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The AT&T KORBX system employs a sophisticated
compiler and vector/parallel processors to solve
linear-programming problems using Karmarkar-type
algorithms. The main computational effort of the
Karmarkar-type linear-programming methods
involve the repeated solution of large symmetric
sets of linear equations. For this reason, algorithms
that optimize the KORBX system performance for
the solution of sparse and dense sets of linear equa-
tions are presented. These algorithms involve both
Cholesky factorization and forward-and-backward
substitution for the solution of linear equations and
exploit data locality, concurrency, and vectorization.
In Cholesky factorization, block-operation methods
are efficient and instrumental for the parallel solu-
tion of the problem. Forward-and-backward solvers
involve the solution of triangular sets of linear equa-
tions. For the solution of sparse triangular systems
of linear equations, our algorithms schedule the
operations among the processors and take advan-
tage of the concurrency and vectorization capabili-
ties of the KORBX system multiprocessor.

Introduction
The AT&T KORBX system provides software to solve linear-

programming problems using variants of the Karmarkar algorithm! on
a modern multiprocessor computer, where each processor contains a
pipelined vector-arithmetic unit and can execute concurrently with the
other processors. In the last decade, considerable effort was expended
to develop efficient vector algorithms for different applications, but lit-
tle was done to develop algorithms for shared-memory parallel proces-
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Panel 1. Terms and Acronyms

b dimension of a block

CE computational element

Fortran formula translator

P interactive processor

m dimension of a matrix

MIMD multiple instruction multiple data

SIAM Society of Industry Applied Mathematics

sors that use concurrency and vectorization, as well as a
hierarchical memory system. For architectures like the
KORBX system’s, it is important to explore these three
capabilities fully to achieve maximum performance. In
this paper, we present the parallelization of the most
time-consuming steps of Karmarkar-type methods and
elaborate on the methodology used to develop parallel
algorithms for these problems. Two companion papers in
this issue®3 provide additional details about Karmarkar-
type algorithms.

The most time-consuming step in all the inter-
ior-point methods requires solving the following set of
linear equations for the unknown vector x:

@x=b

where @ is a positive semidefinite symmetric matrix and
b is the right-hand-side vector.
There are two basic approaches for the solution
of a set of linear equations:
= Direct methods—This approach involves the exact cal-
culation of a factorization for the matrix Q.
= [terative methods—This approach uses an approximate
factorization and iterates to find the exact solution.
The KORBX system incorporates both direct and itera-
tive methods. The specific direct method used is called
Cholesky factorization,** and the specific iterative method
used is called the preconditioned conjugate-gradient
method.5
Cholesky factorization produces a lower triangu-
lar matrix L such that:
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LLT=¢Q

where LT is the transpose of L. The solution of the set of
linear equations can be obtained using forward substitu-
tion to solve fory,

Ly=b

and backward substitution to solve for the solution
vector x,

LTx=y

Cholesky factorization tends to form a dense
window near the lower right corner of L. In general, pro-
ducing this dense part of L is the most time-consuming
part of the solution process. Factorization of the dense
part of the matrix has been tailored to take advantage of
the KORBX system’s hardware architecture. This was
achieved using block algorithms that consider the mem-
ory hierarchy and also exploit the parallel and vector
capabilities of the KORBX system multiprocessor. The
importance of using block algorithms to reduce the
number of data transfers between fast and slow levels of
memory has been examined in References 7 and 8. Addi-
tional algorithmic considerations that relate to the fast-
cache memory will be discussed further in the section on
hardware architecture.

When the conjugate-gradient approach is used
to solve the set of linear equations, hundreds of large tri-
angular systems must be solved at every iteration. This
means that parallelization of the algorithms of triangular
systems is also an essential requirement for fast algo-
rithms on the KORBX system multiprocessor. For the
solution of triangular systems, a set of operations that
can be executed in parallel can be generated by analyz-
ing the structure of the problem. By scheduling the
operations to avoid memory-write conflicts, one guaran-
tees that the final results will be correct and independent
of the execution order.

This paper is structured as follows. First, we
provide some background information on the KORBX



system’s hardware architecture. That section focuses
mainly on those components that are related to this
paper. Next, we describe factors that affect KORBX sys-
tem performance. Then, we present the block Cholesky
factorization algorithm and computational results. The
last section presents algorithms and computational
results for the solution of triangular sets of equations.

AT&T KORBX System Hardware Architecture

The KORBX system’s computer is a shared-
memory multiprocessor system that runs a parallel ver-
sion of the UNIX® operating system. The KORBX system
has eight processors (called computational elements or
CEs), that are cross-connected to a hierarchical shared
memory. The system has two levels of memory: the
small and fast cache memory, and a large physical mem-
ory. The cache is connected to the physical memory with
a memory bus and to the processors through a fast inter-
connection network. The bandwidth between the physi-
cal memory and the CEs is less than that between the
cache and the CEs. This implies that an operation will be
faster if the required data resides in the cache instead of
in physical memory.

In addition to the usual set of scalar data
registers, each processor has eight 32-element, double-
precision vector registers. Thus, the KORBX system has
both vector- and parallel-processing capabilities. Opera-
tions performed on data located in the vector registers
are up to four times faster than the analogous computa-
tion done in the scalar registers. There is an optimizing
Fortran compiler that automatically parallelizes and vec-
torizes loops in the programs. In addition, a set of inter-
active processors (IPs) performs input/output and other
user-interface tasks.

Factors That Affect KORBX System Performance

In general, the total time required to perform any
task consists of computation time and data transfer time.
For the KORBX system, the first part requires effective
utilization of its vector- and concurrent-processing capa-

bilities to minimize computation time. The second part
involves efficient use of the memory hierarchy by prop-
erly exploiting data locality to minimize the number of
data transfers between different levels of memory.

In the KORBX system, each processor can exe-
cute its own operation with its own data, independent of
the operations of the other processors. This is often
called multiple-instruction multiple-data (MIMD) archi-
tecture.? In addition, each processor has several vector
registers to perform vector operations efficiently. No
more than one processor can write to a memory location
at a particular time step. Processors can manipulate the
same set of data using synchronization primitives, but
this significantly slows the system. A better approach is
to design algorithms that obviate the need for synchroni-
zation. A set of operations can be executed completely in
parallel if memory writes do not conflict.

Memory Hierarchy. Ideally, concurrency, vectoriza-
tion, and memory hierarchy should be exploited simul-
taneously to ensure the highest possible performance.
Unfortunately, they may be contradictory. For example,
increasing the vector length may destroy data locality
and provide poor performance. Enforcing data locality
improves performance by taking advantage of the signifi-
cant difference in access speed between the cache and
the physical memory. It is desirable to fetch from the
cache the data required by the processors because then
the slower access time of a fetch from physical memory
is pipelined and does not affect the performance of the
machine. Because data locality and data utilization are
the main issues, we want to do as much work as possible
with a particular piece of data before storing it back to
physical memory. This avoids moving data back and
forth between the processor registers and physical
memory, and thus improves performance.

Cholesky Factorization

In the introduction, we explained that efficient
solution of linear equations is crucial to the KORBX sys-
tem. This involves Cholesky factorization and the for-
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ward-and-backward solvers. Let @ be a square matrix of
dimension m. The factorization of @ produces a lower tri-
angular matrix L, such that @ =L L”.

The matrix L can be obtained using the following
algorithm,* where ¢; and I,; represent the ijth element
of @ and L, respectively.

forj=1,2 -, m

1/2
li= [qij_z lf?'k}

I<k<i-1
fori=j+1,7+2, -+, m
4;i-Y lalp

1<k<j-1
Jo=— S*9—

Y l/’/’

The innermost loop (over k) can be vectorized
and the loop over 7 can be parallelized by the KORBX
system’s optimizing compiler.,

Each /;; is computed once and then used several
times (roughly m) to calculate subsequent elements of
the matrix L. Ideally, it would be best to hold each /;; in
cache memory while it is being used to calculate subse-
quent elements. Because we would like to do this for
every [;;, we would need a cache that can hold the entire
matrix L. In general, cache is small compared to the size
of a typical L matrix. However, it would be desirable to
use each piece of data in cache many times before stor-
ing it back to physical memory and thereby obtain signi-
ficant performance improvement. This is the idea behind
the block Cholesky factorization algorithm,!° which we
now describe.

Block Cholesky Factorization. In the KORBX system,
we implemented block Cholesky factorization for the
dense part of the matrix. The factorization process, with
the operations being performed block by block, will be
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developed next. To simplify the presentation, we
describe block factorization for the entire matrix @.

By partitioning @ and L into square blocks (for
example, with each block having dimension m /3), the
formula @ = L LT becomes:

Qu QL QL Ly LL L} LY

Qn @ QaTz =| Ly Ly Lsz LY

Qs Q32 33 L3y Lsy; Ly LsTs
Ly LY L L} LyLY

= L21L1T1 L21L2Tl+L22L2Tz L21L£+L22L??2

L31L1T1 L31L2T1 +L32L2Tz L31L3T1 +L32L3T2 +L33L3T3

Suppose Ly, Loy, and L4; were computed. We
can then compute Ly, and L3, as follows:

Qo= L21L2Tl + L22L2Tz
Q32 =L31L2T1 + L32L2Tz

If we move the appropriate components on the left- and
right-hand sides, we get:
Lplh =Qu-Lull
L3y =(Q3 - Ly L) (LE)!

o+

In general, let each square block be of dimension b; and
let n = m /b, where, for simplicity, we assume that # is an
integer. Then, using block matrices, the Cholesky factor-
ization algorithm becomes:

forj=1,2, -+, n

L; =Cholesky factor for @; - ¥ L; L} (A)
1<ksj-1



fori=7+1,7+2, -+, n

Li=@Qy-Y LalLi)LH™ (B)

I<k<i-1

The computation of the jth block-column of L
(ie,L;fori=j+1, - -+, n) involves the following opera-
tions:

1. Update the diagonal block:

’ T
Qi< Q- % LunLi
1<k<j-1

2. Compute the Cholesky factorization of the diagonal
block:

LiL} < @;
3. Update each of the subdiagonal blocks
i=7+1, -, n
Q; «Q;-Y Ll

1<k<j-1

4, Compute each of the subdiagonal blocks
i=j+1, -, m

Lij — Qz/ (L];‘ -1

Steps (1), (3), and (4) involve multiplications and
subtractions of matrices. Step (2) requires Cholesky fac-
torization but only for the diagonal block that fits entirely
into the cache.

Memory Access Considerations. If the matrix @ is
large and does not fit into the cache memory, the
required memory accesses for Cholesky factorization
without the block partitioning is roughly of the same
order as the number of data operations O(m?®).*

Suppose the cache size is large enough to store
data so that all the above operations (i.e., factorization
and matrix operations) can be performed within cache.

Then, it can be shown that block Cholesky factorization
reduces the required accesses to physical memory by a
factor of b. Because the total execution time consists of
both data transfer and computation time, this statement
does not imply that block Cholesky factorization is b
times faster than standard Cholesky factorization, but
that speedup has been obtained. However, having the
data available also allows efficient use of the parallel and
vector capabilities of the processors.

Block Size Considerations. Because the reduction in
memory accesses is proportional to the block size b, it is
best to keep the block size as large as possible. But
because block Cholesky needs three blocks in the cache
simultaneously, the upper bound of the block size is
equal to a third of the cache size. In addition, the block
size should be a multiple of the number of processors so
that all the processors have equal amounts of work. Fur-
thermore, the block size should be a multiple of the size
of the vector registers so that the vector registers are
always kept full.

Suppose, for example, that the size of the cache
is 512 kbytes (i.e., 64k double-precision words), eight
processors are available, and the size of the vector regis-
ters is 32 bits. (One k equals 1024.) Then, the optimal
block size is equal to 128 columns (or rows) of double-
precision words (128 is the largest block size such that
362 does not exceed 64k, and b is a multiple of 32).

Numerical Resuits. In this section, we compare the
results of block Cholesky factorization with the results of
standard Cholesky factorization. In Figure 1, the x axis
shows the number of nonzero elements in the dense part
of L, and the y axis shows the execution time for one
iteration,

If the number of nonzero elements is less than
10k, there is no significant difference between the two
methods. As the number of nonzero elements increases,
the block Cholesky method outperforms the standard
Cholesky method. When the number of nonzero ele-
ments exceeds 64k (which is also the size of the cache
memory), the standard Cholesky factorization begins to
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Figure 1. Comparison of block Cholesky and standard
Cholesky factorization. (a) Small problems; (b) large or
dense problems. Numbers next to the curves represent time
in seconds.

degrade. In contrast, the performance of the block Cho-
lesky factorization does not degrade with problem size.
In Figure 1b, we show results for very large problems.
These results suggest that block Cholesky outperforms
standard Cholesky factorization by a factor of about 3.

Solution of Triangular Systems

We now present the algorithms for solving tri-
angular sets of linear equations and give their computa-
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tional results.

Mathematical Insight and Computation of Parallel
Levels. For the solution of linear equations, both for-
ward and backward substitution must be done. Because
the two processes are similar, only backward substitu-
tion will be explained.

The problem is to find a vector x such that
LTx =y, where L7 is an upper triangular matrix and y is
a given right-hand-side vector.

The components of x can be computed recur-
sively using the equation:

¥i— % lax
gi=— M fori=m-1, -1
lii
where £,, =9,,/Unm, L is the ikth element of L7, and
x; and y; are the ith elements of the vectors x and y,
respectively.

Although the KORBX system could calculate the
above sum for a particular x; in parallel, it would be bet-
ter if the system could work on different x;s in parallel.
To extract the available parallelism from the problem
and instruct the KORBX system multiprocessor to take
advantage of the parallelism, the order of all the compu-
tations (i.e., the precedence order or graph) must be
analyzed. By analyzing the precedence graph, the algo-
rithm can identify groups of operations that could be exe-
cuted in parallel. The construction of a precedence graph
is beneficial when the same graph can be applied repeat-
edly to solving triangular systems that have the same
matrix structure (i.e., matrices LT with the same loca-
tions of nonzero elements). Note that this is the case in
Karmarkar-type algorithms, in particular, when conju-
gate-gradient approaches are used.

 The precedence graph shows the sequencing
constraints that the operations must obey. For example,
in the 2x 2 case, the computations to be performed are:

x2=yy /g



Figure 2. Backward

Earliest execution
time for row

and

x1=01-l2x2) /11y

Thus, £; must be computed after x5, unless I, is equal
to zero. But in general, all the multiplications [, x, can
be computed as soon as ¥, has been calculated. Also, all
results of multiplications can be added to the appropriate
partial sums as soon as the results are computed.

The number of parallel computation levels gen-
erated depends on the granularity with which the pre-
cedence graph of the computations is analyzed. In this
paper, we examine both row- and operation-level granu-
larities.!! Row-level granularity means that all operations
of a row must be included in the same parallel level.
Operation-level granularity has individual operations as
the smallest entities of the scheduling process, so that
different operations of a row or column can be scheduled
at different levels.

With operation-level granularity, x, can be com-

substitution; row-level

granularity (comple-
=X tion time = 10). All
=== diagonal elements
X equal 1; x denotes a
4 _: e nonzero element.
X

puted only after all operations for row k are completed.
And only thereafter can all the operations of column %
proceed. That is, a typical operation x; =x; — {;, £, can be
scheduled at “parallel” time ¢ + 1 if the value of x, has
been computed at time ¢.

The use of row-level granularity has some
favorable memory-locality characteristics because each
element of the solution vector can be computed by a sin-
gle processor. However, it reduces the effective use of
parallel- and vector-processing capabilities.

Figure 2 illustrates the row-level granularity for
solving LT x =y. In this example, it is assumed that the
diagonal elements are equal to 1, and all other nonzero
elements are marked. From Figure 2, we can see that a
limited amount of parallelism exists, and the backward
substitution of this small problem is done in ten sequen-
tial time steps. We assume here that each processor can
multiply two numbers and subtract the result from a
third number in one time step. We also assume that the
trivial step x5 = y5 is completed before time step 1. We
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Figure 3. Backward
substitution;
operation-level granu-
larity (completion
time = 5). The solid
lines show the pre-
cedence relationships
of the operations. In
the precedence
graph, the (x,) next
to an operation
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also assume that a single processor of the KORBX sys-
tem’s computer is used to process each row and that all
the operations within a row are executed sequentially.

Figure 3 illustrates the operation-level granular-
ity. Here, the precedence graph shows that the problem
can be completed in five sequential time steps. The solid
lines show the precedence relationships among the oper-
ations. The completion time of each component of x is
also shown in the graph.

Processing of the Operations on the Same Parallel Level.
Once a set of operations has been identified as belonging
to the same parallel level, the problem is to execute all
the operations efficiently using both the parallel and vec-
tor capabilities. The processors must be scheduled so
that each of them executes a significant amount of work
before synchronizing with the other processors. In addi-
tion, every processor should be performing its opera-
tions in a vector mode.

Let us consider a specific level of either the row-
or operation-level granularity algorithms. The assign-
ment of work for this level among the processors is
achieved by the algorithm’s creating as many super rows
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as there are processors. For row-level granularity, a
super row is the union of the operations of several com-
plete rows within a given level; for operation-level granu-
larity, it is the union of a set of operations. Each proces-
sor will execute one super row at every parallel level.
The number of operations per super row should be as
nearly equal as possible.

For row-level granularity, allocation of the
original rows to super rows involves a bin-packing algo-
rithm.!? For the operation-level granularity algorithm,
assigning work to processors involves simply dividing
the operations equally among the processors in a
straightforward way.

Numerical Results. The parallel algorithms devel-
oped for the forward-and-backward solution of linear
equations have been tested on several large problems
solved by the preconditioned conjugate-gradient algo-
rithm.® In the early stages of the solution process, the tri-
angular systems are extremely sparse; thus, the solution
of such systems is computationally insignificant. But as
the iterations proceed, the triangular systems become
denser and their repeated solution takes a significant
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Figure 4. Multicommodity flow problem on the
AT&T KORBX system. The matrix L has 15,247
rows and 28,849 nonzero elements. The black
line represents maximum speedup; while the
colored lines represent speedup for forward and
backward substitution.

Figure 5. Transportation application problem on
the AT&T KORBX system. (a) Small problem;

L has 4,421 rows and 8,410 nonzero elements.
(b) Large, dense problem; L has 4,421 rows and
133,556 nonzero elements. The black line
represents maximum speedup. The colored lines
represent speedup for forward and backward
substitution.
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amount of time.

We define the speedup of an algorithm on a
parallel computer as the ratio of the sequential execution
time to the time for the parallel or vector execution of the
algorithm. Speedups of up to nine for a single iteration of
the preconditioned conjugate-gradient algorithm for
multicommodity-flow problems and up to seven for trans-
portation problems were achieved using operation-level
granularity on the KORBX system. In Figures 4 and 5,
the colored lines show the backward-and-forward substi-
tution speedups as a function of the number of proces-
sors used. The black line shows the maximum speedup
possible without taking advantage of the machine’s vec-
tor capabilities.

For the solution of large linear-programming
problems using the Karmarkar preconditioned conju-
gate-gradient approach,® the solution of the triangular
systems takes about 30 percent of the overall computa-
tion time. The speedup obtained for the solution of the
triangular systems translated into an overall time savings
of up to 25 percent. Because of the speed improvement
for the forward-and-backward solvers, denser precondi-
tioners probably could be used. They would allow more
parallelism for the forward-and-backward solvers, while
reducing the number of conjugate-gradient iterations
needed.

Based on experiments, row-level granularity
also performs fairly well for the large transportation and
multicommodity-flow problems tested. That is, the pro-
cessors were kept busy during the solution, and the use
of the processors became unbalanced only near the end.
But in general, better results were obtained using opera-
tion-level granularity because it is less sensitive to the
density of the triangular matrix and takes better advan-
tage of the vector capabilities of the processors.

Conclusions

The solution of positive semidefinite systems
of linear equations constitutes the major computational
effort in Karmarkar-type algorithms. In two major com-
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putation-intensive areas associated with the solution of
such systems of linear equations, Cholesky factorization
and forward-and-backward solvers, we have made signifi-
cant improvements by using the KORBX system’s paral-
lel and vector hardware.

We implemented the block Cholesky method to
reduce data movement between two levels of memory
and took further advantage of the machine’s parallel and
vector capabilities. The performance obtained with the
block Cholesky approach is about three times better
than with the standard Cholesky method.

We also showed that, by parallelizing the
forward-and-backward solvers, the major computational
effort of a conjugate-gradient implementation of Karmar-
kar-based linear-programming algorithms has been sig-
nificantly reduced. We examined both operation-level
and row-level granularity scheduling methods and
showed that the operation-level scheduling process
performs consistently better. The methods are robust
and computationally efficient.
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