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An ideal arbiter for concurrent processes that share a 
resource ensures the mutual exclusion of the users, is 
fair, and grants requests in the order that they were 
made. Non-ideal arbitration schemes, both of algo- 
rithmic and circuit form, with the first two properties 
are well-known. Here we study ideal arbiters in a top- 
down manner, at three levels of abstraction: behavioral 
properties expressed in temporal logic, discrete-time 
automata, and Boolean circuits and functions. We show 
that an n-process arbiter can be realized with complex- 
ity O(n210g n) and delay O(1og n). The goodness of 
these results is examined from a viewpoint of Boolean 
complexity theory. We also study a two-level modular 
realization of the arbiter, equivalent to the above mono- 
lithic one. If the equivalence is not required to hold 
under worst-case user behavior, the modular arbiter 
can be implemented with much smaller complexity 
than the monolithic one and with comparable delay, 
Introduction 

processes to share a single resource correctly and efficiently. For 
example, an arbiter can control access to the bus that connects 
the processors of a multiprocessor system to a shared memory. 
An ideal arbiter has the following logical properties: 

without prior requests (tkimess and converse). 

(mutual exclusion). 

c m e ,  first-served, FCFS). 

An arbiter is a device that allows several concurrent 

1. It eventually grants every request, and does not issue grants 

2. It lets only one process access the resource at any time 

3. It grants requests in the order that they were made (tkirst- 

A performance-related property of the arbiter is that it grant 
requests as quickly as possible. 



The arbitration problem is well-known in the algo- 
rithm (software) domain under the name “mutual 
exclusion.” Deterministic and probabilistic algorithms have 
been proposed for ths problem, for both shared-memory 
(centralized)’ and message-based (distributed)z systems. 
Also, several circuit realizations of arbiters-both 
~ynchronous~~~  and asynchronous5 designs-have been 
studied, and all have properties 1 and 2. However, to the 
author’s knowledge, an ideal arbiter that also has the 
FCFS property (3) has not been investigated in any depth. 

In this paper, we approach the analysis and design 
of ideal arbiters in a top down manner, using three levels of 
abstraction: behavioral specifications (expressed in tem- 
poral logic), discrete-time automata, and Boolean functions 
and circuits. 

First, the behavior of the arbiter desired by the 
users is specified precisely using the formalism of linear- 
time temporal logic. This specification says nothing about 
how to realize the arbiter. For the temporal specifications 
to be met, user processes must obey a simple protocol that 
consists of a single requirement: requests cannot be 
repeated until after they are granted. 

Next, we model the n-process arbiter by a finite- 

Figure 1. Processes 
P , ,  ..., P ,  share a 
resource R that is 
controlled by an arbi- 
ter A,. 

state, discrete-time automaton A,, whose input-output 
behavior is consistent with the high-level temporal specifi- 
cations. For this discrete-time (synchronous) model to be 
applicable, the users’ requests must be synchronized to the 
arbiter’s clock. This is a subtle problem6 that is not dealt 
with here. We show that A,  has about e n! states, no two 
of which are equivalent. About (e - 1) n! of these states 
are reachable from the automaton’s initial “empty” state, 
and all are strongly connected. The large number of 
densely interconnected states is some evidence that imple- 
menting A, as a single circuit may be difficult for large n. 

As a first step in investigating how to realize A,  
from smaller modules, we show that certain straightfor- 
ward modularizations are impossible simply because the 
number of states of A,  grows too fast with n. To modular- 
ize an n-input arbiter, for n = mM, we define a new 
automaton B ,  that coordinates M automata A ,  so that their 
behavior is identical to that of A,. 

Finally, we study the Boolean functions needed to 
implement the arbiter automaton from the viewpoint of 
reducing the complexity (number of gates needed), while 
maintaining high speed. We do not address the problem of 
implementing these functions in VLSI (very-large-scale 
integration). It is shown that A,  can be realized with com- 
plexity O(n210g n) and delay O(1og n), and that less than 
logarithmic delay cannot be practically achieved. It is also 
shown that, under some assumptions on the user behavior, 
the modular arbiter can be implemented with complexity of 
only O(n4’310g n) and delay again O(log n). 
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Specification of the Arblter System 
Figure 1 shows n user processes PI, . . . , P, that 

share a resource R through an arbiter A,. To communicate, 
the users and the arbiter exchange request and grant sig- 
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Panel 1 Temporal SpecHicatlonr for the Atbrter 
We assume that the reader is somewhat famtliar with 
temporal logic and use the following notation: 

I- 4 means that, if the system is properly initialized, 
then all its possible behaviors satisfy formula (have 
property) 4. 
A, v, 3, and-are the Boolean connectives and, ol; 

Initial conditions 
0 . k A Z  I 

Local specifications 
1. I- 0 (r: 3 0 g,, 

3. I- O(g30g,)  

4. I- O k p A @  

6. b O(VP130VgJ 

2. t. rlPg, A 0 (lgl 3 0 (r,pk?)) 

Global specifications 

I-: 

5. I- 0 (g 3 (r*Pr, ’g&N 

I I 

Protocol specification 
7. I- 0 (rl 3 0 (g,Pr,,) 

Auxiliary specifications 
AO. I- A E  
Al. k 0 ( t r ,  = tp, A tg, 

I 

Sp,) 

implies, and not, and = denotes equivalence (3 and C). 
0, 0, 0, and P are the temporal operators 
always, eventdy ,  mt, and precehs as defined in ref- 
erence 7. For example, rPg means that, if g is true at 
some instant t a 0 of discrete time, then r is true at 
some instant d s t, < t,.  ina all^, t x abbreviates 
T A  Ox, and lxabbreviatesx A OX. 

Responsivenessifairness 
No grants without requests 
Duration of grant 

Mutual exclusion 

First-come, first-served 
Speed of response 

Requests can’t be repeated until after granted 

pi: ri is “pending” 

nals r and g. When PI wants the resource, it signals its 
request on r,. When, some time later, A, signals on g, 
(grants the request), then PI can use R for one time unit 
without interference. 

For simplicity, we assume that R is always avail- 
able whenever the arbiter grants it to some user process. 
That is why there is no communication between R and A,  
in Figure 1. Whether this assumption is realistic depends 
on what the shared resource R is. 

femporai Specifications. At the highest level of 
abstraction, the arbiter in Figure 1 is specified by the 
behavior that the userprocesses see. This behavior is a set 
ofsequences of request (input) and grant (output) signals. 
To define precisely the input-output sequences that are 
acceptable to the users, we employ the formalism of 
linear-time tempmal logzc;7 see Panel 1. 

The initzal conditions, (0) in the panel, spec@ 
that, at t = 0, there are no grants in the system. In inter- 
preting the rest of the formulas, two things have to be kept 
in mind: 
I (7) and (3) mean that the request and grant signals are 

pulses, one time unit wide. 
I Except for (0) and (4), the temporal formulas express a 

user’s informal requirements correctly onb if the proto- 
col (7) is obeyed. (See reference 8, section 4.2 for 
details.) 

signal r, to the corresponding grant signal gi and express 
how a user views the arbiter. Formula (1) says that every 
request will eventually be granted, while (2) states that, 
conversely, there will be no grants without prior requests. 
Formula (3) simply says that a grant lasts one time unit. 

The local specifications in Panel 1 relate a request 



The global specifications in Panel 1 state relation- 
ships among all the r, and g,, thus expressing the viewpoint 
of a (hypothetical) global observer. Formula (4) says that 
only one grant can be true at any instant (mutual exclu- 
sion). Formula (5) requires that requests be granted in the 
order that they arrive: If r, precedes 5, then g, should 
occur before g. This precedence property should be tested 
only when g, is false. Formula (6) says that as long as there 
are pending requests, one should be satisfied at every 
(next) instant. To define what it means for 5 to be pend- 
ing, we use the auxiliary Boolean proposition pz (a signal 
not present in the real system), specified by formulas (AO) 
and (Al) in Panel 1. (Al) says that p ,  becomes true when r, 
does, remains true until g, becomes true, and then turns 
false. 

The protocol specifications are the constraints that 
user processes must meet if the arbiter’s behavior is to 
have properties (1) through (6). Formula (7) expresses our 
single protocol requirement: Once a request is made, it 
cannot be repeated until after it is granted. This require- 
ment has two effects. First, it limits the number of 
requests that the arbiter has to remember. Second, it 
makes possible an unambiguous one-to-one correspond- 
ence between r, and g,. 

assumptions: 

These assumptions are too unrealistic for some applica- 
tions, but are sound if R is, for example, a high-speed bus 
(this application is discussed in reference 3. ) 

Arbiter protocols of greater logical complexity 
have been proposed. For example, the resource granter pro- 
tocol that Manna and Pnueli describe (reference 7, 
sections 4.2 and 4.3) allows a process to use R for any 
number of time units. Bochmanng uses an even more com- 
plicated four-cyk sigrzaling protocol originated by Seitz. 
Besides including the possibility that R may not be “ready,” 
this protocol also provides a phase for preliminary transfer 
of information from the selected user to R. Additional 
complexity in Seitz’s protocol results because it is meant 

Our very simple protocol is based on two 

The shared resource R is always available. 
Every process uses R for a single time unit. 

for an asynchronous arbiter. 
Our protocol imposes light constraints on the 

behavior of a user process. For example, it is perfectly 
allowable for Pi to request R, wait a while, “become 
bored,” and then do something else; g, may occur then and 
be ignored. Another possibility is: After P, is granted R, it 
may use R for more than a single time unit and may even 
never want to release it. The arbiter does nothing to pre- 
vent such behavior or guard against its consequences. 

In the next section, we define a finite-state 
automaton A, that precisely specifies the behavior of a syn- 
chronous n-process arbiter. This automaton is a 
specification that is equivalent to that of Panel 1, but at a 
lower level of abstraction. It is shown in reference 8 that, if 
the protocol (7) is obeyed, the automatonA, makes the 
system in Figure 1 behave according to the high-level tem- 
poral specifications. 

The Arbiter Automaton 

defined by a finite-state automaton A,. Let &, be the set of 
states of A,. At any moment, the automaton is in a state 
that corresponds to some permutation of some subset of 
(1, ..., n}. The state specifies which processes have 
requested service, and in what order the requests were 
made. [That storing up to n requests is adequate is a result 
of the protocol property (7) in Panel 1.1 Thus, the number 
of states of A, is 

81 
The behavior of the n-process arbiter can be 

“ 1  I&, I  = k = O  2 ( $ k !  = n ! x  k = O  - = n ! e  k 

if n is moderately large. 
state! mnsitions. If q(t), dt), and g(t) are the state, 

input, and output of A, at (discrete) time t, then the next- 
state map 6 and the output map A will be such that 

An automaton with such an output map is known as a state- 



output automaton. As we wdl see later, definingA, as a 
state-output automaton makes its implementation easier. 

maps of A,,  we use the following notation: 
i,, iz, . . . , ik and jl., j z ,  . . . , j ,  denote distinct elements of 
1, ..., n (process identifiers). Further, Cj‘,, ..., j ’ ,} is 
j , ,  . . . , j ,  arranged in zncreasing order. 
The state ofA, is either @ or i, ... i,, for some k d n. 
State @ means that there are no pending requests for 
the resource, while state i, ik means that processes 
P,,, . . . , P,,-in that order-have requested the 
resource. 
The input to A,  is an element of (0, lp. For conve- 
nience, we use 0 to denote the all-zero input and 

. - -  5, for the input that has 1s in positions j ,  , ..., j,, 
w t h  1 6 n. Input 0 means that nobody is requesting the 
resource, while input 5,  ... r], means that processes 
P 1, . . . , PI, simultaneously request the resource. 
Finally, the output of A ,  is either 0 (nobody is granted 
the resource) or g, (P, is granted the resource). 

To define the next-state and output 
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Panel 2 uses this notation to define the next-state 
and output maps of A,. Note that the automaton is only 
partially &fined: The constraint on what inputs apply to a 
state reflects that A,  is designed to operate under the pro- 
tocol specification (7) in Panel 1. [To be precise, that 
i,, . . . , ik are distinct is also a result of this protocol prop- 
erty. Also, one could design a more robust automaton by 
specifymg what happens if {i,, ..., i,} n bl, ..., j , }  
# @ o r 1  > n - k.  

ous requests: It gives priority to those from lower- 
numbered processes, something that is not required by the 
specifications in Panel 1. To clarify the operation of A,  
even further, Figure 2 shows the state diagram of A,. 
Some sequences of state transitions in this diagram are 
prohibited by the protocol specification in Panel 1. 

Minimailty of A,. One question arises naturally: Is 
the specification of A ,  in Panel 2 minimal (i.e., does it have 
the least possible number of states)? The structure of A,  is 

Note how the next-state map 6 treats simultane- 

Panel 2: The automaton A, 

Constraints 

i,, ..., ik andj,, ..., j l  are distinct, 0 S k + 1 S n, 
and {Zl, ..., t k  n il, ..., = @. 

Next-state map 8 
8(@, 0) = @ 

8(@, 5l 
is (jl, . . . , j,} inincreasing order 

8(i, -.- ik, 0) = i2 ... ik, o r @ i f k  = 1 

5,) = f l  -.. j’,, where (j’,, ..., itl} 

8(i, - - -  ik, 5, *.. ql) = i2 .*. 2, 1 J .I -..i’, 

Output map A 

A(@) = O A(i1 ”’ ik) = g,1 

such that we can easily prove that the automaton is mini- 
mal. Indeed, if A,[q] is the input-output behavior of A,  
when started in state q, then one can easily see from 
Panel 2 that the null input 0 has the property 

vq, q t E  Q,, A,[ql(O+)#A,[q’l(O+) 

This property says that no two states of A,  are equivalent 
(O+ is any finite sequence of zeros). 

contains about e n! states. It turns out that about 60 per- 
cent of these states are reachable from the initial state @ 
of A,. More precisely, if Qi C Q, is the set of states of A,  
that are reachable from 0, then 

The Reachable states of A,. We saw earlier that Q, 

Theorem 1 
I Q: 1 = 19, 1 - (n! - l ) . F o r n > 5 ,  
I Qi I = (e - l )n!  . 

We will use this theorem to prove some statements about 
realizations of A,  from smaller modules. The proof pro- 
vides considerable insight into the operation of A,, but 
there is no space for it here (see reference 8, section 3.3). 
We have shown that all states in Q i  = Q, 



. .  
- {i, ... z, 1 2 ,  ... i,Z 1 -.. n} are reachable from 8. 
Because 8 is reachable from any state, the set Q: is 
strongly connected. 

Problems with Modular Realizations. The number of 
states of A, grows very fast with n, and its reachable 
states form a strongly connected graph. These facts are 
evidence that the complexity of a circuit to realize A,  may 
be impractically high for large n. Because one can always 
use more time to save space, this statement applies to 
implementations that must be as fast as possible. As will 
be seen later, if speed is not important, the automaton A,, 
can be easily realized using some RAM (random access 
memory) and a simple arithmetic-logic unit. Sometimes, 
realizations from smaller modules (Figure 3) can save 
space without adding much time. 

A reasonable first step is to investigate modular 
realizations of A, that meet the following restriction: All 
modules are smaller arbiters chosen from the set 
{A2, . . . , A, - or arbitrary combinational logic modules 
(one-state automata). 

Figure 2. The state 
diagram of A,. (The 
output at a state is 
the first element of 
that state.) 

Let n be evenly divisible by m; i. e., 
n = mM. We will consider a subclass of the 
above class of realizations defined, for 2 G m 
d nl2, as follows: An m-modular realization of 
A, is an arbitary interconnection of MA,, one 
A,, and arbitary combinational logic modules 
that defines a state-output automation equiva- 
lent to A,. 

lar realizations of A, are impossible for any m. 
This is done by showing that the number of 
states of A, is greater than the number of states 
of the supposed modular realization. This 

would not constitute an impossibility proof if A, were not 
minimal, but we showed earlier that it is minimal. The fol- 
lowing theorem is proved in reference 8: 

Theorem 2 
If n b 7, then for any 2 d m d n/2, 

We will show that, for n 2 7, m-modu- 
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I Q: I > I QM I I 9: l M *  
The theorem says that straightforward minimal modulari- 
zations of the arbiter automaton are impossible, which 
points out the desirability of a non-minimal modularization. 
(The realization of A, by Aml, . . . , A,,.and A, is “minimal” 
if m, + m, + .-- + mk = n. As defined, an m-modular 
realization is minimal.) 

Theorem 2 is based on the fact that I Q: I grows 
very fast with n. Another way to prove that a proposed 
modular realization is not possible is to show that the 
resulting automaton violates some specification in Panel 1. 
A good candidate is the precedence requirement (5). How- 
ever, such a proof may require knowing the combinational 
logic modules used in the realization. 



Figure 3. Modular 
reallzation of An. 

From reading this section, it appears that the 
automaton A,  describes the arbiter as precisely, and in a 
more intuitively satisfylng way than the temporal formulas. 
Why then bother with the temporal specifications at all? 

These specifications are useful precisely because 
they are at a higher level of abstraction than A,. For exam- 
ple, they leave open the question: Is there an automaton 
other than A ,  with the same external behavior? The 
answer is yes, but we have not attempted to investigate this 
issue. Besides raising questions, the temporal specifica- 
tions also provide some answers. For example, it is 
possible to show rigorously that there is no one-state 
automaton (combinational circuit) with the desired tem- 
poral properties. 
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Modular Realization of the Arbiter Automaton 

Am,2,  ..., Aln,,, what do we need to add to make an arbiter 
A ,  that can handle n = mM processes? After the consid- 
erations of the previous section on simply adding an M- 
input arbiter A,, some thought shows that the difficulty in 
partitioning A,  into smaller modules lies in satisfymg the 
arbiter’s first-come, first-served property. The scheme to 
be described accomplishes a correct modularization by 

A trivial modification of the automaton A,, that results 

The addition to A’, , , ,  ..., A’, , ,  of a module B, that is 
more complex than A,. 

Given M identical m-input arbiter modules Am,l,  

hA’, 

General Scheme. Suppose we want to build an A, 
that uses several A,, where m 3 2. Letting M = n/m, we 
will use MA,-denotedA,,,, Am,2, . . . , A,.,-and an 

additional module called B,; see Figure 3. For simplicity, 
we will assume that n is always exactly divisible by m. 

The first-level automata A,,, communicate with 
the level-2 automaton B, through signals d, and el. The 
addition of the output d and the input e to A ,  results in the 
slightly modified automaton A ’, described later. 

Signal d, to B, says that A’,,, has just received d, 
requests for service. The “reply” el from B, means that 
A’,,, may grant a pending request. The function of B, is to 
ensure that, if a request r, arrives at 
other request rk arrives atA’m,12, thenA’,,,, grants r, 
before grants r,. To do this, B, enables the level-1 
automata at the appropriate times. A little thought shows 
that if B, were simply A,, this function would not be per- 
formed correctly. 

Algorithm a (Panel 3) describes more precisely, 
although informally, how the system of Figure 3 works. 
The basic idea is that B, maintains a queue of pairs of the 
form (i, d) ,  where i identifies a level-1 module, and d, is 
the number of requests received by that module at some 
past instant. This queue is the state of B,. 

Notice that B, behaves like an automaton A,, 
except it has a two-part state. To understand the system 
better, consider the case where, at some instant t, the 
queue of B, contains (3, c,) (1, c,) (7, c,) (1, c’,). Indepen- 
dently of what inputs arrive at the level-1 modules for time 
3 t, A’,,, will be enabled for c, time units after t. A’+ 
will be enabled next for c, time units, and A’,,, after it for 
c, time units. Finally, A ’,, , will be enabled agam for c’, 
time units. So, we can thmk of the output d, of A’,,, as a 
request to be enabled for duration d,. 

before some 



Panel 3: Algorithm a 

0. Initially, all level-1 modules are in state @, and B, 
is in state (0, 0). 

1. Every level-1 module reads its input rjl ..- rj,, 
modifies its state by appendingj, . . - j ,  to it, and 
sends the signal di = 1 to B, 

2. B,  modifies its current state by adding to its queue 
the nonzero requests di of the level-1 modules. It 
then looks at the first element (j, cj) of the queue, 
enables A’,,j by signaling ej, and decrements ci. If 
the result is 0, then (j, 0) is removed from the 
queue. 

3. The (unique) enabled level-1 automaton A’ , j  gen- 
erates its output g and completes the move to its 
next state as specified in Panel 2. 

The following issues arise about algorithm a: 
Prove that the algorithm is correct; i. e., prove that the 
automaton a, it defines (after some details are speci- 
fied) behaves exactly l i e  A,. The proof of this may be 
found in reference 8. 
Formally spec@ the automaton A’,. This is easy (see 
the next section). 

= Formally spec@ the level-2 automaton B,. In particular, 
put a bound on the number of its states (maximum 
queue length). Clearly, the length of the queue main- 
tained by B, can never exceed n as there are only n 
processes in the system, and the protocol specifications 
in Panel 1 forbid repeated requests. We will see that a 
queue length of N = n - 1 is sufficient (and also 
necessary). 

me Level-1 Automaton A ’ ~ .  The external behavior of 
A’,  is identical to that of A,. Internally, however, its next- 
state map 6 operates in two phases according to the input e,  
and there is an additional component h’ of the output map 
that depends only on the input and produces d. The map 6 
of A‘ ,  is defined as the composition S;6, of two compo- 
nent maps 6, and 6,. The map 6, is active when e = 0 

(phase 1 of algorithm a) and performs an “append” func- 
tion. The map 6, is active when e = 1 and performs a 
“shift” function (phase 3 of a). 

In Panel 4, which defines the automaton A ’m, we 
use the notation introduced in Panel 2. Notice the conven- 
tion that, if p = 0, then i ,  - - .  z,, 2, - - .  ir, andj‘, e e - j ’ ,  

are all @, while r,, 5,  is zero. 

B,, we use notation analogous to that for A,: 

. .  

The ~evel-2 Automaton B,. To describe the automaton 

The state of B, consists of two parts and is denoted 
( 2 ,  ..- i,, c, 
fiers (not necessarily distinct elements of (1, . . . , M)), 
and c,, ..., c, are request counts (in (1, ..., m}). The 
first part of the state may be 0, and the second may be 
zero. 
The input to B, is either zero (no level-1 automaton is 
requesting service), or d,, 1.. d,. In this case, automata 
A >,, . . . , A’ ,, are simultaneousl) requesting service of 
duration d,,, . . . , d],, respectively. (By knows which 
level-1 automata are requesting service, because Arm,  , 
is connected to dli A’ ,  , is connected to d,; etc.) 
The output of B, is either zero (no level-1 automaton is 
enabled), or e, (automaton A‘,,, is enabled). 

Panel 5 defines the next-state and output maps of 

c,). i , ,  ..., i, are level-1 automaton identi- 
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B,, using this notation. It also uses the convention that 
i, c, = 0, if k = 1. Notice that the 
next-state map 6 of B, is divided into components 6, 
and 6,. 

and input into the i-part of the state. (6, also depends on c, 
of the state. To simplify the notation, we have made the 
action of 6, conditional on the value of cl.) The counter 
part 6, maps the c-part of the state and input into the 
c-part of the state. 

Finally, B, is a state-output automaton like A,,  
and its output map h depends only on the c-part of the 
state. 

Bounds on Number of Reachable States. The implemen- 
tation of the level-2 automaton B, that was described 
earlier used a queue of length N < n (n  was evidently suf- 
ficient). Theorem 3, proved in reference 8, shows that 

i, = @ and c, 

The identifierpart 6, maps the z-part of the state 



All reachable states of B, have no more than n - 1 ele- 
ments, so a queue length of n - 1 is adequate. 
Under certain conditions, some states with n - 1 ele- 
ments are indeed reachable, so a queue length of n - 1 
is also necessary. 

Theorem 3 
All states of B, that are reachable from the initial state 
(@, 0) have at most n - 1 elements, and there is at 
least one state with n - 1 elements that is reachable 
from (0, 0). 

As we will see later, this theorem unfortunately 
implies that it takes about as many logic gates to imple- 
ment B, as it takes to implement A ’,. This means that the 
modular realization doesn’t save us anything! However, 
suppose that the users’ behavior is such that, with high 
probability, the queue length N of B, does not exceed 
cM1 +‘, where c and E are some constants. Then, we will 
show that the modular automaton a, can be realized at 
much lower cost than A,,. As long as the queue of B, never 
overflows, this automaton will remain equivalent to A,. 
That is, the modular realization of the arbiter will behave 
just like a “monolithic” one. 
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Implementing a Level-1 Module 

upper bounds to the size and speed of an implementation of 
the automaton A’,,,. We interpret “size” in the gate-count 
sense, and not in the (less fundamental) layout-area sense 
used in VLSI. 

Let C(A’,,,) be the minimum possible number of 
logic gates needed to implement A’,,,, and let D(A ’,,,) be 
the speed of the fastest possible circuit that realizes A’,,,. 
We will call C(A ’,,,) the complexity and D(A ’,) the delay of 
A’,,,. We will show by construction that C(A,) 
G O(m210g m), while DM’,,,) 6 O(log m). We will also 
show that our bound on the delay is the best possible. 

As mentioned earlier, our implementation will be 
synchronous, which requires that the inputs rl, . . . , r,,, to 

Here we find fairly abstract (but constructive) 

Panel 4: The automaton A‘, 
Constraints 

As in Panel 2 

Next-state map 6 = 6;6, 

6& ... ik, rjl .-- 5,) = i, 

6Ji1 ... 2,) = iz - * *  2, 

Output map 

ik j l l  . . . j ’ ,  

A‘,,, be synchronized with the automaton’s clock. The syn- 
chronization problem is subtle and not dealt with here. 
Suffice it to say that, under very mild constraints, a relia- 
ble synchronizer (perfectly bistable device) is known to be 
theoretically impossible. Techniques for achieving reliable 
synchronization in practice are analyzed in reference 10. 

Besides assuming that the inputs to A,,, are already 
synchronized, we will also ignore certain other practical 
issues when describing our implementation, notably fan-out 
limitations of logic elements. 

Complexity and Delay. The complexity of an m-input, 
n-output Boolean function + is the minimum number of 
gates needed to construct a circuit that computes +. The 
gates are selected from a set of gates called a basis. We 
will generally use the basis (AND, OR, NOT XOR}. The 
delay of + is that of the fastest circuit that realizes +. If 
the basis is changed, the complexity and delay may 
change. (For details on these concepts, see reference 11.) 

We will use the following notation: 
AND, will denote an n-input AND gate, and OR,, an n- 
input OR gate, while fwill indicate the fan-in of the 
gates in the basis. Fan-out limitations will be ignored. 
“lg” indicates a base-2 logarithm, and “Lg” is the ceiling 
of lg. Also, Log, is the ceiling of log,. 

For the gate complexities, we will assume that 



Panel 5: Next-State and Output Maps of Automaton B, 

“Identifier” map 6, 

ti,(@, 0) = @ 

“Counter” map 6, 

from AND,. The function TO depends on the 
technology used: 

plexity and delay of an n-to-B decoder built 
with gates of fan-infare 

6,(0, 0) = 0 

6,(0, djl ... d , )  = .*. di., 
where E = 2cf+ 1)Tn(l-lfl. 

A’,  will be based on an m-stage queue 9. 
(There is no relationship between this Q and 

Use of a Queue. Our implementation of 
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the Qs that denote state sets in preceding 
sections.) 

The use of the queue is strongly sug- 
gested by the form of the next-state map 6 of 
the automaton and has the following 
advantages: 

The dependence of 6 on the present state 
is greatly reduced. 
Given the queue Q, the component 6, of 6 
can be implemented at little additional 
cost. 

C W D , )  = C(OR,) = an, CyrOR,) = 4a The state-assignment (state encoding) problem for the 
automaton disappears. 
Almost no logic is needed to realize the output map X of 

= The cwrectness of the entire implementation needs little 

Each stage of the queue Q holds a number 

These assumptions are appropriate for MOS (metal-oxide- 
semiconductor) technology and probably conservative for 
bipolar technology. 

For the gate delays, we will assume that 

Aim. 
argument. 

E (0, 1, ..., m}. Ifthe number is zero, the stage is consid- 
ered to be empty; otherwise, it is full. The queue may be 
either decoded (a stage consists of m flip-flops) or encoded 

= D(oRf) = “’ 
D(AND,;f) = D(OR,;f) = ~ c f ) L o g ~  n 

D(XOR2) = 2T(2) 

[only Lg(m + 1) fligflops are needed]: 
where D(AND,;f, is the delay of an AND, that is built Theorem 1 says that, when m is large, at least 



(m + %)lgm - mild2 flip-flops are needed; in this sense, 
the encoded queue is asymptotically optimal. 

Realization of the map 6,. The map 6, has compo- 
nents ql, ..., qk, ..., q,, where qk controls the kth stage of 
the queue. Component qk is a function of r = (rl, ..., r,) 
and of p, E (0, 1, ..., m, which marks the lastfull stage of 
the queue immediately after the last shift by 6,. 

Proceeding top-down, we note that the function 
qk(r, p,) takes the value i E (1, . . . , m} if and only if ri = 1 
and one of the following conditions holds: 

p, = 0, and (rl, ..., rlPl) contains k - 1 ones 
p, = 1, and (rl, ..., r,- 1) contains k - 1 ones 

ps = k - 1, and (rl, ..., r,- 1) contains 0 ones 

If none of these conditions is true, then qk(r, p,) = 0. 

number of 1s in the vector (rl, ..., r,>. Then, 

(2) 

Now, let the function cI(rl, ..., r,> compute the 
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k - 1  

qk(r,p,) = * = 1) A V (P, = i) 
1 = 0  

A(c,-l = k - j  - 1) (3) 

We would like to find out if 6, can be realized more 
where A and V denote logical AND and logical OR. 

economically with a decoded queue or with an encoded 
queue. If the queue is decoded, qk consists of m subfunc- 
tions that are easily synthesized from equation (3). As 
shown in reference 8, this leads to the estimate 
C(6,) = O(m3). Intuitively, using an encoded queue should 
result in a less complex (but maybe not faster) realization 
of 6,. Unfortunately, it is not clear how to synthesize the 
Lg(m + 1) components of qk based on equation (3) when 
the queue is encoded. 

To resolve the difficulty, we retrace some of our 
steps, to discover that qk(r, p,) = i if and only if r, = 1 
and 

the number of 1s in (rl, . . . , r, - 1) 

plus p, equals k - 1 (4) 

This condition, which is equivalent to equation (2) and 
more useful, is easy to see when one thinks of the map 6, 
as a switching network of the connection type (see, for 
example, reference 12). But it seems difficult to arrive at 
equation (4) by proceeding in a strictly top-down fashion. 
Using the counting functions ci, we now have 

which says that 6, maps input i to output k if and only if 
the sum of the marker p, and the number of 1s in r,,. . . . , 
ri-.l is k - 1. The shift to the connection-network mew- 
pomt seems crucial, because now the realization of 6, 
using either type of queue is straightfornard and, clearly, 
the encoded queue leads to a more economical realization. 

each stage of the queue can contain a number that ranges 
from zero to m, it must consist of Lg(m + 1) flip-flops. 
The whole queue is then an m x Lg(m + 1) array of flip- 
flops. By choosing R - S flip-flops, the “shifting” map 6, 
is trivially realized by the logic shown in Figure 4. Note 
that the logic is such that the “append” operation can write 
only 1s into a flip-flop. 

we find that 

Implementation of the Queue and Map 6,. Because 

IfC(R - S ff) s 4a and D(R - S ff) G 2~(2) ,  

where C(MJ is given by equation (22). 
~aailed Realization of 6,. By what was said in the 

two preceding subsections, the mapping performed by 6, 
can be realized as follows. First, the functions cl(rl), . .. , 
c,- l(r,, ..., rm-l) are computed. Then, a set of m adders 
is used to compute 

= c k - 1  + c1.s + (7) 

for k = 1, ..., m; fork = 1, define c, to be zero. The uk 



Figure 4. Element qb 
of the queue 9. 

I S  

Stage k, element j 
(i = 1, . . . I  Lg(m + 1)) 

are then used as addresses for an m-input, m-output switch 
with Lg(m + 1) bit-wide paths, which produces q,, . . . , 
q,. Finally, the value c,is added to ks to produce the 
marker p,, which identlfies the last full stage of the queue 
immediately after 6, does the “append” operation. This 
architecture, augmented by a few details, can be seen in 
Figure 5. 

detail. 

switch. Its function is defined by 

We now describe some parts of Figure 5 in more 

The block R. This block provides the data to the 

0, ifr, = 0 
R , =  { the binary representation of i, if r, Z 0 

Each Ri  is implemented by Lgm AND+, so 

C(R) d BamLgm, D(R) d ~ ( 2 )  (8) 

The switch s. The switch Sm,m,Lg(m+ ,) consists of 
Lg(m + 1) identical copies of an m x m  switch S,,,,,. If 
x,, ..., x, andy,, ..., y, are the inputs and outputs of 
S,,,,,, ths switch can realize any single-ualued mapping 
from x,,  . . . , x, to y,, . . . , y,. The mapping is specified by 
the Lgm-bit addresses a,, . . . , a,; and a,. specifies they to 
which x, is mapped. Figure 6 shows the mplementation 
Of s3,3,1’ 

Because S,,,,, can be built with m2AND,s and 
m OR,s 

C(Sm,m,Lg(m+,)) 3am2Lg(m + 11, 

(’) 89 D(Sm.m.Lg(m+ 1) ) 6 ~ c f )  Log,m + ~ ( 2 )  

The block D of mLg(m + l)-to-2Lg(m + l) decoders is char- 
acterized by [recall equation (113 

C(D) d m2Lg(m+1)(1 + ~)af, 
D(D) d ~(jl Log,Lg(m + 1) + ~ ( 2 )  (10) 

m block c,. If the function c,(r,, . . . , r,) counts the 
number of 1s in r,, . . . , r,, then the function C, computes 
the cumulative number of 1s in r,, . . . , r,. C, is defined as 
(cl(rl), c2(rl, r2), . . . , cm(rl, . . . , r,)). From what was said 
earlier, the function A’ is identical to c,. 

The realization of the system of functions C, is 
based on a realization of the function c,, as Figure 7 shows 
(partially) for m = 16. c, itself is realized iteratively, 
based on the following idea: If m is even, to count the num- 
ber of 1s in r,, ..., r,, count the number of 1s in r,, ..., 
r,,,,, and in r,,, ,, . . . , r,, and add the results (see refer- 
ence 11, section 3.1.1). 

In implementing c,, it is convenient to assume 
that m is a power of two. If it isn’t, we will build a circuit 
that realizes c, for the next higher power of two and use it 
by setting the excess inputs to zero. 
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Figure 5. The level-1 automaton A’n,. 

The basic component of the implementation is an 
adder a,,,,,+ with two k-bit inputs and a (k  + 1)-bit out- 
put. If we let L abbreviate Lgm, we observe that c, is 
realized by an L-level tree of adders that has Z L  ~ adders 
ak,k,k + at level k.  Consequently, 

Clearly, this tree for c, also realizes all functions ck with k 
a power of two and G ZL. Any other c, with even index- 

i.e., c,,-is constructed inductively, by adding two of the 
already constructed c,, c,, ..., c,(, - l ) .  Thus, we can see 
that: 

To realize all functions c,, where .!? is an even number, 
not a power of two, and < Z L - l ,  we need 

All these functions depend only on rl, . . . , r,,, and lie in 
the left half of the tree in Figure 7. Suppose that we 
also realize exactly the same functions, but the inputs 
now are r,,2 + 1 ,  . . . , r,. The complexity of the realization 



is again given by equation (12). Given these auxiliary 
functions, 
To realize all functions c,, where C is an even number, 
not a power of two, and between ZL - and ZL,  we need 

(one adder per ct; and one input of all these adders is 
c,L - l ) .  Finally, to realize cs with odd indexes, notice 
that c2,+ can be obtained by using a copy of the adder 
that forms c,, (i. e., an adder with the same inputs) and 
setting its carry-in to rzr + 1. Thus, c2,+ is formed at the 
same level as Figure 7 with c2,. Consequently, 
To realize all functions c2,+ we need 

(14) 

(The first sum corresponds to the even numbers that 
are powers of two d ZL - l.) 

We conclude from the above that 

C(C,) d (11) + 2-(12) + (13) + (14) (15) 

Figure 6. The switch S, 3 ,  and associated decoders. 

We will implement ak,k,k + as a k-stage serial adder, and 
each stage will be the full adder al,l,2 shown in Figure 8. 
(See the remark at the end of this section.) 

adder are 
As stated earlier, the complexity and delay of this 

C(C,) d 28~1 ZLgm (- Lgm + 1) 

] (17) 

1 :  
- (Lgm)2 - ZLgm + 1) 

The delay of C, does not exceed that of c,. It can 
be shown that the zth sum digit and zth carry digit of an 
adder at level k of the tree that realizes c, are produced at 
times 
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92 Figure 7. The functions of C,, with even indexes. 

t(s,) = kds + id,, 
t(c,) = ( k  - l)d, + ( 2  + l)d, (18) 

for z = 0, ..., k - 1. We can derive equation (18) by dou- 
ble induction on k and i based on the fact that 

where t, is the time at which the zth pair of input bits is 
available. From equation (16), d, > d,, so 

Remark on parallel adders. Using Some type Of pard- 
lel (cany-lookahead) adder to realize c, does not seem to 
help reduce the delay. If all inputs to ak,k.k + , arrive simulta- 
neously, a parallel realization is certainly faster than a 
serial one. But suppose the inputs are (an, ..., ak- l )  and 

(b,, ..., 6,- l); and a,, 6, arrive at time to; a,, b, arrive at 
t,; ...; etc. Then, it can be shown that there exist 
(in, t,, . . . , tkp !) such that (at least a straightforward) paral- 
lel realization is slower than the serial one. 

The blocks a and M .  The adder block a in Figure 5 
produces the functions a,, . . . , a, defined by equation (7). 
The largest adder is aLgm + 1, Lgm + ,, Lgm + 2,  needed for a, 
(however, only Lgm bits of its output are used). So, 

Block M in Figure &which consists of a register, an 
adder, and a decrementer-realizes the function p whose 
value E (0, 1, . . . , m} indicates the last full stage of the 
queue. The adder that produces pa = ps + c, is a 
Lg(m + 1)-stage ripple adder with delay d,. The decre- 
menter A is implemented in a parallel fashion, and we 
state without proof that 



C(A) d - (Lg(m + 1))2 + 9Lg(m + 1) OL [: 1 
D(A;f> d TO Log,Lg(m + 1) + 3 ~ ( 2 )  

We will take the block M to consist of the subblocks M, 
and M, that are considered parts of 6, and 6,, respectively. 
Thus, 

C(M,) G 32aLg(m + 1) , C(M,J d C(A) (23) 

D(M,) d d, + 27(2), D(MJ S D(A;f) + 27(2) (24) 

where the 27(2) is the delay of the register that holds p.,. 
Complexity and Delay of A’,,,. Clearly, c(A ’,) 

d C(6,,hr) + C(Q,6,) + C(X), where from Figure 5, 

The right-hand side can be computed from equations (17), 
(21), (lo), (9), (8), and (23). C(Q,S,) is given by equation 
(6), and C(X) = C(dec(Lg(m + 1))). We thus find that 

C(A’,) G (3m21gm + (3 + 2(1+ e)f)m2 
+ 113mlgm + (197 + 2(1+ e)f)m 
- 2 1 . 5 ( l g ~ ~ ) ~  - 21gm + 75.5) cx (25) 

where we used Lg(m + 1) d lgm + 1. Concerning the 
delay of Arm,  we observe that D(A ’,) s D(6,) + D(6,) + D(X), where 

We can find D(6,) from equations (20), (22), (lo), (9), and 
(6); D@,) from equations (6) and (22); and D(h) from 

equation (1). I f f a  4 to simplify equation (16), we finally 
find 

Comments on the Realization of A’,. The complexities 
of the switch S and associated decoders D are dominant in 
our implementation of A ‘,. Perhaps, these complexities 
could be reduced by using a cheaper switching network’, to 
realize the “append” operation that 6, performs, but most 
probably at the expense of additional delay. 

What dominates the delay of our implementation 
is the delay of block C,, which, in turn, can be no less than 
the delay of the 1-counting function c,. This function has 
many interesting properties; among them is that it provides 
the basis for the economical realization of any symmetric 
Boolean function (see reference 11, section 3.1.2). Clearly, 
the least-sigmficant bit of c, is Y ,  G3 ... G3 r,, which is the 
parib function on rl ,  . . . , r,. It follows from Savage’s 
Theorems 3.3.1.3 and 2.3.311 that 
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Lemma 1 
Over the basis {AND,, OR,, N O n ,  c,  cannot be real- 
ized With delay less than or equal to 27(2)lgm. 

But if gates of unbounded fan-in are available, any 
Boolean function can be realized in two levels of logic 
(excluding inversions). c, is “bad” in that respect, because 
by Theorem 2.1.2 on the parity functionll 

Lemma 2 
Even with unlimited fan-in, to realize c, with depth two 
requires a number of gates that are exponential in m. 

From Furst, Saxe, and Sipser’s results13 on the 
parity function, it also follows that if we try to realize c, 
with depth equal to any constant d > 2, then 



Figure 8. The adder qlr2. 
Lemma 3 

If p(m) is any polynomial in m, then there is an m* that 
depends on ( ) and d, such that, for m 2 m*, the num- 
ber of gates required to realize c, with depth d, even 
with unlimited fan-in, exceeds pfm). 

Chandra, Stockmeyer, and Vishkin14 have studied 
reducibility properties of Boolean functions when unlimited 
fan-in is available. They show that realizing c, in constant 
depth is, in a certain sense, as hard as doing the same for 
multiplication, sorting, the threshold functions, and multi- 
ple addition. 

delay of A ’,. 

94 

The following theorem states our results on the 

Theorem 4 
With fixed fan-inf, the next-state map 6 of the automa- 
ton A’,  has delay D(6) > log, m + log, lgm. Even with 
unlimited fan-in, if 6 is represented by m Boolean func- 
tions with Lg(m + 1) outputs each, it is impossible to 
realize 6 with both constant delay and complexity poly- 
nomial in m. 

Proof 

assume anything about how 6 is realized, or even about 
how it is encoded in binary (the state assignment ofA’,). 
Let 6 , ,  denote 6, when the automaton’s state is fixed to 
be 0. From an earlier comment, when m is large, this map 
is 6 , ,  : {O,l}, -+ {O,l}‘ml~l. That is, it consists of at least 
mlgm functions. From Theorems 2.4.1.1 and 2.4.4.211 

Fixed Fun-In. The subtlety here is that we cannot 

over any basis of fan-inf, C(S,,,) 2 (mlgm - 1) + (m - l)/(f - 1)). The result then follows from Theo- 
rem 2.3.3. l1  [7(2) or T does not appear here because 
Savage assumes that all gates of the basis have delay one.] 

Unlimited Fun-Zn. Here we use the “hardness” 
results of Lemmas 2 and 3 for c,. We will show that, if the 
component 6 , ,  of 6 can be realized with constant delay 
and polynomial complexity, so can the counting function c,. 
However, to reduce the Boolean function c, to the abstract 
function 6=,,, we need to assume something about how the 
automaton’s states are encoded in binary. (It may be possi- 
ble to weaken the particular assumption that follows.) 

. . . , $,, with 
$k : {O,l}, - {O,l}Lg(m + l).  Then the +k depend only on 
rl, ..., r,, just as c, does. By using one OR,, for each +, 
we get the unary representation of the number of 1s in 
rl,. . . . , r,; i.e., a string of c, 1s followed by 0s. To convert 
this to the binary representation, we first detect the tran- 
sition in the string from a 1 to a 0 using m - 1 XOR,s, 
and then use an (m - 1)-to-Lgm encoder. With unbounded 
fan-in, this encoder can be built in two levels and with 
complexity O(mLgm). Thus, with unlimited fan-in, c, can 
be obtained from 6, ,  with depth four greater than that of 
ti,,,, and polynomial complexity. 

So let 6 , ,  be the set of functions 

Complexity of a Level-2 Module 
A level-2 module (the automaton B,) will be 

implemented along the lines of the previous section. We do 
not describe the implementation in detail, but use the 
results of the previous section to estimate the complexity 
of the realization closely enough to use in the sequel. 

The memory of B, is structured as two queues Q, 



and Qc, both of length N .  Q, holds identifiers of level-1 
modules and is controlled by 6,, while Q, holds the corre- 
sponding service-duration counts and is controlled by 6,. 
The first stage of Qc is a count-down counter (decremen- 
ter) with range 0 to m. From equation (6), the complexity 
of the two queues is about 

1 3 d ( L g ( M  + 1) + Lg(m + 1)) 

6, and 6, operate in the same way. They can both be real- 
ized using a “1s counting” block C,, a block of N adders 

decoders &c(Lg(N+ 1)). From equations (17), (21), (9), 
and (lo), the required complexity is about 

%g,v + i.Lg,v + i.Lg,v + 2.7 a switch SN,N,Lg, + 1) + Lg(m + and N 

[W2(Lg(m + 1) + Lg(M + 1)) + 2fN2 + 28NLgN + 7OMLgMla 

Using M = n/m to simplify Lg(m + 1) + Lg(M + l), an 
estimate of the complexity of B, is 

C(B,) I- (W21gn + 2 v  + 3)N2 + 28NlgN 
+ 13Nlgn + 70MlgM)a (27) 

This shows that, i f N  = n - 1, there is no advantage to 
the modular realization because C(B,,,) is O(n21gn), which 
is the same as Cg’ , ) .  Clearly, the delay of B, is 

D(B,) = O(LgM + log# (28) 

Modular Design of Large Arbiters 
The complexity of an arbiter that is constructed 

from M = n/m level-1 modules A’,  and one level-2 module 
B, is MC(A‘,) + C(B,). Assume that the queues of B, 
are limited to length N = cM, where c is a constant. If a, 
denotes the modular arbiter, then, from equations (25) and 
(27), its complexity is 

where 5 means “asymptotically 6.” For a given n, we 
want to select m to minimize C(a,). If we treat m as a real 
variable and differentiate the right-hand side of equation 
(29), we find that the minimum occurs when 

m31gf3m = y 

2f where p = lg(2 + -) 3 
y = 2c%(lgn + - 2f + 2) 

3 

When y - 03, the solution to this equation is 

If we substitute equation (30) into (29), we find that 

c(a) 5[2.  73n4131g~~ 
+ (3.631gc + 4.24f + 1 2 ) ~ z ~ / ~ ] c ~ ’ ~ a  (31) 

When we compare equation (31) with (25), we see that for 
large n, the modularization reduces the complexity by a 
factor of n213. 

N = cM1 + ‘. Then, the dominant term in equation (31) 
This analysis can be generalized to the case 

og 4. becomes O(n(4 + 4 E )K3 + 2 ’1 

Conclusion 

come, first-served n-process arbiter, neglecting a synchro- 
We investigated in a top-down manner a first- 
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nization problem that, in a strict sense, is known to be 
intractable. We showed that the circuit complexity of the 
arbiter was O(n210g n) and its delay was O(1og n), and 
derived a logarithmic lower bound to the delay. We also 
exhibited a modular realization of the arbiter, which, under 
a relaxed equivalence condition, can be implemented with 
the same delay but smaller complexity. 

Two problems related to the modular realization 
remain. First, we did not show that it is reasonable to 
assume that the queue length of B,,, is proportional to M. 
Second, where the queue of the level-2 module does over- 
flow, the modular arbiter’s behavior will not degrade 
gracefully. (When the first-come, first-served property 
cannot be preserved, we would still like to guarantee fair- 
ness.) These two problems (the second is perhaps more 
important) may be areas for further work. 
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