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REPORT

OPTIMALLY
REHOMING LOCAL
SERVING OFFICES
TO A NEW POINTOF
PRESENCE
Introduction

The agreement that governed AT&T's
divestiture of the Bell Operating Companies
separated the ownership of the local and long­
haul portions of the public telephone network
andrequiredAT&T to designate specific nodes
of its network as the sole points of interface
with the local network. AT&T must alsochoose
the assignment of the local servingoffices to
these points of interface, otherwise known as
points ofpresence (POPs).

The local telephone companies bill
AT&T whenlong-distance calls use the local
networks to gain access to the AT&T network.
Onecomponent of these "access" charges is
linearin the traffic volume, and the unitcharge
depends on the distance between the local
office and the pointof presence. Thus in
choosing the locations of its points of presence,
AT&T must consider the trade-off between
access charges and its own network costs.

In this paper we develop an approach
to quantifying the benefits of building a new
pointof presence in a specific location. Tothis
end, several simplifying assumptions are made
about the way traffic that is reassigned or
"rehomed" to the new point of presenceis
routed. We then formulate the problem of find­
ing the optimal set of local servingoffices to
rehome to a new point of presenceandgive a
computationally efficient algorithm to solve it.
Although restrictive, these assumptions are

reasonable approximations for a screening tool
whose purpose is to identify promising point­
of-presence locations for detailed study. They
allow the costs andbenefitsattributable specif­
ically to the newlocation's role as a pointof
presence to be identified. If other goals are
important, suchas capacity relief for existing
switches or facilities, then a more complex fun­
damental traffic planning problem must be
solved using planning tools designed for that
purpose.

Assumptions and Notation
Tobeginwith, if a local servingoffice

is rehomed to the newPOp, weassume that its
traffic is routed from the newpointof presence
to the pointof presence to which it wasfor­
merly assigned, and then out to the long-haul
network exactly as before (Figure 1). There­
fore the only change in the original network is a
new facility connecting the oldPOP andthe
new POP.

Second, the newpointof presenceis
assumed to be a facility POP that cancross­
connect trunks but cannot switchindividual
calls, withthe number of trunks terminating on
the long-haul sideof the POP equal to the num­
ber of trunks terminating on the local side.
(The latter assumption is strictly true only if
the traffic from the 150s is not concentrated
further at a local "tandem" switchbefore arriv­
ingat the POP.) Alternatively, we may assume
that the new POP is a switch, provided all local
servingoffices that are candidates for rehoming
have the same busy hour. The moregeneral
problem in which the busy hoursmay differ is
much harder and is not considered here.

Let E represent the set of local offices
that are candidates for rehoming to the pro­
posedpoint of presence, and let x, > 0



represent the net present value of the access 
charge savings realized by rehoming office i E 
E to the proposed POP If the new POP is 
merely a cross-connect point, let d,  represent 
the number of trunks needed to carry the busy 
hour load offered by office i; if the new POP is 
a switch, then di represents the busy hour load, 
in, say, erlangs. Define 

w(S) =z 4., S r  E 
i t S  

The functionf(D) gives the cost of 
building a facility of capacity D between the 
existing POP and the proposed POI? Since 
economies of scale are characteristic of tele- 
communications facilities, fis assumed to be 
nondecreasing and concave for positive capaci- 
ties, while we takef(0) = 0. 

node, then the capacity D of the new facility is 
measured in trunks. In this case, fis piecewise 
linear when a finite set of technologies is avail- 
able and each technology is characterized by a 
fixed cost and a constant incremental cost per 
trunk. If the new POP is a switch, then D is 
expressed in erlangs or some other measure of 
offered load. In this case, fcaptures not only 
the economies of scale attributable to telecom- 
munications facilities, but also the fact that the 
marginal capacity of a trunk group increases as 
offered load increases (given a fixed blocking 
probability). 

With the above notation and assump- 
tions, the total cost associated with rehoming 
the set of serving offices S r E to the new 
point of presence can be expressed as 

If the new POP is a cross-connect 

Z(S) =f(w(S)) - c XI (1) 

AT&T's objective in choosing the new POP'S 
service region S is to minimize Z(S). 

An Optimal Rehomlng Algorithm 
The optimal service region is found by 

the following algorithm. Its complexity is deter- 
mined by the complexity of the sorting 
algorithm used in the first step, and hence is 
O(lEl log IEI). (See Reference 2 for an explana- 
tion of the O(.) notation). 

1. Order the serving offices so that xrl / d,, 3 

x,, / d,, 2 - - - 3 xIIEl / dIIEl. Define So = 0 
and S, = {i, , ... , i,}, 1 s k d IEl. Set n 
= Oandk = 1. 

Rehoming Algorithm. 

2. If Z(S,) d Z(S,), set n = k.  

3. Set k + k + 1. If k > [El, stop. Else go to 
(2). 

We claim that when the algorithm terminates, 
S, is an optimal service region. This is an 
immediate consequence of the following 
lemma. 

Lemma. Let xi, Id,, 3 xi, ld,2 3 * * * 3 
xIIE, /dilEl, and suppose there exists a nonempty 
optimal set. Then for some n, 1 s n d IEJ, S, 
= {i, , ... , 2,) is optimal. 

proof. First, note that by the concavity 
off, 

(a) x d y if and only iffix + z) - f i x )  3 
fi + 2 )  - fb), x ,  y 3 0, z > 0. 

r e s  (2 - x) .  
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Figure 1. Adding a 
new point of presence 
near an existing one. 
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Now define 

T,-{iEE:fly + d , )  - f (y)<x,  

T, = {ic E:  f(y + d, ) - f(y) = x ,  

D, = 0, i E  I; 
D,= min{r:flr + d , )  -f(y) = x , } ,  i c q  

for ally 3 0} 

for somey 3 0) 

Let S be optimal. Then it is easily verified 
using item (a) in the list above and the defini- 
tion of D, that 

i E S implies D, 6 w(S) - d, (since we 
must have Z(S) - Z(S - {i}) = f lw(S))  

Di < w(S) implies i E S or that S u { i )  is 
optimal. (For if i B S and S u {i} is not opti- 
mal, we obtain the contradiction Z(S u {i}) 
- Z(S) = f lw(S)  + d,) - f lw(S))  - xi > 
0). 

- f(w(S) - d,) - xi 6 0). 

Now suppose x, I d, B x, I d, and j E S. 
First note that i E TI u T,, for otherwise we 
have (f(y + d,) - fo)) I d, > x, I d, x, /d, 2 

+ d, contradicts (b). We must show that i E $ 
or that S u {i} is optimal. If D, 6 DJ, the result 
follows from (c) and (d) because D, G D d 
w(S) - d < w(S). Similarly, if D, < D, but D, 
+ d, G b, + d,, the result again follows from 
(c) and (d) since D, 6 D, + d, - d, 6 w(S) - 
d, < w(S). Finally, consider the case in which 
0, < D, and Dl + d < D, + d,. Then by (b) 
and the definition ofD,, x, / d, = (f(D, + d,) 
- f(D,))  Id, 6 V(D, + d,) - f(D,>> /d, 6 X] Id,, 
implying that these inequalities actually hold 

(f(D + d,) - f (0,)) I d,, and chooslngy > D 

with equality. It follows that f(y) has constant 
slope equal to x, Id, for D d y d D, + d,. Now 
if w(S) > D,, the desiredresult holds by item 
(d). Otherwise, Z(S u {i ) )  - Z(S) = f (w(S)  

so that S u {z] is also optimal. 
+ d,) - f (w(S))  - X ,  = d, (x, I d,) - X,  = 0, 

Combinatoriai Theory 
The set functionZ(.) in Equation (1) 

possesses the special property called submodu- 
l a r i t ~ . ~ , ~  That is, Z(S) + Z(T) B Z(S u T j  + 
Z(S n T); S,T c E.  Submodularity in some 
sense is a generalization of the property of 
concavity. It arises in the POP location model 
discussed here because the efficiency of tele- 
communications facilities increases with 
capacity. 

The set function V(S) = f (w(S))  is a 

is, V(S) 6 V(Tj for every c T E E ) ,  sub- 
modular, and V ( 0 )  = 0. In their recent work 
on the greedy procedure for resource allocation 
problems, Federgruen and GroeneveW con- 
sider the problem of testing whether a specific 
point X is a member of a polymatroid 

rank function because it is nondecreasing (that 53 

F={xERN :c x, S V ( S ) , S C  (1, ... ,N)} 
I d  

where by the definition of a polymatroid, V(S)  
is a rank function. They refer to the special 
case where V(S) = f lw(S)) ,  andf(-) is a nonde- 
creasing concave function withf(0) = 0, as the 
generalized symmetric case. With S,  defined as 
in the preceding section, they prove that in the 
generalized symmetric case, X E F if and only 
if 
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for k = 1, ... , N. This result in turn can be 
used to prove the validity of the rehoming algo- 
rithm presented here. 

Returning to the rehoming application, 
suppose that the proposed POP is to contain a 
switch, and let d; denote the ith serving office’s 
offered load in the tth hour, t E T. Again the 
problem of interest is to choose a set S iZ E 
to minimize 

but V(S)  here is defined as 

f (max{x d:: t~ T})  
i d  

Not only has this problem lost the simple gen- 
eralized symmetric structure described above, 
it is easily verified that V(S) is not even 
submodular. 

Conclusions and Acknowledgments 
The savings achievable by establishing 

a new point of presence depends on the set of 
end offices that is reassigned to it. Therefore, 
any POP planning tool must contain a rehoming 
scheme. The model and a special case of the 
algorithm described here have been integrated 
into AT&T Communications’ regional planning 
tool PET (POP Evaluation Tool), replacing 
naive strategies that reassign an end office to 
the proposed POP if it is closer to the new 
POP than to the old, or if rehoming the end 
office produces any access savings at all. The 
quality of POP planning methods has thus been 
improved. 

The author would like to thank S. Lm 
and A. Federgruen for their helpful comments 
in reviewing this paper. 
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