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TheAT&T KOREX system employs a sophisticated
compiler and vector/parallel processors to solve
linear-programming problems using Karmarkar-type
algorithms. The main computational effort ofthe
Karmarkar-type linear-programming methods
involve the repeated solution oflarge symmetric
sets oflinear equations. Forthis reason, algorithms
that optimize the KOREX system performance for
the solution ofsparse and dense sets oflinear equa­
tions are presented. These algorithms involve both
Cholesky factorization and forward-and-backward
substitution for the solution oflinear equations and
exploit data locality, concurrency, and vectorization.
In Cholesky factorization, block-operation methods
are efficient and instrumental for the parallel solu­
tion ofthe problem. Forward-and-backward solvers
involve the solution oftriangular sets oflinear equa­
tions. Forthe solution ofsparse triangular systems
oflinear equations, ouralgorithms schedule the
operations among the processors and take advan­
tage ofthe concurrency and vectorization 'capabili­
ties of the KORBX system multiprocessor.

Introduction
The AT&T KORBX systemprovides software to solve linear­

programming problems usingvariants ofthe Karmarkar algorithm! on
a modemmultiprocessor computer, whereeachprocessor contains a
pipelined vector-arithmetic unitandcanexecute concurrently with the
other processors. In the last decade, considerable effort was expended
to develop efficient vectoralgorithms fordifferent applications, but lit­
tlewasdoneto develop algorithms for shared-memory parallel proces-
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Panel 1. Terms andAcronyms
b dimension ofa block
CE computational element
Fortran formula translator
IP interactive processor
m dimension ofa matrix
MIMD multiple instruction multiple data
SIAM Society ofIndustryApplied Mathematics

sors that use concurrency andvectorization, as well as a
hierarchical memory system. For architectures likethe
KORBX system's, it is important to explore these three
capabilities fully to achieve maximum performance. In
this paper, wepresent the parallelization ofthe most
time-consuming steps ofKarmarkar-type methodsand
elaborate on the methodology used to develop parallel
algorithms for these problems. Two companion papersin
this issue-" provide additional details aboutKarmarkar­
type algorithms.

The most time-consuming step in allthe inter­
ior-point methodsrequires solving the following set of
linearequations for the unknown vectorx:

Qx=b
where Q is a positive semidefinite symmetric matrix and
b is the right-hand-side vector.

There are two basicapproaches for the solution
ofa set oflinearequations:
- Direct methods-This approach involves the exactcal­

culation ofa factorization for the matrix Q.
- Iterative methods-This approach uses an approximate

factorization and iteratesto find the exactsolution.
The KORBX systemincorporates both directand itera­
tive methods. The specific directmethodused is called
Cholesky factorization,4,5 and the specific iterative method
used is called the preconditioned conjugate-gradient
method''

Cholesky factorization produces a lower triangu­
lar matrix L such that:
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whereL T is the transposeofL.The solution ofthe set of
linearequations canbe obtained usingforward substitu­
tionto solve fory,

Ly=b
and backward substitution to solve for the solution
vectorx,

LTX=y
Cholesky factorization tends to form a dense

window near the lower right comer ofL. Ingeneral, pro­
ducing this dense part ofL is the most time-consuming
part ofthe solution process. Factorization ofthe dense
part ofthe matrix has been tailored to take advantage of
the KORBX system'shardware architecture. Thiswas
achieved usingblockalgorithms that consider the mem­
oryhierarchyand alsoexploit the parallel andvector
capabilities ofthe KORBX systemmultiprocessor. The
importance ofusingblockalgorithms to reducethe
numberofdatatransfersbetween fastand slow levels of
memory has been examined in References 7and8.Addi­
tional algorithmic considerations that relateto the fast­
cachememory will be discussed further in the section on
hardware architecture.

Whenthe conjugate-gradient approach is used
to solve the set oflinearequations, hundredsoflarge tri­
angular systemsmust be solved at every iteration. This
meansthat parallelization ofthe algorithms oftriangular
systemsis alsoan essential requirement forfastalgo­
rithmson the KORBX systemmultiprocessor. For the
solution oftriangular systems, a set ofoperations that
canbe executed in parallel canbe generatedbyanalyz­
ing the structure ofthe problem. Byscheduling the
operations to avoid memory-write conflicts, oneguaran­
tees that the final resultswill be correctand independent
ofthe execution order.

This paper is structuredas follows. First, we
provide somebackground information on the KORBX



system'shardware architecture. That section focuses
mainly on those components that are relatedto this
paper. Next, we describe factors that affect KORBX sys­
tem performance. Then, wepresent the blockCholesky
factorization algorithm and computational results.The
last section presents algorithms and computational
results for the solution oftriangular sets ofequations.

AT&T KORBX System Hardware Architecture
The KORBX system'scomputer is a shared­

memory multiprocessor systemthat runs a parallel ver­
sionofthe UNIX® operating system. The KORBX system
has eight processors (called computational elements or
CEs) , that are cross-connected to a hierarchical shared
memory. The systemhas two levels ofmemory: the
small and fastcache memory, and a largephysical mem­
ory. The cache is connected to the physical memory with
a memory bus and to the processorsthrough a fast inter­
connection network. The bandwidth between the physi­
calmemory and the CEsis less than that between the
cacheand the CEs. This implies that an operation will be
faster if the requireddata resides in the cache insteadof
in physical memory.

In addition to the usualset ofscalardata
registers, each processorhas eight 32-element, double­
precision vectorregisters.Thus, the KORBX systemhas
bothvector- and parallel-processing capabilities. Opera­
tionsperformed on data located in the vectorregisters
are up to four timesfaster than the analogous computa­
tiondonein the scalarregisters.There is an optimizing
Fortrancompiler that automatically parallelizes andvee­
torizesloopsin the programs. In addition, a set ofinter­
active processors (IPs) performs input!outputand other
user-interface tasks.

Factors That Affect KORBX System Performance
In general, the totaltime requiredto perform any

task consistsofcomputation timeand datatransfertime.
For the KORBX system, the first part requires effective
utilization ofits vector- and concurrent-processing capa-

bilities to minimize computation time. The second part
involves efficient use ofthe memory hierarchy by prop­
erlyexploiting datalocality to minimize the numberof
datatransfersbetween different levels ofmemory.

In the KORBX system, each processor can exe­
cute its own operation with its own data, independent of
the operations ofthe other processors. This is often
called multiple-instruction multiple-data (MIMD) archi­
tecture.? In addition, each processor has several vector
registers to perform vectoroperations efficiently. No
more than one processorcanwrite to a memory location
at a particular timestep.Processors can manipulate the
sameset ofdatausingsynchronization primitives, but
this significantly slows the system. Abetter approach is
to designalgorithms that obviate the needforsynchroni­
zation. Aset ofoperations can be executed completely in
parallel if memory writes do notconflict.

Memory Hierarchy. Ideally, concurrency, vectoriza­
tion, and memory hierarchyshould be exploited simul­
taneously to ensure the highestpossible performance.
Unfortunately, they maybe contradictory. For example,
increasing the vectorlengthmaydestroydatalocality
and provide poorperformance. Enforcing datalocality
improves performance by taking advantage ofthe signifi­
cantdifference in accessspeedbetween the cacheand
the physical memory. It is desirable to fetch from the
cache the data requiredby the processors becausethen
the slower accesstimeofa fetch from physical memory
is pipelined and does notaffect the performance ofthe
machine. Because datalocality and datautilization are
the mainissues,wewantto do as muchworkas possible
with a particular piece ofdatabeforestoringit backto
physical memory. This avoids moving databackand
forthbetween the processorregistersand physical
memory, and thus improves performance.

Cholesky Factorization
In the introduction, weexplained that efficient

solution oflinearequations is crucial to the KORBX sys­
tem.This involves Cholesky factorization and the for-
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ward-and-backward solvers. Let Q be a square matrixof
dimension m. The factorization of Q produces a lowertri­
angularmatrixL, such that Q == L LT.

The matrixL can be obtainedusing the following
algorithm," where q ij and lij represent the ijth element
of Qand L, respectively.

for j == 1,2, "', m

for i == j + 1, j +2, "', m

Q;j - L lik ljk
b:k5j-l

ljj

The innermost loop (overk) can be vectorized
and the loopover i can be parallelized by the KORBX
system's optimizing compiler.

Each I ij is computedonce and then used several
times (roughly m) to calculate subsequent elements of
the matrixL. Ideally, it would be best to hold each I ij in
cache memorywhile it is being used to calculate subse­
quent elements. Becausewe would like to do this for
every I ii» wewould need a cache that can hold the entire
matrixL. In general, cache is smallcomparedto the size
ofa typical L matrix. However, it would be desirableto
use each pieceofdata in cache manytimes beforestor­
ing it back to physical memoryand thereby obtainsigni­
ficant performance improvement. This is the ideabehind
the blockCholesky factorization algorithm.l? whichwe
nowdescribe.

Block Cholesky Factorization. In the KORBX system,
weimplemented blockCholesky factorization for the
dense part of the matrix. The factorization process,with
the operations being performed blockby block, will be
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developed next.To simplify the presentation, we
describeblockfactorization for the entire matrixQ.

Bypartitioning QandL intosquare blocks (for
example, witheach blockhavingdimension m/3), the
formula Q == L L T becomes:

Suppose L11, L21, and L31were computed. We
can then compute L22and L32as follows:

Q22 == L21Lfl + L22Lf2

Q32== L31Lfl + L32Lf2

Ifwe move the appropriate components on the left- and
right-hand sides,we get:

In general, let each square blockbe ofdimension b; and
let n == m/b, where, for simplicity, we assume that n is an
integer.Then, usingblockmatrices, the Cholesky factor­
ization algorithm becomes:

for j == 1, 2, "', n

Ljj == Cholesky factorfor Qjj - L Lj k L~ (A)
lsk,;;j-l



for i = j + 1, j +2, "', n

Lij = (Qij- L LikL~) (LJ)-l (B)
l$k~j-l

The computation of the jth block-column ofL
(i.e., Lij for i = j +1, "', n) involves the following opera­
tions:
1. Update the diagonal block:

2. Compute the Cholesky factorization ofthe diagonal
block:

3. Update each ofthe subdiagonal blocks
i = j + 1, "', n:

Q;j~ Qij- L LikL~
l~k~j-l

4. Compute each ofthe subdiagonal blocks
i = j + 1, "', n:

Steps (1), (3), and (4) involve multiplications and
subtractions ofmatrices. Step (2) requires Cholesky fac­
torization but onlyfor the diagonal blockthat fits entirely
intothe cache.

Memory Access Considerations. If the matrixQ is
large and does not fit into the cache memory, the
required memory accesses for Cholesky factorization
without the blockpartitioning is roughlyofthe same
order as the number ofdata operations O(m3).4

Suppose the cache size is large enough to store
data so that all the above operations (i.e., factorization
and matrixoperations) can be performed within cache.

Then, it can be shown that blockCholesky factorization
reduces the requiredaccesses to physical memory bya
factor ofb. Because the totalexecution timeconsists of
both data transferand computation time, this statement
does not imply that blockCholesky factorization is b
timesfaster than standardCholesky factorization, but
that speeduphas been obtained. However, having the
data available alsoallows efficient use ofthe parallel and
vectorcapabilities ofthe processors.

Block Size Considerations. Because the reduction in
memory accesses is proportional to the blocksizeb, it is
best to keep the blocksizeas large as possible. But
becauseblockCholesky needs three blocksin the cache
simultaneously, the upperboundofthe blocksizeis
equalto a third ofthe cachesize. In addition, the block
sizeshouldbe a multiple ofthe numberofprocessorsso
that all the processorshaveequalamounts ofwork. Fur­
thermore, the blocksizeshouldbe a multiple ofthe size
ofthe vectorregisters so that the vectorregisters are
always kept full.

Suppose, for example, that the sizeofthe cache
is 512 kbytes (i.e., 64kdouble-precision words), eight
processorsare available, and the sizeofthe vectorregis­
ters is 32bits. (One k equals1024.) Then, the optimal
blocksizeis equalto 128 columns (or rows) ofdouble­
precision words (128 is the largestblocksizesuch that
3b 2 does not exceed64k, and b is a multiple of32).

Numerical Results. In this section, wecompare the
results ofblockCholesky factorization with'the results of
standardCholesky factorization. In Figure1, the x axis
showsthe number ofnonzero elementsin the dense part
ofL, and the y axis showsthe execution timefor one
iteration.

If the number ofnonzero elementsis less than
10k, there is no significant difference between the two
methods. Asthe number ofnonzero elementsincreases,
the blockCholesky methodoutperforms the standard
Cholesky method. Whenthe numberofnonzero ele­
ments exceeds64k (which is alsothe sizeofthe cache
memory), the standardCholesky factorization beginsto
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Solution of Triangular Systems
We now present the algorithms for solving tri­

angular sets oflinearequations andgive their computa-

Figure 1. Comparison of block Cholesky and standard
Cholesky factorization. (a) Small problems; (b) large or
dense problems. Numbers next to the curves represent time
In seconds.

degrade. In contrast, the performance ofthe block Cho­
leskyfactorization does not degradewith problem size.
In Figure lb, weshowresultsforverylargeproblems.
These resultssuggest that blockCholesky outperforms
standard Cholesky factorization bya factor ofabout3.

whereX m = Ym/1mm, 1ik is the ikthelement ofLT
, and

x i andYi are the ith elements ofthe vectors x andy,
respectively.

Although the KORBX system could calculate the
above sumfora particular xi in parallel, itwould be bet­
ter if the systemcould workon different xis in parallel.
To extractthe available parallelism from the problem
andinstructthe KORBX systemmultiprocessor to take
advantage ofthe parallelism, the order ofallthe compu­
tations (i.e., the precedence order or graph) mustbe
analyzed. Byanalyzing the precedence graph, the algo­
rithmcanidentify groupsofoperations that could be exe­
cuted in parallel. The construction ofa precedence graph
is beneficial whenthe samegraphcanbe applied repeat­
edlyto solving triangular systems that have the same
matrix structure (i.e., matrices L T with the sameloca­
tionsofnonzero elements). Note that this is the casein
Karmarkar-type algorithms, in particular, when conju­
gate-gradient approaches are used.

The precedence graph shows the sequencing
constraints that the operations mustobey. For example,
in the 2x2 case,the computations to be performed are:

X2 =Y2 /122

tional results.
Mathematical Insight and Computation of Parallel

Levels. For the solution oflinearequations, bothfor­
ward andbackward substitution mustbe done. Because
the two processes are similar, only backward substitu­
tionwill be explained.

The problem is to find a vectorx such that
L T x = y, whereL T is an uppertriangular matrix andy is
a given right-hand-side vector.

The components ofx canbe computed recur­
sively usingthe equation:

s. - L 1ik Xk
i+lsksm

1ii
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and

Thus,x1 mustbe computed afterx2, unless112 is equal
to zero. Butingeneral, allthe multiplications 1ik X k can
be computed as soonasxk has been calculated. Also, all
resultsofmultiplications canbe addedto the appropriate
partial sums as soonas the resultsare computed.

The numberofparallel computation levels gen­
erateddependson the granularity with which the pre­
cedence graph ofthe computations is analyzed. In this
paper, weexamine both row- and operation-level granu­
larities.'! Row-level granularity meansthat alloperations
ofa rowmustbe included in the sameparallel level.
Operation-level granularity has individual operations as
the smallest entities ofthe scheduling process, so that
different operations ofa rowor column canbe scheduled
at different levels.

With operation-level granularity, xk canbe com-

putedonly afteralloperations for rowk are completed.
And only thereafter canallthe operations ofcolumn k
proceed. That is, a typical operation Xi = Xi -1 ik xk canbe
scheduled at "parallel" time t + 1 if the value ofxk has
been computed at time t.

The use ofrow-level granularity has some
favorable memory-locality characteristics because each
elementofthe solution vector canbe computed bya sin­
gle processor. However, it reducesthe effective use of
parallel- andvector-processing capabilities. ~

Figure 2 illustrates the row-level granularity for
solving L T x = y. In this example, it is assumed that the
diagonal elements are equalto 1,and allother nonzero
elements are marked. FromFigure 2,wecansee that a
limited amount ofparallelism exists, andthe backward
substitution ofthis small problem is donein ten sequen­
tialtimesteps. Weassume here that eachprocessor can
multiply two numbersand subtractthe resultfrom a
third numberin one timestep. We also assume that the
trivial stepx8 = Y8 is completed before time step 1. We
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Figure 3. Backward
substitution;
operation-level granu­
larity (completion
time =5). The solid
lines show the pre­
cedence relationships
of the operations. In
the precedence
graph, the (xn ) next
to an operation
number means: at
that time, x; is com­
pleted. For clarity,
some edges of the
precedence graph are
not shown.

Operations

1 Xs = Ys
2 X7 = Y7 - 17s Xs
3 Xs =Ys -Iss Xs
4 x3 = Y3 -/3s Xs
5 x4=Y4-/4sxs
6 X2 = Y2 - 12s Xs
7 Xl = Yl -/1S Xs

8 Xs = Ys -/57 X7
9 X3=X3-/37x7

10 Xl =Xl -/17 X7

11 Xs = Xs - Iss Xs
12 X4 = X4 - 14s Xs
13 X3 = X3 -/3s Xs

14 X2 =X2 -/25 Xs
15 Xl =Xl -/15 Xs

16 X3 =X3 - 134 X4
17 Xl =X1 -/14 X4

18 X2 =X2 -/23 X3

Precedence graph

1 (Xs)

/1~
2 (X7) 3 (Xs) 4 5 6 7

I~~
8 9 10 12 (X4)

\
11 (Xs) 13 17

/\
14 15(X1) 16 (X3)

/
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Time
steps

2
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5

also assume that a single processor of the KORBX sys­
tem's computer is used to process each row and that all
the operationswithin a roware executed sequentially.

Figure 3 illustratesthe operation-level granular­
ity. Here, the precedence graph shows that the problem
can be completedin five sequential time steps.The solid
lines show the precedence relationships among the oper­
ations. The completion time ofeach componentofx is
also shownin the graph.

Processing of the Operations on the Same Parallel Level.
Oncea set ofoperationshas been identified as belonging
to the same parallel level, the problemis to execute all
the operationsefficiently using both the parallel and vec­
tor capabilities. The processors must be scheduled so
that each of them executes a significant amountofwork
before synchronizing with the other processors. In addi­
tion,every processor should be performingits opera­
tions in a vector mode.

Letus consider a specific levelofeither the row­
or operation-level granularityalgorithms. The assign­
ment ofwork for this levelamongthe processors is
achieved by the algorithm'screating as manysuper rows
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as there are processors. For row-level granularity, a
super rowis the union ofthe operationsof severalcom­
plete rowswithin a givenlevel; for operation-level granu­
larity, it is the unionofa set of operations. Each proces­
sor will execute one super rowat everyparallel level.
The number ofoperationsper super rowshould be as
nearlyequal as possible.

For row-level granularity, allocation of the
original rows to super rowsinvolves a bin-packing algo­
rithm.P For the operation-level granularityafgorithm,
assigningwork to processors involves simply dividing
the operationsequally amongthe processors in a
straightforward way.

Numerical Results. The parallel algorithms devel­
opedfor the forward-and-backward solution oflinear
equationshave been tested on severallarge problems
solved 'bythe preconditioned conjugate-gradient algo­
rithm." In the early stages of the solution process, the tri­
angular systems are extremelysparse; thus, the solution
ofsuch systems is computationally insignificant. But as
the iterationsproceed, the triangularsystems become
denser and their repeated solution takes a significant
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Figure 5. Transportation application problem on
the AT&T KORBX system. (a) Small problem;
L has 4,421 rows and 8,410 nonzero elements.
(b) Large, dense problem; L has 4,421 rows and
133,556 nonzero elements. The black line
represents maximum speedup. The colored lines
represent speedup for forward and backward
substitution.

9

7

0-
::>
"0 5Ql
Ql
0-
W

3

1
1 2 3 4 5 7 8

Processors

45

Maximum number
of elements Parallel

in a row levels

Maximum number
of elements Parallel

in a row levels

--- Forward substitution

--- Backward substitution

(a)

51

15

63

28

--- Forward substitution

--- Backward substitution

(b)

545

227

946

406

AT&T TECHNICAL JOURNAL.MAY/JUNE1989



46

amountoftime.
We define the speedupofan algorithm on a

parallel computeras the ratioofthe sequential execution
time to the timefor the parallel or vectorexecution ofthe
algorithm. Speedups ofup to ninefor a singleiteration of
the preconditioned conjugate-gradient algorithm for
multicommodity-flow problems and up to sevenfor trans­
portation problems were achieved using operation-level
granularity on the KORBX system. In Figures4 and 5,
the colored lines showthe backward-and-forward substi­
tutionspeedupsas a function ofthe number ofproces­
sors used.The blacklineshowsthe maximum speedup
possible without takingadvantage ofthe machine's vec­
tor capabilities.

For the solution oflarge linear-programming
problems usingthe Karmarkar preconditioned conju­
gate-gradient approach," the solution ofthe triangular
systemstakes about30percent ofthe overall computa­
tiontime. The speedupobtained for the solution ofthe
triangular systemstranslatedintoan overall time savings
ofup to 25percent. Because ofthe speed improvement
for the forward-and-backward solvers, denser precondi­
tionersprobably could be used.They would allow more
parallelism for the forward-and-backward solvers, while
reducingthe number ofconjugate-gradient iterations
needed.

Basedon experiments, row-level granularity
alsoperforms fairly well for the large transportation and
multicommodity-flow problems tested.That is, the pro­
cessors were kept busyduring the solution, and the use
ofthe processorsbecameunbalanced onlynear the end.
But ingeneral,better results were obtained using opera­
tion-level granularity because it is less sensitive to the
density ofthe triangularmatrix and takes better advan­
tage ofthe vectorcapabilities ofthe processors.

Conclusions
The solution ofpositive semidefinite systems

oflinearequations constitutes the major computational
effort in Karmarkar-type algorithms. In two major com-
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putation-intensive areas associated withthe solution of
such systemsoflinearequations, Cholesky factorization
andforward-and-backward solvers, we havemadesignifi­
cant improvements by usingthe KORBX system'sparal­
lel andvectorhardware.

We implemented the blockCholesky method to
reduce data movement between two levels ofmemory
and tookfurther advantage ofthe machine's parallel and
vectorcapabilities. The performance obtained withthe
blockCholesky approach is about three timesbetter
than withthe standardCholesky method.

We alsoshowed that, by parallelizing the
forward-and-backward solvers, the major computational
effort ofa conjugate-gradient implementation ofKarmar­
kar-based linear-programming algorithms has been sig­
nificantly reduced. We examined both operation-level
and row-level granularity scheduling methodsand
showed that the operation-level scheduling process
performs consistently better.The methodsare robust
andcomputationally efficient.
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