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Definition ofrobotic primitives for insertions is an
essential step in achieving a truly flexible manufactur­
ing environment. We present techniques based on
active compliance, implemented with hybrid force­
position control, that are capable ofinserting a wide
variety ofshaped pegs. We analyze the forces encoun­
tered during the insertions to determine what classes
ofshapes these techniques will consistently insert. The
analysis also gives guidance in selecting parameters of
these techniques for specific shapes. These techniques
provide a significant step toward simplifying the pro­
gramming ofa flexible manufacturing environment.

Introduction
Mechanical assembly is an important component of contempo­

rary manufacturing technology. In satisfying our design responsibilities
to the U.S. Department of Energy, Sandia develops components that
will be built in small quantities-frequently fewer than one thousand
units. Because of these low production rates, we are concerned with
how the design process can be impacted by the use of robotics in
small batch manufacturing. Low production rates magnify the impact
of costs of special-purpose fixturing and programming (in comparison
to mass production), thereby increasing the importance of truly flexi­
ble manufacturing systems. In addition, components designed by
Sandia may involve the handling of explosive, toxic, or radioactive
parts. Application of robotics can reduce personnel exposure to haz­
ardous environments.

In general, robots have notbeensuccessfully integrated into
the batch manufacturing environment. The reason behind this is that
currently available commercial robots are almost exclusively positionally
programmed manipulation devices with little capability forsensory feed­
back. As a consequence, all tasks to be performed are defined by their
positions inspace, requiring expensive jigs and fixtures. Little or no
capability exists for dealing with out-of-position parts. Some assembly
operations have tolerances finer than the precision ofavailable manipu-
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Figure 1. Laboratory
setup usedin experi­
ments on force­
directed
manipulation.

lators, and consequently cannot be performed at all with
sensorless robots.

Asecond failing ofcurrentcommercial robots is
the difficulty in programming. The most common method
ofprogramming involves guiding the robot through the
positions necessary for taskperformance, recording the
positions, and thenplaying them back to perform the task.
This type ofprogramming is tedious and difficult. Pro­
gramming languages currently available require detailed,
step-by-step motion instructions, along with specification
ofthe location and orientation of the manipulator at each
stage inthe sequence ofmoves. Programming requires
personnel not traditionally found onthe factory floor and is
very difficult because ofthe low-level nature of the specifi­
cation. The work presented in this paper is a step toward
providing the primitive operations required to allow task­
level programming.

Issues in Mechanical Assembly
Fitting or joining together components is the key

idea behind mechanical assembly. Theseactions generally

require control of the full sixdegrees offreedom available
inspatial movement (except inhighly structured environ­
ments). Because some component positions may be
defined by contact with othercomponents, weface the
added complexity thatmotions may be positionally con­
strained and force-constrained, increasing the
dimensionality ofourplanning space. In contrast, electron­
ics assembly is virtually a two-degree-of-freedom problem;
parts lie ina single plane, and orientations are fixed to at
most a few directions. Automated machining can often
(though notalways) be reduced to a lower than six-degree­
of-freedom problem bymeans ofa decomposition inwhich
all butone or two degrees offreedom are constrained.

The topics ofinterestinmechanical assembly can
be spread along a spectrum; at one endare the tasks that
are performed off-line and represent global planning, and
at the opposite endare the real-time tasks thatare
increasingly manipulative innature and verylocal ininfor­
mation use. At the off-line endofthe spectrum are issues
such as design forassembly, operation sequencing, motion
scheduling, and path planning. Moving toward the manipu-



lative endare issues like grasp planning, motion control,
error detection, andfinally, the topics wewill discuss in
this paper, fine-motion control andsensory feedback. We
will show how these techniques canbe combined to attack
two important problems inmechanical assembly: develop­
mentoftask-level primitives, and performance oftasks
with accuracy requirements exceeding manipulator
precision.

Focus: Force-Directed Manipulation
The tolerance andcontact constraints common in

mechanical assembly combined with a desire to build flexi­
ble manufacturing systems preclude the typical robotics
approach ofusing absolute positioning as the basis for
robot programs. Theapproach that wehave elected for
providing flexible robotic mechanical assembly isforce­
directed manipulation, the use offorce and moment mea­
sures to provide feedback control to the manipulator. The
principal attraction ofthis approach is the compactness of
the data; only sixforce-moment scalar values are required
to describe the forces acting onthe endeffector. Further­
more, this information is available continuously throughout
the insertion procedure.

Contrast this to machine-vision systems, inwhich
the information is contained inhundreds ofthousands of
pixels containing complex relationships thatmust be ana­
lyzed to understand the scene. Forcurrently available
technology, force sensing allows more rapid feedback at
lower cost than othersensing techniques. Force sensing
provides a direct sensing means foraddressing the contact
issues that are central to mechanical assembly.

Finally, wenotethat force sensing seemsto be
important to the ability ofhumans to assemble components
with clearances much smaller thanwecanresolve directly
with vision or locate via kinesthetic sense (sense ofbody
position). The versatility offorce sensing inassembly is
indicated by the frequency with which a taskis described
as being doable "with my eyes closed."

Implementing Force Control. The manipulator usedin
the experiments described in thispaper is a Unimation
Puma™ 560 machine with an unmodified controller operat­
ing under the VAL-II system.' The apparatus is shown in
Figure 1. Use ofthe commercial controller should mini-

mize problems oftransferring ourresults into industrial
application, although the ideas presented hereare directly
applicable to otherrobot controllers and control systems.
Asix-axis force-torque sensoris mounted at the endofthe
Puma and provides the force and moment inputs thatare
used to determine armmotions. Ourimplementation pro­
vides a force-control loop outside ofthe VAL-II system's
position-control loop andis essentially Salisbury's Carte­
sian stiffness control. 2

We are notcontrolling motor torques; force is a
function ofmanipulator stiffness. The resolution with
which we cancontrol force is determined by the resolution
ofthe encoders and the stiffness ofthe manipulator. This
approach allows us to perform movements based oneither
force or velocity (position) specification, which is some­
times referred to as hybrid force-position control. While
the implementation used here with the Unimation control­
ler is adequate to demonstrate concepts based onhybrid
control, the speed is too slow forcommercial application.

Insertions: A Key Assembly Primitive
Studies ofassemblies indicate thatmore than half

ofthe assembly operations are made from a single direc­
tion, and that the most common operations can be best
described as a form ofinsertion ofa pegina hole.'With
proper fixturing, thisfact might allow us to reduce the
required number ofdegrees offreedom to four for many
tasks. Examples ofoperations that fit this mold include
installing shafts inbearings, mounting gearsand pulleys on
shafts, and inserting keys into keyways. Not included in
this category are screw operations and push-and-twist
operations, although learning about peg-in-the-hole opera­
tions may tell us much about theseas well.

Current robotic technology depends onabsolute
position control to carryouttasks, restricting ourability to
perform insertions to those cases inwhich the parts toler­
ance plus location error (determined byfixturing) is
sufficiently small and the parts clearance is sufficiently
large that the combination is within the positioning resolu­
tion ofthe manipulator. Since the clearance alone may be
smaller than the positioning resolution, the taskmay be
impossible using commercially available technology.

In the remainder ofthispaper wepresent a strat-
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egythatemploys force feedback to perform orientable
insertions with precision requirements inexcess ofthose
achievable byposition control. The analysis ofcontact
forces allows us to show that the strategy will work for a
large variety ofshapes, and as such, constitutes what
amounts to a general insertion "reflex." Thefrequency of
peg-in-the-hole insertions inmechanical assembly makes
this animportant element ofa set ofrobotic primitives for
mechanical assembly.

A Strategy for Force-Directed Insertions
Humans can easily perform insertions ofparts

with extremely small clearances despite the fact that the
visual system and kinesthetic senseare notadequate to
perform the taskbased onpositional information. In fact,
since the task can generally be performed with one's eyes
closed, it seems clear thatvisual information is used only
for gross initial positioning. It seems intuitive, then, that
the human insertion strategy is based onthe reaction
forces created by the interference ofthe involved parts.
Thestrategy we develop in this paper is based onthis
observation.

Asecond basic idea underlying thisstrategy is the
restriction ofthe degrees offreedom ofthe part being
inserted (called a "peg" from here on). By constraining the
degrees offreedom, we simplify the problem ofinterpret­
ing any measured forces, and limit the number ofpositions
that the pegcan reach, simplifying analysis. Unlike the
strategy ofCaine," which inserts rectangular partsby a
sequential reduction ofdegrees offreedom, ourstrategy
creates artificial constraints ondegrees offreedom to
allow only a single degree offreedom at all times (except
for a brief time in the initial phase, which has two degrees
offreedom).

Theinsertion strategy is divided into three
phases: initial orientation, final orientation, and insertion.
Akey concept in thisstrategy is the notion ofa target
point. Themanipulator will apply forces to the pegthrough
apoint ofsupport, the point about which forces and
moments are measured (not the point at which the mani­
pulator is grasping the peg), on the baseofthe pegand
directed toward the targetpoint, a selected point onthe
peg's edge around the pegbase.

Figure 2. Relation of axes to target and support points.

Theselection ofthe targetpoint is one ofthe
main issues in this paper. Since the holehas a correspond­
ing shape, we can refer to the targetpoint onthe hole as
well, which is thepoint onthe hole's upper edge thatcor­
responds to the targetpoint onthe peg. The targetpoint
onthe pegis denoted P. Thepoint ofsupport is generally
nearthe centerofthe pegand is denoted I:. For conve­
nience we adopt a right-handed orthonormal coordinate
system with its origin at the point ofsupport I:. They
axis is defined as the line containing I: and~, the target
point, with the positive direction from I: to ~. Thex axis
is inthe plane ofthe baseofthe peg, and the positive
direction ofthe z axis is in the direction ofmovement for
insertion. This coordinate system is attached to the peg,
and moves with the peg. (See Figure 2.)

Initial orientation begins with the pegaligned with
the hole in termsofthe z axes and rotational orientation
about the z axis to the extentthat the information is avail­
able. Since we are developing thistechnique with factory
environments inmind, this a priori information should be
fairly good. Simple fixturing or a crude vision system
should allow us to align the z-axis position within 0.25
inches and rotational angular displacement within a degree
or two. While these accuracies are sufficient for the
approach we present here, they are notgood enough to
perform the insertion based onpositional information
alone.

Next the pegis tilted about thex axis so that the
targetpoint is the lowest point. Thepegis thenmoved so



Figure 3. Friction cone.

that the target point is as close as possible to the target
point of the hole while ensuring that the peg target point is
inside the hole (below the plane ofthe topofthe block con­
taining the hole). Aforce is applied at the point ofsupport
inthe direction ofthe target point. The pegwill thenmove
until it is in contact withthe edgesofthe hole. We con­
tinue to apply the force, allowing the peg to move
compliantly about its z axis andalong its x axis. Because of
the geometry ofthe situation, the control algorithm in
combination withthe physics of the forces will assurethat
motions are ina direction that reduces position error. Ini­
tial orientation ends when a stable equilibrium is achieved.

During final orientation, the pegisuprighted to the
apriori estimate ofalignment between thezaxes ofthepeg
and the hole. During thismotion, the pegisallowed tomove
compliantly about itszaxis andalong itsx axis. Constant
force ismaintained inthey direction (through the target
point) andthezdirection (into the hole).

The final stage, insertion, is a translation in the z
direction, lowering the peg intothe hole. During this
motion, the pegis allowed to comply along andabout its x
and y axes. (This strategy is detailed inReference 5.)

Analysis of Contacts
Since the strategy wedescribed in the previous

section relies oncontrolling the manipulator onthe basis of
forces andmoments measured bya force-sensing wrist, it ­
is important to understand the forces andreactions
involved in inserting a peg. In the orientation stageswe
cananalyze the contacts as a two-dimensional problem
since the manipulator constrains the movement to at most

two degrees offreedom. We will analyze the one- and two­
point casesin this section. In later sections wewill apply
these results to classes ofpeg shapes anddraw some gen­
eral conclusions. (Since these classes will require the pegs
to be convex, contacts are limited to one or two points.)

In the following discussion wewill make frequent
reference to the friction cone. If weassume that the con­
tact is governed bydry (Coulomb) friction, thenfor
stationary contact, the maximum value for the tangential
component of the reaction force is J.L, the coefficient of
staticfriction, times the normal force. Thus, ifwehave a
force F applied at angle efrom the normal, the tangential
component of the reaction force is min (F sin e, J.LF cos
e). No slipping occurs if J.L cos e;-:: sin e. Thus, the maxi­
mum angle from the surface normal at which a force can be
applied and be countered bythe reaction force is arctan J.L.

The cone centeredupon the surface normal with
half-angle arctan J.L is referredto as the friction cone. Fig­
ure 3 illustrates these concepts. If the force F is applied
from outside the friction cone, then there is a net shear
force as shown in the figure, resulting inanacceleration.
For ourexperiments weused aluminum parts witha glass­
beaded matte finish. For these conditions the coefficient of
friction is approximately 0.25to 0.35. The half angle ofthe
friction cone is approximately 14to 18°.

Analysis of One-Point Contact. The one-point contact
caseis shown inFigure 4. We assume that the manipulator
is holding the pegwiththe point ofsupport at Pandapply­
ing a force Fa toward the target point ~. If the airection of
the applied force lies outside the friction cone at the point
ofcontact, then there mustbe anacceleration dueto the
net shearforce andmoment about I:as shown in the fig­
ure. This holds even ifthe target point is also the contact
point. The force applied at point~ will cause the point of
contact to slip, since the shearforce exceeds the friction.
In addition, as discussed above, the manipulator is operat­
ing undera force program that attempts to maintain a zero
z moment andzerox force. The resultofthis control algo­
rithm is to rotate the pegin the direction ofthe net
moment andmove away from the surface contact. The part
of the program that attemptsto maintain a giveny force Fo
will tend to maintain the contact. Thus, depending onthe
damping in the control system, the contact will either
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move or contact will be broken. In a latersection we will
discuss what requirements we must place onthe shape of
the pegand its position and orientation to ensure that the
result ofthismovement is animproved position and orien­
tation that lies ona path to the desired endstate.

Analysis of lWo-Point Contact. Figure 5 shows the
forces involved in two-point contact. Again we assume that
the pegis supported at point ~, with force Fa applied
toward P. If the pegis instatic equilibrium, thenthereare
reaction forces F I and F2 such that

F I sin 01 - F2 sin °2 = 0

FI cos°1 + F2 cos °2 = Fa
IIFI sin 01 - 12F2 sin O2 = 0

(1)

(2)

(3) Figure 4. One-point contact.

If JL is the coefficient offriction at the points ofcontact,
then we must also have

28 tt
f3i -"2 ~ arctan JL i = 1,2 (4)

control algorithm to rotate the pegina direction to zero
outthe moment. This will cause the pegto slip at its con­
tactpoints, reducing the angular error and creating new
contact points. In latersections we will discuss how these
new contact points are found and under what conditions
this procedure leads to animprovement inorientation and
position.

From eqs. (1) to (3), we see that II = 12, From Figure 5
we see that these equations only have a solution if 01 + O2
< tt. We can interpret thissolution graphically as requir­
ing that: F I and F2 must both lie below the line connecting
contact points 1 and 2; F I and F2 must both lie within the
friction cones at the point ofcontact; and the extension of
vectors FI and F 2 must intersect the extension ofFa at
the same point (and therefore Figure 5 is notinstatic
equilibrium).

If theseconditions are notmet, thentherewill be
a net moment about ~. The direction ofthisnet moment
is determined bywhere the friction cones at the two con­
tactpoints intersect the extension ofFa. Thenet moment
will be in the clockwise direction (asdrawn) if the friction
cone ofthe contact point onthe leftintersects the exten­
sion ofFa farther from~ than does the friction cone ofthe
contact point onthe right, where farther is measured ina
positive sensefor the direction ofFa. Asdiscussed for the
one-point contact, the resultant moment will cause the

Initial Orientation of Convex Polygonal Parts
Alarge proportion ofinsertions appear to involve

convex parts. This is notsurprising ifone observes that
inserted partsare often shafts thatare free to turn, and
hence are almost always round. Nonround insertions that
are free to tum must have clearances large enough to allow
the point farthest from the pivot to move freely. We might
think ofnonround insertions that do notmove as a sort of
packing problem. The packing problem may introduce
some options about the orderofinsertion that may affect
the taskdifficulty. In thissection we deal with parts that
are polygonal in shape and therefore are notfree to rotate
intheirconstraining space. The requirement for convexity
is not unduly restrictive at this stagesince we deal only
with local portions ofthe lower edge ofthe peg. Atthe
endofthis section we discuss the implications ofmanipula­
tor error for this strategy.

Contact Forces on Polygonal Pegs. In a previous sec­
tion we analyzed the forces involved inone- and two-point



Figure 5. 'lWo-point contact.

contact. If we assume that the targetpoint ofa force­
directed insertion is one ofthe vertices ofthe polygon,
then it is clear that inone-point contact between the target
point and the hole, we have stability ifand only ifthe
direction ofthe applied force is within the friction cone of
the contact. Once outside the friction cone, the pegwill
rotate and slide along the edge ofthe hole. The angle of
the pegto the hole determines whether the sliding and
rotation are animprovement inposition. Thepegwill con­
tinue to slide and rotate in one-point contact until it either
reaches an orientation at which the angle ofcontact is
within the friction cone (which includes the desired final
state), or two-point contact is made, with one ofthe con­
tactpoints being the target point.

The analysis oftwo-point contact showed that
static equilibrium exists only if the friction cones ofthe
two contacts contain a point onthe line ofapplied force in
theirintersection. Since one ofthe contact points lies on
the line ofapplied force, stability requires that the reaction
force from the othercontact point be directed through it.
While thisconfiguration would satisfy the equation for no
net moment, it would notsatisfy the condition for no net
force, and therefore there can be no static equilibrium.

Thus, in two-point contact the pegwill rotate and
slide along the edgeofthe hole intwo-point contact until it

either achieves one-point contact, the pegbecomes geo­
metrically constrained, or the pegachieves its desired
orientation (which involves continuous contact butstops
because the force is applied within the friction cone ofthe
contact). If the servomechanism controlling the insertion is
at leastcritically damped, thenonce two-point contact is
achieved, it is maintained. Therefore, we can eliminate the
case ofreturning to one-point contact.

Application to Convex Polygonal Pegs. In the previous
section we showed how the contact forces cause the con­
trolstrategy to move the peg. We now examine how we
select the targetpoint and determine bounds onthe initial
position and orientation ofthe pegrelative to the hole. Our
goal is to ensure thatstatic equilibrium (thestopping crite­
rion for initial orientation) is reached only when the pegis
inthe correct orientation. Note that when we constrain the
pegto move only in two-point contact (which is the case
once we have achieved two-point contact ina system that
is at leastcritically damped), the motion ofthe peghas
only one degree offreedom.

We can plot the possible path ofthe point ofsup­
portofthe pegas a curve in the plane. Figure 6 shows the
path ofthe point ofsupport for a square pegwith target
point at one vertex and three cases for the location ofthe
point ofsupport: at the corner opposite the targetpoint,
three-quarters ofthe distance from the targetpoint to the
opposite corner, and one-quarter ofthe distance. If we
draw a vector field along the allowable path, the pegwill
move (if notbound byfriction) in the direction along the
path thatis less than 90° from the direction ofthe applied
force, since the applied force can only perform work ina
positive sense. Figure 6 shows the vector field for the
square pegsuperimposed over the path for the point of
support at the corner ofthepegopposite to the target
point. The shape ofthe path and the nature ofthe vector
field vary with the targetpoint angle for a simple insertion
inwhich only two sides interact (and we may therefore
treat the pegas a triangle).

Thevariations are more complex for aninsertion
inwhich the contact involves several ofthe vertices, and
may have several discontinuities inthe path derivative. In
all cases, however, there is a critical point along the path at
which the vector field points inthe direction ofdesired
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motion and continues to point inthat direction upto the
point at which the pegis correctly oriented.

Thus, ina practical sense, if we use the manipula­
tor to position the angular orientation ofthe pegas close
as possible to the desired position, and ifthe contact places
the support point within the part ofthe path between this
critical point and the goal, thenthe insertion will succeed.
If the support point is outside that region, the insertion
will fail, and would fail for any otherpoint outside that
region. Therefore, we need nothunt for another region,
possibly farther away (larger initial positioning error), that
would allow us a new starting position that would always
succeed.

For asymmetric parts, this implies thatitmay be
preferable insome cases tomake theinitial position goal
some otherposition than bestattempt at alignment. This is
true if thepath onone side ofthegoal statehas alarger area
guaranteeing success than thepath ontheotherside. By
selecting aninitial goal otherthan correct orientation we
may beable toensure thatthecontact falls onthatguaran­
teedportion ofthepath, even if farther from thegoal.

Only the portion ofthe pegtilted below the plane
ofthe top ofthe hole can interact with the hole. However,
the entire top edge ofthe hole may interact with the peg,
so a more precise model requires that the pegbe repre­
sented at thisstageas a portion ofthe curve representing
the hole. Since the hole is represented by a closed curve,
for the convex polygonal case the interaction cannot
involve anendpoint ofthe hole curve, as there is noend­
point. Contacts will always be between anedge ofthe hole
polygon and eithera vertex or endpoint ofthe peg
polygon.

Once the orientation error in two-point contact
has beenreduced pasta certain limit (which is a function
ofshape), the contact always involves the endpoint ofthe
pegcurve moving along the edge adjacent to the corre­
sponding point onthe hole. If thispoint is a vertex, the
corresponding edge is the first edge onthe hole polygon
notcontained in the pegcurve; otherwise it is the edge
containing that point. This permits us to determine the
angle ofthe reaction force at thisfinal stage. We can select
the support point to lie between the targetpoint and the
intersection ofthe contact friction cone with the line of

Figure 6. Allowable pathsfora squarepeg.

action ofthe applied force inorderto maximize the reac­
tion moment thatdrives the control mechanism.

Inactual manipulation, it is notpossible to ensure
that the force can be applied with a line ofaction through
the targetpoint or necessarily along a line bisecting the
targetpoint vertex. The direction along the angle bisector
has only been usedfor convenience and hasnotbeencriti­
cal to the analysis. In fact, byselecting a support point off
the bisector such that the line ofaction ofthe applied force
falls onthe side ofthe angle bisector opposite the second
point ofcontact, we may reduce the possible cases of
sticking or jamming. Errorsindirecting the force through
the targetpoint can be similarly compensated for; the line
ofaction should intersect the pegonthe side opposite the
side connecting the contact points.

Initial Orientation of Smooth Convex Parts
Theinsertionstrategydescribed above was based

oninformal observationofhuman strategies for force­
directed insertion. It appears thathuman strategyselects the
point ofmaximum curvature asthetargetpoint. Inthis sec­
tion we will show how certain properties ofthispointmake it
particularly suitable for thestrategywe have developed.



Contacts on Convex Curves. We select as the target
point t the point ofmaximum curvature and restrict1and
g, the curves representing the interacting portions ofthe
pegand the hole, to be monotonically decreasing incurva­
tureinboth directions from t. We can thenshow that two­
point contacts require thatat leastone ofthe contact
points be an endpoint ofone ofthe curves.

Let the pegand the hole be represented by two
planar convex curves parameterized by arc length, I(s) and
g(s). Let kf (s), k,g (s) be the curvature at some point s for1
and g respectively; kf and kg are piecewise continuous.
Likewise let 8f (s), 8g (s) be the direction ofthe tangent at
s; 8f and 8g are continuous. We assume that1and g are
identical upto a rigid transformation ofthe plane.

Theorem 1. Givenf(s), g(s), 0 ~ s ~ 1 are identical
planar convex curves (up to a rigid transformation ofthe
plane), with continuous tangents and piecewise continuous
curvatures. Assume that there is a point t such thatkf (s)
ismonotonically increasing onthe interval 0 ~ s ~ t and
monotonically decreasing on the interval t ~ s ~ 1. Given
I8f (1) - 8f (0) I~ 'TT, then/, g cannot be tangent at two
distinct points.

Application to Convex Pegs. From the theorem, we
know that, for smooth curved convex objects, ifwe select
a section with monotonically increasing curvature up to the
targetpoint inboth directions, thenthe contact with the
hole will involve the endpoint ofeitherthe hole or the peg.
As for the polygonal case, the hole cannot have anend­
point; it is a closed curve. Therefore a two-point contact
must include the endpoint ofthe peg. It appears (although
we have notyetproven) that the nonendpoint contact
moves toward the noncontact endpoint as the angular ori­
entation error is reduced and two-point contact is
maintained. Jamming occurs when the friction cones ofthe
two-contact points contain anintersection along the line of
action ofthe applied force. Jamming can be avoided ifthe
interacting portions ofthe pegand the hole can be con­
strained to prevent thisoverlap. For a symmetric pegthis
may occur when the length ofthe arc onone side ofthe
targetpoint is larger than onthe other.

Different approaches may satisfy this criterion for

other shapes. By placing the support point between the
intersections ofthe contact-point friction cones with the
line ofaction ofthe applied force, we may maximize the
reaction moment and reduce problems relating to signal-to­
noise ratios in the sensor. Inpractice, the pegand the hole
have a small clearance and are nottruly identical curves. In
this case the two-point contact will notbe continuous. As
the contact moves away from the targetpoint, it will even­
tually reach a point at which any further rotation will break
contact. When the contact is broken, the system moves to
one-point contact until a second contact is made. This sec­
ond contact will be near the targetpoint and onthe same
side ofthe targetpoint as the contact endpoint. This will
result ina net moment and will cause rotation until one­
point contact is achieved.

Because the strategy described in"AStrategy for
Force-Directed Insertions" is anactive one, there is only
one stable configuration (other than jamming, which we
hope to avoid for most cases). Stability occurs when the
line offorce intersects the pegboundary at the point of
tangency to the hole and is directed within the friction
cone at the point ofcontact onthe hole. Any otherconfig­
uration, even with the force within the friction cone at the
contact, is notstable since there is anunresolved moment
thatwill cause the manipulator to rotate. Since the target
point is the point ofmaximum curvature, it can be tangent
at any point, notonly at the corresponding targetpoint on
the hole.

When two-point contact is broken, the state of
contact afterthe discontinuity is a function ofthe shape of
the hole, the clearance with the peg, and the control
mechanism. Thepegis highly constrained at this point as
to possible contacts. However, there is a region about the
targetpoint onthe hole inwhich the targetpoint ofthe
pegmay make tangent contact and satisfy ourstopping cri­
terion. For practical purposes thiserror is generally of
small concern, as the final orientation will be capable of
proceeding.

Thereare positions otherthan those nearthe hole
targetpoint for which the pegtargetpoint is tangent to
the hole. However, thesegenerally involve rathergross
error. For the small-batch manufacturing environment
motivating ourresearch, the assumption onsatisfying ini-
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tial conditions that rules outthiscase seems reasonable.
This is because we assume a moderately structured envi­
ronment supplemented with sensors in the control system
and a manipulator capable ofbeing positioned within a few
hundredths ofaninch and within 10 angular position. Spe­
cial situations, such as the assembly ofverysmall
components, may require proportionately greater
accuracy.

We stateda conjecture that the point oftangent
contact moves away from the targetpoint as the orienta­
tion error was reduced. We can show thatas a point moves
farther from the targetpoint along a curve ofmonotoni­
cally decreasing curvature, the intersection ofits normal
with the normal through the targetpoint moves farther
from the targetpoint as well (Figure 7). When the curve is
symmetric about the point ofmaximum curvature, then
the only two-point contact ona frictionless surface with no
residual moment must involve the corresponding points on
both sides ofthe targetpoint.

For a surface with friction, the distance from the
corresponding symmetric point is a function ofthe coeffi­
cient offriction, and therefore goes to zero with u: Ifour
conjecture is true regarding movement ofcontact points,
then for symmetric curves with no friction, we can assure
thatjamming does notoccur until the pegis properly
aligned or close to alignment for cases with low friction.
For a given value of fL there must be a clearance at which
we can assure no jamming, since the point at which two­
point contact is broken occurs before the required point
for jamming is reached.

The analysis has assumed that the force was
directed at the targetpoint t along the normal to the curve
at the targetpoint. If ourconjecture about the motion of
the contact point is true, small errors (relative to the scale
ofthe part) will have little effect onthe accuracy ofthe ori­
entation except at the last stage. Theerror at the
termination (regardless oferror inforce direction) will be
dominated bythe clearance between the pegand the hole..
Once the peghas broken two-point contact, termination
occurs when eitherthe point onthe curve through which
the force is directed (true targetpoint) is tangent to the
hole or there is a two-point contact with the true target
point between the contacts. Therange oforientations at

Figure 7. Intersection of normals with normal through target
point.

which either ofthese two conditions may occur is deter­
mined by the clearance, notthe error inpointing the force.

Final Orientation
Because the targetpoint ofthe peghas been

tilted into the hole, the orientation at the termination of
the initial phase may still contain small errors. Figure 8
shows the projection ofthe baseofthe pegonto the plane
ofthe top ofthe hole, as well as the slice through the plane
ofthe top ofthe hole. Although the orientation through the
slice is correct, tilting the pegback to vertical would intro­
duce interference between the pegand the hole.

Themotion program for final orientation is to
rotate the pegback to vertical while maintaining a constant
force inthe direction from the support point to the target
point (+ y), constant force down the peg(roughly, into the
hole, + z)and moving compliantly inx translation and z
rotation. The analysis offorces and moments inthe plane
sliced through the peg(perpendicular to its z axis) at the
point it contacts the hole is essentially the same as for
two-point contact ininitial orientation, and therefore there
is a net moment about z. (The convexity assures that the
contacts are always edge-edge contacts. Anonconvex peg
would allow a point-surface contact, which would notpro­
duce the required resultant forces and moments and final
orientation would fail. Inmany cases it should be possible
to measure moments generated bythe surface contact to



Figure 8. Finalorientation beginning position.

determine inwhich direction to rotate the pegto break the
contact.)

If the targetpoint ofthe pegis inserted toofar
into a hole ofsufficiently tight tolerance, points far from
the targetpoint will contact the surface ofthe hole and
prevent continued rotation. The force program offinal ori­
entation takes thisinto account, as the part ofthe program
to maintain constant z force will cause the tipofthe pegto
lift as the force is applied through the points incontact
with the surface ofthe hole. Theforce program to main­
tain constant force in they direction causes the pegto
maintain contact at the targetpoint ofthe hole. Thedepth
ofthe targetpoint in the hole is a function ofthe ratio of
the hole size to the pegsize. [Depth ofthe targetpoint is
equal to lp * sin(arccos (l/lh»' where lh is the length ofthe
hole and l, is the length ofthe peg. Length is the distance
inthey direction from the targetpoint to the most distant
point onthe boundary.] If the hole is oversize by 1 per­
cent, thenthe distance from the targetpoint to the top of
the pegis 14percent ofthe length. For a 0.01 percent
oversize hole, the target point depression is 1 percent.

Insertion
The forces and moments encountered ininsertion

have beenanalyzed in considerable detail for round pegs
and holes by Whitney; and for rectangular pegs and holes

byCaine." These two authors provided a quantitative anal­
ysis for special cases. Thegeneral nature ofpegshape
thatwe have adopted prohibits thissort ofquantitative
analysis. Instead we will draw upon theirresults to indicate
why ourapproach works.

Successful completion offinal orientation leaves
the base ofthe peginside the hole. Thez axis ofthe pegis
aligned with thez axis ofthe hole to the extentofthea
priori knowledge ofthe hole's orientation and the position­
ing accuracy ofthe manipulator. The control program for
the insertion seeksto maintain zero forces and moments
along and about thex andy axes (where the origin ofthe
coordinate system is onthe base ofthe peg) at the projec­
tion ofthe support point along the z axis. Thepossible
contacts ofthe pegwith the hole involve the base ofthe
pegineither one-point or edge contact withthe side ofthe
hole and the top plane ofthe hole inedge or point contact
with the side of thepeg. Thereis also thepossibility of
face-face or line contact parallel to thez axis between the
pegand the hole. However, thiswould imply no orientation
error inthe axis perpendicular to that face, and hence no
force onthe face, since force is being applied only inthez
direction. Jamming can only occur ifthe reaction forces of
the two contacts have friction cones intersecting each
otheralong thez axis. As long as the pegis notjammed,
the reaction force from the top edge ofthe hole intersects
thez axis farther from the baseofthe pegthan does the
reaction force from the contact at the base ofthe peg.
Therefore the net moment is ina direction thatcorrects
thatorientation ofthe peg. As noted inReference 6, as the
pegprogresses farther into the hole, the possibility ofjam­
ming is reduced. Thereis a depth thatis a function ofthe
ratio ofthe peg"diameter" to the hole clearance and the
coefficient offriction such that, past thatdepth, the peg
cannot jam, unless external moments are applied.

Summary
Theanalyses demonstrate the robustness ofthe

proposed insertion strategy and explain the success ofthe
experiments reported inReference 5. In addition to the
rectangular, triangular, and elliptical peginsertions
reported there, further tests have demonstrated the ability
ofthis approach to inserta 2-inch-square peginto a
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2.0015-inch hole. The insertion approach provides a
generic capability for performing automatic insertions, a
key primitive in the development ofautomated assembly
systems. This approach has similarities to the techniques
ofInoue and Simunovic." Both ofthese, however, are
restricted to round pegs. In addition, the strategy ofSimu­
novic relies upon accurate resolution ofmoments caused
by a tiltwhen the pegis brought into contact with the hole
to determine the direction ofmotion to align the pegand
hole centers. This is still beyond the resolution and signal/
noise capabilities ofcommercial devices. Athorough analy­
sis ofthe forces involved inthe insertion ofrectangular
solids is usedinReference 4 to develop a strategy inwhich
the degrees offreedom are continuously reduced ina man­
ner that increasingly restricts the possible positions ofthe
peg. In contrast, ourtechnique introduces artificial con­
straints at each stageto limit motion to a single degree of
freedom (although early ininitial orientation the peghas
two degrees offreedom until two-point contact is
achieved). This considerably reduces the difficulty ofanaly­
sisofforces and produces a robust strategy.

Robots and theircontrollers will need new designs
and capabilities to overcome the shortcomings thathave
prevented them from making a significant penetration into
the manufacturing environment. In this paper we have
demonstrated how force-controlled manipulation can sim­
plify the programming ofinsertion operations. In addition,
the technique permits insertion ofpartswith clearances
smaller than the precision ofthe manipulator or associated
fixturing, permitting reductions insystem costand
increasing system flexibility. Many othertaskswill be sim­
plified by integrating sensing into the manipulator control.
This is only one ofmany changes that will be required to
bring robots to batch manufacturing. Task-oriented lan­
guages and interfaces to design systems are necessary to
reduce programming effort. Education ofthe designers
themselves will be essential to ensuring designs thatcan
be economically produced inrobotic factories. Mechanical
design ofthe manipulators will need to change as well.
Existing robots generally have a weight-to-payload ratio of
up to 100 to 1. New control strategies thatemploy sensing
and intelligence can reduce this ratio, and, in the long run,
reduce costs as well. More understanding ofthe control

and application ofsystems with flexible links, redundant
degrees offreedom, and adaptable configurations is
needed. Research laboratories around the world are attack­
ing many, ifnotall, oftheseissues.
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