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This paper presents the delay-throughput and buffer
utilization characteristics of a few statistical multiplex-
ers. Two of the various schemes that may be used to
access the multiplexer are considered: the point-to-
point access scheme where the traffic is carried
between each user and the multiplexer over a separate
link in a star topology, and the carrier sense multiple
access protocol with collision detection (CSMA/CD)
that is used over a shared communication link. Results
from computer simulations show that for the n x 1
statistical multiplexer using the star topology, the delay
and buffer size utilized increase exponentially with the
channel utilization factor p. The delay-throughput char-
acteristics of a well designed multiplexer using the
CSMA/CD access protocol are comparable to those of
the » X 1 multiplexer based on the star topology. With
the CSMA/CD protocol, as the packet size is
increased, the delay normalized to the packet size,
while a function of p, first decreases and eventually
tends to a limit.
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Introduction

Currently, there appears to be a trend toward packet switching
in telecommunications networks. Packet switching offer customers an
end-to-end digital connectivity by integrating voice, data, image, and
video economically and conveniently on a single physical link. In addi-
tion, by exploiting the bursty nature of the traffic, a packet switch can
provide variable bandwidths in a more graceful way than a circuit-
switched system.

Consider, for example, a normal voice conversation. Statisti-
cally, talk spurts appear only 40 percent of the time."2 Similarly, a user
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terminal connected to a host computer sends out only a
few characters per second, while the capacity of the com-
puter may be several orders of magnitude higher.?
Consequently, to use the available bandwidth effectively,
the output of a user device is packetized and then statisti-
cally multiplexed with similar outputs of other devices
before being transported to a packet switch.

User devices may be connected to a statistical
multiplexer in several different ways. For example, they
may access the multiplexer over dedicated, separate wire
pairs as in a point-to-point distribution system.*® Or, they
may do so over a shared communication link, as in Xerox
Corporation’s Ethernet™ local area network, and contend
for the resources at the same time (see below). This type
of multiple access scheme has been widely used not only in
local area networks* but also in packet switching systems
with radio channels providing remote terminal access to
host computers.”1

Broadly speaking, there are two types of multiple
access schemes. In one of them, a central controller polls
each user sequentially or a group of users all at once. In
this case, ready users are passive in the sense that they
can transmit only in response to a query. In the other, the
control is distributed rather than centralized, and one or

more ready users may attempt to transmit at the same
time using some algorithm. In this case, the users may be
considered active.

A number of variations of the distributed control
multiple access scheme are possible: the “Aloha,””? the
“slotted Aloha, 8¢ the non-persistent carrier sense multiple
access (CSMA), and the 1-persistent and p-persistent
CSMA? protocols. In the non-persistent CSMA protocol,
each user monitors the channel before transmitting. If the
channel is sensed idle, the ready user transmits its packet.
Otherwise, it reschedules its transmission for a later time
according to some retransmission delay distribution, and
repeats the process all over again. Obviously, because of
the non-zero propagation delay between any two users of
the system, collisions are still possible.

In the CSMA/collision detection (CSMA/CD) pro-
tocol, 1213 as in the CSMA scheme, each user monitors the
channel before transmitting. If the channel is busy, the
user does not transmit. If the channel is sensed idle, it
transmits its packet, while at the same time listening to
the channel to see if there is a collision. If there is one, the
contenders, using the so-called collision consensus
enforcement procedure, send a few random bytes to jam
the channel to ensure that the collision on the channe! is
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detected by all contending users. Each user then stops,
waits for a random period of time and then attempts to
retransmit on the channel. Ethernet local area networks
use the binary exponential back-off algorithm or some vari-
ation of it that allows the range of retransmission delays to

Figure 2. The expected
delay encountered by a
packet In the statistical
multiplexer of Figure 1 as
a function of the channel
utilization, p.

be increased under heavy load conditions, thereby reduc-
ing the probability of repeated collisions.

This paper gives performance of some statistical
multiplexers using different access schemes. Specifically, it
presents the following parameters: the expected delay as a
function of the channel utilization factor, the cumulative
delay distribution, the expected value of the buffer size
required as a function of the channel utilization, and its
cumulative distribution.

General Assumptions

For the remainder of this paper, several general
assumptions apply. First of all, we suppose that packets
originate from infinitely many sources. The packet arrival
on each link is an independent, identically distributed ran-
dom variable with exponential distribution; when all links
are taken together, these random variables form a Poisson
process. We will assume that the aggregate rate at which
the packets arrive in the system is A per second, and that
if there are » input links, the packet arrival rate over each
of these links is A, = N/n.

In any packet communication system, some data
communications protocol is used to insure the data integ-
rity at the receiving end. One of the important functions of
such a protocol is to overcome the effects of channel
impairments that inevitably corrupt the transmission.
Error-detecting codes are used to find errors in the mes-
sage stream; then, if they detect errors, the transmitting
end is asked to repeat the transmission, introducing an
additional end-to-end delay. In this article, since no spe-
cific protocol is used, that additional delay is ignored.
Similarly, since the line error rates and the exact error
recovery procedures are among the factors that determine

o7
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Figure 3. The cumulative distribution for the sta-
tistical multiplexer of Figure 1 with p as a
parameter. (a) Packet sizes are exponentially
distributed. (b) Packet sizes are all fixed at unity.
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the system throughput, the throughput characteristics of
the multiplexers are not presented. Furthermore, the
delay associated with polling or processing is ignored (see
below), and only the buffering delay is considered.

Point-to-Point Access

In the point-to-point access mechanism the multi-
plexer communicates with each user on the input side over
separate links in a star topology. Two multiplexers are dis-
cussed using this scheme. The first of them has a single
output channel (# X 1 multiplexer). In this case both
exponentially distributed and fixed packet sizes are consid-
ered. The second multiplexer consists of 7 input links and
¢ parallel output channels (# X ¢ multiplexer), and uses a
fixed packet size for any utilization factor. For each type of
multiplexer, the delay-throughput, the buffer size require-
ment, and the probability distribution are given.

n x 1 Muitiplexer with Point-to-Point Access. Figure 1
shows a block diagram of the #» X 1 statistical multiplexer.
Various polling protocols can be used to search the input
buffers for any packet arrival.'' In one such simple proto-

Figure 4. The expected
value of the buffer
width utilized at the
instant of a packet
arrival in the statistical
multiplexer of Figure 1
as a function of the
channel utilization, p.

col, a controller sequentially polls each link. When it finds
a packet in an input buffer, as indicated by a flag, it reads
the packet, transfers it to the output buffer, resets the
packet arrival flag and goes to the next input link. Obvi-
ously, the polling and the data transfer process will add to
the overall delay that a packet undergoes in the system.
This additional delay depends on the exact search mecha-
nism, the number of input links being searched for packet
arrivals and the number of ready links at the polling
instant.! It is possible, however, to design the circuit such
that the time required to search the ready links and trans-
fer the packets to the output buffer is negligibly small
compared to the interarrival times of the packets or the
delay due to queueing in the buffers. Hence, in this sec-
tion, this delay will be ignored.

If the output buffer contains no packet, the control
element of the statistical multiplexer waits until one
arrives. If the buffer contains a packet but the output chan-
nel is busy, it waits until the channel is idle. In this case,
when the output channel becomes idle, the control ele-
ment of the multiplexer takes the packet that is at the head
of the queue, and sends it out on the output channel. We
can visualize the output buffer as a first-in, first-out
(FIFO) memory with a mechanism to convert the parallel
data into a serial form.

Exponentially distributed packet size. We will assume
here that the size of a packet is a random variable with the
exponential distribution.

Results are obtained from computer simulations. '
The blue curve of Figure 2 is the delay, averaged over all
packets, as a function of the utilization factor p. Since the
average delay increases linearly with the average value of
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Figure6. Ann X ¢
statistical multiplexer
with n input links and
c parallel output chan-
nels. Each input buffer
is capable of buffering
one or more packets.
Each arriving packet is
constant In size.

Figure 5. The cumula-
tive distribution of the
buffer width utilized
at the instant of a
packet arrival in the
statistical multiplexer
of Figure 1 with chan-
nel utilization p as a
parameter.




Figure 7. The expected

delay encountered by
packets in the muiti-
plexer of Figure 6 as a
function of p withc as a
parameter. Each packet
size Is fixed and is
equal to unity.
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the packet size, the curves are normalized with respect to
the latter.

Figure 2 can also be obtained analytically by con-
sidering the M/M/1 queue for the exponential packet size
(and the M/D/1 queue for constant packets). The analytic
results that are available are summarized in Appendix A.
Values of the average delay as predicted analytically are
shown alongside the blue curve of Figure 2; for p < 0.75,
the agreement between the theoretical values and the sim-
ulation results is excellent. Having thus established the
accuracy of our simulation, we will use it to obtain other
parameters of interest for which theoretical results are not
available.

Figure 3(a) gives the cumulative distribution for

the delay with p as a parameter. The expected value of the
buffer size utilized is given by the blue curve of Figure 4.
Strictly speaking, the buffer size given in this figure is not
the time average. Instead, it is the value of the buffer size
utilized at the instant a packet arrives, averaged over all
such discrete instants. It is done this way because it gives
an upper bound on the buffer size required in order that
the probability of buffer overflow does not exceed any
given value (see the example below). The blue curves of
Figure 5 are the cumulative distribution of the buffer size
utilized.

Constant packet size. If the packet size does not vary
randomly, but remains constant for all packets, the
expected value of the delay is as given by the red curve of
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Figure 2. Figure 3(b) is the cumulative distribution for the
delay. The expected value of the buffer size utilized and its
cumulative distribution are given, respectively, by the red
curves of Figures 4 and 5.

Discussion of results. Suppose, for convenience, that
the expected value of the exponentially distributed packet
size is unity. Hence, in this case, packets are serviced at
an average rate of w = 1. For example, assume that
p = 0.5. Then, since p = 1, \ = pp = 0.5. So, if the
unit of time is taken to be, say, a millisecond, packets,
which are on the average one millisecond long, arrive at a
rate of 500 per second and are serviced at a rate of 1000
per second. These packets, then, as seen from the curve,
are each delayed on the average approximately 1 ms. For
the same value of p, the probability that packets encounter
delays longer than 1 ms is 0.32, as seen from Figure 3(a).
About 1 percent of the packets will be delayed more than 8
ms. If the traffic is reduced so that the utilization factor is,
say, 0.25 then only 0.05 percent of the packets are delayed

8 ms or more.

For p = 0.5, the average value of the buffer size
utilized at the instants of packet arrivals is seen from
Figure 4 to be about 2 ms, or twice the average packet
size. In other words, if the data rate is, say, 1 Mb/s, and if
the average packet size is 1 ms or 1000 bits, the average
buffer utilized is 2000 bits long. The buffer utilization has a
large variance. For example, about 15 percent of the time,
it exceeds 4 ms and about 1 percent of the time, it is more
than 10 ms. Thus, assuming that the statistical multiplexer
has an output buffer equal to ten times the average size of
the packet, the probability that the buffer will overflow is 1
percent for this value of p. In this case, the carried load
for the multiplexers will be less than the offered load by
the same amount, whereas if the buffer were unlimited,
the two would be exactly the same.

Refer to Figure 2 again. Suppose that the
expected packet size is doubled but that the utilization fac-
tor is maintained at a value of 0.5 by decreasing the packet
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arrival rate. The average delay, then, is seen to have
increased to 2 ms.

As for the case of the constant packet size, sup-
pose that all packets are 1 ms long. From Figure 2, for
p = 0.5, the expected value of the delay is about 0.5 or
half the value for the previous case where the packet size
is exponentially distributed. From Figure 3(b), for
p = 0.5, about 22 percent of the packets are delayed
longer than 1 ms and only 0.07 percent longer than 4 ms.
Similarly, the average buffer utilization for p = 0.51s,
from Figure 4, about 1.5 ms. Figure 5 indicates that the
buffer utilization exceeds 4 ms with a probability of 2 per-
cent and exceeds 7.5 ms with a probability of only 0.01
percent. Thus, the delay and buffer size requirements sig-
nificantly improve if packets are fixed in size and do not
vary randomly.

Figure 9. The average
buffer utilization at the
instant of a packet
arrival for the multiplexer
of Figure 6. All packets
are size unity.

n x ¢ Muitiplexer with Point-to-Point Access. We now
consider a statistical multiplexer with n input links and ¢
parallel output channels.'® The packet size for each link and
channel is identical and constant. It is assumed for simplic-
ity that w = 1, thus making the packet size unity. The
results, however, are valid for all .

Refer to Figure 6. Each input link is associated
with an input buffer that is capable of buffering one or more
packets. Each output channel consists of a single buffer
that is the length of a packet with some mechanism for
converting the data from the buffer into a serial form.

At the end of each service period, which is the
same for all packets, the arbitration and control logic
determines if there are any packets in the input buffers. If
there are none, the multiplexer waits until one or more
packets arrive. As soon as they arrive, they are serviced
immediately. If there are ¢ or fewer packets in the input
buffers at the end of the service period, they are sent out
over the output channels. In this case, packets are delayed
only a fraction of a service period. We assume that during
a service period, no new packet arrivals are sent to the
idle output channels. If there are more than ¢ packets in
the input buffers, some of them must wait until the next
service period when these ready packets plus any others
that might have arrived during the last service period, up
to a maximum of ¢, are sent out over the output links.
Obviously, for equilibrium ¢ > X. We have chosen this ser-
vice mechanism because it leads to some interesting
characteristics, as we shall show shortly. Reference 16
analyzes some special cases of this queueing model and
gives approximate values of some parameters of the
queue. There are, however, no closed form expressions in
the literature for the parameters of concern to us except
when ¢ = 1 (see below).
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tion becomes exactly the same as for the

n X 1 multiplexer with constant packet size.
Assuming that each packet is 1 s long, the :

throughput of the multiplexer is given by ' 01
N = cp. Hence, for any given p, the through- ‘

put increases linearly with ¢. At the same time, I

from Figure 7, as ¢ increases, the average |

delay decreases for p > 0.5 and increases for

p < 0.5. (However, for any value of ¢, the delay

— 0 as p — 0.) Interestingly, when ¢ = 8 or more, the
delay becomes virtually constant at about 0.5 for a large
range of p. This asymptotic value of the delay for ¢ = 8

and p < 1.0 is the same as for a multiplexer with¢ = 1
operating at p = 0.5. Thus, it is possible to operate an

n X 8 multiplexer at a high utilization factor and hence

achieve a high throughput without a long delay.

Figure 8 shows the cumulative delay distribution
for a few values of p and ¢. For smaller values of
¢ (¢ < 8), the distribution greatly depends not only on ¢
but on p as well. For larger values of ¢, however, this
dependence on p diminishes. For example, assume that
each packet is 1 ms long. Then, with ¢ = 8, the delay
exceeds 1.2 ms for p = 0.5and 2.4 ms for p = 0.875
with a probability of 0.01 percent.

Figure 9 is a plot of the expected buffer width as a
function of p with ¢ as a parameter. Observe that the
buffer requirement increases with ¢. It is important to note
here that the buffer width shown in this figure is the aggre-
gate buffer for all links taken together and not the per link

buffer. Thus, when c is large, we achieve short delays at
the expense of a larger buffer.

Finally, Figure 10 is the cumulative distribution of
the buffer width for some selected values of ¢ and p. For
example, assuming the packet size to be 1 ms, when
¢ = 16 and p = 0.5, the expected value of the buffer
size utilized is seen from Figure 9 to be about 5.2 ms,
whereas, as seen from Figure 10, about 50 percent of the
time the buffer utilization will exceed this value and 10
percent of the time it will exceed even 10 ms.

n x 1 Multiplexer with CSMA/CD Access Scheme

The second access mechanism considered is the
carrier sense multiple access protocol with collision detec-
tion. This protocol has been extensively used in many local
area networks including Ethernet, and is suitable for a
variety of broadcast channels such as radio, cables, twisted
pairs, etc. The same access mechanism can also be used in
a statistical multiplexer.

The access scheme is described in the Introduc-
tion. Our discussion is restricted to an active system.
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Figure 11. An n x 1 multiplexer using the CSMA/CD access
scheme.

Since there is no common buffer in this case, our results
only include the delay-throughput characteristics and
cumulative delay distribution.

The average delay in this protocol, as in other pro-
tocols, depends on the channel utilization factor and the
packet size. In addition, there are two other factors that
contribute to the delay: the so-called carrier sense time or
the propagation delay, o, between two farthest stations
connected to the shared channel, and the back-off or
retransmission delay used by each party involved in a colli-
sion. Since the probability of a collision increases as o
becomes larger, the average delay also increases with a.
Similarly, it increases as the range, D, of the back-off delay
is increased, more significantly so for larger values of p
than for the smaller ones.

A local area network based on this protocol gener-
ally uses the binary exponential back-off algorithm
whereby the parameter D is increased in steps of the
round-trip delay as the load on the system increases. In
our study, for simplicity, D is assumed to be constant
throughout. Secondly, in the event of a collision, a station
retransmits on the channel as many times as necessary
until the transmission is successful.

A multiplexer with this access mechanism 1s
shown in Figure 11. Figure 12 shows how the expected
delay with this protocol varies as a function of p with « as
a parameter. In this protocol, the ratio of the average
delay to the average packet size (the delay normalized to
the packet size) is not constant but varies with the aver-
age packet size itself. Consequently, in Figure 12, the
packet size is held constant at 663 s (see the example
below for this particular choice of packet size). Similarly,
the carrier sense time, «, and the range, D, of the back-
off delay are also given in seconds. Furthermore, in this
and Figures 13 and 14, D is held constant at 10 ms. Thus,
the back-off delay is assumed to be uniformly distributed
between 0 and 10 ms. To see how the parameter a
relates to the length of the physical channel, refer to the
example below. In Figure 12, o assumes only three val-
ues: 100 ws, 10 ws and 0. Thus, D/a = 100. This is a
reasonable value since in many Ethernet applications this
ratio is about 256.

Figure 13 shows the effect of varying the packet
size on the average delay, which is expressed in multiples
of the packet size. The parameter « is held at zero. This
value of a is chosen because in a statistical multiplexer, as
opposed to a local area network, the shared bus would very
often be short enough to result in a negligibly small propa-
gation delay. This implies that there are no collisions at all
on the bus. For a given value of p, the delay normalized to
the packet size decreases as the packet size increases.
(The absolute value of the delay increases, though, with
larger packets.) For a given offered load corresponding to a
given value of p, fewer transmissions are required with
larger packets. The result, therefore, is fewer collisions
and consequently a higher system throughput.

Comparing Figures 2 and 13, we conclude that
over a large range of packet size and channel utilization,
the average delay for the CSMA/CD protocol is comparable
to that of an # X 1 multiplexer with the star topology. And
for larger packets (= 10 ms), it is uniformly smaller for all
values of p.

A similar set of delay-throughput characteristics
can be obtained for non-zero values of . We will not pre-
sent those characteristics here but simply state our

65



66

10 “ seconds

18 10-% seconds

TTTTTT]

1.0

I TTTTT]

Mean delay in multiples of packet size

I

01 | I 1 | 1 1 1
0.25 0.50 0.75 1.0

Channel utilization factor p

[+4] 2 a
= 10.0— Average packet size = 102 seconds
g &
Q
S 5
a K
[+4]
=
k5]
@ = 102 seconds
=
3 10
2 =
£ k= 10" * seconds
= o
] =
@
p= -
=
1]
O -
=
01 | i |

0.25 0.50 0.75 1.0
Channel utilization factor p

Figure 12. The average delay in the CSMA/CD protocol as a
function of the channel utilization for a few values of the car-
rier sense time, o, which is a measure of the round-trip
propagation delay and hence the length of the shared
medium. The packet sizes are exponentially distributed with
a mean value of 663 us.

observation that for any packet size, they are similar to
those of Figure 12.

Although not explicitly shown in this article, the
delay tends to a limit as the packet size increases. This is
somewhat noticeable in Figure 13. For a well-designed sys-
tem, this limit depends mostly upon the packet arrival and
service rates, and not much on the carrier sense time or
back-off delay. It can, therefore, be looked upon as the
average queueing delay experienced by a packet, and
hence is a function of the channel utilization.

Figure 13. The average delay for the CSMA/CD protocol as a
function of the channel utilization with the packet size as a
parameter. The packet sizes are exponentially distributed.
The carrier sense time, o, is fixed at zero, indicating a bus of
negligible length.

Figure 14 is the cumulative delay distribution as a
function of p for exponentially distributed packet sizes with
a mean value of 663 ps.

Example

The example below illustrates the use of our
results. Consider a point-to-point private network where
the customer premises equipment are in two geographi-
cally separate locations and are connected together by
packet links operating at 1.544 Mb/s, the standard T1 car-
rier rate. Assume that at either end there are various
types of data equipment, which are broadly classified into
three categories: slow speed terminals (generally asyn-
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chronous); moderate or high-speed terminals (generally
synchronous); and high-speed data ports for computer to
computer communications. The number of terminals in the
network is large enough to justify the assumption that the
packet arrivals form a Poisson process.

In the first case, it is assumed that the terminals
and computer ports are unbuffered so that they all connect
to the network at their own characteristic rates. Further-
more, the data equipment is sufficiently varied so that it is
reasonable to assume the packet sizes to be exponentially
distributed. Table I gives the number of devices in the net-
work, the average circuit holding time and the associated
data rate for each, and the total traffic (in bits/hour) gener-
ated in a busy-hour period.

The total number of data bits generated during
the busy hour period as shown in the table is 2.76 x 10°.
Assuming a 25 percent overhead for the packet transmis-
sion, the utilization factor for a single output link is given
by

 1.25x2.76x10° _
P = 1544 x10°% 3600

0.62

Assume that the average packet size is 128 bytes.

This packet size, at 1.544-Mb/s data rate, is 663.21 ps.
From Figure 2, with p = 0.62, the expected value of
the normalized delay for the statistical multiplexer of

Figure 1 is 1.6. In absolute values, this delay is

1.6 X 663.21 ws = 1061 ps. From Figure 3(a), about
27 percent of all arriving packets are subjected to delays
exceeding this value. Figure 4 gives the average normal-
ized output buffer to be 2.75. Its absolute value is

2.75 X 128 = 352 bytes. But suppose we want the out-
put buffer overflow probability to be 0.05 percent. Then
from Figure 5 the required buffer, normalized to the packet
size, is to be 18. Thus the output buffer should be 2304
bytes.

In the second case, suppose that all terminals and
computer ports are buffered, and that all packets have a
fixed size and are 128 bytes long. Referring to the above
figures, one finds that the average delay in this case is 557
s, that 36 percent of all packets experience delays
greater than 557 s, that the average output buffer utilized
is 250 bytes and that for the same buffer overflow probabil-
ity of 0.05 percent, we require a buffer that is
approximately 1280 bytes long.

Consider now the multiplexer of Figure 11 with
the CSMA/CD access scheme. Each data source enters
the multiplexer at its own characteristic rate and is con-
nected to the multiplexer at a bus of negligibly small length
(o = 0). The average packet size is again taken to be
663.21 ws. Referring to Figure 12 and using« = 0 and
p = 0.62, we find the average delay, expressed in multi-
ples of the packet size, to be 5.2 with an absolute value of
3.45 ms. Referring to Figure 14, the probability that a
packet experiences a longer delay is about 0.29.
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Table I. Data equipment in a private network used as an example to illustrate
the calculation of delay and buffer utilization of a statistical multiplexer.

Number Average holding Average data Number of bits

Source type of units time (mins.)  rate (bytes/s) ina busy hour
Low-speed terminals 600 54 2 3.11 x 107
High-speed terminals 100 40 300 5.76 x 10
Computer-to-computer

communication ports 25 45 4000 2.16 x 1(°

For nonzero values of a, this average delay will be
higher. Suppose, for instance, that « = 10 ws. Assuming
a round-trip propagation delay of 3.4 ns/ft for 24 AWG
twisted pairs, the length of the shared medium is about
2,941 ft. From Figure 12, the average delay is then
3.91 ms.

Conclusion

This paper is a study of the delay and buffer utili-
zation characteristics of statistical multiplexers using a few
different access protocols. Wherever meaningful, we have
presented the average values and cumulative distributions
of the delay and buffer utilization. Two of the multiplexers
use a central controller and are accessed by each individual
data source over a physically separate link. The third multi-
plexer has no central controller, and uses the CSMA/CD
access protocol. Our study shows that for the » X 1 mul-
tiplexer based on the point-to-point access mechanism, the
delay and buffer utilization increase with p. In this case, as
the packet size is increased, the delay normalized to the
packet size remains constant for any given p. Further-
more, both the delay and buffer utilization improve if all
packets are of the same size. The #n X ¢ multiplexer with
the same access scheme but using a fixed packet size
exhibits the following property—if ¢ = 8, the delay is only
0.5 (normalized to the packet size) for almost all values of
p < L.0. The delay-throughput characteristics of a well
designed multiplexer using the CSMA/CD access protocol
are comparable to those of the # X 1 multiplexer using
the point-to-point access scheme. With the CSMA/CD pro-
tocol, if the packet size is increased, the delay normalized
to the packet size decreases and approaches a limit.
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Appendix A. Some Relevant Queueing Theory Results

Results from queueing theory are available for a
few parameters of some statistical multiplexers studied in
this article.

Exponentially Distributed Packet Size. The statistical
multiplexer of Figure 1 with an exponentially distributed
packet size can be modeled by the well-known M/M/1
queue. Let \ be the packet arrival rate and p the service
rate, that is, the rate at which packets are transmitted
over the output channel. Thus, if the packet length is &
bits, w = 1/k. If C bits per second is the capacity of the
channel, we can define the channel utilization factor
p = kA/C = MuC. Normalizing with respect to C, we
have p = M.

Under steady state conditions of the queue, the
probability that there are » packets in the system (either
waiting to be transmitted or in the process of transmis-
sion), is given by

p,=p"(1 —p)

The average waiting time in the output buffer is

P
W=—-+—
 nl-p)

The cumulative distribution, P (= f), that a packet waits
no more than ¢ in the output buffer is

P(st)=1-pe "™

The expected number of packets in the output buffer is

The expected number of packets either in the output buffer

or in the process of transmission over the output link is
given by

o]
L=——
1-p

Constant Packet Size The statistical multiplexer of
Figure 1 operating on packets of a fixed size can be ana-
lyzed using the M/D/1 queue. In this case, the average
waiting time in the output buffer is given by

P
Vo= ma-p

The average number of packets in the system is

AZ — 2\

L=30—1

where the parameter p has been replaced by 1, assuming
that all packets are of size unity.

(Manuscript received September 26, 1986)
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