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Many interior-point linear programming algorithms
have been proposed since the Karmarkar algorithm
for linear programming problems appeared in 1984.
These algorithms follow tangent (first-order) approx­
imations to families ofcontinuous trajectories that
underlie suchalgorithms. Thispaper describes
power-series variants ofsuchalgorithms that follow
higher-order, truncated, power-series approxima­
tions to suchtrajectories. The choice ofthe power­
series parameter is important to the performance of
suchalgorithms, and this paper describes an appar­
ently good choice ofparameter. We describe two
power-series algorithms; one builds onthe dual­
affine scaling algorithm and the otherona primal­
dual path-following algorithm. Empirical results indi­
cate that, compared to first-order methods, these
higher-order power-series algorithms accelerate con­
vergence byreducing the number ofiterations. Both
ofthese power-series algorithms have been success­
fully implemented in the AT&TKO~X® system.

Introduction
In 1984, N. K. Karmarkar presented1 a newpolynomial-time

algorithm for solving linearprograms. This algorithm is an interior­
point method that takes a series ofstepsthroughthe (relative) interior
ofthe polytope offeasible solutions ofthe linearprogram. The algo­
rithmuses a special interior-feasible solution as a starting point; this
point is called the center ofthe polytope andhas an analytical charac­
terization.? Agenerallinearprogram canbe converted into an equiva­
lent linearprogram inwhich such a starting point is available.

Various interior-point algorithms had beenproposed since the
early 1950s. However, the expensive computational steps theyrequire,



the possibility ofnumerical instability in the calculations,
and somediscouraging experimental resultshad led to a
consensus view that such algorithms would notbe com­
petitive with the simplex method. Karmarkar's paper! pro­
vided rigorous theoretical justification for the possible
goodperformance ofinterior-point methods, and this has
led to the recent intensestudyofsuch algorithms, both
theoretically and in practical implementations. There is
now goodexperimental evidence that implementations
ofsomeofthese interior-point methodsoutperform the
simplex method on a largevariety ofproblems.t'

Awide variety of"Karmarkar-type" algorithms
have now been developed. These algorithms may be
grouped in two major classes: vector-field algorithms
andpath-following algorithms.

Vector-jield algorithms associate a searchdirec­
tionto each interior-feasible solution, and each iteration
ofthe algorithm takes a step in the search direction from
the currentfeasible pointto a newfeasible point. The
Karmarkar algorithm,' affine scaling algorithms,fr-IO
and potential function algorithms!' are vector-field algo­
rithms. To each ofthese algorithms, one associates a
family oftrajectories obtained by taking the step size
infinitesimally small; these trajectories fill up the interior
ofthe feasible-solution polytope. All these trajectories
approach an optimal solution ofthe linearprogramming
problem.10,12,13 These algorithms allhaveone trajectory
in common, called the central trajectory or central path
(which is defined later in the section on primal-dual algo­
rithmsand in Reference 12).

Path-folunoing algorithms ofthe Karmarkar-type
are algorithms that follow the central trajectory closely
byone method or another. Conceptually, one may think
ofthem as approximating at the kth iteration a goalpoint
X(k) on the centralpath. Fromthe current iteratey(k-l) ,

the algorithm attempts to approach the pointX(k) • Such
path-following algorithms usually havedefined at each
step an auxiliary vectorfield whosetrajectories converge
to the currentgoalpoint X(k), and the algorithms follow
tangent (first-order) approximations to these trajectories.

The points {X(k) } are indexed bya parameter jI, so that
X(k) = x( jI(k» , and the X(k) converge to an optimal solu­
tionas k increases. Various path-following algorithms are
discussed in References 14through 19. Several ofthese
path-following algorithms have somerelation to earlier
workin nonlinear programming, but the identification
ofthe central pathas a particularly good pathto follow
arosefrom studyofthe Karmarkar algorithm.V

All these Karmarkar-type algorithms use first­
order approximations to the underlying continuous tra­
jectories. Anatural ideais to consider algorithms that
takehigher-order (smooth curve) approximations to the
traiectories,"This paperdescribes higher-order approxi­
mations to the continuous trajectories consisting oftrun­
catedpower-series expansions.

The primary benefit that power-series methods
offer is the possibility ofreducing the numberofitera­
tionssuch algorithms take, compared to first-order meth­
ods.Whenapplied to vector-field algorithms, such
power-series algorithms may take moreaccurate steps
and reducethe numberofiterations. For path-following
methods, power-series algorithms may permit the goal
points X(k) to be moved fasteralong the central path
than first-order methods, again reducing the number
ofiterations.

Practical implementations ofKarmarkar-type
algorithms use a "large" step size, one that is largerthan
the "small" step size used in the theoretical analysis of
suchalgorithms. Large-step algorithms are often empiri­
cally observed to takefewer iterations to converge than
small-step algorithms, although theoretical proof ofthis
is lacking.

For (first-order) vector-field algorithms, a
largestep meansmoving a fixed fraction ofthe way to
the boundary ofthe feasible-solution polytope, indepen­
dentofthe problem's dimension. For (first-order) path­
following algorithms, a largestep means decreasing the
pathparameter jI (described later) byat leasta fixed
multiplicative constant. This paperpresentsempirical
evidence that shows that somedecrease in the number
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Minimize cTx

Variants of the Karmarkar Algorithm
Considera linear programmingproblem:

where c and x are n-vectors (c" is the transpose ofc), b
is an m-vector, and A is an m x n matrix. We assume that
the matrixA has full row rank, and the feasible region of
the polytope definedbyAx = b and x ~ 0 has an interior
point,say XO > O.

Startingat XO > 0, an interior-point algorithm
seeks a search direction~ such that:

ing algorithms,merit further study.
In the next section,we review the primal-

affine scaling, dual-affine scaling, and primal-dual path­
following algorithms. Then, we present continuousver­
sions ofthese algorithms, definedby systems of ordinary
differential equations.We also develop power-series
expansionsto approximate the solutionof the differential
equationsfor the dual and primal-dual algorithms. The
last section describes the computational performance of
these power-series algorithms.

(P)for x z 0

subject to Ax = b

x=XO+~~

is strictlyinterior feasible and f(x) < f(xO) for some real
parameter ~ > 0, where f is a goal function that measures
progress of the algorithm, such as the Karmarkarpoten­
tialfunction. 1

One of the main ideas in Karmarkar'swork' is
the use ofa rescaling ofthe linear programmingprob­
lem(P) for selecting a search direction. Through the use
of coordinatetransformations, the rescalingmovesthe
starting point XO closer to the center of the transformed
polytope to allow a larger step size and, hence, increased

of iterations occurs for suitablychosen higher-order,
large-stepalgorithms,compared to similarfirst-order,
large-stepalgorithms.

Ofparticular importanceto the performance
of power-series methods is the choice of power-series
parameter. In first-order methods, the search direction
is invariant under change ofcoordinates,but this is no
longer true for higher-order methods. Higher-orderalgo­
rithms depend on the power-series parameter used, and
the performanceof such methods depends on this
choice ofparameter. The particularchoice of power­
series parameter we propose is determined by a heuris­
tic described later.

One can construct power-series analogues of
any first-orderKarmarkar-type algorithm. This paper
describes two such power-series algorithms,one for a
vector-field algorithm-the dual-affine scalingalgo­
rithm-and one for a primal-dual path-following algo­
rithm. Both algorithms have been implementedin the
AT&T KORBX system." where the higher-order approx­
imationsreduce the number of iterations compared to
first-order methods. It is found that the dual powerseries
of order 5 and primal-dual powerseries oforder 3 reduce
the number of iterations by almost 40percent, when
compared with their order-l algorithms. In terms of com­
putationalspeed, the power-series algorithmsgive a CPU
(central-processing unit) time for smallor very sparse
problems that is comparableto the order-l algorithm.
For large or dense problems, the power-series algo­
rithms achievea significant reduction in CPUtime, com­
pared to similarfirst-orderalgorithms.

The example of these twoalgorithms strongly
suggests that properly parameterized power-series algo­
rithms can providesome speedup for a wideclass of
first-order, interior-point, linear-programming methods.
The algorithmsdescribed here should be viewed as illus­
trativeof this speedup and not as an optimal choice of
first-order (or higher-order) methods. In particular,
primal-dual algorithms of the vector-field type, such as
primal-dual versions ofaffine scalingand projective seal-

22
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(1)

is strictly interiorfeasible (i.e., A Tw + S= c fors > 0)
andbTw> bTwO for some~ > O.

Byapplying the affine transformation u =Ds
with D = diag (1/5?, ... , 1/52), it wasshown in Refer­
ences3 and 4 that the dual-affine direction (!1w, !1s) is
given by:

We assumethat (D) has a feasible point (WO, SO)
with so> O. The dual-affine scaling algorithm seeks a
direction (!1w, !1s) such that:

w=wo +~!1w

s=so+~!1S

reduction ofthe objective function duringeach step. In
the rest ofthis section, we review the primal-affine scal­
ingalgorithm, the dual-affine scaling algorithm, and then
a path-following algorithm.

Primal-Affine Scaling Algorithm. This algorithm ap­
plies a series ofaffine transformations to the problem (P).
Consider the diagonal matrixD =diag (x?, x~, ... ,x2) and
the affine transformation defined byy =D-1X • Withre­
spect to the y-coordinate system, the problem (P) has
the matrix AD and the costvectorDc. In this trans­
formed space, the search direction !1y is chosen to be the
orthogonal projection of-Dc ontothe nullspaceofAD
(-Dc is the negative gradientofthe transformed objec­
tivefunction). That is,

!1y=-PAD Dc

n
Minimize cTx - 11 L logXi

i=l

It wasalsoshown in Reference 22that the dual-affine
scaling algorithm is exactly the primal-affine scaling algo­
rithmapplied to the dualproblem.

Primal-Dual Path-Following Algorithm. The family of
algorithms that we describe forfollowing the central
path ofthe primal-dual problem15•16 includes the primal­
dualaffine scaling algorithm as a limiting case.These
algorithms simultaneously solve the primal problem (P)
and its dual (D) described in the previous sections. We
follow the notation ofReference 15. Intuitively, the cen­
tral path is a curvethat goes through the "centerofthe
polytope" that is far from the coordinate walls. Analyti­
cally, this path canbe derived usingthe logarithmic
barrier programs (PJ.!) given by:

wherePAD is the projection to the nullspaceofAD and
isgiven by:

PAD = I - (AD) T (AD 2A T)-1 (AD)

where I denotes the identify matrix. Bytransforming !1y
backto the original space, wehave:

with

For a more detailed description ofthis algo­
rithm,see Reference 9.

Dual-Affine Scaling Algorithm. The dualofthe primal
problem (P) can be expressed in the following form:

Maximize bTw

!1s=-A T !1w (2)
23

subjectto ATW + S= C subject to Ax = b

for s z 0 (D) for x » 0 (P~
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Because x and (w, s) defined by system (3) are
feasible for problems (P) and (D), it is easy to verify that
the dualitygap g =g(x, w) is given by:

Here, 11 > 0 is the barrier parameter.
Given the assumptions stated earlier for the

primal (P) and dual (D) problems, the problem (PIl ) has
a unique optimalsolution's that is defined by the Kuhn­
Tucker stationary conditions:

Ax=b

(5)

A~=O

where o is a parameter, with Oxo c 1, to be chosen as
described below. From equation (4) and the fact that
y( ~) satisfies equation (3) with 11 = ~, it follows that the
dualitygap at ytjl) is equal to crgO, which is less than s".
We will use one step of Newton'smethod to solve sys­
tem (3) approximately.

The Newton search direction (~, l1w, As) for
equation (3) at (XO, w'', SO) maybe written as:

y( ~) on the central path. To reduce the current duality
gap gO = cTXO - bTWO, we choose:

_ cTXO_ bTwO gO
Il=cr =cr-

n n

(3)

Xisi =11, for i =1, 2, ... , n

x>O

SO~+XOl1s=~e-XOSOe (6)

Here, e = (1, 1, ... , 1), and SO =diag(s?) and
XO = diag(x?) are diagonalmatrices. Define:

(7)

v(~) = ~e -XoSoe

By simplecalculations, the linear system (6) may
be explicitly solvedas follows:

(4)

Letytu) = (x(11) , w(ll) , s(Il» denote the solution
of equation (3).As 11 varies, Y(Il) traces a curve in R2n+m
that consists of the solutions of system (3).We will call
this curve the central path. It follows from equation (4)
that, when 11 ~ 0, the central path leads to an optimal
solution (x-, (w-, s-) ofthe programs (P) and (D), and
y(O) is this optimalsolution.The primal-dual algorithm
that we now describe is based on the idea ofalmost fol­
lowing the central path Y(Il).

Let us assume that an interior primal-dual feasi­
ble solutionyO = (XO, w'', SO) of the programs (P) and (D)
is known. This means:

Axo =b

24

X?S? = 11(i) , for i = 1,2, ... , n

To follow the central path, we wouldlike to move
from the starting point yO in the direction of some point

where D2 = S-l X, on choosingX = Xo, S = So, and 11 = ~.
For later use, we write equation (6) for a general feasible
point (x,w, s) for problems (P) and (D) and with an arbi­
trary barrier-parametervalue 11 > O. We remark that the
primal-dual affine scaling direction arises from taking
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ence 3, the power-series approach wasapplied to the
dualalgorithm, and computational results for the order-2
approximation were reported. That paper used the
choiceofpower-series parameterdescribedbelow,
without motivation.

In the rest of this section, we analyze the system
ofdifferential equationswithparameterizations and de­
rivethe power-series expansion witha particular choice
ofparameter to approximate the solution ofthis system
ofequations. This derivation leads to recursive formulas
for both the dualand primal-dual power-series algo­
rithms. Each recursionrequires a computational time
quadratic in the number ofthe constraints. Furthermore,
the computational complexity ofone iteration is propor­
tional to the order ofthe power-series approximation.

Dual Power-Series Algorithm. In equation (1), as the
step size ~ is taken infinitesimally small, it is seen that
the iteration pointstrace a smoothcurveand that the
curveis governedby a system ofdifferential equations
derived fromsystem (2). More precisely, it follows from
equation (1) that zw ~ dw/ dt; and as~ ds/dt; as
~ ~ O. Then, system (2) becomesthe following system
ofordinary differential equations:

I..l = 0 in equation (7).
The newprimal-dual feasible solution

yl = (x', w', S I) maybe writtenas:

(8)

where !'1y = (!'lx, Aw, !'1s) and ~ is to be chosen to guaran­
tee the positivity ofx' and s I, while maintaining reason­
ablecloseness to the central path.

The idea behind this algorithm is that yl will be
a reasonableapproximation to the pointy( jI), with jI
defined by equation (5). At the next iteration, the value
of jI decreases, using equation (5), and the iterative
process is repeated until the duality gap becomes suffi­
ciently small. The step size ofthe path-following algo­
rithm is controlled by the choice ofthe parameter 0",

which determineshowfast the parameter jI is driven to
zero. Gonzaga's analysis'? allows one to showthat a
choicelike 0" = 1- 1/(50{il) guarantees that the algo­
rithm convergesin O({ilL) iterations, where L measures
the input size in bits. In practical implementations, one
would like to take a bigger step, e.g., to take 0" = 1/2;
but in this discussion, these theoreticalanalyses no
longer apply.

The primal-dual affine scaling algorithm arises in
the limiting case that one takes jI = 0 at everystep ofthe
algorithm. Monteiro, Adler, and Resende showed-" that,
if the starting pointis chosen close to the centralpath
and the step size is chosen properly, then this algorithm
can be guaranteed to convergein O(nL 2) iterations.

dw = [AD2(~)AT1-lb
d~

ds =_A T dw
d~ d~

for w(O) = w", s(O) = SO (9)

25

Power-Series Algorithms
We extend the algorithms previously discussed

to continuous versionsdefined by systems ofordinary
differential equations. These equationsspecify a vector
field on the interior of the feasible-solution polytope, and
the integralcurves ofthe vectorfield are called the con­
tinuous trajectories of the algorithm. Approximation of
the trajectory by the method of power-series expansion
waspresented in References 20and 12. Also, in Refer-

where

D(~) = diag [ s I ~~) , .. " S n~~) ]

The solution (w(~), s(~» of system (9) traces
out a continuous trajectory ofthe dual-affine scaling algo­
rithm;this trajectory has the property that the dual-affine
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direction (L1W, M) is the tangentapproximation ofthis
family oftrajectories.

In practice, it is useful to choosea different
parameterization ofthis trajectory for reasonsexplained
in the next section. Consider a newparametert defined
bY~=<1>(t), wherewesuppose <1>(0) =Oand~=.L <1>U)tj ,

with <1>(1) > O. For anyfunction f(~), the corresP6~lding
function in the t-coordinate systemis given by the com­
position of/(~) and <1>(t), i.e.,!(t) =f(<1>(t». To simplify
notation, wewill writef(t) for!(t), and adoptthis con­
vention throughoutthe rest ofthis paper. Using dw/ dt =
dW(<1>(t»/dt = (dw/d~) (dVdt), it is easy to see from
equation (9) that the trajectory described by (w(t), s(t»
in the t-coordinate spacesatisfies the systemofdifferen­
tial equations:

Let:

System (10) canbe rewritten as:

M(t) dd7 = p(t) b

ds =_AT dw
dt dt

for w(O) =w", s(O) = SO (11)

Weare interestedin finding a power-series expansion of
the solution (w(t), s(t», where:

Y(t) = L y(j)tj

j=O

w(t) = L wU) tj

j=O

cc

Z(t) = L ZU)t j

j=O

ee

M(t) = L MU)t j

j=O

(12)
ee

p(t) = L pU)tj
j=O

Here,for anyfunction f(t), welet fJ) = (1/j!) x
(dj f / dtj ) I t=O, the jth derivative off at 0 divided by j!.

and a scalarfunction:

co

s(t) = L sU) tj

j=O

Similarly, weintroduce expansions for the following diag­
onalmatrix functions:

dw = p(t) [AD2(t)A T]- l b
dt

dw _ AT dwdt-- dt
for w(O) =w'', s(O) = SO

D(t) = diag [51~t) , .. " 5n~t) ] (10)

where p(t) =dVdt = d<1>/dt. Notethat knowledge ofthe
function p(t) completely determines the changeof
parameterfrom ~ to t, becauseweknow that <1>(0) = O.

Now, we derive higher-order power-series
expansion formulas to approximate the continuous tra­
jectory (w(t), s(t». To simplify notation, we define:

Zi(t) =57 (t), for i = 1,2,"', n

Yi(t) =5i2 (t) = Zi~t)' for i = 1,2,"', n

Z(t) =diag(zl(t),"', zn(t))

Y(t) = diag(y1 (t), ... ,Yn(t» =D2(t)

26
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To obtain approximations ofthe solution curve,
we need to compute W(k) and s(k) fork ~ 1,and to deter­
mine p(k) for k ~ O. Notethat the first derivatives w(l) and
s(1) are givenby equation (10) with t = 0,and that they
are components of the dual-affine scaling direction of
equation (2) witha proper choiceofp(0). In terms ofthe
notation of system (11), this means:

W(l) = M(O)-lp(O)b

Z (t) = 52 (t), we have:
kz» = L 5(k-j)5(j)

j=O

Usingthe identity Z (t) Y (t) = I, weobtain:
k
L zv» y(j) = 0, fork ~ 1
j=O

Thus,

whereM(O) =AD 2 (0)A T and D(O) = diag(1!sj(O)) =
diag(1!s7).

After differentiating equation (11) k timesand
lettingt = 0, we have:

for w(O) =w", s(O) =SO (13)

(14)

[
k- 1 ]y(k) = -Z (0)-1 ~ Z(k-j) yU) , fork ~ 1
J=O

Because:

= _Ay(k-j+1) sU)

(16)

27

if k =0

equation (15) then becomes:

W(k+1) = _1_ M(Ot1
k+l

x [p(k)b+A[~jY(k-i+1)S(j)]l fore z l (17)

where yU) is given by equation (16),M(O) =AD 2 (0)A T

withD(O) = diag(1!s?) , and p(k) remains to be deter­
minedby the choiceofpower-series parameterspecified
implicitly by equation (12).

Wewill introduce some notation to simplify
equation (17) evenmore.Let:

and
kL 0'+1) M(k-j)wv+1) = p(k)b

j=O

That is,

M(0)W(k+1) = _1_ [p(k)b _*jM(k-i+1)WU)]
k+l J=l

Because M (0) = M (0), wecan solve this forW(k+1) to
obtain:

W(k+1) = _1_ M(Ot1 [p(k)b - i jM(k-i+1)WU)] (15)
k+l j=l

This showsthat the (k+l)th derivatives at t = 0 can be
obtained fromequation (15) withderivatives oforder
up to k.

It remainsto determineMU) and pU) recur­
sively. Let5 (t) = diag(s 1 (t), ... , S n (t)). Because

(18)
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Byequations (13) and (17), we now obtain: linearprogram:

What remains is to select the power-series
parameter t or, equivalently, to choose p(t) by specifying
the coefficients p(k) in equation (12). This choiceof p(t)
will depend on the current starting point (WO, SO).

Choice of Power-Series Parameterization p(t). The point
set determinedby the solution curve (w(t), s(t)) of sys­
tem (l0) is independentof the choiceof the parameter t.
Intuitively, the choiceof t determines onlythe rate at
whichone travelsalongthe trajectory. However, when
this trajectory is approximated by a finite truncation of
the powerseries, then different parameterizations ofthe
trajectory lead to different approximation curves,for ap­
proximations ofsecond order or higher. Agood choice
ofparameterization is crucialto get an approximation
curvethat remainsclose to the central trajectory for a
large-size step. Making a good choice depends on taking
into account"global" propertiesof the dual-affine scaling
trajectory in some region about the current point (WO, SO).

Our choice ofparameterization, p(t), is moti­
vatedby the following simpleexample. Considerthe that have the explicit solutions:

(23)

(22)

for s ~ 0

subjectto - w ~ 0

subjectto w+ s = 0

ds, 2b ~. 2
d~ = -Si i' lor t = 1, ,"', n

dw = [D(~) ]-2 b
d~

ds dw
d~ =-lff;

w(O) =- SO, s(O) =SO

where D(~t2 =diag(sl (~)2, .•. .s; (~)2), and SO =
(s~, ... , s~) fromR~ is a set ofslackvariables that
correspondto the initial feasible pointWO in -R~. These
equationsare exactly the set ofRiccati equations:

Assume that b = (b 1, ... , bn) has allbj > O. Then, this
linearprogramhas w = s = 0 as the uniqueoptimal solu­
tion. We can explicitly compute the dual-affine scaling
trajectories for this example.

BecauseA = I is the identity matrix, the differen­
tialequation (9) for the continuous trajectories becomes:

The interiorof the polytope is -R~ = lw : allw, < 0 }.
This becomesa linearprogramin the dual-affine scaling
formby addingslackvariables s = (s 1, ... , S n) with:

(21)

(20)

(19)

p(O)UO if k =0

W(k+l) =
_1_ [p(k)UO + Uk] if k >0k+1

Let:
pk =A Tu", for k ~ 0

We obtainfromequation (14) that:

_ p(O) pO if k =0

S(k+1) =
~ [p(k)pO+pk] if k >0

28 k+1
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sO
S i (~) = 1 ; ° ,for i = 1,2, ... , n

+ iSi ~

and wi (~) = - S i (~). Clearly, the trajectory w(~)

approaches the optimal point0 = (0, 0, ... , 0) as ~ ~ 00.

The dual-affine scaling search direction (~w, ~s)

is given by the tangentvectorto the curve wi (~) at WO,
which is:

Consequently,

Si(t) =Si(<1>(t»

I-t for i = 1,2, ... , n (25)

LetsI denote the constraintthat is violated first in taking
a step in this direction, i.e., the blocking wall ofthe dual­
affine scaling search direction. We claim that the choice:

29

In this t-coordinate system, the constraint associated
withthe first blocking wall I is:

For convenience, wewill linearly rescale the newpower­
series parameter t to makea step oflength 1correspond
to hittingthe boundary if a dual-affine scaling step were
taken.Thus, for a general linearprogram, weset:

I {
p? 1 . }= argmax s?: s l ~ n

The radiusofconvergence ofthe t-power series
forSi(<1>(t)) is 1/[1- (b;/b1)], becauseSi(<1>(t» has a
finite singularity only at t = -1/[ (b;/b1) - 1].Hence, the
radiusofconvergence of s(<1>(t» = (S1 (<1> (t)) , ... ,sn(<1>(t)))
is exactly 1/[1 - (b nib 1)] and this is strictly greater than
1. Formula (25) showsthat, in the t-coordinate system,
the optimal solution 0 is reachedat t = 1,and this proves
the claim in this special case.

The proofofthe claim for a general SO in R1
reduces to that ofthe special case by an affine transfor­
mation. Denotep? =- ~Si =bi (S?)2. The blocking wall in
the general case is determined by:

(24)

is a good choicefor the power-series parameterfor this
reason: In this coordinate system, the optimal solution is
strictly inside the region ofconvergence ofthe power-series
expansion ofthe dual-affine scaling trajectory. To prove
this claim, we mayassume-without loss ofgenerality­
that b1 ~ b2 ~ . . . ~ bn>°by permutingthe coordinates,
if necessary.

First,weconsider the special case where
SO = (1, 1, ... , 1).Then, each s, (~) = 1/(1 + bi~)' and
~Si = - bi- Becauseb1 ~ bi for all i, the constraints1 = °
is the blocking wall ofthe dual-affine direction. Thus, the
newparameterbecomes:

This is a fractional lineartransformation of ~, which is
easily inverted to yield:

_ (1/b 1) t _ ()
~- 1-t =<1>t

(26)

where I is the blocking wall. This is our heuristic choice of
power-series parameter.

We haveseen that this is a goodchoice ofparame-
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Recursions (19), (21), and (28) now permitthe recursive
calculation ofthe dualpower-series coefficients in the
t-coordinate system, as desired.

Primal·Dual Power-Series Algorithm. First,wedescribe
the continuous version ofthe primal-dual algorithm.
Because Ay~ dy / d~ as ~ ~ 0, system (6) maybe writ­
ten as a systemofordinary differential equations:

(29)

(28)

A dx =0
d~

AT dw ds =0
d~ + d~

dx ds
S d~ +X d~ = ue -XSe

for x(O) = x", w(O) = w", s(O) = SO

coordinate ofs(t), and this givesa recursion for comput­
ing the desired p(k) :

(0) _ s[O) _ s?
p - p? - p?

(k) - P7 fork > 0
p -- p? '

This specifies the first constraintthat will be violated in
takinga step in the dual-affine scaling search direction.
Bydefinition, the heuristicchoiceofparametertis:

s/(0) t =s? - s/(t)

Hence, the coefficients:

ter for the "trivial" linearprogram (23). Moreover, for a
general linearprogramthat is dualnondegenerate:
- When one gets closeto an optimal solution, the con­

straints that are closeto beingbindinghaveequa­
tion (23)'s form (upto an affine transformation).

- The other constraints are "faraway" and havelittle
influence on the shape ofthe affine scaling trajec­
tories.

Hence, one expectsthat this heuristicchoiceofparame­
ter will perform well, at least at the later stages ofthe
algorithm.

In equation (26), we made the choiceofparame­
ter. We nowshowhowto compute recursively the expan-
sioncoefficients p (k) of P(t) = ~ P(k) v,where

k-O
p (t) = dVdt. Define: -

{ PO }1= argmax s7: p? > 0
30

ee

s/(t) =L sfk)tk

k=O

satisfy:

sfl) = -s[O)

S[k) = 0, fork > 1 (27)

Now, we can insert formula (27) into (21) for the lth

Here, 11 ~ 0 is a fixed value ofthe penalty parameter. The
solution Y(~) = (x(~), w(~), s (~» ofsystem (29) is a con­
tinuoustrajectory ofthe primal-dual algorithm.

The trajectory that arises fromthe differential
equation (29) for anyfeasible initial condition
(x(0) ,w(O) , s(O» converges, as ~ ~ 00, to the pointyiu)
on the centralpath. In particular, the choice11 = 0 gives
the primal-dual affine scaling trajectories. However, in
implementations ofthe algorithm, we shalltake a positive
value of 11 at each step and decrease the value of11 as the
algorithm progresses.AsRenegar's analysis shows," if
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the parameter0" in equation (5) is chosensufficiently
closeto 1, then a first-order (Newton) step is already
verygood, and higher-order power-series methodswill
yield little improvement. But if bigger steps are taken
[e.g., 0" = 1/2, in which case the point (XO, w", SO) is usu­
ally outsidethe regionwhere a Newton step is known to
be good], then higher-order power-series approxima­
tionsthat follow these trajectories to Y(Il) mayyield an
improved step that gets much closerto Y(Il) than a first­
order methodcan.

Aspresented in the dualpower-series algorithm
discussion earlier, it is important in practice to consider
a reparameterized version ofsystem (29), which is:

mustcompute X(k), W(k), and S(k). Let:

k
«k) = LXU)S(k-j)e

j=O

k-l
f(k) = L XU) S (k-j) e

j=l

«O) == 0

Then,

To evaluate the powerseries for (x(t) ,w(t), s(t)), we

v(t) = i: vU) t j •
j=O

x(t) = i: xU) t j

j=O

where p(t) = dVdt is a scalarparameterization function
used to accelerate the algorithm andv(t) = ue -
X(t) S(t)e. Wewill find the solution ofsystem (30) in the
form ofa power series. In addition to power series for
w(t) and s(t), wewill need similar expansions forx(t)
andv(t):

31
AX(k+l) = 0

SX(k+l) +XS(k+l) = _1_ ±pU)V(k-j) _«k+l) (31)
k + 1 j=O

Weobserve that systems (31) and (30) differ
only in their right-hand sides. Wealsosee that the right­
hand side ofequation (31) depends only on the deriva­
tivesoforder less than or equalto k.System (31) canbe
solved for X(k+ 1), W(k+1), and s (k+1) as follows:

W(k+l) = _1_ ±pU)W(k-j) _W(k+l)

k + 1 j=O

S(k+l) = _1_ ±p(j)S(k-j) _ S(k+l)

k + 1 j=O

X(k+l) = _1_ ±pU)X(k-j) _X(k+l) (32)
k + 1 j=O

A TW(k+l) + S(k+l) = 0

Here, 00k is the Kronecker deltasymbol and k ~ O.
Whenwedifferentiate equation (30) k timesand

let t = 0,we obtain the following linearsystem:

(30)

A dx =0
dt

AT dw ds =0
dt + dt

dx ds
S dt +X dt = p(t)v(t)

x(O) = xO, w(O) = w", s(O) = SO
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where

W(k) = - [AD2(0) A TtIAS- 1(0) V(k)

W(k) =- [AD 2 (0)A Tj-I AS-1 (0)f(k)

Hence,

XI(t) = L Xfk)t k=x? -x?t
k=O

and weobtain:
S(k) = -A TW(k) xP) =-x?

Here, k ~ O. It remains to determine the coefficients p(k)

of pet), whichwill depend on (XO, w'', SO).
Choice of Primal-Dual Power-Series Parameter. We

use the same heuristic here as we did to choose the
power-series parameter pet).That is, we set the param­
eter t essentially equal to the variable that corresponds to
a step's blockingwall in the (first-order) primal-dual
Newton search directionfor the givenvalue ~. This
variable maybe either some primalvariable [i.e., set
x1(0) t = -x I (t) + X1(0) j or a dual slackvariable [i.e., set
SI(O)t = -SI(t) + sl(O)j.

Byequation (8), the Newton search direction
step of length ~ is:

32

X(k) = S-I (O)V(k) - D 2 (0) S(k)

X(k) = S-I (0) f(k) - D2 (0) S(k) (33)

xfk) = 0, for k > 1

This uniquely determines p(k). Indeed,from
equations (32) and (34), we have:

xfl) = p(O) xfO) = -x?

so that:

x?
p(O) = - xfO)

For k > 1,we obtain:

Xfk+I) =0= _1_ [p(k)xfO) + ki! p(j)Xfk-j )] _X(k+I)
k + 1 j=O

(34)

(35)

So,

This concludesthe derivation ofthe primal-dual power­
series formulas.

Computational Results
Both power-series algorithmsdiscussed above

have been implemented in the AT&T KORBX system."

(36)

k-l
(k + 1) Xfk+I) - L p(j)Xfk-j )

j=O

xfO)
p(k) = ---,---- _

where M\: =x(O) and i1s = s(O) are givenby equations (7)
and (33). The smallestvalueof~, such that somex} = 0
or some s} = 0, determines the blocking wall; and the
correspondingvariable is the blocking variable. Now, we
give the formulas for p(k) for the case wherex} is the
blockingvariable. (Theformulas for the case where s} is
a blockingvariable are analogous.) Again, as when
choosing pet), we have:
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Table I. Number of Iterations for small and/or sparse problems

Problem size Number of iterations

Problem m n nz Dual Dual-PS(5) PD PD-PS(3)

bandm 305 472 2,494 23 13 27 18
brandy 220 249 2,148 21 12 25 20
capri 271 353 1,767 25 13 28 19
kenlO 10,037 14,837 33,337 28 14 28 19
ken14 38,496 47,316 110,232 57 27 34 24

NOTE: m =number ofcolumnsin the matrixA; n =number of rows in the matrixA; nz=number ofnonzeroelements
in the matrixA;dual =dual powerseries oforder 1;dual-PS(5) =dualpowerseries oforder 5; PO =primal-dual power
series oforder 1;PO-PS(3) = dual powerseries oforder 3.

Table II. Number of iterations for large and/or dense problems

Problem size Number of iterations

Problem m n nz Dual Dual-PS(5) PD PD-PS(3)

flight 1,441 3,652 43,167 38 21 39 28
pOlpOl 3,605 8,194 90,452 50 25 57 40
dayS 7,291 22,801 48,926 63 25 42 26
tOlp06 4,420 6,711 101,377 46 24 39 23
tOlp09 6,642 10,707 203,597 52 28 49 29

NOTE: m =number ofcolumnsin the matrixA; n =number of rowsin the matrixA; nz=number ofnonzeroelements
in the matrixA; dual =dual powerseries oforder 1;dual-PS(5) =dualpowerseries oforder 5; PO =primal-dual power
series oforder 1;PO-PS(3) = dual powerseries oforder 3.

33

All experiments reported here were performed on the
KORBX systemprocessorwitheight advanced computa­
tional elements, using Release 2.8.0 of KLP.

The step sizesfor the two algorithms used in the
tests describedbelow were computed as follows. The
first-order dual-affine scaling algorithm takes a step
t = 0.995. (Thisis 0.995 ofthe distance to the blocking
wall.) The higher-orderdual-affine power-series algo­
rithm takes the smallestvalue of j = 1, 2, ... forwhich
t = (0.99W is strictly feasible. For the primal-dual
power-series algorithm, the largestvalue to of t that is
feasible with0 ~ t ~ 2 is determined by binarysearch,

and the step size taken is 0.999 to. The path-following
parameter jI is defined as jI(k+l) = cr(k+l) jI(k). The param­
eter cr(k+l) in equation (5) is determined by cr(k+l) =
(1/2) [g(k) / g (k-l) 1, whereg (k) is the current duality gap
andg(k-l) is the duality gap at the previous iteration, with
o = 1/2 being used at the first iteration. These choicesof
step sizewere used for initial experiments; improved
step-size heuristicsare under development.

Twosets oftest problems, each consisting offive
problems, are presented.The first set consistsofsmall­
sizeproblems and some relatively sparse problems,
while the secondset consistsofmedium- and large-size
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Table III. CPU time for small and/or sparse problems

Problem size CPU time (seconds)

Problem m n nz Dual Dual-PS(5) PD PD-PS(3)

bandm 305 472 2494 5.1 5.2 5.3 6.2
brandy 220 249 2148 3.6 3.3 3.8 4.8
capri 271 353 1767 7.0 6.1 6.0 7.1
kenlO 10,037 14,837 33,337 147.0 178.0 172.0 191.0
ken14 38,496 47,316 110,232 1225.0 1460.0 928.0 1148.0

NOTE: m = numberofcolumns in the matrix A;n = numberofrowsin the matrix A;nz = numberofnonzero elements
in the matrix A; dual= dualpower seriesoforder 1;dual-PS(5) = dualpower seriesoforder 5;PD= primal-dual power
series oforder 1;PD-PS(3) = dualpower series oforder 3.
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problems and some less sparse problems. In both prob­
lem sets, wefound that the dualpowerseries oforder 5
and the primal-dual powerseries oforder 3 reduce the
number of iterations by almost40percent in comparison
with their order-l algorithms (as shown inTables I and
II).The decrease in the number of iterations observed
here is typical ofwhatwe observed in about300 test prob­
lems. In each table, m and n are the dimensions ofthe
matrix A, and nz is the number ofnonzero elementsinA.

From the previous sections, the major computa­
tional effort involves solving a systemoflinearequa­
tions-i-namely.Afi" A Ty = x. For a direct method, the
above systemis usually solved by usingCholesky factori­
zation together withforward-and-backward substitutions.
Specifically,

AD2A T-i.ti iT

whereD' is a diagonal matrix, and i is the.lower tri­
angularCholesky factor. Usingthe factor L, the linear
equation can then be solved by a forward-and-backward
substitution.

The runningtimeofone iteration ofthese
power-series algorithms has three components: a Chole­
skyfactorization step, a forward-and-backward solve for
each term in the powerseries, and recursionsteps given

AT&TTECHNICAL JOURNAL.MAY/JUNE1989

by equations (17) and (32), respectively. For the power­
series algorithms, equations (18) and (33) showthat the
coefficient matrices ofthe linearequations to be solved
are the same as those oforder-l algorithms, but their
right-hand sides are different. Consequently, the Chole­
skyfactor obtained for the order-l term can be reused
for higher-order terms. For the dual power-series me­
thod, onlyone forward-and-backward solve is neededfor
each additional order, while in the primal-dual method,
two forward-and-backward solves are needed. Thus, the
Cholesky factorization step is the sameforfirst-order
and higher-order methods, there are O(k) forward-and­
backward solves for a kth-order power-series method
[taking 0 (km2) arithmetic operations in all], and allthe
recursionsteps for a kth-order power-series methodtake
o(k2) vectoroperations [for0 (k2m) arithmetic opera­
tionsin all]. For small k, the forward-and-backward
solves computationally dominate the recursion steps,
although the recursionsteps could becomeimportant for
large enoughvaluesofk.

In terms ofcomputational speed,use ofthe
powerseries ofhigher orders will be advantageous if the
time savedin reducingthe numberofiterations (mainly
Cholesky factorization) offsets the extra timein the
forward-and-backward solve. For small andlor very
sparse problems, factorization complexity is comparable



Table IV. CPU time for large and/or dense problems

Problem size CPU time (seconds)

Problem m n nz Dual Dual-PS(5) PD PD-PS(3)

flight 1,441 3,652 43,167 267 166 291 251
pOlpOl 3,605 8,194 90,452 328 206 383 311
dayS 7,291 22,801 48,926 733 485 669 522
tOlp06 4,420 6,711 101,377 2153 1149 1992 923
tOlp09 6,642 10,707 203,597 8303 4155 8413 4623

NOTE: m =numberofcolumns in the matrixA; n =numberofrowsin the matrixA; nz=numberofnonzero elements
in the matrixA; dual=dualpower series oforder 1;dual-PS(5) =dualpower series oforder 5;PD=primal-dual power
seriesoforder 1;PD-PS(3) = dualpowerseries oforder 3.

to the amountofcomputations required by the evalua­
tionofhigher-order terms. This phenomenon is shown
inTable IIIwherewe see that the power-series methods
are roughlycomparable to (butslightly worsethan) the
corresponding order-l methods. However, for dense
and/or large problems, the computational complexity of
the factorization dominates the complexity ofthe power­
series evaluation, and a significant reduction in CPU time
is achieved. Table IV showsthe reductions for the dual
powerseries oforder 5 and the primal-dual powerseries
oforder 3.
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