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the Datakit@ virtual circuit switch, which receives 
packetized traffic from many message sources of 
diverse classes and multiplexes the traffic over a trunk 
line. The network has a regulatory mechanism based 
on acknowledgments that produces a closed model. 
Assuming that the switch has a processor-sharing disci- 
pline, and assuming an asymptotic regime of high 
loading of the switch and high-capacity trunks, we 
derive the explicit, first-order transient behavior of the 
means of queue lengths-and hence response times. 
We then give a simple procedure for finding the time 
constants (eigenvalues) that govern the approach to 
steady state. Our numerical experiments show that the 
analysis is quite accurate. 

Introduction 
In a model of a data network based on a switch, such as the 

Datakit virtual circuit switch, packetized traffic flows from many mes- 
sage sources to the switch, which multiplexes the traffic over a trunk 
line. How can one calculate the transient response of such a network? 
Even a simple M/M/1 model has complications. When there are several 
classes of message sources, a closed network, and a processor-sharing 
discipline in the switch, the problem would seem to be analytically 
insurmountable. Yet it is important to know how such a switch 
responds, especially to heavy traffic. Analytic formulae are desirable 
because they show dependence on parameters. As Fritz John of the 
Courant Institute once remarked, “One asymptotic (analytic) expression 
is worth 1000 pages of printout.” 

fact, be derived. Our asymptotic regime has heavy traffic and high- 
For a simple model of a switch, asymptotic expressions can, in 
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capacity trunks, where a fluid approximation may be 
expected to h0ld.~,3 To show the accuracy of our analysis, 
we compare some exact numerical calculations with our 
asymp tot ics . 
call them) are systems of ordinary differential equations. 
In our case, the system of first-order equations is nonlin- 
ear and has as many dimensions as there are traffic 
classes, for which a typical value is three.4 On the other 
hand, in the exact description of the Markovian system, 
the number of equations is exponential in the number of 
classes and is typically in the hundreds of thousands. 

In its primary use, the fluid model is numerically 
integrated to yield values of the aggregated state of the 
switch as a function of time. We also use it here to obtain 
the time constants of the network. First, we get an explicit 
representation of the Zitwar system of differential equa- 
tions that describes the behavior of the fluid model near 
the equilibrium state. From this, we obtain its eigenvalues. 

The work reported here originated in questions 
relating to the behavior of the Datakit virtual circuit 
switch. The service disciplines that have been studied for 
this and related switches are generally based on the round- 
robin discipline, with other features, such as priority, 
added on. 4.5 The reason for depending on round-robin is 
because it provides a service in which the mean delay seen 
by sources conditioned on message length is approximately 
proportional to the message length. (This relation is exact 
for processor sharing. 6, This property is highly desirable in 
a data communications environment where diverse classes 
of sources exist. For example, interactive terminals have 
messages of only a few characters, while host-to-host file 
transfers have considerably longer messages. Processor 
sharing is the discipline obtained in the limit as the quan- 
tum of service in round-robin goes to zero. Because 
packet size actually defines the quantum of service, pro- 
cessor sharing is only an approximation, but one with a 
long history of being reasonably accurate and robust. 

There are many potential applications of the 
knowledge of time constants and transient behavior of the 
network, although none is pursued in any depth in this 
paper. Such knowledge would be especially important in 
the design of network flow-control schemes. For example, 

These fluid limits (or fluid models, as we shall also 

in the control of very high bandwidth sources, it is impor- 
tant to know the sensitivity of the time constants to the 
number of virtual circuits in that class. Also, it is known 
that, in the real-time estimation of traffic parameters from 
measurements, the variance of sample means as a function 
of the length of observations requires knowledge of the 
transient response. Such estimation procedures are an 
essential element in network control schemes. Yet another 
related application is in the design of simulations: Samples 
are approximately independent if they are separated in 
time by an amount equal to the system time constant. 

Fluid models have been considered both as effec- 
tive approximations to complex systems and as limits of 
convergent sequences of approximating systems in learn- 
ing theory, 9 stochastic approximations, lo other recursive 
stochastic algorithms, 11,12 and queueing theory. l3 Note that 
the fluid models of this paper are stripped of all stochastic 
elements. In this respect, they are distinct from, and con- 
siderably simpler than, stochastic fluid models. (See, for 
example, Reference 14 and accompanying references.) 

The closed, product-form queueing network of 
this paper has been extensively studied in connection with 
the distributions of queue lengths15 and the waiting-time 
moments and distributions16 for various asymptotic 
regimes, including the present one, but only with the sys- 
tem in equilibrium. Even though the analysis in Reference 
16 is quite different from this paper’s, it is worth noting 
that the waiting-time distributions are also obtained by 
solving a system of a like number of ordinary differential 
equations. An earlier paper of ours considered the tran- 
sient behavior of Erlang’s model, which is the model 
considered here specialized to one class of message 
sources. l7 However, this earlier paper considered various 
asymptotic regimes and also developed multiple-term 
asymptotic expansions and a large deviation theory. 

In this paper, we first describe a system with one 
class of customers, and analyze this system. We then 
describe and analyze systems with more than one class of 
customers. The final section gives extracts from the 
numerical investigations. We examine three networks with 
parameters selected from the data traffic model of Fraser 
and Morgan4 and contrast the “exact” transient solutions 
with the fluid approximation. 
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Figure 1. Physical 
system of a single- 
class model. 
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6 The Single-Class Model 
Figure 1 shows the physical system, which is simi- 

lar to that of Fraser and Morgan4 Each of N statistically 
homogeneous, asynchronous sources of virtual circuits 
sends a message over relatively low-speed access lines, 
and waits for an acknowledgment from the switch. It waits 
until the acknowledgment is received, at which point it 
starts a new cycle by transmitting another message. The 
length of the time interval required to transmit the mes- 
sage over access lines is the “think time.” 

The switch is constantly taking nibbles from the 
occupied per-channel queues and transmitting these nib- 
bles over the high-speed trunk. The switch discipline is 
approximated by processor sharing. When a per-channel 
queue empties, the switch sends an acknowledgment to 
the matching source. 

Let 

access line speed 
mean message length r A  meanthinkrate = (14 - 

and 

trunk speed 
mean message length A A mean service rate at switch = - 

If the mean acknowledgment time is significant, it is sim- 
ply added to the mean think time. The think time and the 
service time for each message are assumed to be inde- 
pendent, exponentially distributed, random variables. The 
following dimensionless parameter is an important indica- 
tor of traffic conditions: 

1 A  Y = N ;  

We will make the following assumption of heavy usage: 

Y < l  (2) 

For example, if the trunk operates at the T1 rate of 
1.544 megabits per second (Mb/s), the access lines at 
the rate of 9.6 kb/s, and the number of virtual circuits, 
N ,  is 512, then y is about 1/3 and the heavy usage con- 
dition is satisfied by a comfortable margin. 
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(Processor 
sharing) 

Rate: r Rate: A 

Figure 2. Queueing network representation of the physical 
system. 

Figure 2 is a conventional queueing-network rep- 
resentation of the same system. The network is a closed, 
product-form network, and the single class shown has a 
population of N “jobs.” A snapshot at time t would reveal 
that a certain number of jobs, m($, are in the think node 
and the remainder, N - m($ = a($, are in the switch 
node. Translated to Figure 1, this corresponds to m($ 
virtual circuits in the course of transmitting messages to 
the switch and n($ per-channel queues being serviced in 
the switch. 

texts may require that one modify the narrow and 
specific definition of think time used here. For example, 
think time may be extended to include independent, 
exponentially distributed, random time periods taken by 
the source between receipt of an acknowledgment and 
transmission of the next message. 

We draw the reader’s attention to a feature of 
real data networks that is not reflected in the simplified 
model considered here. In some applications (including 
the Datakit switch), the switch does not wait until an 
entire message is received before beginning service; 
instead, service begins as soon as the header arrives. 
This form of pipelining is not modeled here. However, we 
expect that our results are reasonably accurate even for 
pipelined systems for the following reasons. 
= In heavy traffic where congestion effects dominate, 

pipelining will be a relatively small factor. 
In other comparative studies between fluid models, 
which capture pipelining effects, and packet models, 
performance differences are not large. l8 

It is quite possible that specific modeling con- 

Results for the Single-Class Model. Let a(t) A mean 
number of occupied per-channel queues in the switch at 
time t, and u(t) A utilization of the switch at time 
t = Pr(n(t) > G. 

It is straightforward from the birth-and-death 
equations describing the queueing network in Figure 2 
that 

(t 2 0) 

d -  
- n($ = -E(t) + Nr(l-yu(t))  
dt 
- 
n(0) = 0 

for the initial condition of an empty switch. This equa- 
tion, while exact and slightly tedious to derive, is quite 
intuitive. 

tion function u(t) is not known a priori. However, we 
obtained the following facts for the condition of heavy 
usage.l7 As t + 03, 

We cannot solve equation (3) because the utiliza- 

Because y < 1, < 1 and thus the steady-state 
value is exponentially small in N. We will therefore take 
the steady-state value of 1 - u(t) to be 0. 

Secondly, u(t) goes from 0 to its steady-state 
value extremely quickly, with a time constant that is 
O(l/N). This is easily seen from the following observa- 
tion. When n($ is small, it behaves very nearly as an 
M/M/l queue-length process with arrival rate Nr and 
service rate Nry. The time constant of this system is 
proportional to 1/N. A consequence of these two facts is 
that u(t) = 1, t > 0. Substituting in equation (3), we 
obtain the following solution: 

which corresponds to a time constant of llr. 

7 
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Figure 3. Transient 
response for a single- 
class model. (a) 
N = 200; (b) 
N = 512. 

8 

A = Asymptotic approximation, 
equation (4) 
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(a) t(Time) 
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Figure 3 shows plots of ~ ( t )  as obtained from 
equation (4). The figure also contains the exact values 
obtained by numerically integrating the system of ( N +  1) 
first-order differential equations, which constitute the 
birth-and-death equations. For these plots, llr has been 
the unit of time chosen. In each case considered in Fig- 
ure 3, the approximation is indistinguishable from the 
exact values. Our integration routine for obtaining the 
exact values is based on an adaptive Runge-Kutta scheme 
and is quite time-consuming. 

Multiple Classes 

Fraser and Morgan with multiple types of virtual circuits 
or classes of jobs.4 Virtual circuits may be lumped into 
different classes by the following considerations: 

= Service rate at the switch. 

tual circuits (jobs) of class j ,  1 < j < p .  Figure 2 still 

Now consider a model such as one used by 

Access line speed 
Message length 

The classes are indexed 1, 2, ..., p ,  with Ki vir- 
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applies, except that there is a think rate, 5, and a ser- 
vice rate at the switch, Xi, for each class j .  Based on 
equation (l), let 

deterministic process. Consider the following system of 
ordinary differential equations, t 2 0 

d Y ,(t) 
- Y,@) = Y 1 ( P l  - yi(t)) - r,y,- I y(t) I , for 1 6  is$, access line speed for classj 

mean message length for classj 
dt  r A  (54  = 

- 

Y(0) = ZJO) (7) 
(5b) 

trunk speed 
A.  A 

The following property of any solution of equation (7) is = mean message length for class j 
noted: For the asymptotic analysis, we introduce N as a 

o s Y i ( o > s  pi * O<Y,(t)<P, large parameter. In our software, N is the total number 
of jobs over all classes (i. e., ZKJ. We define 

1 
(1 s is$) ( l s i s p )  (t>O) (8) 

(6a) The proof follows from observing that, if y(t)2 0 (the case 
of y(t) = 0 is considered in the section on initial behav- 
ior), then 

p. I = N  A -Kit for l ~ j s p  

and, in correspondence to equation (lb), 

1 \  

We assume that {pi} and {yj> are O(1) as N + 00. where yi = djldt. 
The state of the system is a $-dimensional vec- The ordinary differential equation (7) is singular at 

tor zJt) A 1 (n,(t), . . . , nP(t)), where nit) is the number y = 0. In the sectionbn initial behavfor, we show how to - obtain a unique solution of equation (7) for zN(O ) = 0. 

THEOREM 1. For any T > 0 and E > 0, there exist positive 
of jobs of class j in the switch node at time t. zJt) is a 
Markov process with generatorlg 

We have the following result: 

Because zN(t) is bounded, we obtain the following simple 
corollary: 
COROLLARY. For all t>O 

2 .  1 Nriyi -L V(z - w eJ - f(d> 
I z l  

where, as in the rest of the paper, ei is the unit vector in 
RP in the i-direction and I z I = .E I zi I for z E RP. 

P 

1=1 

9 

The factor zi/ Iz 1 is characteristic of the processor- 
sharing discipline. The theorem and corollary are mathematical 

We will now show that z,O is very nearly a statements of the physically plausible “fluid approximation” 
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for zN (0. The flow y(t) is like a mean field, or continuous- 
flow approximation to the random (but nearly determinis- 
tic) zN (0. The rare excursions of zN(t) far from y(t) are in 
the province of the theory of large deviations and will not 
be examined here. (See References 3, 20, 21, and 22 for 
some related results.) 

The theorem is an extension of Kurtz’s theorem2p3 
and is proven in Reference 23. Kurtz’s theorem does not 
quite apply to our situation because the vector field for dyl 
dt in equation (7) is not continuous at y = 0, let alone Lip- 
schitz-continuous as required. The extension is nontrivial 
because Kurtz’s theorem is known not to hold in some 
cases where the vector field is non-Lipschitz. Ordinary dif- 
ferential equations with non-Lipschitz vector fields may 
have non-unique solutions and this may be reflected in 
non-unique behavior of the random process and conse- 
quent breakdown of Kurtz’s theorem. In Reference 23, the 
reader may find a more detailed description of the solu- 
tions to equation (7). 

analysis of y(t). There are three parts to the latter: 
lo 1. Steady-state behavior 

2. Initial behavior 
3. Approach to steady state (i.e., time constants, expo- 

nential rates). 
Steady-State Behavior. To find the stationary soh- 

tions of equation (7), set d yi = 0 to obtain 

Our analysis of E(zJt)) has been reduced to the 

dt 

Si 0 = ri(Pi - sJ - riyi -, for l s i s g  (11) 
I s 1  

where we have let si be the steady-state value of yi(t). To 

solve, set L A - ]=1 .2 s. I’ and note that O<L<w. Then 
P 

, f o r l s i s p  (12) Pi s. = - 
Yi 1+- L 

(13) 

The right-hand side of equation (13) is decreasing in L and 
has a positive solution if and only if 

Equation (14) generalizes equation (2) and represents our 
“heavy-usage condition.” We sometimes refer to the quan- 
tity on the left as the “usage parameter.” Assuming 
equation (14) holds, it is simple to solve equation (13) 
numerically for L and so calculate s by substituting L into 
equation (12). 

We now establish the stability of the fluid approxi- 
mation of equation (7) by showing that solutions approach 
s exponentially The proof consists of showing the exis- 
tence of a Lyapunov function. 
PROPOSITION 1. Let 

Then 

R ( $ s  e-%R(O) ( t20)  (16) 

where ? = +ri. 

Proof. Define xi(t) - yi(t) - si ( l 4 ~ p ) .  Subtract equa- 
tion (11) from equation (7) to obtain 

Now from equation (15), 

sgnxi d 
- xi d’ 

-R(t) = c - 
dt riYi dt and on summing over i, 

AT&T TECHNICAL JOURNAL * SEF’TEMBER/OCTOBER 1988 



where d'ldt is the right d e r i v a t i ~ e . ~ ~  By substituting equa- 
tion (17), 

Hence, 

R(t) d e-~R(O), for t2O 

The above proposition has established an impor- 
tant qualitative property that holds for all time for the fluid 
approximation. On the other hand, Theorem 1 only shows 
that equation (7) is a valid approximation to the Markov 
process z,O over finite intervals (i.e., finite 7'). This situ- 
ation is corrected in the following theorem, whose proof is 
also in Reference 23. 
THEOREM 2. For every E>O there are positive constants c, 
and c, such that 

This theorem LIOWS that the steady-state distribution of 
z,(') is very nearly a delta distribution at s. 

As mentioned in the introduction, the complete 
asymptotic expansion of the steady-state distribution of the 
particular network being considered here is available in 
Reference 15. It is interesting to check the correspond- 
ence between these results and the steady-state values of 
equation (7); the latter are exactly the leading terms of the 

asymptotic expansions for the heavy usage regime given in 
Reference 15. 

we do not know a priori 4nCy,Ol I y(t) I }. We overcome 
this ambiguity in the folhdng manner: for t - 0, set 
yi=t $(O), and obtain 

Initial Behavior. Equation (7) is singular at y = 0; 

P 
NOW let M A I y'(0) I = C 1 yi(O), and we have 

Note the similarity to equation (12). Summing over i as 
before. 

1 = C  riPi 

i=l M + riyi 

which will have a unique positive solution, M, assuming 
condition (14). Then y'(0) comes from equation (18). The 
justification of this procedure forms part of the proof of 
Theorem l.23 

We have incorporated in our software the above 
procedure for calculating y'(0) and we start the numerical 
integration of equation (7) using these calculated values. 
The singularity of equation (7) at y = 0 still makes itself 
felt sometimes in the delicate way we must integrate out of 
the corner. 

Approach to Steady State. A particularly interesting 
quantity is, of course, the rate at which z,(O approaches 
s, the steady state. We analyze this by seeing how quickly 
y(t) approaches s. We do this by linearizing, i. e., by con- 
structing a linear system of differential equations that 
describes the behavior of the solution of equation (7) in the 
neighborhood of s. To proceed, define the error vector 
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But 

E(t) = y(t) - s (20) That is, B is the sum of a diagonal matrix and a rank 1 
dyad. 

Clearly, the eigenvalues of B govern the exponen- 
tial rates at which the solutions of equation (23) approach 
0, and this gives the time constants of the original system 
of equation (7). Let us now calculate the eigenvalues of B. 
Our result is the following equation that immediately gives 
a simple numerical procedure for finding all eigenvalues. 
PROPOSITION 2. The eigenvalues of B solve the following 
equation in z: 

Then, by equation (7), we have 

d ririyi (t) - ei(t) = ri(pi - yi(t)) - - (21) 
dt I Y(t) I 

(22) “iYtsi 

I s 1  L$ YiYi Si 

Letting L(t) A - I y(t) I, and recalling that L = I s I , we L2 i = l  Yi 
have L 

0 = ri(pi- SJ - - 

= 1  (24) 
ri(l + -) - z 

L(t) = L 4- 2qt) COROLLARY. With the convention 

and so, subtracting equation (22) from (21), 
rl(l + 2) < r, (1 + F) < < rfi (1 + $) 

1 the eigenvalues {zJ occur in the following intervals: 
L E l t )  - si zqt) 

L2 + L zqt) 
l2 d 

- ei(t) = - riei(t) - riyi 
dt 

Thus, to first order, as I ~ ( t )  I + 0, i.e., as steady state is 
approached, 

d 
dt - ~ ( t )  =   BE(^) 

where 

Because the function in equation (24) is monotone, this 
makes it quite trivial to find the eigenvalues numerically 
ProofofProposition 2. If z is an eigenvalue of B with asso- 
ciated eigenvector c = (c, , ... , cP ), then 

(23) 
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Table 1. System Parameters 

I Parameter Example 1 Example 2 Example 3 

K, numbers of virtual circuits (200,20,10) (120,12,6) (40,160,35) 

r, rates in the “think node” (1.0, 0.14583, Same as for (1.0, 0.025, 
0.01139) Example 1 0.01139) 

A, rates in the “switch node” (156.25, 3.90625, Same as for Same as for 
0.30518) Example 1 Example 1 

KY. 2 usage parameter 

(>1 for “heavy usage”) 2.4 1.44 2.59 

and summing on i yields equation (24). 

satisfy equation (24). The corollary shows that there are p 
distinct solutions to equation (24) and each one is an 
eigenvalue (because it satisfies the characteristic equa- 
tion); so the set of solutions to equation (24) is exactly the 
set of eigenvalues. 

We have seen that the eigenvalues are all real, 
positive, and easy to calculate. The time constant of the 
system is Uz1. 

This proposition shows that any eigenvalue must 

Numerical Investigations 

tions, we extract a sample of three systems that we shall 
call Examples 1, 2, and 3. In probing the limits of the fluid 
model, we find these examples interesting. For each sys- 
tem, we will present the “exact” transient response 
obtained by numerically integrating the multidimensional 
birth-and-death equations together with the transient 
response of the fluid approximation obtained by numeri- 
cally integrating equation (7). In each example, there are 

From our rather extensive numerical investiga- 

Table II. Parameters of the Fluid Model 

I Computed parameter Example 1 Example 2 Example 3 

M 0.23777 

L 0.45021 

Steady state utilization (0.7698, 
of switch 0.1534, 

0.0767) 

{zs (0.014, 
0.172, 
1.353) 

Time constant (ms) 60.0 

0.02633 

0.18799 

(0.6586, 
0.2276, 
0.1138) 

(0.019, 
0.216, 
3.105) 

44.2 

0.011 178 

0.47451 

(0.1494, 
0.5976, 
0.2530) 

(0.013, 
0.038, 
2.194) 

65.8 
~~~~ ~ 

three classes, (p = 3); and hence, the fluid approximation 
is a system of three first-order differential equations. In 
contrast, the exact models are approximately of dimension 
4.6 x lo4, 1.1 x lo4, and 2.4 x lo5, respectively The tran- 
sient responses presented are for the initial condition of 
the empty switch. 

In the choice of the number of classes and other 
parameters, we have been guided by Fraser and Morgan’s 
data traffic m0de1.~ We let the trunk have the T1 rate of 

13 
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Figure 4. Transient 
responses for (a) 
Example 1, (b) Exam- 
ple 2, (c) Example 3, 
and (d) an asymptotic 
approximation for 
Example 3 with 100 
time units. j = class 
index. 

14 

Class 1 
60 

-= Exact numerical integration of 
birth-and-death equations 

A = Approximation, numerical 
integration of equation (7) 

20 Class 2 

0 

til'irne) 

Class 2 

5 10 15 20 
tqime) 

1.5 x lo6 b/s, and average message length (charac- 
ters) = (1, 40, 512). Our convention is that, in any 
parameter vector (pl, p2,  p3) ,  pi is the parameter for class i 
where lSiS3. In contrast to the above, the access line 
speeds vary from example to example: 

Access line speeds (kb/s) 
Example 1 
Example 2 
Example 3 

(9.6, 56, 56) 
(9.6, 56, 56) 
(9.6, 9.6, 56) 

We normalize time so that unity is the amount of time it 
takes a class 1 source to send a message of average length 
over its access lines; thus, r1 = 1.0 [see equation (5a)l. It 
turns out that for all examples, the unit of time is 0.833 

milliseconds (ms). From these data, it is possible to calcu- 
late r, X. These, together with the remaining parameters 
K, are shown in Table I. 

fluid model: 
Table I1 shows the important parameters of the 

M, norm of the vector field at 0. See equation (19). 
L, the mean number of jobs of all classes in the switch 
as a fraction of the total, for the network in equilibrium. 
See equation (13). 

= The steady-state utilization of the switch by message 
class, which is obtained from the steady-state mean val- 
ues and Little's Law. - The eigenvalues of the linearized fluid model. See equa- 
tion (25). - The time constant l/q. 

Notice that to leading order, the estimated total utilization 
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-- - Exact numerical integration of 30 
birth-and-death equations 

D = Approximation, numerical 
integration of equation (7) 

20 
h 
h u - 
C- 
G 

10 

0 
0 5 10 15 20 

(a t(Time) 

“ 40 
h 
h c, v 

C‘ 
G 

Class 3 

I 
0 20 40 60 80 100 

of the switch in steady state is unity for all the examples. 
Figures 4a, b, and c give the transient responses 

for Examples 1, 2, and 3, respectively, We should mention 
that the “exact” transient response for Example 3 con- 
sumed about 4000 minutes (CPU time) of a VAX’” 8550 
computer, while the “elapsed time” was about a week! 
(VAX is a trademark of Digital Equipment Corporation.) 
That is why Figure 4c shows only 20 units of time. Figure 
4d displays the response of the fluid approximation for the 
same network but for 100 time units. In every case, the 
elapsed time for solving the approximation was less than 
30 seconds. 

The value for the usage parameter in Example 2 
is, in our estimation, about the lowest that will give an 
acceptable quality of approximation for N of the same 
order as considered here. Of course, if N is larger, we can 

allow smaller usage parameters. The usage parameters in 
Examples 1 and 3 are more typical of networks in which 
we would expect the fluid approximation to work well. 

Example 2 is a difficult case for another reason, 
namely, the population of class 3 (i. e., 6) is rather small to 
be approximated by a fluid model. Yet Figure 4b shows that 
the quality of the approximation is good. 

Examples 2 and 3 are also difficult cases because 
M is quite small. The fluid model underestimates the 
derivatives at 0, the corner of the positive orthant, and 
this misestimation is more pronounced for smaller M. Fig- 
ures 4b and 4c show this. 

Two trajectories cross in Figure 4d. This was a 
surprise at first, but on reflection, we realized that it is not 
an artifact of the approximation. The initial directions y: (0) 
[see equation (18)] are simply ordered differently from the 

15 

AT&T TECHNICAL JOURNAL * SEFTEMBEWOCTOBER 1988 



steady-state values si [see equation (12)l. 

in each case, the agreement between the exact transient 
solution and its fluid approximation has been, if anything, 
better than in the examples above and for explicable 
reasons. 

We have investigated several other networks and, 
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