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This paper analyzes the performance ofa packet non­
preemptive (PNP), two-priority queue that is modeled
as a message M/G/! system. We derive the average in­
queue waiting time for a packet ofgiven priority and
the average message delays. To overcome mathemati­
cal complexity, this derivation employs the well-known
but seldom used G/G/! conservation law. Because of
the PNP discipline, the moments of low-priority traffic
do not influence the average delay of the high-priority
traffic. This model is compatible with the queueing dis­
cipline of the ISN trunk interface module (TIM).
Among all the known practical queueing disciplines, the
TIM discipline results in the shortest delay for short
messages at reasonable expense to the long messages.
Furthermore, the TIM discipline favors middle-sized
time-sharing messages over long file-transfer mes­
sages, although not to the same extent as the round­
robin algorithm.
Perspective

Information Systems Network (lSN) is AT&T's entry into the
local-area network (LAN) market. With enhancements, AT&T ISN can be
operated as a wide-area network (WAN), integrating geographically dis­
persed LANs-a distinct feature. Toward this end, the trunk interface
module (TIM) has been developed! to transport data at 9.6 kb/s to 1.544
Mb/s overdigital facilities. Alternate routing capability to ensure network
reliability is underdevelopment. 2

The queueing delays introduced when messages ofwidely differ­
ent lengths sharea trunk through the TIMare critical to the performance
oflong-haul computer-communication networks that are based onpacket
switches. In particular, onedoes notwant long file transfers to delay sin­
glekeystrokes from asynchronous terminals or short time-sharing
messages. This is the basic drawback ofthe first-come, first-served



(FCFS) queueing discipline.
Short Messages and Queueing Disciplines.The usual

way to favor customers who require short service is to
force anyone who needs more than a given amount of ser­
vice to relinquish the server periodically and wait for
another turn.

Forinstance, with the round-robin algorithm,
arriving customersjointhe end ofa single queue; work
their way to the front; receive a quantum of service; and,
if their total service requirement has not been met, return
to the end of the queue. Although round robin favors cus­
tomers who require short service, it forces any arriving
customerto wait, not only for earlier customers who have
not yet received anyservice, but alsofor those who are
awaiting their second, third, etc., quantum of service.

AT&T's Datakit" virtual circuit switch (VCS) is
designed evenmore to favor customers who require only
one quantum of service. ForDatakit VCS, Riddle- pro­
poseda two-queue discipline in which arriving customers
join an FCFS queue and then join a round-robin queue, if
they require more than one quantum of service. The FCFS
queue has nonpreemptive priority over the round robin.
When the server completes each quantum ofservice, it
checks ifanycustomersare waiting in the FCFSqueue
and attends to them first. This Datakit queueing discipline
wasanalyzed extensively for 56-kb/s trunks byFraser and
Morgan- who used a message M/G/I model.

In ISN, the TIM implements a new, two-priority
trunk queueing discipline that Hluchyj' proposed. With this
queueing discipline, short interactive messages (e.g.,
single-character traffic-requiring echoes) are given priority
over larger messages that fill several ISN packets. More­
over, insteadof maintaining separate queues in the trunk
module for each channel (Riddle's approach), the TIM's
queueing discipline uses only twoqueues. Thus, much of
the packet handling canbe done in hardware rather than
software, allowing trunk speeds as high as 2 Mb/s.

Because it gives short interactive messages prior­
ity over packets of larger messages, the TIM queueing
discipline favors short messages evenfurther. Conse-

quently, from the law of conservation of unfinished work,
the largermessage packets necessarily have longer
queueing delays than withthe other disciplines mentioned.

Overview of TIM and Analysis. The TIM's queueing
discipline is a packet nonpreemptive (PNP) two-priority
discipline in which the length ofa packet determines the
priority. Another algorithm ensures that packets from the
same message retain their order. The servicequantum of
the TIM discipline is a packet, not a message as in the
usual two-priority queueing discipline.

This design has the effectof limiting the queueing
delays that long messages causefor short interactive mes­
sages. Therefore, the TIM discipline gives less delay for
short messages than a two-priority queueing discipline that
has messages as its service units. However, the TIM's
unique design also requires that we derive new delay for­
mulas for analyzing its performance. The derivations would
be difficult because the packet arrivals, in general, are not
Poisson processes.

While message arrivals canbe modeled byPoisson
arrivals, 3,5 packet arrivals generally cannot be modeled as
such, so the average packet delays are difficult to calculate
directly. The essence ofa Poisson process is that the
arrivals of largenumbers ofelementsare independent. 6,7

Butpackets from the samemessage are not independent,
because bits within a message were generated
continuous ly.

Mathematically, a one-serversystemwith Poisson
arrivals of messages is MlG/I,3,5 but the corresponding
system-in terms of packets-is G/G/I. If packet arrivals
could be modeled as Poisson processes, the problem of
TIM performance analysis would have beeneasierbecause
existing average-delay formulas could be used. Unfortu­
nately, it is impossible to justify sucha model because it
requires independence of packets, evenfrom the same
message.

Approach of Analysis and Results. The standard
assumptions for a message MlG/1 priority systemare:
- The incoming data traffic is a superposition of indepen­

dent Poisson processes.
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- All incoming messages from the same Poisson process
belong to the same priority class. 5,8

Forthe TIMdiscipline, however, the second assumption's
validity is obscure, because TIMmessage priorities are
classified according to a message's length: Is the length
less thana certainnumber of bytes?

To use the standard assumptions, wemust be able
to show that an arbitraryPoisson process canbe decom­
posed intoPoisson processes, eachbelonging to only one
priority class. However, the processes decomposed from a
general Poisson process may not be Poisson. Fortunately,
as Appendix A shows, weare able to do the Poisson
decompositions for this case.

Before we derive the delay formulas, wefirst ana­
lyze the problem. We compare it with related phenomena
to grasp the physical meaning of the relatedmathematical
expressions and, then, infer what the characteristics of the
delay formulas should be. Further, we studyrelated
queueing theory to find an appropriate approach to the
derivation.

Foran M/G/1 queue, the average-packet-delay for­
mulas are in closed form. As we will show, the effect of
different message-length distributions is clear. Further­
more, the moments of the low-priority traffic donot
influence the average delay of the high-priority traffic. In
our derivations, we use the G/G/l queue conservation law"
andphysical understanding to overcome the difficulties
associated with the G/G/1 nature of the packet arrivals.
This shows that the G/G/1 conservation law deserves more
attention.

The average-message-delay formulas are exactly
inclosed form and provide a better physical picture of the
queueing process. This picture shows that the TIMdisci­
pline favors middle-sized time-sharing messages overlong
file-transfer messages. We compare the average-message­
delay formulas with delay formulas fora similar, butsyn­
chronized andpreemptive packet-priority queueing discipline
that Hluchyj andothers analyzed. 5 We conclude that the
TIMdiscipline gives shorter delay not only for low-priority
messages but also for high-priority messages. Interest-

ingly, the corresponding terms from these two sets of
formulas have exactly the sameform, while the noncorres­
ponding terms reflect the different nature of these
queueing disciplines. Moreover, as the packet size goes to
zero, bothsets ofdelay formulas-as expected-give the
same delays at the limit.

Basedon our analysis andresulting formulas, the
TIMdiscipline results in the shortest average delay for
short messages (at reasonable expense to the longer mes­
sages) among all known practical queueing disciplines. The
limited influence of low-priority traffic on the average
delay ofhigh-priority traffic canbe controlled by design.

Finally, to show the application of these delay for­
mulas, we calculate the parameters for Fraserand
Morgan's data traffic model."

Remarks. This derivation differs substantially from
the other traditional derivations ofqueueing delay formu­
las. Analysis is not separate from the formula derivation;
instead, it is an indispensable part. While sucha method of
derivation is common in theoretical physics, it may notbe
viewed as strictlyrigorous in terms ofpure mathematics.
Forthis complicated problem, the author believes that this
derivation method is better because, at eachstage, it also
makes the physical meanings of the formulas apparent.

Queueing Model and Conservation Laws
Here, we summarize the important points of the

M/G/1 data traffic model and the queueing disciplines, and
identify steady-state statistics that are of interest. The
conservation laws, which are crucial to the derivation of
delay formulas for our queueing model, are discussed for
average packet delays. The notation established here is
used later in the performance analysis.

Data Traffic Model M/G/l Queue. Assume that all mes­
sages consist ofa finite number ofpackets, each, at most,
of length L. Moreover, only the last packet ofa message
canpossibly have a length smaller thanL. Also assume
that there are n independent Poisson arrival processes,
eachconsisting of messages from only one priority class.

Let the arrival rates andthe message-length (ser-



vice time) distributions be, respectively,

Aj and bj(x); i = 1,2, ... , n (Ia)

for n independent message Poisson arrival processes.
Let the firstmoment and second moment ofblx)

be, respectively,

Xi and~; i = 1, 2, ... , n (Ib)

sage found bya new arrivaL
From equations (10 and (Ig), both parameters P

and Wo are additive.
Let the messages be classified into two distinct

classes, saythe high-priority class h, and the low-priority
class l. For instance, let messages from the first m « n)
processes belong to class h and the rest belong to class l.
To denote the averages within each class and the sums
from each class, weuse the notation

Also, let

(lc)

i; Xh, ~, and Woh

AI' XI' X7 PI' and Wol (lh)

Also, Wo is the average remaining service time for a mes-

- 1 Xi
Woj = -2Pj~; i = 1,2, ... , n (ld)

Xi

Thus, Pi is the traffic load from the ith Poisson arrival
process. Let us define Woj as the average remaining ser­
vice time fora message from the ith process found by a
new arrival from the ith process. According to reference 8
(VoL II, page 109),
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(2a)

(2b)

W=~
h 1 - Ph

- WhW=-­
I I-p

Then, for the usual message nonpreemptive two-priority
(MNP) queueing discipline, the average in-queue waiting
time for the high- and low-priority messages are,
respectively, 8

As weshall see next, the average delay formulas for the
TIM discipline are closely related to formula (2), although
additional parameters are needed.

PNPDiscipline and the TIM. In the TIM, we imple­
menta new two-priority queueing discipline thatis
nonpreemptive interms ofpackets. Data thatleaves for
the trunk is placed eitherin the high-priority queue
(HPQ)-if the incoming packet contains less than 16data
bytes-or in the low-priority queue (LPQ). Because the
lastpacket ofa long message can contain less than 16
bytes, analgorithm maintains the orderofpackets from
the same message- (Figure 1). In practice, this means that
packets from the same message have the same priority.

The trunk empties the HPQ before serving the
LPQ, butboth queues are scheduled according to the first-

(10

(lg)

(Ie)X and xl

Let the averages ofXi and ~ be, respectively

Let the sum ofall Ai and Pibe, respectively, the total
arrival rate Aand the total load p. Thus,

P = AX

Let Wo be the sumofall Woj' Thus,
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Figure 1. An algorithm maintains the order of packets from
the same message. (a) Trunk Interface module (TIM) disci­
pline; (b) packet sorting process. HPQ = high-priority queue;
LPQ = low-priority queue.

in, first-out discipline. The service units are packets that
may have variable lengths, from three to 18bytes (two
address bytes overhead). In other words, anincoming
high-priority message can interrupt the service to a low­
priority message after any units ofpackets from the low­
priority message have beenserviced. Thus, in terms of
messages, the TIM queueing discipline is neither non­
preemptive norpreemptive, because a low-priority
message may notbe servedas a whole without
interruption.

In short, the TIM discipline is a PNPqueueing
discipline whose service unit is a packet and the length ofa
message determines its priority. Both the PNPdiscipline
and the usual message two-priority discipline satisfy the
packet G/G/l conservation law" See Appendix B.

However, the TIM discipline might notbe compat­
ible with the MlG/l traffic model, which requires that the
message-length distributions be zeroeitherbefore or after
a fixed length L (a design specification). In otherwords,
we must be able to express anarbitrary Poisson arrival
process in terms ofPoisson arrival processes that have a
special property; otherwise, such a requirement might be
too restrictive to serve as a general assumption. However,

Does packet
contain 16

data envelopes?

(b)

it was notclearthat such decompositions are possible.
We would like to emphasize that the compatibility

is verified. As we show in Appendix A, a Poisson arrival
process with anarbitrary message-length distribution can
be decomposed into two Poisson arrivals with message­
length distributions that satisfy the above requirements
because of the TIM discipline.

Packet Delay and G/G/l Law. It is difficult to calculate
the average packet delays directly, because packet arrivals
are generally nota Poisson process. Fortunately, we have
found an indirect method.

It turns out that the G/G/l queueing conservation
law? is a powerful tool for calculating the average delays of
packets. The advantage ofusing a conservation law is that
we can avoid the complicated direct calculations to obtain
the average delay formulas. But first, we should under­
standthe conservation law.

M/G/l and G/G/llaws. Schrage's G/G/l queueing
conservation law (Appendix B)is anextension ofKlein­
rock's MlG/l queueing conservation law. 10 Both laws can
be written inexactly the same form:

(3)

where Piand Wiare, respectively, the loa.!!.and the average
waiting time ofthe ithclass ofcustomers; Uistheaverage of
unfinished work; and, asbefore, Wo istheaverage remaining



Here is the motivation forformula (5b). While
W~ [P] might nothave exactly the same form as in (Id), Z,
is independent ofthe packet traffic loads and is a function

preemptive. Then, the average message delays satisfy the
MlG/1 conservation laws and, if we consider some average
packet delays instead ofthe related average message
delays, also satisfy G/G/I conservation laws.

To establish the relationship between anaverage
message delay and its related average packet delay, con­
siderthejth average packet delay and the otheraverage
message delays. It follows that the G/G/I conservation law
implies

where Wj [P] is the average packet delay ofthejth class;
Woj [P] is the average remaining service time for the jth­
class packet, found by a newly arrived jth-class packet; and
Pj [P] is the traffic load for the jth-class packet.

In this form, the first term onthe left-hand side of
formula (4) and the first two terms onthe right-hand side
are readily identified as terms inthe MlG/1 conservation
law foraverage message delays. AsSchrage pointed out, 9

the expectation value ofunfinished work is determined
strictly by the arrival process and is independent of
discipline.

The quantity Pj [P] should be equal to Pjbecause
a physical quantity-such as traffic load-is the same,
whether defined from the packet orJ!lessage viewpoint.
For convenience, we write Woj and Woj [P] in these forms:
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(4)

(5a)

(5b)

- I
Woj = 2PjBj

- I
Woj [P] = 2pjZj

service time for thecustomer found by anew arrival.
Both conservation laws require nonpreemptive

discipline (i. e., nodisruptions ofservice and conservation
ofunfinished work). While the MlG/1 law requires the
Poisson arrival assumption, the G/G/Ilaw requires neither
Poisson arrival nor independence. It only requires that
equilibrium distributions exist! Thisis about as general as
anyone can expect. Therefore, the G/G/Ilaw should be
able to replace the M/G/Ilawin any usage.

Although well-known, the G/G/Ilaw is notused
much, while the MlG/1 law is citedalmost everywhere that
a conservation law is used. Besides the M/G/Ilaw's having
beendiscovered much earlier, there are few known cases
where only the G/G/Ilawcan be used. Apparently, it is
verydifficult to domathematical modeling analysis without
the famous Poisson-arrival assumption.

But for calculating the average packet delays of
message MIG/I, the G/G/I conservation law is almost a
perfect tool, as we shall show for nonpreemptive disci­
plines. Furthermore, the G/G/llawis farmore useful and
deserves due attention inourderivation ofthe average
message delay formulas for the preemptive TIM discipline.

The conservation law does notprevent reducing
the overall average delay. Instead, it provides insight on
how to reduce the overall average waiting time. If a
queueing discipline favors shortmessages (packets), then
the resulting overall-average-waiting time has to be shorter
than for the FCFS discipline.

Thus, an implicit necessary assumption ofthe
conservation law is: Within each class, messages (packets)
are servedindependent of their service time. Also, the
assumption that the queueing discipline is nonpreemptive is
only a sufficient condition for the MIMII queue. The neces­
sary assumption is that it be a preemptive resume, work­
conserving discipline, as Coffman and Mitrani's work
shows."

Averages of packet and message delays. To understand
the relationship between the averages ofpacket delays and
message delays, we first establish sucha relationship for
cases where the queueing discipline is message non-



ofthe jth packet-length distribution. Some simple algebraic
calculation leads to the relation

- - 1
W [P] - W = - (B - Z) > 0 (6a)

J J 2 J J

The left-hand side is the difference between the
average delays ofpackets and ofmessages. Because mes­
sages are not interrupted, this difference should be
independent of traffic loads. Therefore, Z,is independent
of traffic loads andcanonly be a function ofthe jth packet­
length distribution; see Appendix B. If all packets from the
jth class have the samelength L, thenwehave as expected
(and verified inAppendix B)

Z is veryclose to L because the low-priority messages, on
the average, are long and only a message's lastpacket can
possibly be less thanfull.

Let Wh and WI be, respectively, the average wait­
!!!g timefor high- andlow-priority messages; and let
W[P] be the average waiting time for low-priority packets.
For the TIM, Wh is also the average waiting time forhigh­
priority packets, because the lengths ofhigh-priority mes­
sagesare equivalent to the packet lengths.

With the above notation, forexample, the average
message delay for the FCFS discipline" is

(8)

Performance Analysis
Now, weanalyze the PNPdiscipline and consider

the TIMdiscipline as a special case.
To simplify ournotations, weuse the relations

The meaning ofrelation (5b) is now clear. The
load Pj is the probability that a newly arrived packet will
see a packet is already being served. Z, is the length ofthe
new packet, if all the packets have the samelength. The
factor 1/2accounts for the randomness of packet arrivals.
If mostpackets have a length L, thenZ is veryclose toL.
Notice that the presence ofthe parameter Z,is character­
istic of the average-packet-delay formulas because of the
GIGII conservation law.

(9a)

(9b)

Derivations of Average-Packet-Delay Formulas. The PNP
discipline has the unique characteristic oflimiting how low­
priority messages affect the queueing delays ofhigh­
priority messages. Therefore, this queueing discipline
results in less delay forhigh-priority messages than a mes­
sage nonpreemptive two-priority (MNP) discipline. When
compared withthe MNP discipline, this characteristic
gives longer delays for low-priority messages whose trans­
mission may be disrupted.

But if the low-priority messages are, at most, one
full packet in length, the delays for the PNPand MNP dis­
ciplines are practically the same. Thisgives us some
physical insight intothe PNPdiscipline for special cases,
because the MNP discipline's delay formulas are readily
available in any textbook onqueueing theory.

Delay for high-priority messages. Through mathemati-

Forthe usual message two-priority discipline, we
have [see formulas (2a) and (2b)]

(7a)

(7c)

(7b)

(6b)

(7d)

Z=L
J

- 1 -
WOh = 2" PIB, B = xf/xl

- 1
Wo [P] = 2" PIZ

Wo = Woh + Wol

88



When low-priority message traffic is also present,
we generally have

cal analysis and physical insights, we shall establish the
average high-priority message waiting time. The average
high-priority packet and message delays are related by for­
mula (6a); see Appendix B. Therefore, it is enough to
derive the average high-priority message delay formula.
Because of the two-priority queueing discipline's nature,
the high-priority message queueing delay is simple.

Suppose that there are only high-priority mes­
sages. Then, the PNPdiscipline is equivalent to MNP
without low-priority traffic. From formula (9a), because
PI = 0, the average high-priority message (packet) delay
for this special case is

89

(11)

- - L P
Wh = W(h) + "2 1 _I Ph (lOc)

onefull packet long. (Here, B = L, and the PNPqueueing
discipline is equivalent to MNP.) According to formula (9a),

We interpretthefactor PI/ (1 - Ph)as theprobability thata
low-priority packet will beinjected into a gap between high­
priority message trains. Because thesources ofthelow- and
high-priority messages areindependent, this probability
should notdepend onthelength distributions oflow-priority
messages. Therefore, formula (lOc) isvalid aslong asthe
message lengths areintegermultiples offull packets.

From formula (lOc), notice thattheparameterL-a
design specification--controls how low-priority messages
influence thequeueingdelay ofhigh-prioritymessages. Also,
ifthepacket lengthL issmaller, thenthedelay would be
smaller. Ingeneral, thedelay shouldbesmaller because not
all thepackets areoffull length1. However, thevalue ofthe
average delay should beclose, because only thelastpacket of
amessage can possiblybepartially full and low-prioritymes­
sages aregenerally long, consistingofmany packets.

Formula (IOc) is notonly a good approximation for
the general case, butalso is probably the only practical for­
mula because, in practice, wedon't really know the packet­
length distributions. However, for completeness intheory,
we shall write the formula forthe general case as follows:

In formula (11), Z has replaced L informula (lOc). This
replacement has little practical meaning because we don't
know Z's value, except that it is close to1. Theoretically,
this is because offormulas (7c) and (6b).

Note that the parameter Z informula (11) has
replaced the parameter B informula (9a). This means that
the moments ofthe low-priority traffic have no influence
on the average delay of the high-priority traffic. In prac­
tice, this will resultina small average delay for high-

(lOa)

(lOb)
- - L
Wh < W(h) +"2

because the PNPdiscipline is nonpreemptive in terms of
packets. (That is, a low-priority packet mustcontinue to
goouton the trunk, even ifa high-priority packet arrives
during its transmission.) The number L is the full packet
length, and the factor 1/2 accounts for the randomness of
the arrival ofhigh-priority messages.

Relation (lOb) gives a bound to the influence of
low-priority messages. If the queueing discipline were non­
preemptive in terms ofmessages, such a bound would not
be possible according to formula (9a). In formula (9a), B
increases as the second moment ofthe low-priority mes­
sages increases. In short, Wh is largely independen: ofthe
low-priority message traffic, if the high-priority message
buffer is large enough to prevent overflow. (The over­
flowed high-priority messages will gointo the low-priority
buffer in the TIM.)

To obtain the exact expression for Wh, first we
consider the special case where low-priority messages are



Table I. Data Traffic Model for Analysis of Dataklt yeS Table II. Decomposition Into Poisson Processes

Average
Traffic length Arrival

type Distribution (characters) rate

1 Deterministic 1 A
2 Exponential 40 A/lO
3 Exponential 512 '11./100

Traffic type

1
2
3

HP

A
0.0313 A
0.00029 A

Arrival rate

LP

o
0.0687 A
0.00971 A

90

priority messages inspite ofa heavy load oflow-priority
long messages as formula (lOb) suggests. The limited
influence ofthe low-priority traffic can be controlled by the
design specification L-as indicated informula (lOc)­
which further supports the ISN design ofusing a 16-byte
length for shortpackets.

Thus, formula (11) is valid for any PNP discipline,
ofwhich the TIM discipline is a special case.

Delay for low-priority messages. Now, we shall use the
GIGl1 conservation law to derive the average-waiting-time
formula for a low-priority packet. (The PNP discipline is
nonpreemptive only for packets, and the packet arrivals
are not a Poisson process.)

For thiscase, the GIGl1 conservation law takes
the form

Ph Wh + PI W[P] = U- {Wo [P] + Woh } (12)

where V is the average ofunfinished work, W [P] is the
average low-priority packet waiting time, and the lastterm
is the average-remaining-service time for all high-priority
messages and low-priority packets. Because the PN£....
queueing discipline conserves work, we can express Uas
the average delay ofthe FCFS discipline." In otherwords,

(13)

Using formulas (7), (8), and (11) and some alge­
braic calculations, equation (12) gives the expression

NOTE: HP = highpriority; LP = low priority.

- Wh 1 B - Z (14a)
W[P] = 1 - P + 2 1 - P

Thus, we complete ourderivations for packet delay formu­
lasofPNP.

Packet delay formula parameters. In formula (11), the
value L provides the upper bound for delay, which C3.!!.-only
be slightly larger for any realvalues ofZ. Thedelay W[P]
is notsensitive to a slight change inthe value ofZ, as for­
mula (l4b) will show. In the practical usage offormula (14),
B's accuracy is the dominating factor.

The second termin (14a) makes up the difference
between the assumptions ofpacket Poisson arrivals and
message Poisson arrivals. For a fixed load, the first term
can be bounded without traffic characteristic studies. We,
therefore, conclude thata packet Poisson arrival assump­
tion (which requires that packets be independent even
from the same message) is unrealistic because longer mes­
sages are always present.

Contrarily, the second term cannot be bounded
without data traffic studies, because the parameter B in
formula (14a) depends onthe second moment ofthe
message-length distributions oflow-priority messages.
Therefore, message Poisson arrivals include more realistic
modeling.

Average-Message-Delay Formulas. While average
packet delays are useful for data network design, the
average-message-delay formula should be more useful for



Table III. Moments of Effective Message Length

NOTE: The parameterZ takesthe largerapproximate value 18.
The timelengthunitis byl£IS. whereS is the speed ofthe trunk.

W[Pl = ~ Aph + BpI + -2
1 (B - Z)

2 (1 - Ph)(l - p)

+ ~ (B - Z) .e. (14b)
2 1 - Ph

understanding the real meaning ofthe average packet
delays. What ourcustomers see are message delays. (We
define a message delay as the difference between the time
that any part ofa message remains in the queueing system
and the message's processing time.)

Delay for low-priority messages. To derive the
average-message-delay formula for low-priority messages,
we write (14a) inanalternative form, 91

(15)

(16)

W = ~ Aph + BpI
I 2 (1 - Ph)(1 - p)

+ [xl~
1 - Ph

- 1 Aph + BpI
WI(x) = 2 (1 - Ph)(1 - p)

+ [xl~
1 - Ph

delay is notas straightforward as for a nonpreemptive dis­
cipline. We must first understand the delay mechanism.

Physically, the average delay for the first packet of
a low-priority message is the same as the average message
delay ofthe MNP discipline. Analysis shows thatthe aver­
agemessage delay is given by

Formula (16) shows that the PNP discipline does
favor middle-size time-sharing messages over long file­
transfer messages. When the low-priority messages are
MID/I processes and all the packets are full, thedisruption
terminthe average-packet-delay formula (l4b) is, as
expected, one-half the corresponding terminthe average­
message-delay formula (16). The lengthy analysis that
leads to formulas (15) and (16) is given inAppendix B.

By comparing formulas (15) and (14b), we can see

where x is the length ofa low-priority message; [xl equals x
minus the length ofthe message's lastpacket; and [xl is
the average of[xl over the message-length distribution of
the low-priority messages. Thefunction [xl would probably
explain, inpart, the difficulty ofa direct, strictly mathe­
matical derivation ofthe average-message-delay formulas.
It is interesting to note that the second terminformula
(14b) does notenter formula (15). Furthermore, for a low­
priority message oflength x, the average waiting time is

[x], 118.5597
B 701.2319

ph 0.24614

Parameter ValueParameter Value

xh 3.1847
A 3.7029
x, 128.2696

In formula (14b), the sum ofthe first two termsis the
average low-priority packet delay ofthe MNP discipline.
The second term is the difference between the average
packet delay and the average message delay for a non­
preemptive discipline. While both the second and last
termshave a common factor (B - Z), they have verydif­
ferent physical meanings. Thelast term accounts for
disruptions in the service oflow-priority messages to
servehigh-priority messages. This term is insignificant for
light high-priority traffic-a small price to bound the influ­
enceofPion Who

Because the PNP discipline is preemptive in
terms ofmessages, the derivation ofthe average message
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FIgure 2. Normalized packet delay for the message non­
preemptIve (MNP) two-prIority queueIng dIscIpline, and the
TIM, a packet nonpreemptIve (PNP) two-priorIty dIscIpline.
(a) HIgh-priority messages (blue); (b) low-prIority messages
(red); and (c) both hIgh- and low-priority messages (blue and
red, respectively). The average In-queue waItIng tIme for
hIgh-priority messages wIth PNP Is less than 2.8 percent.

that the average packet delay and average message delay
are close if the high-priority traffic load is notheavy. From
formula (16), we can see that longer messages have, on
the average, longer delay. But such delay differences­
caused bythe length ofthe messages---could be consid­
ered, except for verylong messages, as second-order
effects under light, high-priority traffic conditions.

Average message delay and M/G/1Iaw. If the low­
priority messages are MlM/1 processes, thenthe corre­
sponding disruption terms have the same limit asL goes to
zero. Then, the relationship between average packet delay
and average message delay is the same as for a message

nonpreemptive discipline [see formula (6)]. As for the
round-robin discipline, the MlM/1 processes have a way to
get around the message preemptiveness ofwork­
conserving disciplines afterthe average is taken. 8

We have shown that formula (6a) is valid because
average message delays satisfy the MlG/1 conservation
law and average packet delays satisfy the G/G/1 conserva­
tion law Conversely, the validity offormula (6a) implies the
validity ofthe MlG/1 conservation law. In other words, the
above analysis shows that, if the low-priority messages are
MlM/1 processes, thenthe MlG/1 conservation law is sat­
isfied, at leastfor the limit as the full-packet length L goes
to zero.

AsCoffman and Mitrani" show, this relationship is
exact for any value ofL. For preemptive resume, work­
conserving disciplines, they prove that the MlG/1 conser­
vation law is satisfied if the job streams are exponential.
One might argue that the conditions oftheirwork are not
exactly satisfied inouranalysis because we do not assume
that the high-priority message streams are exponential.
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(l7a)

(18a)

- 1 L 1 Aph + BpIW = - -- + - _....:...2...-:-;:-....:..-'-.---:-
2j 2 1 - Ph 2 (1 - Ph) (1 - p)

+ (j - 1) _L_ (17b)
1 - Ph

and

thana similar preemptive one. However, one could guess
that the PNPdiscipline would probably give longer d~lay

forhigh-priority messages. Butbecause of ~ynchroruza­
tion this is notnecessarily true. Ouranalysis shows that
the PNPdiscipline gives shorter delays even forhigh­
priority messages.

Foreasier comparison, wefirst convert the for­
mulas in reference 5 for the two-priority case into our
notation. The relevant formulas forcomparison are

where W is the average waiting time for the first packet
11 , th itof the high-priority messages, and W2j IS e average wai -

ing timefor the jth packet ofa low-priority message. ,
Because the transmission ofa high-priority message IS not
interrupted, W11 is the average waiting time ofa high­
priority message. Notice that the first term offormula
(17a) results from synchronization.

The average waiting timeofa low-priority mes­
sageof length x (= jL) needssome calculation. From the
average waiting timeofthe jth packet, we should subtract
the service timeofthe (j - 1) packets. In otherwords,
the average waiting timeof this low-priority message is
W2j - (j - 1)L and, therefore,

o~~:..-_---------

o

Butin the MlG/1 conservation law, the exponential condi­
tionneutralizes the effects ofmessage transmission
interruptions and, in the PNPdiscipline, high-priority mes-
sagesare not interrupted. "

If the low-priority message stream IS exponential,
then the parameter Z canbe calculated accurately because
ofthe MlG/1 conservation law. Because Z is notgreater
than L the MlG/1 conservation law provides a check for
the co~ectness of the average delay formulas. However, in
practice, wecannot use the MlG/1 conservation law to cal­
culate the value ofthe parameter Z because the TIM
discipline results ina lower-end cutoff at L, foreach
message-length distribution oflow-priority messages.

Comparison with an SPPdiscipline, Hluchyj, Tsao, and
Boorstyn analyzed the synchronized preemptive 'p~ority

(SPP) queueing discipline," where the service urut IS,als? a
packet. Thisdiscipline's requirements are: synchromzatum,
andall packets are the same length. ,

Intuitively, onecanexpectthat a nonpreemptive
discipline would give less delay for low-priority messages
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o o

Figure 3. Average message In-queue waiting time at trunk
speeds of 9.4 kb/s, 56 kb/s, and 1.544 Mb/s for the TIM dis­
cipline. (a) High-priority messages (blue); (b) low-priority
messages (red); and (c) both high- and low-priority mes­
sages (blue and red, respectively).

-, 1 L 1 Aph + BpI
W I(X) = "2 1 - Ph + "2 (1 - Ph)(1 - p)

+ [xl -1Ph (I8b)
- Ph

Aftercomparing formula (18) with (11) and (16),
weconclude that the PNPdiscipline gives smaller delays
even forhigh-priority messages.

Moreover, in these two sets offormulas, the cor­
responding terms are exactly the same. While this fact is
physically meaningful, it is far from obvious informulas
(I4b)and(I7b), because there the terms that accounted
for the disruption effects are so different. These terms,
which have no corresponding terms in the other set offor-

mulas, reflect the different nature of the queueing
disciplines. Also, as expected, these two sets ofdelay for­
mulas give the samedelays at the limit as L goes to zero.

An Example
Thisexample ofdelay formulas for the TIM uses

the established data-traffic model, Table I, that Fraserand
Morgan' used to analyze Datakit Yes. The traffic types in
the table represent
• Type I-single-character, terminal-to-host transmis­

sions from asynchronous terminals
• Type 2-time-sharing, host-to-terminal responses
• Type 3-host-to-host file transfers.

First, we decompose each Poisson process into a
high- anda low-priority Poisson process using the method
described inAppendix A. Table II presents the results.
Thenforeachdecomposed Poisson process, wecalculate
the first andsecond moments of the effective message
length, which includes the packet overhead. Table IIIpre­
sents these parameters.

While packet overhead for low-priority messages



increases the low-priority traffic load lessthan 13percent,
it almost triples the high-priority traffic load. Thereal load
capacity is reduced from one to 0.757. However, we cannot
avoid such an overhead for any statistical multiplexer
because address bytes must be added for correct delivery.
With greaterfull-packet length, the capacity will increase
slowly because ofshortmessages. For example, if the full­
packet length were 64, the capacity would be 0.807. 3 The
type-3 traffic hasa strong influence onthe parameter B,
which is the dominant factor for average low-priority
delays. If thiswere the MNP discipline, the high-priority
messages would have had 68times longer average delays.
But because ofthe TIM discipline, the average queueing
delay for high-priority messages is generally small.

To compare the PNP with MNp, as illustrated in
Figure 2, the average in-queue waiting time for high­
priority messages is lessthan 2.8 percent. Theaverage in­
queue waiting time for low-priority messages adds another
4 percent for 60-percent trunk utilization, but only 2 per­
cent for 80-percent utilization.

For the same traffic characteristics and traffic
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load, the average delays are inversely proportional to the
trunk speeds. Thus, interms ofutilization, higher speed
trunks have decided advantages over slower trunks (i.e.,
for the same data-traffic characteristics, the higher speed
trunk should have higher utilization). In formula (15), we
implicitly assumed that the access speeds ofmessages are
at leastas fastas the trunk speed. Owing to the effect of
the slow access-line speeds.v" the advantage ofa higher
speed trunk is even larger. To illustrate this, Figure 3
shows the average message in-queue waiting time for
trunk speeds of9.6 kb/s, 56kb/s, and 1.544 Mb/s.

Conclusion and Discussion
Based on the above analysis we conclude that,

among all the known practical queueing disciplines, the
TIM discipline results in the shortest average delay for
shortmessages (at reasonable expense to long messages).
This is critical to the performance oflong-haul computer­
communications networks because shortmessages are
more delay sensitive. Because ofthe TIM discipline, the
moments ofthe low-priority traffic have no influence on
the average delay ofthe high-priority traffic. TheTIM dis­
cipline, to some extent, favors middle-size time-sharing
messages over long file-transfer messages. Thus, it would
allow higher utilization ofa trunk.

Faster transmission ofa long message can be
achieved ifit masquerades as shortmessages (i. e., by
being broken up into smaller IS-byte packets). This fea­
ture is useful, for instance, for network management.
Also, the average message delay would be reduced when
the TIM discipline is combined with the module round­
robin algorithm thatis used inthe ISN backplane.

Our delay formulas are valid for any PNP disci­
pliries ofwhich the TIM discipline is a special case. As a
result ofthisanalysis, we recognize thatsome oftheTIM
discipline's advantages result from the general PNP disci­
pline, notjust the TIM's priority logic. This observation
would be useful for otherapplications. In ouranalysis, the
usefulness ofthe G/G/I conservation law has been further
demonstrated. Finally, ourmethod can be used for the
multipriority discipline.

- 9.6kb/s

••••••• 56 kb/s

--- 1.5 Mb/s
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Appendix A. Decomposition of a Poisson Process
Let P be a Poisson arrival process with arrival

rate A., anda service-length distribution b(x). LetA and B
be two servers, where A servescustomers who require
service timeless than L andB serves the othercus­
tomers. Because a Poisson process does nothave memory,
the service-length distributions inA and B are, respec­
tively, the normalized functions of the original distribution
function with an upper andlower cutoff at L.

Mathematically, wehave

b(x) = b(x) {X (x) + X (x)} (AI)[O,L) [L.oo)

where x (x) = {I ifx E [a,b)
[a.b) 0 otherwise

Then, ch andc, are the probability that a customer
goes toA andB, respectively, for service. Because a Pois­
sonprocess does not have memory, these probabilities are
independent of the other arrivals. Therefore, the two
arrival processes toA andB are, respectively, Poisson
arrivals witharrival rates ChA. andCIA.. Theirservice length
distributions are, respectively,

(A7)

(A5)
(A6)

(A4)

(A2)

(A3)

Ch = J bh(x) dx
CI = J b/(x) dx

bh(x) = b(x)X[O,L)(X)

b/X) = b(x) X[L.oo/X)

Let

Let

Then, wehave
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It thus follows that, for this case, the difference between
the average packet delay and the message delay is

1 1
y + 2(N - l)L = y + 2(x - L) (B1)

Then, we must take the overall average interms
ofpackets. Let b(x) be the message-length distribution.
Thepacket distribution in termsofx is
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(B2)

(B4)

(B3)
xb(x)

x

1
- (x - L)
2

(x/L) b(x)

x/L

It follows that such anaverage is

Comparing formula (B4) with (6a), we get relation (6b):
Z, = L. Atthe same time, we have also shown through
ourcalculations thatZ, is a function ofthejth packet-length
distribution.

ThePNPDiscipline. Because the PNP discipline is
notnonpreemptive in terms ofmessages, relationship (6b)
between the average packet delay and the corresponding
average message delay is generally not valid. More detailed
analysis is required to obtain the average-message-delay
formulas. For high-priority messages, the relationship
between the average packet delay and the average message
delay is the same as formula (6b), because there is no
interruption between packets ofthe same high-priority
message. (For the TIM discipline, the average high­
priority packet delay and message delay are the same.)

Thus, it remains to derive the average-message­
delay formula for low-priority messages. To obtain this for-

Appendix B. Average Packet and Message Delays
We shall discuss the relationship between the

average packet delays and average message delays for an
MlG/1 system. These relationships, depending onthe
queueing disciplines used, can be simple or complicated.

For message nonpreemptive disciplines, the
difference between the average packet delay and the
corresponding average message delay is one-half the
difference between two parameters, the "average"
message length and the "average" packet length (see
text), which are, respectively, functions of message­
length and packet-length distributions and are indepen­
dent of the traffic loads. However, for queueing
disciplines that are not message nonpreemptive, the rela­
tionship can be complicated. For instance, for the round­
robin queueing discipline, there does not seem to be a
simple relationship between packet delays and message
delays. This occurs because not only is the round-robin
queueing discipline not nonpreemptive in terms of mes­
sages, but also the packets from different messages are
well mixed.

The PNP queueing discipline, while notnon­
preemptive in termsofmessages, maintains the order of
the messages from the same class (i.e., messages ofthe
same class gooutinthe same orderthat they arrived, and
theirpackets are notintermixed). This characteristic
makes it easierto calculate the average message delays
from the average packet delays and vice versa. We shall
show thisrelationship here.

Before doing so, we shall do some simple calcula­
tions that support the conclusions in the main text.

Nonpreemptive Disciplines. Let US consider the spe­
cial casethat all the packets have length L. Lety be the
waiting time ofa message M oflength NL. Then, the wait­
ing time for the first packet ofthe message M isy; the
waiting time for the second packet isy + L; and the wait­
ing time for the ith packet isy + (i - 1)L. Consequently,
the average waiting time for the packets from the message
M oflength x is



where C is a function that is independent ofx. Then, the
average ofz(x) in terms ofmessages is

that, informula (B6), the sum ofthe first and second
terms would be the average waiting time ofthese packets
if we usedthe MNP discipline and that the interruption
effect for the average delay ofthesepackets is only one­
half the interruption effect for message M. More impor­
tant, the factor 1/2 is independent ofthe message size NL.

To obtain the correct expression for the interrup­
tion term ofthe average message delay, we must take the
averages ofz in terms ofpackets and messages. For conve­
nience, we shall change ournotation slightly.

Letx be the length ofa low-priority message and
z(x) be the total duration ofthe interruptions for a low­
priority message oflength x. Because high-priority mes­
sagearrivals are Poisson processes, onthe average, the
disruption effect for a message oflength x should be pro­
portional to (x - L). In otherwords, we have
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mula, we compare the average-packet-delay formulas for
the PNP and MNP disciplines. Observe that, if the arrivals
ofhigh-priority messages donotinterrupt the transmission
ofa low-priority message, thenthe waiting time for this
message is the same whether the queueing discipline is
MNP or PNP. However, ifaninterruption does occur, then
this low-priority message will have larger delay than the
delay due to the MNP discipline.

To avoid unnecessary mathematical complications,
we consider the casewhen all packets have length L. Con­
sider a message M that consists ofN packets. The waiting
time ofits first packet isy. However, message M is inter­
rupted once bythe arrival ofhigh-priority messages, and
the duration ofthis interruption is z. Then, y would be also
the waiting time ofmessage M if we usedthe MNP
discipline.

Suppose that the interruption occurs afterthe ith
packet is transmitted. Then, among the packets ofmes­
sage M, the average packet delay would be

[(N - i)z + N(N - 1)L/2] (B5)
y+ N

z(x) = Ctx - L)

C(x - L)

(B7)

{B8)

where L is the packet length. However, we must also con­
sider that the interruption can occur with equal probability
for i = 1, ... , (N - 1). Then, for these packets, the aver­
age delay should be

1 N'r ): { • N(N - l)L}
y + N(N - 1) i~l (N - t)z + 2

(N - l)L z
=y+ 2 +~ ~~

Formula (B6) remains the same even if more than
one interruption occurred, because the interruptions are
independent ofeach otherdue to the memoryless nature
ofPoisson processes. However, z informula (B6) then
would be the total duration ofthe interruptions. Notice

To take the average intermsofpackets, as
before, we use the distribution function (B3). Then, the
average of (1I2)z(x) interms ofpackets is

(B9)

Comparing formula (B9) with the interruption terminfor­
mula (14b), we have

(BlO)

because Z = L for this case. Thus, we complete the deri­
vation ofthe average low-priority message delay formula



Let WI(x, P) be the average waiting time ofthe
lastpacket. Then, we have

W( ) 1 Aph + BpI [] Ph (BI2)
I x =:2 (1 - Ph) (1 - p) + x 1 - Ph

where [x] = x minus the length ofthe lastpacket.
From formula (B7), we may further state that, for

a message oflength x, the average waiting time is

from the average low-priority packet delay formula. The
complete formula hasthe following form:

1 Aph + Bpi - Ph
WI = :2 (1 - Ph)(1 - p) + [x] 1 - Ph (Bll)
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longer than the packet length. Moreover, we can consider
virtual subpackets that have a length of lin ofthe full
packet length. As the limit ofthe integer n getsvery
large, the length ofa virtual subpacket approaches zero.
Then, we can apply the GIGII conseration law to these vir­
tual subpackets. This will justify formula (14) as a highly
accurate approximation. If we consider that the instanta­
neous message arrival assumption is only a mathematical
idealization ofthe realistic situation, then further discus­
sion haslittle practical meaning and is only ofacademic
interest. This is beyond the scope ofthis application­
oriented paper.

Finally, the validity offormulas (15) and (16) does
notdepend onthe GIGII conservation law being valid for
the casewhen the lastpacket ofa long message is not full
length. The reason is that the derivation ofthese formulas
are generalization ofthe full-length casebased onphysical
considerations.

+~ (BI3)
1 - Ph

WI(x, PI) = WzCx) + [x]
1 Aph + BpI
2 (1 - Ph) (1 - p)

The average waiting time ofthejth packet can be obtained
similarly, simply by substituting (j - I)L for [x] informula
(BI3).

Remarks onG/G/1Conservation Law. Here, we would
like to discuss the GIGII conservation law inconnection
with the arrivals ofpackets. In the original proof ofthe
GIGII conservation law there is animplicit assumption
that the service-time-distribution function is independent
ofthe arrival process. When the lastpacket ofa low­
priority message is notfull, thiscondition might notbe
satisfied because the length ofthe related message deter­
mines the length ofthe lastpacket. This is aninteresting
academic problem.

However, because the GIGII conservation law is
valid when the length ofthe lastpacket ofa long message
is full, the average-packet-delay formula (14) is at leasta
highly accurate approximation for the general case. Notice
that the length oflong messages is, onthe average, much
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