ·) and from (i, ·) 
to (i — 1, ·)» which are i.i.d., (47) reduces to 

μ(ητ - l)/m λι 2 , . , ._. ff(s) = — — — — - + ————- a2(s). (48) 
λι + μ + S Ai + μ + S 

Equation (48) is identical to the one describing σ2(β) in Ref. 10, with 
λ replaced by λι. The desired root of (48) is the smaller of the two 
roots so that 

(λχ + μ + s) - V(XX + μ + s)2 - 4μλΛτη - \)/m ΙΛη^ 
o(s) = . (49) 

Now a(s) can be obtained in a straightforward manner from a(s). 
By conditioning on the first relevant event to occur, we write 
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μ + λι + S μ + λι + S 

= (i- + i ; . ) > t > r I + I ] = - ^ - +
 λ ι 

μ + λι + S μ + \ι + S 

.[E[e-'<f-T^l\f < Τ,-,ΙΚΓ < T'}\Jn+l = (i + 1, ·), f > Ti+l] 
+ E[e-^f-T^\\t < Τ^\1\Τ > T'\ | Jn„ = (i + 1, ·), f > Ti+1]], (50) 

where T' denotes the first passage time into the state (i, ■) after the 
state has reached (i + 1, ·) at time T1+i. Following arguments similar 
to the ones used earlier, it can be shown that (50) can be written as 

a(s) = / { " + *' [a(s) + a(s)a(s)], 
μ + λι + S μ + \ι + S 

that is, 
a(s) = μ/τη[μ + s — λισ(δ)]_1. (51) 

The desired vector X,(s) can now be written as 
X,(s) = a(s) + Xi-As)R(s) for i > m, (52) 

where a(s) is the row vector (a(s), a(s), a(s), · · ·)· 
If we introduce two more vectors a(s) and ß(s), where 

ß(s)= fm [1 ,1,1, · · · ] , (53) 
μ/τη + s 

and 
a(s) = a(s) - ^(s) + Xn-risiRis), (54) 

the vectors X,(s) for i > m can be expressed as 
X,(s) = ß(s) + a(s)[R(s)rm. (55) 

(The above equation can be proved by mathematical induction.) 
It can be seen that as i —* oo, the term a(s)[Ä(s)]'_m vanishes, so 

that X,(s) approaches its limiting value ß(s). In other words, when i 
is large, the tagged customer receives its entire service at the rate 
μ/m as expected. 

C.3 Boundary conditions 

For ί > m, eq. (55) characterizes the vectors X,(s) in terms of known 
quantities ß(s), a(s), R(s), and the unknown Xm-i(s). In other words, 
if Xm_i(s) is known, X,-(s) can be obtained, for ί > m, directly from 
(55). To completely characterize the time spent in the service area by 
a tagged customer, it remains to derive the boundary conditions, that 
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is, a system of equations from which the quantities Xi(s), -X^is), 
• · · , Xkl-i(s), X*,(s), · · · , Xm-i(s) can be obtained. 

Without going into the details of derivation—it involves arguments 
similar to the ones used in the earlier analysis—we state the boundary 
conditions, which are as follows: 

X.(s) = T T — 1 + T T — Xi-i(s) + T— — Xi+i(s) 
Λ + μ; + S A + μ, + s A + μ, + S 

λ 2 Χί(β)Δ for h + 1 < i; < m - 1, (56) 
A + μ; + s 

χ*» = . ; ^ \ i + ( ^ : 1 ) μ ^ 2 Ι ^ ( . ) Δ ' + ^ , ( . w 
Α + μ/̂  + S Λ + μ^ + S 

Λ + μ^ + s ^ Α + μ/jj + s 

Xkz-As) = - — — + ' Xki^s) 
A + μ^-j + s A + μ^-! + S 

+ η—^ |X*,(«)}o, (58) 

-^•^) = TT T~ + T T T~ -^i-ii«) + T T T~ -Xi+i(s) 
A + μ, + s A + μ,· + s A + μ; + s 

for 2 < i < k2 - 1, (59) 
and 

*i<s> = A / ' + C + Τ Γ Τ - **(*), (60) 
Α + μι + s Α + μι + s 

where e0 = [1 0 0 0 · · ·] and 1 = [1 1 1 · · ·]. 
Equations (55) through (60) give a characterization of the LST of 

the distribution of the time spent in the service area by the tagged 
customer given the state of the system at the time it was admitted to 
the service area. To derive the mean time spent in the service area, 
we need to differentiate these quantities at s = 0. Noting that a(0) = 
0, we have 

X/(0) = j8'(0) + a'(0)[R(0)rm for i>m. (61) 

The boundary conditions also are obtained by differentiating the 
corresponding equations at s = 0: 
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(A + μ,) (A + μ,) Λ + μ; 

+ λ ζ Χ/(0)Δ for k2 + l < i < m - l (62) 
A + μ,-

Xk(0) = - τ ^ — + ( f e 2 " 1 } ^ f e 2 [Χί ! (0)Δτ + X ^ W e o ] 
A + μ/jj A + M/t, 

+ τ - ^ — X^i(O) + — ^ — Χ4(0)Δ, (63) A + μ^ A + μ^ 

* ^ < ° > - - T T 1 — + (fe2 " 2
A

} ^ l / ( f e 2 " 1 } Xk-ΛΟ) A + μ^-ι A + μ^-ι 

+ 7 ~ ^ {X^Wio, (64) 
A + μ^-ι 

XUO) = -ητΓ- + ( t Λ~^)μ'Α X'L>W + T T - x ^ ( ° ) 
A + μ, A + μ; A + μ, 

for 2 < i < k2 - 1, (65) 
and 

1 A 
Xi(0) = - — - - + — — Xi(0). 

A + μι A + μι (66) 
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