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A new routing design algorithm is presented for
circuit-switched networks with dynamic routing
capabilities. It is assumed that, in such networks,

a transaction request can be set up by trying a
sequence of paths connecting the originating switch
and destination switch. The request will be con-
nected through the first path that has an available
circuit at the time of the request. The objective of
this algorithm is to maximize the network through-
put or revenue under a given capacity and load. The
algorithm is a heuristic that first solves a simpler
linear programming (LP) problem. It then trans-
forms the LP solution into a feasible solution for the
original nonlinear optimization problem. The solu-
tion is then improved through “route trimming” and
“route expansion” processes. By using variants of
Karmarkar’s method implemented on the AT&T
KORBX® system to solve the LP problem, the algo-
rithm can be applied to large networks with poten-
tially hundreds of switches. Furthermore, in many
cases the algorithm provides near-optimal routing
solutions with objective values that are within 0.5
percent of the optimal solutions.

Introduction

This paper describes a routing sequence optimization (RSO)
algorithm that provides a routing scheme for a circuit-switched net-
work with dynamic routing capability under given offered loads and
given link capacities.

We assume that the circuit-switched network is supported with
the features required for a sequential routing scheme. That is, a trans-
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action request can be set up from the originating switch
to the destination switch by trying a sequence of paths
connecting the two switches (see Figure 1). The request
will be connected and routed through the first path with-
in the sequence that is found to have free capacity at the
moment the call request is made. The purpose of the
algorithm is to provide a sequence of paths, called a
route, for each node pair so that the average network
throughput or the revenue generated by the throughput
is maximized.

The routing design problem is a nonlinear opti-
mization problem. The RSO algorithm, however, is based
on solving an approximate problem using linear program-
ming and then improving the derived solution to achieve a
better objective value (throughput or revenue). In many
examples on which we tested our method, we have seen
that the RSO algorithm can achieve objective values
which are very close to the optimal values. A related
algorithm that uses a linear programming approach pro-
vides a network capacity design method for networks
with dynamic routing.!
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Formulation of the Problem

Given a network consisting of N nodes, the num-
ber of node pairs is N (N - 1) /2. We assume that for
each node pair & there is a link (also labeled k) whose
capacity is C,, trunks. We also assume that the demand
load for node pair & is D, erlangs with peakedness Z,.

A network uses paths to transport traffic. Dif-
ferent node pairs use different paths to transport their
traffic. A path for a node pair & can be either the direct
path (link &) or a two-link path connecting the same end-
points. A route R(%) for node pair % is a sequence of
paths py, s, ..., pj@ for k such that the traffic blocked
from p; is overflowed to p;,;, forj=1,2,..., J(k) - 1.
Note tljlat the total number of paths J(k) varies with 2. A
routing scheme is a set {R(k): k=1, 2, ..., K} consist-
ing of routes for all node pairs, where K = N(N - 1) /2.

-Given a path p for node pair &, the load £, that p
carries for k is called the path flow of p. If we sum up all
flows over the paths containing the same link /, the sum
is called the link flow of I. Neither a path flow nor a link
flow can be calculated independently of any other path



flows or link flows. Rather, one has to solve a set of non-
linear equations to obtain all path and link flows simul-
taneously. It suffices to say that for given D,, C;, Z,, and
R(k) for all k, one can derive f, for all p € R(k),
k=1,2, ..., K, by solving a set of nonlinear equations.
We refer to these equations as flow equations. The formu-
lation of these equations is based on queueing approxi-
mations, similar to those described in Chapter 4 of
Coopler.2 Similar flow equations also were solved in Ash
et al.

The routing design problem is to find a routing
scheme that maximizes the network throughput
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A similar problem is to find a routing scheme
that maximizes the revenue
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where 7, is the revenue per unit of load for node pair .
In fact, if we set 7, to 1 for all &, then problem (2)
reduces to problem (1). Thus, the throughput maxim-
ization problem is a subproblem of the revenue maximi-
zation problem.

Solution Process
For the size of the problem that we are dealing
with, the computational requirements make it virtually
impossible to always find an optimal solution. A heuristic
approach must be taken as the practical way to solve our
problems.
We divide our heuristic approach into three
steps:
1. Initialization: generating candidate paths for each
node pair.
2. Linear programming (LP) optimization: setting up and
solving an approximate LP problem.

3. Nonlinear approximation: deriving a solution for the
nonlinear problem and further improving it.
A flow chart of our algorithm is given in Fig-
ure 2. In the following sections, we provide the detailed
descriptions of these steps.

Initialization

Candidate paths are selected by examining cer-
tain transmission quality assurance constraints. To find
paths satisfying the constraints requires checking every
possible path, composed of one or two links, by various
standards, such as distance restrictions, avoidance of
using certain nodes as via nodes, etc. We retain only
those paths meeting the set of constraints.

Linear Programming Approximation
The objective of the LP problem is the same as
the original problem, that is, to maximize the throughput

K
Y X /5 @)
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or the revenue
K
n X b @
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The LP problem concerns itself only with the candidate
paths in a route, without considering the order in which
these paths are attempted. Once the flows f, are deter-
mined, the sequence of paths within each route is set by
the nonincreasing order of path flows.

When the LP problem is formulated initially,
R(®) in problem (3) or (4) is simply taken to be the set of
candidate paths for &, as is generated in the initialization
step. In subsequent iterations, when a new LP problem is
formulated, R(k) will be taken as the paths within the
route for k generated in the previous nonlinear approxi-
mation step.

The constraints for the LP problem are specified
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as follows. A set of inequalities specifies the constraints
on link flows:

K
Y ¥ f,<C for all ! 5
k=1 pe;;(lk)

Here the notation p >/ means that path p contains link /.
Thus, constraint (5) requires that the sum of flows over
the paths containing link / should not exceed the capacity
of link /.

A second set of inequalities specifies the lower
and upper bounds on the route flows:

peR(k)

forallk ©)

where 0<A, <D,.

Here, A, is taken to be the carried load for & in
the previous feasible solution for the nonlinear approxi-
mation step. When the LP problem is formulated initially,
we set up a routing scheme using simple heuristic rules.
Let A, be derived from the solution to the flow equations
associated with this routing scheme. In a later step, when
anew LP problem is formulated, the routing scheme will
be just the one generated in the previous step. The rea-
son for introducing A, in constraint (6) is to assure some
minimal throughput for each node pair k. Without such
lower bounds, it is possible that some of the node pairs
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become virtually disconnected under an overloaded
situation, if maximizing throughput or revenue is the
only objective.

The final constraint consists of lower and upper
bounds for path flows specified by the following inequali-
ties:

0<f,su, forallp € R(k) and all )
When the LP problem is formulated initially, « , is taken
to be the capacity of p, which is the minimum capacity of
the links composing path p. In later iterations, when a
new LP problem is formulated, we use the previous
offered load to constrain the path flow so that the LP
problem becomes a closer approximation to the original
problem. The offered load to a path is defined to be

)
-5,

where g, is the path flow for p determined by the routing
scheme generated in the previous (nonlinear approxima-
tion) step and b, is the path blocking of p.

To summarize, LP flow optimization has the
objective of maximizing expression (3) or (4) under con-
straints (5), (6), and (7). The formulation of the original
nonlinear problem specifies the same constraints as the
LP problem at the first iteration with the addition of the
flow equations. Hence, any feasible solution of the origi-



nal problem is also feasible for the initial LP problem.
This is not true at subsequent iterations because of the
tightening of the upper bounds #,.

Nonlinear Approximation

Having obtained the LP solution, we can sort the
available paths for each node pair according to nonin-
creasing path flows. The paths receiving zero flows are
discarded. The ordered sequences of the remaining
paths are then used to form a routing scheme. We then
solve the flow equations for this routing scheme to
obtain new path flows. Next, we attempt to improve this
solution by the following operations: (1) global trimming,
(2) local trimming, and (3) local expansion. We call the
entire procedure a nonlinear approximation.

Global Trimming. Each step of global trimming
involves eliminating one or more of the least-used paths
in each route. At the end of each step, the network
throughput (or revenue) is reevaluated, by solving the
flow equations, to determine whether the objective value
has been improved. If so, another step of global trim-
ming is initiated.

Global trimming limits the number of paths in all
routes simultaneously and thereby achieves a better
objective value in a very efficient and parallel operation.
The next operation has the same purpose but evaluates
routes individually.

Local Trimming. After the completion of global
trimming, we examine the benefit of deleting the last
path from a single node pair. Since there exist as many
routes as node pairs, it would be extremely time-
consuming to solve the flow equations to assess the
value of each local trimming. On the other hand, since
the perturbation of a local trimming operation is not
likely to be large, its value can be assessed on the basis
of the following approximation.

To examine whether a local trimming operation
is profitable, we start with the route for the first node
pair (¢ = 1). Any path with zero flow is deleted immedi-

ately from the route. Let s denote the last path with
nonzero flow, and let ! (and s, if there are two links)
denote the link associated with it. The loss of flow caused
by the deletion of s from R(1) is approximately

Loss = f, ®

which is just the path flow of s before the deletion.
The load offered to link / before the deletion is

K
0,=3 X f,/(1-by) ©

k=1 peR(k)
pol

where b, is the blocking probability of path p. After the
deletion, the total load offered to [ is reduced to approxi-
mately

fs 61
-0, (10)

0/=0,-

where b, is the blocking of s. Thus, the new blocking for
link [ after the deletion of s is approximately

B/ =0/, C) an

where B(0,C), the Erlang-B formula, denotes the block-
ing when a load O is offered to a link with capacity C.%3
The new blocking B,, for link m, if it exists, can
be approximated in a similar way. From the new block-
ings, we can calculate the gain of flow for each route
R(k) (k # 1) due to the deletion of s. Now we sum the
gain of flow over all the routes and subtract equation (8)
from this sum to obtain the net gain of flow caused by
the deletion of s. Naturally, if the net gain is found to be
negative, then we do not delete s. Otherwise, we make
the deletion, and adjust offered load and link blocking on
the affected links according to equations (10) and (11)
for the subsequent approximation. We then proceed to
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approximate the net gain caused by the deletion of the

last path of the second route, etc.

Once we run through all the routes and decide
for each route whether to delete the last path, we have
obtained a new routing scheme. At this point, we solve
the flow equations for this scheme to determine whether
it has achieved a better objective value as expected. If
not, we restore the previous solution and stop. Other-
wise, we proceed to apply local trimming once again to
the new routing scheme just obtained. To summarize:

1. For each route, approximate the net gain in the objec-
tive value caused by the deletion of its last path. If the
net gain is positive, delete the path and update offered
load and blocking on the affected links; otherwise, do
not delete the path.

2. Solve the flow equations for the new routing scheme
obtained in step 1. If the objective value has been
improved, return to step 1. Otherwise, restore the pre-
vious solution and stop.

Local Expansion. Local expansion is similar to local
trimming, except that a path is added instead of being
deleted.

We start with the first route (¢ = 1). Again, any
path with zero flow is deleted immediately from the
route. To select the candidate path to add, we list all
paths connecting the first node pair and satisfying the
transmission quality requirements. We pick the path that
has the highest connectivity. (The connectivity of a path
is one minus its blocking probability.)

The gain of flow ¢ from using this extra path is
approximately

Gain=0,(1-5,) (12)

where o0, is the traffic that overflowed from all paths of
R(1) before path ¢ was added to R(1) and b, is the block-
ing of ¢. Let I denote one of the links associated with ¢.
The load offered to link I before the expansion of R(1) is
assumed to be O;. Then the load offered to [ after the
expansion is approximately
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Ol/=01+0t (13)
Thus, the new blocking for link [ is approximately
B,/ =B(0/, C) (14)

The remaining steps for computing the net gain
are similar to those described above for local trimming.
Thus, to summarize,

1. For each route, approximate the net gain in the objec-
tive value caused by the addition of a path. If the net
gain is positive, add the path and update the offered
load and blocking on the affected links; otherwise, do
not add the path.

2. Solve the flow equations for the new routing scheme
obtained in step 1. If the objective value has been
improved, return to step 1. Otherwise, restore the pre-
vious solution and stop.

When all the above operations have been com-
pleted, we compare the final objective value with the LP
optimum, established in the previous step. If the former
exceeds o percent of the latter (we used o = 99.5), then
we stop. If not, we return to the LP approximation with
reduced upper bounds for all path flows. If at some later
iteration of the nonlinear approximation, the objective
value is less than that obtained at the previous iteration,
then we restore the previous solution and stop the algo-
rithm,

Performance of the RSO Algorithm

If the RSO algorithm stops at the end of the first
iteration of the nonlinear approximation step, we can
safely say that the algorithm achieves a solution whose
objective value is very close to the true optimum [within
(1 - o) percent]. The reason is as follows.

- Let the optimal value of the original nonlinear
problem (1) [or (2)] be Vg, let that of the correspond-
ing LP problem be V5, and let the objective value
reached at the end of the first iteration of the nonlinear
approximation step be Vygy. Then the following



inequalities hold:
Vieu < Vore < Vip

The right inequality is true because the optimal solution
for the original problem is a feasible solution for the cor-
responding LP problem. Now, if we stop at the first iter-
ation of the nonlinear approximation step, the heuristic
objective value Vygy must be very close [within (1 - o)

percent] to the LP optimum V| by the stopping criterion.

From the above relationships, we conclude that the
heuristic objective value is also close to the original
optimum.

In testing the above algorithm on practical prob-
lems, we observed that, for most of our examples, the
algorithm stopped at the end of the first iteration. The
only cases in which the algorithm needed more itera-
tions were those in which the congestion became so seri-
ous that some node pairs had end-to-end blockings above
80 percent. In such cases, we do not know how close our
solution is to the optimal one. However, our solutions
were still favorable compared to other solutions deter-
mined by heuristic methods.

We have implemented the RSO algorithm on the
AT&T KORBX® system? in FORTRAN. To solve our
problems of small and midrange size (with network sizes
of up to 70 nodes), we used the dual power series
method in the KORBX system. For the larger problem
(corresponding to network size of about 100 nodes) we
used the dual conjugate gradient method. We have
solved many routing design problems in our test exam-
ples. The largest LP problem we solved had about 10,000
constraints and 70,000 variables. The entire RSO algo-
rithm for the same problem took about 90 minutes of
central processing unit (CPU) time. For heavily loaded
networks, it took more CPU time to solve the routing

design problem, because multiple iterations were needed
to reach the final solution and each iteration took a
longer time than other networks would take.

Conclusion

We have presented a routing algorithm for
circuit-switched networks with dynamic routing capabili-
ties. The algorithm uses linear programming to derive an
initial routing solution and then improves the solution by
some nonlinear-based heuristics. By using Karmarkar’s
algorithm implemented on the KORBX system to solve
the LP approximation problem, we have found that the
RSO algorithm is computationally feasible for very large
routing problems. Furthermore, in most of the examples,
the algorithm provided near-optimal solutions; they are
at most 0.5 percent below the optimal objective value.
The only solutions that we could not prove to be near-
optimal are those in which the network was heavily
loaded. However, experiments show that the algorithm
still provides good solutions in those cases, compared to
solutions that were obtained by other heuristic methods.
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