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An approximation theorem is given for causal time-invariant nonlinear 
maps that take one set of functions defined on [0, oo) into another. The 
theorem is used to show that, under some typically very reasonable conditions, 
an input-output map can be approximated arbitrarily well in a meaningful 
sense by a finite Volterra series, even though it may not have a Volterra series 
expansion. The set of inputs on which the approximation holds need not be 
compact, and the inputs need not be continuous. 

I. INTRODUCTION 

In this paper an approximation theorem is given for causal time-
invariant nonlinear maps that take one set of functions defined on [0, 
oo) into another. The theorem is used to show that, under some 
typically very reasonable conditions, an input-output map can be 
approximated arbitrarily well in a meaningful sense by a finite Volterra 
series, even though it may not have a Volterra series expansion. The 
set of inputs on which the approximation holds need not be compact. 
A more detailed introduction follows. 

1.1 Background 
Researchers have long been interested in a variety of questions 

concerning the mathematical representation of systems that need not 
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be linear. In recent years much has been learned about the existence, 
determination, and properties of power-series-like expansions for ex­
pressing a system's outputs in terms of its inputs (see, for instance, 
Refs. 1 through 7). An important example of the form of such an 
expansion is 

w(t) = Σ I ■ · · I kq(ru · · · , Tq)u(t - TI) 

■■■ u{t - Tq)dn ■ ■ ■ drq, t 3s 0, (1) 
in which w is the output, u is the input, the kernels kq are functions 
determined by the system, and u is drawn from a set of bounded real-
valued inputs such that the right side of (1) converges uniformly in t 
for every input. While certain more general versions of (1), where the 
kq are symbolic functions and vector-valued inputs are taken into 
account, are frequently needed, in all cases one has 

oo 

w = Σ Kq{u), uEU, (2) 

in which U is a set of inputs and each Kq is a homogeneous map of 
degree q. Under weak assumptions these Kq are uniquely determined, 
and as such are very special associates of the system represented by 
(2). 

The right side of (1) is an example of what is often called a Volterra 
series. Actually, Volterra considered not (1) but related expansions in 
which the integration limits are constants and the u(t — τ,) are 
replaced with U(TJ). These expansions were used by Volterra as a 
model of a nonlinear functional in his path-breaking studies of oper­
ations on functionals. A comprehensive account of this work is given 
in Ref. 8, where attention is directed to a representation result (Ref. 
8, page 20) due to Fréchet that concerns, in particular, the uniform 
approximation of continuous functionals on compact sets, using a 
finite number of terms in Volterra's series. Volterra also mentions the 
analogy between this aspect of Fréchet's result and the Weierstrass 
approximation theorem for continuous real functions on a real com­
pact interval. 

While Fréchet's Weierstrass-like result is certainly interesting and 
important, it does have significant limitations with regard to the 
representation of input-output maps: (1) it concerns approximations 
rather than expansions in the usual sense, (2) these approximations 
are on compact sets, (3) it directly concerns functionals rather than 
mappings from one function space to another, etc. These limitations, 
as well as those of the more general representation result of Fréchet 
described in Ref. 8, p. 20, do not appear to have been always appreci-
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ated by early writers concerned with applications of Volterra series, 
who sometimes cited Ref. 8 as though it contained a justification for 
the use of relations of the form (1). 

There can be very basic differences between an arbitrarily good 
approximation and an expansion, and, more to the point, between 
knowing that one, as opposed to the other, exists. For example, an 
approximation known to exist may not have properties that facilitate 
its determination. Nevertheless, existence results concerning approx­
imations can sometimes be useful, especially when an expansion does 
not exist. Thus, it is clearly of interest to consider the extent to which 
input-output maps of systems can be approximated in some meaning­
ful sense by a finite sum, 

« Γ' Γ 
Σ · · · I kg(Ti, ■■· , Tq)u(t - Ti) 

q=l Jo ■ Jo 
■■■ u{t - Tq)dT! · · · drq, t 3s 0, (3) 

of terms of the form that appear on the right side of (1), or by a finite 
sum of suitably more general terms if u is vector valued. Of course, 
approximations involving larger classes of finite sums of iterated 
integrals can be of interest too. 

Related questions have in fact been considered for many years,9"15 

and as one might expect, the main mathematical tool that has been 
used is the Stone-Weierstrass theorem. In this earlier work the input 
signals considered are assumed to belong to a Hilbert space (e.g., an 
L2 space) and/or to be defined on only a finite interval, and the inputs 
are taken to belong to a compact set. In contrast, in Ref. 16 an 
approximation result is given for input-output maps that act between 
certain subsets of the Banach space C(1R) of bounded, continuous, 
real-valued functions defined on the doubly infinite interval (—oo, oo), 
with the usual norm. The maps considered there are assumed to be 
time invariant and to have a "fading-memory" property that enables 
one to prove that a certain set of functions defined on (—oo, 0] is 
compact. The extent to which the results in Ref. 16 bear on the main 
problem considered in this paper, where the input and output signals 
are defined on [0, oo), is not discussed in Ref. 16. Although the results 
in this paper are considerably different from those in Ref. 16, there 
are some similarities: an approximately-finite memory hypothesis 
(related to hypotheses in Ref. 17, Section 2.2) plays a central role, and 
we too depend on a form of the Stone-Weierstrass theorem. On the 
other hand, the compact sets with which we deal are always sets of 
functions defined on a finite interval [0, ω]. 

1.2 Outline of this paper's results 

In Section II, attention is focussed on a class of causal time-invariant 
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maps G that take S into So, where S and S0 are sets of signals (i.e., 
sets of functions) defined on [0, oo), and the elements of S0 are real 
valued. The maps G are assumed to possess a factorization FH, where 
H takes S into Si, and F maps Si into S0, where Si is a third set of 
signals on [0, oo). Certain hypotheses on S, S0, Sx, and the factors F 
and H are introduced in Theorem 1 of Section 2.2. Under those 
conditions, the theorem shows that given any ί > 0, there are a 
constant Δ > 0, and a map P having an important special form (that 
involves a real polynomial p in several variables together with a certain 
"fundamental set " of maps) such that the approximation 

| G(u)(t) - (ΡΑ)(ι^βχ[ο.(-Δ])(ί) I < e, ί ϊ* 0 
holds for all uE. S, where ιιω for arbitrary nonnegative ω is defined by 
uw(t) = 0 if 0 « t < ω, and uw(t) = u(t) for t > ω. One of the main 
hypotheses used is that the memory of G is "approximately finite," to 
the extent that for any δ0 > 0 there is a δ > 0 for which 

| Gu(t) - GUroaxto.t-Slii) I < δ0 

for t > 0 and u G S. This hypothesis can be shown to be satisfied in 
many cases of interest. More will be said about this later. 

The hypotheses of Theorem 1 are of an abstract nature and so is its 
conclusion. The theorem is used as a "tool theorem" in the proof of 
Theorem 2 in Section 2.4 which addresses a case that is of direct 
interest in applications. In Theorem 2, the memory of G is assumed 
to be approximately finite, S is taken to be a set of uniformly bounded 
vector-valued functions on [0, oo), Si is a similar set, H is a convolution, 
and F is causal, time invariant, and continuous in a certain typically 
reasonable sense (see the theorem for additional details). Assume now 
for the sake of simplifying the discussion that the elements of S are 
scalar valued. According to the theorem, under the conditions stated 
there, Gu can be uniformly approximated arbitrarily well on S by a 
finite sum of the form (3). Again, the reader is referred to the theorem 
for the details. Related results concerning discrete-time cases and 
composites of maps that have approximately-finite memory are given 
in Sections 2.5 and 2.3, respectively. 

The case considered in Theorem 2 arises often. This is discussed in 
Appendix B, where an important class of input-output maps is ad­
dressed, and where a technique for showing that the memory of a 
nonlinear map is approximately finite is illustrated. 

II. INPUT-OUTPUT MAPS AND APPROXIMATIONS 
2.1 Preliminaries 

Throughout Section II, V is a linear space, Ω denotes the interval 
[0, oo), t and ω are elements of Ω, S and S0 are two sets of functions 
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on Ω, the elements of S and So take values in V and (—00, 00), 
respectively, and G is a map from S to So-

We use Si to denote a third set of functions on Ω; these take values 
in a normed linear space V\. It is assumed that 

G = FH, 
where H maps S into Si and F takes Si into S0. 

The set S, which is our set of inputs, is assumed to have the following 
properties: 

(i) u G S => (u)„ G S for each ω, where (u)u(t) = u(t) for t < ω, 
and (α)ω(ί) = 0 (here the zero element of V) otherwise. 

(ii) u G S => {Tji) G S for ω * 0, in which Τω is defined by ( 7 » ( i ) 
= 0 (0 « t < ω) and (Tau)(t) = u{t - ω) for f Ss ω. 
(iii) u G S => u„ G S for ω 9e 0, where u„, is given by uu(t) = 0 for 0 
^ t < ω and u„(i) = u{t) for ί 3= ω. [Note the distinction between υω 
and (u)„ of Property (i).] 
(iv) ω # 0 and u G S with u(t) = 0 (0 ^ t < ω) => v G S, where u(t) 

= u(i + ω), ί Ss 0. 
Notice that (i)-(iv) simply require that S be closed under certain 
elementary operations. With regard to Si we assume that 

(v) Properties (ii) and (iii) hold with S replaced with Si. 
We use the standard definitions of causality and time invariance. 

That is, a map M from S to S0, from S to Si, or from Si to S0 is causal 
if Ui and u2 in the domain of M with Ui(t) = U2(t)(0 < t ^ ω) always 
implies that (Mui)(i) = (Mu2)(t) for 0 =e t ^ ω; M is iime invariant if 
ω ^ Ο and u in the domain of M =* (MTau)(t) = 0 for 0 « t < ω and 
(MT„u)(t) = (Mu)(t - ω), ί ss co. Also, by M G sx?{S) or M G Jâf (Si) 
we mean that the domain of M is S or Si, respectively, and that M 
has "approximately-finite memory" in the sense that for each constant 
δ0 > 0 there is a positive δ G Ω such that 

I (Mu)(i) - (Μιΐη^-νΜ \<δ0, t Ss 0 
for all u in the domain of M. Here | ■ | denotes simply the absolute 
value if the range of M is S0; it denotes the norm in Vi otherwise. 

The set of functions x defined on [0, ω] with values in Vi such that 
x(t) = y(t) (0 « t s£ ω) for some y G Si is denoted by (Si)„ for each ω. 
We use H(S)U to stand for the set of functions x in (Si)„ such that 
x(t) = (Hu)(t) (0 <s t <s ω) for some u G S. It is assumed in Theorem 
1 (below) that the H(S)U have the following property: 

(vi) There is a family of metric spaces [(Χω, ρω):ω > 0} such that 
for each ω > 0 we have //(S)„ C X . C (SiL and Χω is compact (i.e., 
compact in itself) with respect to the metric ρω. 

For w / 0 and each causal map M from Si to S0, Ma denotes the 
functional on (Si)„ defined by 
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Μωχ = (Μν)(ω), x e (&)„, (4) 
where y E Si satisfies x(t) = y(t), 0 s£ t ^ ω. The following is assumed 
with regard to F in Theorem 1 (below): 

(vii) F is causal and for each ω Φ 0, Fa is continuous on Χω with 
respect to ρω [where Χω and p„ are described in (vi)]. 

Finally, by a fundamental set {Fa:a E A} of maps from St to S0 
relative to (vi), we mean that the Fa are causal and time invariant, 
and that for ω Φ 0 the corresponding family {Faa:a G A) of functionals 
on (SiL is continuous on Xu with respect to p„, and separates the 
points of Χω. (By "separates the points of Χω" is meant Ref. 18, p. 
41 that for each pair of distinct elements Xi and x2 of Χω there is an 
a G A such t h a t FauiXi Φ Fa<11x2.) 

2.2 The main approximation result 

In this section we prove the following: 
Theorem 1: Let (i)-(vii) be met, with F and H causal and time invar­
iant, and with G G sssf(S). Suppose that there is a fundamental set 
\Fa:a G A\ of maps from Si to S0 relative to (vi). Then for each « > 0 
there are a Δ G Ω, a positive integer k, elements Fav · · · , Fakof \Fa:a 
G A), and a real polynomial p in k real variables withp(0, · · · , 0) = 0 
such that 

| G(u)(t) - (Ptf)(iWio.«-A])(t) I < e, t > 0 (5) 
for every uE. S, where P is the map from S\ into So given by (Py)(t) = 
p[Fai(y)(t), ■■ ■ , Fak(y)(t)], t è* 0 for y G Su In addition, the map 
Q:S -► S0 defined by (P#)("max[o,i-A])(i) = (Qu)(t) foruESandt^O 
is causal and time invariant. 

2.2.1 Proof of Theorem 1 

Proof: Given e, choose a positive Δ G Ω so that 
| (Gu)(t) - G(iwr<M-Ä])(t) I < c/2, t 3* 0 (6) 

for uE S. Observe that S contains an element Θ such that 6(t) = 0 for 
t > 0. By the time-invariance of H, H(S) also contains such an 
element, and therefore there is e G XA such that e(t) = 0 for t E 
[0, Δ]. By the causality and time invariance of F, we have FAe = 0. 
Using a version of the Stone-Weierstrass theorem (see Ref. 18, p. 46), 
Condition (vii), and the hypothesis that there is a fundamental set 
\Fa:a G A} of maps from Si to S0 relative to (vi),* there are a positive 
integer k, a polynomial p as described, and elements Fai, · · · , Fak of 
the fundamental set such that 

| FAx - P^x I < f/2, x E ΧΔ, 

* It was necessary to establish that F^e = 0 because Faie = 0 for all a E A (see Ref. 
18, Theorem 5). 
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where the functional ΡΔ is the associate [see (4)] of P described in the 
statement of the theorem. Thus, using H(S)A C XA, we have 

| (FHu){A) - (PHu)(A) | < t/2, u G S. (7) 
Now let any uE. S and t G Ω be given. Suppose first that t > A. Let 

υ be defined by υ(τ) = U(t~A)[r + (i — Δ)], τ 5* 0 [notation of Condition 
(iii)]; here we have used Conditions (iii) and (iv). By the time invari­
ance of G = FH and of PH in (7), one has G[u{t-A)](t) = G(u)(A) and 
(PH)[u(t-A)](t) = (PH)(v){A). Thus, by (7), 

I G[u((_A)](t) - (PH)[u(t-A)](t) | < e/2. 
Using this and (6), 

| G(u)(t) - (Ptf Ηί^,ο,,-Λ,Κί) | *S | G(u)(t) - G(umM[0,t-M)(i) | 

+ I G(um a i t lo , t -A])(i) - (PH)(u m ax[0, i -A))( i ) I < iß + 6 /2 = 6. 

Suppose now that t < A. Then by Conditions (i) and (ii) and the 
causality and time invariance of G, we see that G(u)(t) = G[(u)t](t) = 
G[T(&-t)(u)t](A) [notation of Conditions (i) and (ii)], and similarly 
(PH)(u)(t) = (PH)[T(A-t)(u)t](A). Thus, using (7), 

| (Gu)(t) - (PH)(u)(t) | < É/2. (8) 
Since (8) holds also for t = A, and obviously u = umaX[0,t-A] when 
t < Δ, we have (5). At this point it suffices to prove the following: 
Lemma: Let K be a causal time-invariant map of S into S0, and with 
A G Ω, let M be the map from S to S0 given by 

(Mu){t) = X(umax[o,t-A1)(i), t 3= 0 
for U Ë S . Then M is causal and time invariant. 
Proof: Let ua and ub in S satisfy ua(r) = UI,(T) for 0 *S τ =S ω, and let 
t G [0, ω]. Since (uamax[o,t-A))t = ("*max[o,t-A])t and K is causal, it is clear 
that (Mua)(t) = K[(uamax[o,t-A])t](t) = K[(ubmax[o,t~A])t(t) = (Mub)(t), 
showing that M is causal. 

Now let u G S and let ω in Ω be nonzero. For t < ω, (ΜΤωα)(ί) = 
#[(T^uìmax[o,t-A]](i) = 0, because K is time invariant and 
( Tl.u}max[o,i-A](r) = 0 for T < ω. Suppose that 13* ω. Since (as can easily 
be verified) {Tuu)maxloit-A] = T„umaxl0,t-u-A), one has (MT„u)(t) = 
K(T„umaxlo,t-„-A])(t) = KiUmaxio.t-u-AiMi - w) = (Mu)(t - w), by the 
time invariance of K. Thus M is time invariant. This completes the 
proof of the lemma and of the theorem. 

2.3 Comments 

All of the material in Sections 2.1 and 2.2 remains valid if Ü is 
replaced throughout with {0, 1, · · · } (with the understanding that 
then [0, ω] means {0, · · · , <*>}). 
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The following result concerning the hypothesis that G G -Sf(S) is 
frequently useful. By aF E Lip(H(S)]" below is meant that there is a 
positive constant c such that 

I (FyMt) - (Fy2)(t) | *S c sup | y i (T) - y2(r) | 
τε[θ,ί] 

for t > 0 and yi and y2 in H(S), where | · | on the right side denotes 
the norm in V\. 
Proposition: Let (i)-(v) be met,* with H E of (S), F E .c/(Si), and 
F G Lip[tf(S)]. Then G G s*(S). 

The proposition is proved in Appendix A. For an application, see 
Appendix B. 

2.4 Approximations and finite Volterra series 
In the following theorem, n andp are arbitrary positive integers and 

Loo(n) and L„(p), respectively, denote the normed linear spaces of real 
n-vector valued and real p-vector valued Lebesgue measurable func­
tions u defined on Ω such that ||u|| â supt | u(t) | < oo, in which | u(t) | 
= max, | Uj(t) | and u,(i) stands for the ;'th component of u(t). By a 
"vector," we mean a column vector. Also, for any positive integer q 
and any q n-vectors ai, · · ■ , aq, we use χ[αι, · · · , aq] to denote the 
vector of order nq whose elements are the nq distinct products (αι)λι 
• · · (ο,)λ,, corresponding to distinct sequences λΧ, · · · , λ, with each λ, 
drawn from {1, · · · , n\, arranged in an arbitrary predetermined order 
that depends only on q and n. Of course, x[ait · · · , α,] is simply the 
product ax · · · aq if n = 1. Finally, we use K(q, s) (q, s positive; q an 
integer) to denote the set of all functions k from [0, oo)« to the l x n ' 
matrices such that 

Rj q 

kj(ru · · · , τ,) = Σ Π Φϋλη), (9) 

for all ri, ■ ■ · , T, and all j G (1, · · · , nq), where Rj < oo and the <£,,> are 
real valued and continuous on [0, s] and vanish on (s, oo). [Notice that 
K(q, s) is simply a set of row-matrix-valued functions whose elements 
have a certain nice finite sum of products representation.] 
Theorem 2: Let G E sé (S), with S=\uE La,(n):\\u\\ «S β), where β is 
a positive constant. Assume that H is defined by 

= f 
Jo 

(Hu)(t) = | h(t - T)u(r)dT, t 3= 0 Jo 
for u E S, where h is a real p X n matrix-valued function on Ω such 
that each hy is (Lebesgue) integrable on Ω. Take Si to be \y E Lm(p):\\y\\ 

* For the sake of ease of exposition, (i)-(v) are assumed to be satisfied. However, 
only (iii) and (iii) with S replaced with Si are used. 
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^ βι\, in which βι is any number that satisfies supt\ (Hu)(t) | ^ ßi for 
u E S* Assume also that F is causal and time invariant on Su and that 
F satisfies the continuity condition that given a continuous y in Su and 
numbers t E (0, oo) and δι > 0, there is a δ2 > 0 such that 

| (Fy)(t) - (Fz)(t) | < δχ 
whenever z G Si, z is continuous, and maxre[0,t]\y(r) — ζ(τ)\ < b^. 
Under these conditions, given any e > 0, there is a positive integer Q, 
ans E (0, oo), and elements kq of K(q, s) (1 < q ^ Q) such that 

| ( G u ) ( t ) - ( V u ) ( i ) l < « , i » 0 (10) 
for all uE S, where 

( V u ) ( t ) = | I · · · I M T I , · · · > T„)x[u(t - n ) , 

q=1 Jo Jo 

■■■ , u(t - Tq)]dn · · · drq. (11) 

2.4.1 Proof of Theorem 2 
Proof: We use Theorem 1. Conditions (i)-(v) are met with F and H 
causal and time invariant, and with G E s/(S). 

Consider Condition (vi). Let ω be any positive number. For JC G 
H(S)m 

x(t) = h(t- r)u{.r)dr, t G [0, oo) 
Jo 

for some u E S. In particular, 

sup \x(t)\ < f t , (12) 
ίΕ[0,ω] 

and there is a function λ from (—oo, oo) to [0, oo), which depends only 
on h, such that λ(α) —* 0 as a —* 0, and 

|*(i + a) -x(t)\ « βλ(α) (13) 
for ί and (t + a) in [0, ω]. The existence of such a λ follows directly 
from the result (see Ref. 19, p. 14) that 

\r(t + a) - r(t)\dt->0 as a -+ 0 

when r is integrable on (—oo, oo). Now let {Χω, pu\ be the metric space 
of all functions x from [0, ω] to the real p-vectors such that (12) as 
well as (13) are satisfied, and 

' Our conditions here on S and Si are clearly consistent with (i)-(v) of Section 2.1. 
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ΡΛΧΙ, *2) = max|*i( i) - χ2(ί) | · 
t€[0,u] 

This space is easily seen to be closed. For p = 1 its elements are 
uniformly bounded and equicontinuous. Thus, the space is compact 
for p = 1. Using this fact and, for example, the proposition that 
compactness in a metric space is equivalent to sequential compactness, 
it follows that the space is in fact compact for any positive integer p. 
Clearly, H(S)„ CXaC (SX which shows that (vi) holds. 

By the continuity condition on F in Theorem 2, (vii) is satisfied. 
Now let \Fa:a G A} be the set of all maps M defined on Si having 

the representation 

(My)(t) = 1 m(t- r)y(r)dT, t > 0 (14) 

where m is a real (1 x p) matrix-valued function on [0, oo) such that 
for any component m, of m there is a real σ > 0 for which m, is 
continuous on [0, σ] and vanishes on (σ, oo). Let ω > 0, and observe 
that the Fau are continuous on Χω with respect to ρω. 

To see that they separate points of Χω, let X\ and x2 be distinct 
points of Xa. Let i G {1, · · · , p) be such that xu(t) — xa{t) ?* 0 on 
some subinterval of [0, ω]. Let a G A be such that (.F„y)(t) is given 
by the right side of (14) with m;(i) = [*ι;(ω — t) — *2ι(ω - t)] for t G 
[0, ω] and m,(i) = 0 otherwise, and with mj vanishing on [0, oo) for y ^ 
i. Then 

Fa„Xi - Faax2 = I [XU(T) - x2i(r)]2dT > 0. 

Thus \Fa:a G Λ ) is a fundamental set in the sense of Theorem 1, 
and by Theorem 1 given e > 0 there are Δ, k, Fai, ■ ■ · , Fak, p, 
and P as described there such that (10) holds with (Vu)(t) = 
(PtfKiw^-AjKi). 

For t > 0, we have 

(Pif)(Un,axio,i-A] )(i) 

= p[(i ; 'c, I i î)um a ! [[o,t-A](i) , · · ■ , (-Fa4ii)"max[0,t-A](i)]. (15) 
It is not difficult to verify that for any j G {1, · · · , k\ the operator 
(FajH) is equivalent to a convolution C whose 1 x n matrix-valued 
kernel c has elements that are continuous and integrable on Ω. 

Also, one finds that 

c(i - τ)ΐί™χ[ο,(-Δ](τ)ώτ = 1 b(t - T)U(T)CIT, t Ss 0, 
Jo 

where b(t) = c(i) for t G [0, Δ] and b(t) equals the 1 x re zero matrix 
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otherwise. This together with (15), and just the observation that 
products of integrals can be written as iterated integrals, shows that 
V is as described in Theorem 2. 

2.5 Comments 
Cases in which the conditions of Theorem 2 are met arise often in 

applications. This is illustrated in Appendix B where the theorem is 
used to show that an important large class of input-output maps have 
finite Volterra series approximations. 

In the proof of Theorem 2, the Fa are taken to be linear operators. 
It is clear that related additional approximation theorems can be 
obtained by allowing the Fa to be nonlinear. 

Equation (15) in the proof of Theorem 2 shows that G in the theorem 
can be approximated arbitrarily well by a linear dynamic subsystem 
followed by a memoryless nonlinear subsystem with "polynomial non-
linearities." The existence of approximate system representations 
involving linear subsystems with an additional (and constant) input 
and only nonlinearities that take absolute values can be proved using 
Theorem 3 of Ref. 18. 

The proof of Theorem 2 can easily be modified to establish a 
corresponding result for the discrete-time case in which Ω is replaced 
with ßd â {0, 1, · · · }. In fact, for that case the proof simplifies in an 
important conceptual way because then for any positive integer ω, 
(SiL is compact with respect to the usual discrete-time analog of ρω 
in the proof of the theorem. In particular, in the discrete-time case we 
can set n = p, set S = Si, and take H to be the identity map from S 
onto itself. This leads to the following theorem in which 4°(n) is L„(n) 
with Ω replaced with Qd, and k(q) stands for the collection of all 
functions k from Ω̂  to the l x n ' matrices such that (11) holds for all 
TI, · · · , Tq and all j where Ä, < oo and the φμΓ (τ;) are real and are 
nonzero for at most a finite number of values of τ;. 
Theorem 3: Let U = {u £ 4>(n):||u|| < β] in which β is a positive 
number, and let K be a map from U to the real-valued functions defined 
on Ωd such that K is causal, time invariant and an element of £/( U) in 
the sense of Section 2.1 with Ω replaced with Ωd. Let K satisfy the 
continuity condition that given y E U and numbers t G {1, 2, · · · ) and 
δχ > 0, there is a δ2 > 0 such that \ (Ky)(t) — (Kz)(t) \ < δι whenever 
zE. U and maxTe\o,-■ -,t\\y(T) ~ ζ{τ) \ < δ2. Then, given any e > 0, there 
is a positive integer Q, and elements kq of k(q) (1 =S q ^ Q) such that 

\(Ku)(t)-(Vu)(t)\<(, t e l l , 
for all uE. U, where 

(Vu)(t)=l Σ · · · Σ M T I , ■ ■ · , T,)x[u(t - n) , ■ ■ ■ , u(t - rq)\. 
«=i n-o τ,=ο 
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APPENDIX A 
Proof of the Proposition 

Let any δ > 0, u £ S, and t 3> 0 be given. Choose real όι > 0 and 
δ2 > 0 such that 

2δι + 2c62 < δ, 
and let Δι and Δ2 be elements of Ω for which 

| (Fy)(r) - - fbw^-A^r) | < ί„ τ & 0 (16) 

foryGii(S) ,and 

| (Ηυ)(τ) - # I W [ 0 > T - A 2 1 ( T ) | < is, T 3* 0 (17) 
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for v G S. Choose Δ G Ω so that Δ > Δι + Δ2, and consider 
φ à I (FHu)(t) - FHun^t-uit) \. 

If t G [0, Δ], u = Umax[o,t-a] and 0 = 0. Now let t > Δ. Clearly, 
φ = | (FHu)(t) - (FHÛ)(t) | , 

where û = U((-A). Using (16), we have 

| (FHu)(t) - F(Hu)^Al)(t) | < δχ, 
and 

| (FHÛ)(t) - F(HÛ)U-Al){t) I < ί „ 
and one finds that 
φ *£ | (FHu)(t) - F(Hu){t-Al)(t) + F(Hu)(t_Al)(t) 

- (Fi/u)(i) + F(HÛ)it-Al)(t) - F(HÛ)(t-Al)(t) I 
^ 20! + c sup | (HU)(T) - (HÛ)(T) |. 

te[(t-Ai),t] 

By (17), | (HU)(T) - Hu(T-A2)(r) | < δ2 and | (Ηώ)(τ) - Η ^ ^ ί τ ) | < 
δ2 for T > Δ2. Note that τ > (ί — Δι) and ί > Δ => τ > Δ2; and that 
for τ Ss (t - Δι), #ΐί(τ-Δ2,(τ) = ^ ( . - ^ ( τ ) . Thus, 

sup I (HU)(T) - (HÛ)(T) I < 2δ2, 
τε[(ί-Δ!),ί] 

which shows that φ ^ 26i + 2c62. Since this implies that φ < δ, the 
proposition is proved. 

APPENDIX B 
An Example of an Application of Theorem 2 

In this Appendix we consider systems governed by the model 
y = Nx (18) 
x = Αυ + Cy (19) 
w = Dv + By, (20) 

in which v is the input, w is the output, A, B, C, and D are linear 
operators, N is nonlinear, and x and y can be viewed as the input and 
output, respectively, of the nonlinear portion of the system. Models of 
this kind have been used in Ref. 2 and in other papers. Here we 
suppose that v, w, x, and y belong to LM{n), LM(1), LUp), and L„(p), 
respectively, that N is memoryless and defined by (Nx)(t) = »y[x(i)] 
where η is a map from fftp to IRP which takes the zero element of IRP 

into itself, that η satisfies a global Lipschitz condition | η(χα) — v(xb) I 
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s£ 71 xa - xb\ where | · | is as in the definition of the norm in L«,(p), 
and that A, B, C, and D, respectively, are causal time-invariant 
bounded linear maps from L„(n) to L«,(p), L«,(p) to L,»(l)„ L«,(p) to 
L„(p), and L«,(n) to Loo(l). In particular, we assume that C has the 
convolution representation 

(Cy)(t) = I c(i - T)y(T)dT, ί 3* 0 

for y G Loo(p), where c(·) i s p X p and has integrable elements [that 
is, has elements that are integrable on [0, »)]. The equations of a very 
large class of systems with a single output can be put in this form with 
A, B, and D convolutions whose matrix-valued kernels are either 
integrable, or integrable with the exception of an impulse at the origin 
(see Ref. 2, Appendices I and II). 

B. 1 Further assumptions, and approximations 

Assume in the remainder of this Appendix that (/ — CN) is an 
invertible map of La(p) onto L«,(p), where I is the identity operator 
on Lo.(p), and that (/ — CN)'1 is causal, time invariant, and globally 
Lipschitz. Conditions under which these assumptions are met can be 
obtained from standard existence theory and results in the area of 
stability theory [see, for example, Ref. 20, Theorem 3 and Corollary 
3(a)]. It follows that w = Dv + BN(I - CN)'1 Αυ for all v G U(n). 

With r an arbitrary positive constant, let us now restrict our inputs 
v to the ball A = | D £ Lœ(n):||u|| « r\. Let Aj = \u G L„(p):||u|| ^ 
r || A || ). In addition to the assumptions introduced above, suppose that 
A is a convolution with an integrable kernel, and that (/ — CN)'1, 
which takes Ai into Lco(p), belongs to J3^(Ai) in the sense of Section 
2.1. Using the proposition in Section 2.3, and by considering one 
component of (/ - CN)"1 A at a time, we see that (/ - CN)"1 A G 
ja/(A), since, as can easily be verified, A G Jà^(A). Similarly, N(I — 
CN)'1 A:A^> U(p) and finally BN(I - CN)'1 A both belong to J * ( À ) . 
Thus, by Theorem 2 [with H = A and F = BN(I - CN)'1], and in the 
sense of Theorem 2, BN(I — CN)'1 A can be approximated arbitrarily 
well on A by a finite Volterra series. 

Before proceeding to the important matter of how one might show 
that (/ — CN)'1 G _of(Ai) under some reasonable conditions, suppose 
that the assumptions described above are met, with the exception that 
A is not a convolution. Assume instead that (Av)(t) = av(t), where a 
is a p x n matrix of constants. (This case arises naturally in the study 
of feedback systems.) Using the identity (/ - CN)'1 = (I - CN^CN 
+1, one has w = Dv + BNAu + BN(I - CM^CNAv. The term ΒΝΑυ 
has a simple representation as is; and if, for example, B is a convolution 
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with an integrable kernel and n = p = 1, then, by the Weierstrass 
approximation theorem for real-valued continuous functions on a 
compact real interval, it is clear that it can be approximated arbitrarily 
well on A by a finite series having the form 

Q f< 
Σ bq(t - τ)υ(τ)"ατ, 15= 0. (21) 

q=l J0 

Consider now the more interesting term BN(I — CN)~lCNAv. By 
Theorem 2 (this time with H = C) we see that it can be approximated 
arbitrarily well on Λ by a finite series of the form (11) with each 
u(£ - TJ) replaced with η[αυ(ί — τ,·)]· In particular, using the fact that 
the kq in (11) satisfy 

J | M T i > · · · . ' ' , ) \d(rlt ■ ■ ■ , Tq) < oo 
[Ο,οο)« 

for each j , and the Weierstrass approximation theorem for real-valued 
continuous functions of several real variables, it follows that the term 
can be approximated arbitrarily well throughout A by a finite Volterra-
like series in the sense of the sets of iterated integrals K(m) in Ref. 2. 
[These Volterra-like series, which are frequently needed in exact 
expansion representations, can be viewed as Volterra series with 
symbolic kernels that include certain delta functions. A simple exam­
ple of a Volterra-like series is (21).] 

B.2 (I — C/V)"1 and the memory condition 

The hypothesis that (/ - CN)'1 G Jäf (Αχ) plays a key role in the 
discussion above. We begin our comments concerning this hypothesis 
with the observation that with arbitrary t > 0, Δ » 0, and u E Ai, one 
has [(/ - CA0-1ii](i) - [(/ - CJVJ^iWpw-AiK*) equal to x(t) - x(t), 
where x and x are elements of Loo(p) such that 

x(a) + 1 c(a- τ)η[χ(τ)]ατ = u(a) (22) 
Jo 

x(a) + 1 c(a - τ)η[χ(τ)]άτ = ι^^ο,^α) 
Jo 

(23) 

for a > 0. 
With σ any positive constant, 

y(a) + I c(a - τ)»/[;ν(τ), τ]άτ = ζ(α) 
Jo 

(24) 
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y(a) + 1 c(a - τ)η[$>(τ), τ]άτ = z(«) Jo (25) 

for a E [0, oo), where y(a) = x(a)e°a, y(a) = x(a)eaa, c{a) = c(a)eaa, 
v[y(r), T] = e"v[e-"y(r)], z(a) = u(a)e", and z(a) = effaumai[0/-A](a). 
Let Σ denote the set of positive σ such that the elements of c are 
square integrable, and suppose that Σ is not empty. Let us now make 
the key assumption, which we shall refer to as A.O, that from (24) and 
(25) it can be concluded that for some σ E Σ there is a constant λ 
which depends only on c, η, and σ such that 

ly-yh*\U-zU, 
where 

Jo | y - y | | ! = \y(t) -y(t)F\y(t) -y(t)]dt, 
Jo 

"Tr" denotes the transpose, and similarly for \\z — z\\2. Much is known 
about conditions under which A.O is met [see Ref. 20, Corollary 1(a) 
and Theorem 6], and it is known that A.0 is met in certain specific 
important cases. 

For t < Δ, obviously x(t) - i(t) = 0. Now let t > A. 
Notice that ||y - y ||2 «Ξ ξε'«~Α) where ξ = Xp1/2r \\ A ||. Using (24) and 

(25), and the Schwarz inequality, 

\y(t) - y(t)\ *£ max £ ( [ \0(τ)^\2ατ) 

\rij[y(T), T] - r)j[y(r), τ]\2άτ ■If 
\ l / 2 

2 , 

Since 

f \vj[y(r), r] - vj[y(r), r]\2dr 
Jo 

ί I V[y(r), r] - v[y(r), r] \2dr ** y2 Γ \y(r) - y(r) \2dr Jo Jo 

* y2 I [y(r) - Mr)p[;y(T) - y(r)]dr < y2\\y - y | | , 
»'O 

we find that 

\y(t)-y(t)\ < taHe«-», 

1982 TECHNICAL JOURNAL, OCTOBER 1985 



where 

^ = m a x E ( J o \c(rhj\2drj . 

Thus, 

\x(t)-m\ ^ξιΎ&-°Α. 

This shows that (/ - CN)~l £ Jäf (Ax) under the conditions described, 
and therefore that the input-output maps of a very large class of 
systems have finite Volterra series approximations in the strong sense 
of this Appendix. [For example, using material in Ref. 20 (see the 
comment at the bottom of p. 875 there), it is not difficult to show that 
this class includes a large family of electrical networks consisting of 
sources, passive elements, and monotone nonlinear resistors.] 
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