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Telecommunications network loading problems
focus on routing traffic through networks so as to
satisfy the demand forecast between all pairs of
nodes. The objective is to minimize the total routing
costs subject to satisfying capacity constraints asso­
ciated with the individual links. This paper presents
a nonlinear programming formulation for the multi­
period network loading problem, a problem that
appears in many guises throughout network plan­
ning. Such problems are also known inthe operations
research literature as (multiperiod) multicommodity
network flow problems. The resulting optimization
problem has a very large number ofvariables and
constraints. We describe the implementation ofa
nonlinear optimization algorithm, the Frank-Wolfe
method with PARTAN extension and projective gra­
dient acceleration, on a parallel vector processor for
solving these large dynamic network loading prob­
lems. Ourcomputational experience shows that our
algorithm solves large, realistic loading problems ~

very efficiently and is serving as a valuable tool for
telecommunications network planning.
Introduction

Telecommunications network loading problems concentrate
uponroutingtraffic through the network in order to satisfy expected
demandsbetween allpairsofnodes. If the capacities ofthe linkscon­
nectingthe nodes are unlimited, one can simply route the demand for
anygiven pairofnodes on the cheapestpath connecting this pair. How­
ever, sincecapacity constraints are given for each link, the loading
problem is a complex optimization problem. Suchproblems are also
known as multicommodity network flow problems.1



In this paper we focuson the multiperiod load­
ingproblem, in whichthe demands and capacities are
changedover time.That is, the loading process is
dynamic. Suchproblemsare very large in size and have
numerousapplications in telecommunications network
planning. See, for example, References 2 and 3.We pre­
sent a nonlinearprogramming formulation and describe
the implementation ofa nonlinearoptimization algo­
rithm, the Frank-Wolfe method with PARTAN extension
and projective gradient acceleration, on a parallel vector
processorfor solving this problem. Our computational
results showthat our algorithmsolveslarge, realistic
loading problemsefficiently and effectively. It is serving
as a valuable tool in performing realistic analysesfor
large-scale telecommunications networkplanning.

We first introducesome terminology. In a tele­
communications networkcontext, a node corresponds to
an office or (inthe case ofaggregated networks) a set of
offices in a specified region.Each link represents a
transmission route joiningtwonodes, e.g., a fiber-optic
cable. Oftenthere will be multiple routes betweentwo
nodes to represent multiple distincttechnologies on a
singleroute. In these cases there will be multiple links
betweenthe same node pair.Each linkhas a (time­
varying) capacity. Alinkjoininga node no and another
node n, is said to be incident to no and nz . Twolinksare
said to be adjacent if they are both incidentto the same
node. Apath from a node no to another node nz can be
defined as a sequence ofdistinctlinks (m 1, m2, ... , ms) ,
where m i and m i+l are adjacent for i = 1, 2, ... , s - 1.A
demand is the expectedchange in the required number
ofcircuitsofa certain type betweenspecified nodes at
a specified time.The cost ofloadinga unit ofdemand
betweena pair ofnodes consists ofmultiplex costs at the
nodes and the cost of the necessary transmission media
on each link traversed by the path.The networkloading
problemis to assign demands to paths so that link capa­
cityconstraintsare satisfied if possibleand so that the
totalnetworkcosts are minimized.

In the next sectionwe present the mathematical

formulation for the network loading problem. Then, in
"Solution Technique," we describe the solution method
and the implementation techniquefor solving the prob­
lem.The section"Performance" showssome computa­
tional results.We closewithsome concluding remarks.

The Loader Formulation
The Multicommodlty Network Model. In this section,

we describe our multicommodity flow formulation. Let
no and n, be twodistinctnodes in a telecommunications
network. A demandfor circuitsbetween no and nz canbe
viewed as a demandfor a flow ofa commodity alonga
path connecting no and n, in the network. The totalflow
betweenno and nz is simply the sum offlows on allpaths
connectingno and n., The flow on allpaths that use a
givenlinkcannotexceed the linkcapacity. This is the
arc-path formulation offlow.4- 6 The formulation canbe
generalized to treat more than one commodity (i.e., more
than one demandpair) and is then termed multicommo­
dityflow. Anode-arc formulation uses, in addition to link
capacity constraints, flow conservation equations for
each commodity.v" In general,an arc-path formulation
has fewer constraintsthan the node-arc formulation at
the expense ofhavingan enormously large number of
variables (possible paths.) However, in telecommunica­
tions applications onlya smallsubset of the paths needs
to be consideredas viable routes-for example, only •
paths with, say,at most 10links, or onlypaths that pass a
certainquality criterion.

Wefirst considera formulation for one time
period. We assume that, for a timeperiod, there are K
demandpairs in the network and that there are a totalof
Ppaths connecting the end pointsof the demand pairs.
We also assume that these paths use a totalofM links.
Let

Pk = set ofpaths available to demandpair k
Qm = set ofpaths passingthrough linkm
U m = capacity oflink m
dk = totalamountofdemandfor demandpairk
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Letxp be the amountofdemandloaded on path
p; alsolet C:P- denote the cost of routingone demandunit
on pathp. We now state the following program:

Weseek loadsand path flows so that node-to-node
demand requirementsare met for each timeperiod t and
demandpairk, while totaldiscounted routingcosts are
minimized. Thereforewe have

p
Minimize LUpxp (Ia)

p=1

subjectto L x p =dk k = 1, ... , K (1b)
PEPk

L x p <5', Urn m=1, ... ,M (lc)
pEQm

x p ~ 0 p = 1, ... , P (1d)

The objective function (1a) represents the total
path cost.System (1b) requires that the path flows sum
to the requiredvaluesfor each demandpairk,and sys­
tem (1c) requires that the loadon each linkdoes not
exceedthe linkcapacity.

This model is easily extendedto handlemultiple
timeperiods. Welet T be the numberoftimeperiodsin
the planning horizon. Let

x~ = incremental flow on pathp in timeperiod t; x~ ~o
d~ = incremental demandrequirementsfor demand

pair k in time period t; d~ ~o
Q~ = set ofpaths through link m in timeperiod t
P~ = set ofpaths available to demandk in time period t
u~ = capacity oflink m in timeperiod t; u~ is non­

decreasingwith t

k =1,... , K; t =1,... , T (2b)subjectto L X~ =d~
PEP'"

I
L LXp<5',U~ m=1,oo.,M;t=1, ... ,T(2c)
5=1 PEQ:"

X~ ~ 0 p =1,... , P; t =1,00 • , T (2d)

This guaranteesfeasibility, but it opensup the possibility~
ofdemandrearrangements. (Any feasible combination of
xp's,PEPk» summing to zero,could be addedto the solu­
tionto reflecta set ofrearrangementsofdemandk.)
Although rearrangementsare an option to considerin
network optimization, this formulation does not model
their costs. In the remaining sectionsofthis paperwe
assume no rearrangementsare allowed andweare
modeling a growing network according to function (2a)
and system (2b) withd~ ~ O.

Linear Programming Model. We now stategenerically
the following linearprogramin a compact matrixform
for network loading function:

I
L xp ~o p =1,... , P; t =1,... , T (2e)
5=1

where WI is a discountfactor for each timeperiodt.
We note that this is a simple extension ofthe

one-time-period model. System (2b) is the sameas sys­
tem (1b). System (2c) reflects a cumulative loadon a
link. In other words, circuitsloadedin timeperiods on
linkm remainon linkm through the entireplanning hor­
izon (time periodss + 1, s + 2, ... , T).

A basicassumption ofour model is that there is
no disconnection ofloads; in other wordsd~ ~ 0 and
x~ ~ 0 for everyk and everyt. Notethat incremental
demandd~ < 0 implies that previously routed demands
mustbe alteredand that we must allow x~ < O. To ensure
that the decrease occursonlyin pathswithsufficient
demandon them, we must replacethe nonnegativity con­
straints (2d) on x~ by

(2a)
I=T p=P

Minimize L L WIUpX~
1=1 p=1
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Minimize ex
subject to Ax = d

Bx::;;u
x<::O

Herex is a vectorofpath loadsoverall time periods.The
matrixA is a demand-path incidence matrixoverall
demandsover all time periods [Le., system (2b)]. The
vectord is a vectorof point-to-point demands.The matrix
B is a link-path incidencematrixoveralltime periods
[system (2c)]. The vectoru is the linkcapacities for all
linksoveralltime periods.

The loadingmodelabovemaybe infeasible for a
capacitated facility planning problem. That is, the current
capacity available maynot accommodate allthe expected
demand. In this case,we would like to loadas much of
the demandas possiblein a least-cost way. LetYk be the
unsatisfied demand incrementfor demandpair k at time
period t,and lety be the correspondingvectorofyk's. We
assign a high cost to the Yk variables so that the optimal
solution will load as manydemands as possible on real
paths.The augmentedmodelis as follows:

Minimize ex + gy

subject to Ax + Y= d (3)

Bx::;;u
x, y<::O

where g is the cost vector associated withy. We assume
that the cost parameters61 are sufficiently high.

We emphasizehere againthat onlya subset of
paths is consideredfor our model. Indeed,because of
the great size ofthe problem, the approach would be
impractical otherwisewithoutresorting to column gen­
erationtechniques.

Solution Technique
Largenetworkloading problemsnormally are

solved by using sophisticated heuristic methods.

Usually, plannersmodify the results manually to achieve
an acceptable "suboptimal" solution. Other approaches
couldinclude a linearprogramming package, usingthe
simplex method or a Karmarkar-based algorithm.
Although these algorithms could perhaps be specialized
to the structure ofequation (3),7 giventhe sizesofrealis­
tic loading problems, the computation time is expected
to be too large for real-time "whatif" analysis.

Nonlinear Penalty Formulation. We develop an alter­
native approach. The underlying algorithm is the Frank­
Wolfe algorithm. The algorithm minimizes a convex non­
linearobjective function subjectto linearconstraints by a
sequence oflinearprogramming approximationsf

We note that the demand-path matrixA is a
nicely structured matrixwhichis completely decoupled
by a demandpair.Physically, this means that a path can
go betweenone and onlyone set of terminal pairs. If
capacity was not an issue,globaloptimization would be
equivalent to finding the best route for each terminal pair
independentofother terminalpairs; that is, the problem
would be separable.

The inequalities Bx s u couple the problem
together. Physically, this means that paths betweendif­
ferent terminalpairs mayshare certainlinks. The ideaof
the nonlinear modelis to relaxthese coupling con­
straints and take advantage ofthe nicestructure ofthe
demandconstraints. To do this we penalize the objective
function forviolating the linkcapacity constraints. Define

{
o if Bix-u i::;;O

hi(x) = G(Bi X- Ui) if Bix-Ui>O

where B, is the ith rowofthe matrixB [see equation
(3)] and Gexceeds all the elementsofthe vectorg.

Let
;=MxT

h(x) = L hi(x)
;=1

Thus we havean intuitively appealing "pseudo"
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penalty function. Wethen solve the following convex
program:

atedat Xi. Suppose yi solves the above linearprogram.
Then

Minimize ex + gy+ h (x)

subject to Ax + Y= d

Xi+1 = Xi + Ai (yi_xi)

(4) where Ai is defined to be

(7a)

where f(x) is convex and differentiable. Weassumethe
problem is feasible. LetXO be an initial feasible point. If
wehave Xi, wefind Xi+1 by solving the linearprogram:

If Gexceedsallthe elements ofg, then the optimal solu­
tion ofequation (4) will satisfy the capacity constraints
Bx s;».

Letus first introduce the essential components
ofthe Frank-Wolfe algorithm. Wewill then explain some
adaptations to our problem. The Frank-Wolfe algorithm
is known to be slow near the solution." Therefore, we
added someextensions to makethe algorithm more
robust. These extensions include the classic PARTAN
extension anda projected gradientpush.Wewill con­
clude this section by discussing these enhancements.

Suppose wewantto solve the nonlinear convex
programming problem:

(7b)

whereAis somepositive number. This function is dif­
ferentiable andconvex. Therefore it satisfies the criteria
neededto apply the Frank-Wolfe algorithm.

The keyto the efficiency ofthis algorithm is

wherethe first inequality is due to convexity andthe sec­
ond inequality is due toyi minimizing the subproblem.
The right-hand sideofthe inequality is easily computed
at every iteration. Therefore at every iteration wehave a
lower andupperbound on the optimal objective function
value. Whenthese bounds are sufficiently close to each
other, the algorithm terminates.

Returning to the penalty objective function, we
firstnotethat the nonlinear function wepropose to mini­
mize inequation (4) is nondifferentiable. Therefore we
smooth the objective function as follows:

{

0 if Bix - Ui s -A

hj(x)= G(BjX-Ui+A)2/(4A) if -A~BiX-Ui~A
G(BjX-Ui) if Bix - u, > A

Therefore wesolve a sequenceoflinearprograms that
approximate the nonlinear problem around the current
iterate. Note that jlx') is an upperboundon the solution
ofthe problem sincexi is feasible. Wecan also compute
a lower boundat every iteration. Ifx * is the solution to
equation (5), wehave

(6)

(5)

Minimize f(x)

x~o

subject to Ax = b

x~o

Minimize V/(xi )X

subject to Ax = b

x,y~O

whereV/(xi ) is the gradientofthe function f(x) evalu-

52

AT&TTECHNICAL JOURNAL.MAY/JUNE1989



solving the linearprogramming (LP) subproblem
quickly. Ingeneral,this maynot be possible, but for our
application wehavea special structure. In fact, the LP
subproblem is trivially solved by inspection. This follows
becausethe demand-path incidence matrixis completely
decoupled. Thereforethe solution is found byloading all
the demandson the cheapestpath foreach demand pair.

The time-consuming portion ofthe algorithm is
finding A. We use the "golden section" search to approxi­
mateA. This is a search technique that is guaranteed to
trap the minimum ofa convex function within an interval
ofa prescribedlengthby making successive function
evaluations. For a more detailed description ofthe
searchtechnique, see Reference 10.

Algorithm Extensions. The Frank-Wolfe algorithm is
known to haveslow convergence near the solution. The
problem lies in the factthat, near the sol.utio~, the direc­
tionsbecomenearlyorthogonal to the direction ofsteep­
est descent. This occursbecausethe linearprogram­
mingsubproblems havesolutions at vertices while the
actual nonlinear solution mayhavea solution far from
the vertices. Therefore, the algorithm has a zigzag pat­
tern as it moves in directions back and forthbetween a
set ofvertices. The two extensions wehaveaddedare
designed to try to increasethe set ofpossible directions.

The PARTAN extension is a generalization ofthe
parallel tangentmethodfor unconstrained opti~iz~tion,

and is used to avoid zigzagging. A generaldescription of
this methodcan be found in Reference 11. Briefly stated,
equation (7a) is replaced by

CIl= Xi + Ai (yi_ Xi)

where Ai is defined to be

min f(xi +A(yi_xi))
0:<; ).:<;1

Now define the search direction d' = CIl - Xi-I. Then

where ')..f is chosento solve the one-dimensional minimi­
zation problem

and 5:. is the largest step possible without violating the
constraints. Notethat in our application this amounts to
preserving the nonnegativity, sincethe equality c?n­
straintswill be preserved everywhere alongthat hne.

The other extension weadd is a projected gra­
dientpush. It canbe shown that whenwestart on a face
that contains x *, Frank-Wolfe will converge linearly.
Thus the ideaofthe projected gradientpush is to push
the it~rate to a face usinga projected gradientdirection,
and then restart Frank-Wolfe. Therefore, given the cur­
rent iterate, weidentify a set ofactive constraints-in
other words constraints which mustbe satisfied with
equality. This set will include the demand requirements.
Wewill alsoholdthosevariables that are zeroat the
current iterateto be zero. Define A to be the matrix A
with certaincolumns deleted. In particular, we delete the
columns associated with variables that wewill holdfixed
at zero. Then define Vf(xi) as the gradientoff(x) at x'
without the variables that are held fixed. Thenwe define

The right-hand side is the vectorVf(xi ) projected onto
the nullspaceofA.

Then weset

where Ai is defined to be

min.f(xi+Adi)
0:<;).:<;).

and 5:. represents the largest step possible without violat­
ingthe nonnegativity constraints.
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Figure 1. Comparisons between FWP and FWPGP for a small
problem.

The ideaofthis hybrid approach is to try to
accelerate the Frank-Wolfe algorithm bygiving it a
restart.The Frank-Wolfe algorithm is veryfastuntil the
zigzagging patternbegins. The projected descentdirec­
tion is better than the Frank-Wolfe direction whenthe
algorithm is near the solution. Therefore, the ideais to
start out with a Frank-Wolfe algorithm and laterswitch to
the projected gradienttechnique. However, if wefail to
identify the correctactive set, convergence could be slow
fora straightprojected gradientmethod. Therefore, we
return to the Frank-Wolfe algorithm aftertaking the pro­
jectedstep. If the projected step has pushedthe iterate
ontoa face that contains the solution, Frank-Wolfe will
converge linearly. Otherwise, wecontinue the hybrid
approach.

This approach turns out to be veryefficient for
the loadermodel becauseofthe special structureofthe
demand pathmatrix. Generally this direction would be
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Figure 2. Comparisons between FWP and FWPGP for a
larger problem.

expensive to compute because wemustfind the inverse
ofa matrix that takes 0 (n3) steps,wheren is the dimen­
sionofthe matrixAA.T. However, because the matrix is
completely decoupled, AAT is a diagonal matrix, so the
inverse ofAAT is readily obtained.

Performance
In this section wepresentsomecomputational

results. These resultsare obtained on the AT&T
KORBX® system, a processor with eightvector central
processing units (CPUs) operating in parallel. Wecon­
ducted two sets oftests ofthe algorithm. Weconducted
tests on randomly generated networks with known solu­
tionsandon realistic network datafrom previous plan­
ningruns.Wefirstdescribe the randomly generated
tests.

The random examples test the robustness ofthe
algorithm to handle changing characteristics in the



Table I. Comparison of FWPGP Loader with a Commonly Used Heuristic

Measure
Test 1

FWPGP Heuristic
Test 2

FWPGP Heuristic
Test 3

FWPGP Heuristic
Normalized
loaded demand

CPU minutes

*Not available.

107.5
0.5

100
298

105
2.5

100
NA*

105
5

100
300

network. For instance, a network with muchsparecapa­
city is easier to solve than a tightly constrained network.
We used a random network generatorto give us the net­
work structure, including links, paths, and terminal pairs
with their associated demands. Wethen used linearpro­
gramming theoryto generate pathcostsand linkcapaci­
ties in order to guaranteethe optimality ofa certain
prescribed solution. Weran these problems usingboth
the Frank-Wolfe methodwith PARTAN extension (FWP)
andthe Frank-Wolfe methodwith PARTAN and pro­
jectedgradientpush (FWPGP). The stopping criterion
was chosen, usingequation (7c), so that the algorithm
terminates whenthe objective function value is within 3
percentofthe optimal. Figures1and 2 compare the
objective function convergence between FWP and
FWPGP. Figure1 is a 10-node problem with 165 total
pathsand 30linksover3 timeperiods. Figure 2 is a 50­
nodeproblem with2115 pathsand 200 linksover5 time
periods. Wecan see that the projected gradientpush
greatly improves convergence. In fact, FWP would have
been unacceptable by itselfin the largerproblem. Here,
an iteration meansa Frank-Wolfe iteration that includes
the PARTAN extension and a projected gradientpush, if
needed. Also notethat the CPU timespenton the pro­
jectedgradientcomputation is relatively negligible since
the only workinvolved is to find the inverse ofthe diago­
nalmatrix AAT.

The algorithm wasalsotested on three separate
sets ofdatafrom three telecommunications network
loading problems. TableI compares our loaderwith a
commonly used heuristic that loadsdemands sequentially

on judiciously selected paths. Wecompare two perfor­
mance measurements: normalized loaded demand and
computation time.

Test 1has 3900 total pathsand590 links. Test 2
has approximately 10,000 pathsand 1000 links. Test 3
has 15,700 pathsand 5300 links. In allthree problems,
not allofthe demand could be loaded (i.e., there is no
solution with y = 0). This is typically the casein realistic
loading problems. The Frank-Wolfe method consistently
loaded moredemand and is muchfaster. The loaded
demand numbers werenormalized to be 100 forthe
heuristic. The percentofdemand loaded by FWPGP was
between 5 to 7.5 percentlarger than that ofthe heuristic.
Asa result, weexpectsubstantial construction savings
from our approach. Weused the samestopping criterion
forthe algorithm, i.e., whenthe objective function value
is within 3 percentofthe optimal. Regarding the
requiredCPU time, FWPGP solved these largeproblems
veryfast, in 0.5 to 5 minutes. Note that the heuristic
requiressubstantially morecomputation time, since the
whole loading problem has to be solved several timesin
order to achieve satisfactory results.

Conclusion
In this paperwedescribed a variant ofthe

Frank-Wolfe algorithm forsolving large-scale telecom­
munication network loading problems. Byexploiting the
structureofour arc-path formulation for the loader, glo­
bal and near optimal solutions wereobtained in relatively
short computer timewith minimum effort.

Anunstated benefit from the Frank-Wolfe
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method is the speedynear-optimal solution usually
obtained. Speedy near-optimality is a more relevant func­
tionofa loaderthan true optimality, given the uncertain­
ties offuturedemand and cost data. It would be valuable
to examine whatother typesofconstraints, encountered
in different loading problems, canbe handled byvariants
ofour algorithm. For example, diversity constraints,
which limit the percentofanydemand pairrouted
through anylink, can readily be handled. Weare cur­
rentlypursuing such extensions and other openissues in
order to develop morepowerful loadersthat can support
a variety ofnetwork planning functions.

Weconclude with an observation shared with
Leblanc et al.,12,13 that the Frank-Wolfe algorithm has
alsobeen successfully used bytransportation planners.
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