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In this paper, we consider the design oftelecom­
munications networks using high-capacity transport
facilities that can survive under a single-link failure
scenario. The model considers three priority levels
for circuits: high, normal, and low. Each high­
priority circuit is assigned a primary path and a link­
disjoint alternate path. The model ensures that all
high-priority circuits can be rerouted in case ofa
link failure bypreempting low-priority circuits if
necessary. The problem is formulated as an integer
program solved bya heuristic Lagrangean-relaxation
technique and a partial branch-and-bound approach.
Introduction

We considerthe problemofdesigningtelecommunications net­
worksusing high-capacity facilities. The inputto the problem includes
the node locations and the circuitrequirementsamongthose locations.
Acircuitcan either be connecteddirectly on a low-capacity facility or
multiplexed withother circuitsusinga high-capacity facility. The cost
ofa high-capacity facility is usually significantly less than the totalcost
oflow-capacity facilities needed for allthe circuitsthat can be multi­
plexedon a singlehigh-capacity facility. The objective ofthe network
designproblemis to builda networkofhigh-capacity facilities and
route individual circuitsin this network to satisfy allcircuitrequire­
ments at a minimal cost.

We also address the problemofdesigningsurvivable facility
networks. Survivability, in this context, is the ability to reroute critical
circuitsthrough alternatepaths in the network in case ofa linkfailure.
To define survivability more rigorously, we assume that each circuitis
assignedone ofthree possible priority levels: high, normal, and low,
represented by numbers 2, 1,and 0, respectively. It is assumed that, in
the event ofa linkfailure, high-priority circuitscan preemptlow­
priority circuitsto find an alternateroute. Normal-priority circuitscan
not preempt, nor are they preemptedby, other priority levels. A net­
workis consideredsurvivable under a particular failure scenarioif all
high-priority circuitscan be rerouted by either using spare capacity or



preempting the low-priority circuitsif necessary.
The formulation presented in this paper

addresses the design ofnetworks that are survivable
under single-link failures. Bysingle-link failure, we mean
the failure ofall facilities on a link. This is a more realis­
ticassumption than assuming onlysingle-facility failures
because multiple facilities betweena pairofnodes are
mostlikely to be provisioned over the same physical path
and, therefore,will most probably fail together.

The solution to the network design problem
specifies the topology ofthe network and the route taken
by each circuit. The survivable network designproblem
alsohas to specify the alternatepaths taken by the high­
priority circuitsin case ofa linkfailure. Conceivably, for
a given circuit, a different alternatepath could be speci­
fied for each failure scenario. This would lead to a very
complex problemformulation because ofmanydifferent
failure scenarios. Besides, the flexibility ofchoosing a
different path based on a failure scenariois not realistic
for operational reasons.

We assume that each high-priority circuitis
assigneda primary path and a link-disjoint alternatepath.
Because the twopaths are link-disjoint, one will always
be available in anysingle-link failure scenario. Initially, all
circuitsare routed alongtheir primary paths. If the failed
linkis on the primary path ofa circuit, the circuitis
switched to its alternatepath;otherwise, the circuitstays
on its primary path. It is alsoassumedthat allcircuits
revert to their primary paths as soon as the failed link is
back in service. The objective is to designa minimum­
cost network that satisfies allcircuitdemandsand is sur­
vivable according to these criteria.

Direct-Route Analysis
Obviously, for a given set ofcircuitrequire­

ments, a networkconsisting ofonlyhigh-capacity facili­
ties would be more expensive than one in whichlow­
capacity facilities are alsoused. For operational reasons,
it is desirablefor a circuitto either ride on high-capacity
facilities end-to-end or use a low-capacity facility on a

direct linkwithout anymultiplexing. (The latter option is
termed a direct route.) In other words, switching from a
high-capacity facility to a low-capacity facility, or vice
versa, is not permitted. The algorithm presentedin this
paper is designed to perform the direct-route analysis. It
creates a backbone network ofhigh-eapacity facilities
and routes each circuiteither on the backbone network
or on a direct route, to minimize the totalnetwork cost,
including the cost ofdirect routes.

Clearly, even if direct-route analysis is not de­
sired,the same algorithm can be applied simply by using
an arbitrarily high cost for the direct-route facilities. Simi­
larly, if certaintypesofcircuits (e.g., those ofhigh prior­
ity) must ride on the backbone network, this can be done
witha high direct-route cost for these circuits.

Literature Review
The problem ofroutingtraffic overa given net­

worktopology, which is equivalent to the minimum-cost,
multicommodity flow problem, is treated bymany
authors in different contexts.l" Atopology designprob­
lem,similar to the one considered here, alsooccurs in
transportation networks and has been treated in that con­
text by Dantzig et al.,' Boffey and Hinxman," Boyce et
al.," and others.

The problem ofsurvivable network designwith
a different survivability criterion than ours is addressed
by Steiglitz et al.? While Steiglitz et al. address the prob­
lemsolely fromthe topology viewpoint, Pirkul and
Narasimhan" considerthe problem offinding primary
and secondary traffic routes for a given topology in the
contextofpacket-switched data networks. The survivabil­
ity issue is closely relatedto the two-connectedness of
graphs;the characteristics and designofsuch graphs
havebeen studiedby Kajitani and Ueno,?

. Animportant subproblem relatedto the surviva­
bility issue is that offinding the shortest link-disjoint
path-pair in a network. This problem wasfirsttreatedby
Suurballe'? (seealsoSuurballe andTarian!'), who
presentedan efficient algorithm that finds the optimum
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Panel 1. Basic Notation
i,j linkindexes.
A set ofalllinks.
1 circuitindex.
k indexfor routingalternatives.
p priority level (0, 1,or 2).

Cp set ofcircuitswithpriority levelp.
C couc1UC2 , set ofallcircuits.

5 I indexset of routingalternatives for circuit1.
a7 binarycolumn vector representingprimary

route for circuit1associated withrouting
alternative kE 5I,

b7 binarycolumn vector representingalternate
route for high-priority circuit1associated
withroutingalternative kE51' (Note that
forgivencircuit1and routingalternative
k, a7 -b] = 0, because the primaryand
alternatepaths are link-disjoint.)

x7 routingvariables; binarydecision variables
where x7 = 1 if routingalternative k is
selectedfor circuit1, and x7 =°otherwise.

CI cost ofsatisfying circuit1by direct route.
c7 cost of routingalternative k for circuit1;

c7 =°for a backboneroute, and c7 =CI
for direct route.

K, cost ofa high-eapacity facility for link j.
Yj topology variables; integer decision vari-

ables representingthe number ofhigh­
capacity facilities on linki.

T capacity (innumber ofcircuits) ofa high-
capacity facility.

path-pair in two applications ofanystandard shortest­
path algorithm. However, this algorithm is valid only
whenthe same distance metric is applicable forboth the
primary and alternatepaths. Li et al.12 haveconsidered
severalvariations ofthis problem and have shown that all
ofthem are strongly NP-complete.

Mathematical Formulation
In this section, we present an integer program­

mingformulation of the problem. In this formulation,
each circuitroute is represented by a binarycolumn vec­
tor whose ith element is 1 if link i is used on the route,
and°otherwise. A direct route can be represented by a
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column ofallzeroesbecause it does notuse anyhigh­
capacity links.

Panel1 showsour basicnotation; other terms
will alsobe developed for the formulation. Notethat the
set 5 I ofroutingalternatives for circuit1consistsofcol­
umns a7 for low- and normal-priority circuits. However,
for high-priority circuits, it consistsofpath-pairs (a], bf)
oflink-disjoint paths.Although a particular path may
appearin several path-pairs, either as a primary or as an
alternate, each pair in a set is distinct from allothers.

Even for a moderate-sized problem, there can be
manypossible paths and/or path-pairs between anytwo
nodes in the network. Because it is not practical to enu­
merate them allin advance, we use a column-generation
schemefor the paths and path-pairs by solving a
shortest-path or path-pair problem, as describedlater.

Additional Notation. Usingthe notation shown in
Panel1, the flow ofpriority p circuits on anylink j canbe
expressed as a function ofroutingvariables x as follows:

Ff(x) = L L ai x7
IECp kE5/

Consider two links, i and j. If link i fails, the flow of
normal- and high-priority circuits on link j canbe
affected in two ways:
- Flow on link j will increasebecauseofthose high­

priority circuits that use i on the primary pathand j
on the alternatepath. The number ofsuch circuits is
denotedbyg ij (x) expressedas a function ofx as
follows:

gij(X) = L L afl hi x7
IEC2 kE5/

- On the other hand, if a normal- or high-priority circuit
uses both links i and j on its primary path,the flow on
link j will decreasebecause the circuitwill no longer
be using its primary path.The number ofsuch circuits
is denotedby h ij (x) expressed as a function ofx as



follows:
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Problem Decomposition and Routing Subproblem
If the topology variables yare assignedspecific

values, then the problemreduces to one offinding the
least-eost routingofcircuitsovera givenhigh-capacity
backbone. The backbonecost is alreadydetermined by
assignmentofvaluesto variables Yi: Becausethe only
remaining cost elementis the cost ofdirect routes, the
objective ofthis problemis to route as manycircuits over
the backboneas possible and assignthe rest to direct
routes to minimize the totalcost ofdirect routes.Wecall
this problemthe routing subproblem. In the next section,
we present a heuristic algorithm, based on Lagrangean
relaxation, to solve this problem.

Given an algorithm for the routingsubproblem,
a naturalapproach to solve the original problem is to per­
forma search overthe domain ofvariables Yj to find a
solution withthe least overall cost.This problem is
solved by a branch-and-bound approach in which the
lowerbound on the master problem is obtained by a

The objective function Zp is the sum ofthe cost ofdirect
routes and the cost ofthe high-capacity backbone net­
work. Constraint set (Pl) ensures that the number ofcir­
cuits routed through anylink does not exceed the capa­
cityofthe facilities on that link. Constraint set (P2)
ensures that, in anysingle-link failure, when the circuits
on the failed link are switched to their respective alter­
nate paths, there is enough capacity in the network to
accommodate such rerouting. Notice that the term F)
appears in constraintset (Pl) , but not in (P2), because it
is assumed that low-priority circuitscan be preemptedto
make roomfor high-priority circuits. Constraint sets (P4)
and (P5) express the factthat variables xf andYj are
binaryand integer, respectively. Note that:

max [ (F) + F} + FJ), (F) + FJ + Gj) ]

is the maximum flow that will occur on linkl. This quan­
tity is alsoreferred to simply as "flow" in subsequent
sections.

(P)

(P5)

(P3)

(P4)xf = 0 or 1 V 1, k

Yj ~ 0 and integer

Minimize

hij(x) = L L afl a~ xf
lEC1U C2 kES/

The quantitiesFf (x) and Gj (x) are referred to
simply as Ff and Gj in subsequent sections.

Integer Programming Formulation. Usingthis nota­
tion, the networkdesign problemcan be writtenas the
following integer program (P).

Gj (x) = Maximum [g ij (x) - h ij (x) ]
I

Note that low-priority circuitsare not included in this
term because they can be preempted in a failure sce­
narioand the entire capacity that they use can be
assumed to be available in a linkfailure. We are inter­
ested onlyin the flow ofnormal- and high-priority cir­
cuits in a linkfailure.

The net increase in the flow ofnormal- and high­
priority circuitson link j as a result ofa failure oflink i
would begij (x) - h ij (x). Let Gj (x) denote the maximum
net increase in flow oflink j as a result ofany single-link
failure. Thus:

subjectto: F) (x) + F} (x) + FJ (x) ~ TYj V j E A (Pl)
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Routing Subproblem Algorithm
Ifvariables Yj are assigned values Yj , then the

routing subproblem (5) is as follows:

~ Oij afl ai VJ] x:
iEA
iot}

The last term in the objective function is not a function of
x and canbe ignored as far as the inner minimization is
concerned. Bysubstituting forF! and G·,as per the defi­
nitions given in the section on additionalnotation, the
cost ofthe secondterm can be apportioned among indivi­
dualcircuits and L; v (x) [i.e.,L (x, u,v) forgiven values
ofU andvl canbe rewritten as follows:

Lu,v(x) = ~ ~ cr xr + ~ ~ [~Uj ail xr
IEC kESt IECo kES/ jEA

subjectto: ~ xr = 1 V i « c
ke S,

xr = 0 or 1 V I, k

Uj,Vj'20 Vj

(S4)

(53)

~ ~ cr xr + ~ s, Yj (5)
IEC kES/ jEA

xr = 0 orl V I, k

Minimize

modified version ofthe routing subproblem algorithm.
The details ofthis procedure are described in the master
problem section of this paper.

subject to:

68

Our approach forsolving this problem is motivated by
the theoryofLagrangean relaxation and Everett's
theorern.P We introduce the Lagrangean dualmulti­
pliersUj and Vj to dualize constraint sets (51) and (52),
respectively. Aslight rearrangement ofthe terms in the
objective function yields the following Lagrangean prob­
lem (5L):

max [minL(x,u,v) = {~ ~ cr xr
U,v x IEC kESt

+ ~ [ujEJ + (uj+vj)(F} +FJ) + vjGjl
jEA

-7 [Kj - (Uj+Vj)T1Yj}] (SL)

~ Oij afl]a~ Vj
iEA
iot}

+ ~ [.~ Oij afl]b~ Vj] xr
lEA lEA

iot}

where:

0.. = {I if gij(X) - hij(x) =Gj
~ 0 otherwise

IfOij = 1,wesaythat link i is critical for link j (orlinkj is
critical to link i). This meansthat failure oflink i causes
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Algorithm 1. TheShortest-Path or Path-Palr Problem
Step0: LetZ =00, and define the metrica for the primary pathas a; =(uj + vj)'

Step1: Determine the primary pathby solving the shortest-path problem usingmetric «, andlet the costofthe
primary pathbe 91" If91 ~Z,

~2: De~:~:~T~~~!fi
Determine the alternate pathbyso sho ath problem usingmetricP, and let the costof

the alternate pathbe 92" "If Z, update Z andsavethe incumbent. .
Step3: Let j' be the linkon the alte withm ~j' Findthe corresponding linkt' on the pri-

marypath such that 0(/ =1. Leta.;" == 00 andgo to StepL

the maximum amount offlow on link j. Acloseexamina­
tionofthe above expression reveals the following points:
- Alow-priority circuit contributes a cost Uj to the objec-

tive function if it uses link j on its path.
- Anormal-priority circuitcontributes Uj + vj forusing

link j if j is not critical to anyother linkon the path.
Onthe other hand, if j is critical to somelinkon the
path ofthe circuit, the contribution oflink j is only Ui:

- The contribution ofhigh-priority circuits with respect
to linkson the primary path is the sameas fornormal­
priority circuits. Link j onthe alternate pathmakesan
additional contribution ofvj if anylinkon the primary
path is critical for link j (i.e., Oij = 1for some i with
afl = 1).

It is possible that, in a degenerate case,fora given link j,
there maybe morethan one link i with Oij = 1. In that
case,the contribution vj needs to be addedor subtracted
only once. The expression ofL; v (x) above has been
written assuming the nondegenerate case.

Minimization of Lu.,(x). Note that minimization of
L; v (x) is equivalent to routing eachcircuit along a path
to minimize its cost contribution to the objective func­
tion. For low-priority circuits, this amounts to solving the

shortest-path problem overthe metric u. However, for
normal- andhigh-priority circuits, the problem is notas
straightforward. The costofusinglink j depends on
which other linksare used onthe pathandonthe values
of0it. However, Oij canbe determined only if the routing
ofallthe circuits is known. Also, forhigh-priority cir­
cuits, wemustdetermine the least-cost pairoflink­
disjoint paths. The cost ofusinga linkonthe alternate
pathdependsonwhich linksare used onthe primary
path, which furthercomplicates the solution ofthe
shortest-path problem.

While minimization ofL; v (x) is almost trivial if
there are no normal- or high-priority circuits, it is quite
difficult in the presence ofnormal- and high-priority cir­
cuits. Weuse a two-pass heuristic procedure. In the first
pass,circuits are routedone-by-one along the least-cost
path (orpath-pair) with respectto the flows prevailing at
the time. Atthe end ofthe firstpass,the routesforsome
ofthe circuits mayno longerbe optimal because the
flows, andhence the Oij values, may have changed. In the
second pass,the shortestpathforeachcircuit is recom­
putedand the circuit is assigned to the newpath. It is
clearthat,evenby usingthe second passseveral times,
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we can hope to reach, at best, a local minimum.
The Shortest Path or Path-Pair Problem. As mentioned

earlier, the optimum path for low-priority circuitscan be
determinedby solving the standard shortest-path prob­
lem on metricu using anyofthe well-known algorithms,
such as Dijkstra's." For normal-priority circuits, we use
Dijkstra's algorithmwiththe metricu +v. This amounts
to ignoringthe term h ij (x) in the formulation, thus avoid­
ing the complication that arises fromthe cost ofa link
being dependent on other links used on the path.This
leads to some suboptimality; however, we feel that the
loss ofoptimality is not significant. The primarypath for
the high-priority circuits is treated in the same way.

The link-disjoint path-pair for high-priority cir­
cuits is determinedby usingAlgorithm 1, shownin the
panel. In Step 1,we determine the primarypath;in Step
2,we determine the least-cost alternatepath for the given
primary path. If the cost of the alternate path on metric f}
turns out to be zero, then this is obviously the least-cost
path-pair. However, if the cost of the alternate path is
nonzero, we identify the link on the primarypath whose
inclusion on the primarypath contributesthe most to the
cost of the alternate path.This linkis made unavailable
for the primarypath in the next iteration, whichmay
result in a better path-pair. The algorithm will terminate
either in Step 1 or in Step 2,when it becomes obvious
that makingany more links unavailable for the primary
path does not lead to a better solution. The scope ofthis
algorithm can be expandedto perform a widersearch,
but the runningtime maybecomeexcessive.

Solving the Lagrangean Problem (SL). The Lagrangean
problem (SL) is usually solved by a subgradientoptimiza­
tiontechnique,yielding a lowerbound on the objective
function of the original problem (S). However, a solution
to problem (SL) will almostcertainly be infeasible to
problem (S) because (SL) is a relaxation of (S). Acom­
mon approach found in the literature is to use heuristics
that modify this solution to obtainfeasibility.

Becausesolving (SL) to near-optimality using
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subgradientoptimization can be quite expensive and also
does not usually lead to a feasible solution of (S), we
attemptto solve (S) directly. We develop a heuristicalgo­
rithm based on a multiplier-adjustment procedure. For
givenu andv, let Xo be the solution to the inner minimi­
zation in (SL). If this Xo is feasible for (S) and, forevery
multiplier withnonzerovalue, the corresponding con­
straint in (S) is tight, then Xo is optimal for (S). However,
such a solution maynot existbecause ofthe duality gap.
Ifwe relax the latter condition (Le., not require that the
corresponding constraintbe tight for each multiplier
withnonzerovalue), then this solution need not be opti­
mal. However, it can be considereda "good" solution if
the slackvaluesfor the constraintswithnonzero multi­
pliersare "small." In fact, according to Everett's
theorem.P this solution is optimal for a similar problem
in whichthe right-hand side ofthe constraints with
nonzero multipliers is decreased by the amountofslack
on those constraints. IfZ0 is the valueofthis solution,
then it can be shownthat Z0 - us! - vs2 is a lower bound
on the optimum solution of (SL). Here s' and S2 are the
vectorsofslacksfor constraintsets (S1) and (S2),
respectively.

We wantto find a set ofmultipliers u, v and the
corresponding solution Xo to Lu v (x), so that Xo is feasi­
ble to (S), and the quantity us' -+ vs2 is small. Algorithm
2 is a heuristicapproach that findssuch a solution.

The algorithm starts withUj, vj = 0 for all j, and a
corresponding routingsolution Xo is found. This solu­
tion, in all likelihood, violates the capacity constraintfor
some links. In Step2,we identify the link j * withmax­
imumviolation; in Step3,we increase the Uj or vj for this
linkby someamountA. In the next iteration, whenwe
solve the routingproblemagain, the increasedvalue of
the multiplier will make link j * unattractive for someof
the circuits, leadingto a decrease in flow on this link. If
the backbonetopology has enough capacity to accommo­
date allcircuits, then, eventually, such a solution maybe
found. Otherwise, somecircuitswill be assignedto direct



Algorithm 2. RoutingSUbproblem
Step0: Set Uj, vj = 0 forall j.
Step1: Minimize Lu,v(x) and let Xo be the solution. Determine the quantities Ff and Gj for this solution and,

thus, the slackss} and sJ forconstraint sets (Sl) and (S2), respectively.
Step2: If allslacksare nonnegative, STOP. Otherwise, determine the constraint t that has the mostnegative

slackand the corresponding link j' .
Step3: If t is in constraint set (Sl), let Ut ~ Ut + d; and if t is in constraint set (S2), letvr ~ vt + d. (Hered,

the increasein the valueofthe multiplier, is determined based on a parameterusingcertainheuristic
rules.) Goto Step 1.

routes. Notethat the direct route is alsoan option that
competes with the backbone routes while solving the
shortest-path problem. Asthe multipliers increase, the
cost ofbackbone routesgradually increasesand may
eventually exceedthe cost ofdirect routes for somecir­
cuits. These circuits will be assigned to direct routes in
the final solution.

Notice that we increaseonly one multiplier at a
time, rather than several ofthem.This is because, if only
one multiplier is increased at a time, it is mucheasier to
ensure that the slackfor constraints with positive multi­
pliersis small in the final solution. This condition is im­
portantto ensure a good solution. In addition, if only one
multiplier is changedat a time, reoptimization ofL u v (x)
is much easier. The quantity d, bywhich the multiplier
is increased, is determined dynamically to reducethe
infeasibility ofthe constraint in question by a certain
amount. For example, d can be chosento reducethe
infeasibility on the linkby at least 50percent. Selection
ofa smalld will producea better solution; however, the
convergence will be slow. On the other hand,a large d
will producefasterconvergence, but the solution quality
maysuffer.

The Master Problem
The master problem (P) is solved by a partial

branch-and-bound approach. Alower boundon the mas­
ter problem is computed by a modified version of the

subproblem algorithm described in the nextsection.
Recall that the master problem is defined overthe topol­
ogyvariables Yi: Initially, the integrality condition on the
topology variables is dropped, and a lower boundis com­
putedat the root node. Then, at every stageofbranch­
ing,constraints ofthe form Y . ~ Yj orYj = Yj (where Yj is
an integer) are gradually addedto the masterproblem.
Letus callthe former the type-1 constraint and the latter
the type-2. The constraints are addedso that the lower
boundincreasesminimally with each addedconstraint. A
feasible solution is reachedwhenallvariables haveinte­
ger values. Partial backtracking canalsobe performed,
subjectto the computer timelimit.

A Lower Bound on the Master Problem. In this section,
wedevelop a lower boundon the masterproblem (P).
This lower boundis developed foran arbitrary nodeof
the branch-and-bound tree (i.e., weassume that someof
the variables Yj havea type-1 constraint imposed on them
andthe others havea type-2 constraint). Weshow that
the problem ofcomputing the lower bound reducesto
the routing subproblem (S) with somespecial condi­
tions.

To develop this lower bound, let us examine the
Lagrangean relaxation ofthe masterproblem at an arbi­
trary nodeofthe branch-and-bound tree. LetBland B2
be the indexsets ofvariables with type-I and type-2 con­
straints, respectively. Notethat everylink j is either in
B 1 or inB 2 (i.e., B 1U B 2 = A). Because the integrality
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Algorithm 3. Lower Bound
Step0: Set Uj, Vj = 0 for allj, andletE t = B t •
Step 1: Solve the innerminimization, Minimize Lu v (x, y), andlet Xo be the solution. Determine the quantities

.:t . ..{

Ff and Gj for this solution and.hence, the slacks s} and sJ forconstraint sets (51) and (S2), respec­
tively.

Step2: Ifallslacksfor je E1U B 2 are-nonnegative, STOP. Otherwise, determine the constraint t that has the
mostnegative slackand the corresponding linkj*eE1U B2•

Step3: If t is i!!. constraint set (S1), let U/ .f-u/ +d;andif tis in constraint..§et (S2), let vF f-v/ + d. If
FeB b makesure that a s (Kjl1) - (u/ +v/). Remove F from B, ifd = KjlT - (u/ +v/). Go to
Step1.

72

onY variables has been dropped, it leadsto the following
problem:

Maximize [Minimize L (x, y, u, v)] (PL)
U,v x,y

subject to: L xf = 1 '<:j lee
kES/

xf = 0 or 1 '<:j l, k

Yj:?: Yj j e B 1

Yj= Yj j e B2

Here,L (x,y, U, v) is the sameas L (x,U, v) ofproblem
(SL) , exceptthat Yj has been replaced with Yj for alli.
Note that, ifall j are inB2, this problem reducesto prob­
lem (SL) , the relaxation ofthe routing subproblem,
because the entirebackbone topology is specified. The
type-1 constraint (Yj:?: Yj ) canbe interpreted to mean
that link j should haveat least Yj high-capacity facilities.
In other words, the flow may exceedthe capacity T Yj for
links in set B 1 but not for linksin set B 2' Notice that, at
the root nodeofthe branch-and-bound tree, alllinks
belongto set B 1 with Yj = 0 forall j.

Note that the coefficient ofy, inLu,v(x,y) is
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[Kj - (Uj + Vj) T].1f (Uj + Vj) < KJ/T, theny, = Yj
minimizes Lu,v(x,y).1f (Uj + Vj) = KjIT, then the
coefficient ofYj becomes zeroand anyvalue ofYj will be
optimum and canbe chosenso as to make the routing
solution feasible. However, if (ui + vj) > KjIT, then
Lu,v (x,y) decreasesunboundedly by increasingYj'
Because wewish to maximize L (x,y,u.v) with respectto
U andv, wecanconclude that the optimal solution of
(PL) must satisfy (u, + Vj) ~K/Tfor jeB l . Note that
KjlTis the proratedcostper circuit fora high-capacity
facility. Therefore, this condition makessense intuitively
becauseadditional flow pays forthe capacity used ina
prorated fashion. Thus, a lower bound canbe obtained
bysolving a modified version ofthe routing subproblem
in which the flow is permitted to exceed T Yj onlinks
[e B, if (Uj + Vj) = KjIT. Onsuch links, ifthe flow
exceeds T Yj , then additional unitsofflow incura cost
KjIT, which implies a lower bound because it accounts
forthe prorated cost ofthe used capacity ofa high­
capacity facility.

The routing subproblem algorithm presented
earliercanbe easily adapted forthis changeas described
below. Letus define anotherset:

- [.. Kj ]B1 = j :jeB 1, (Uj+Vj) < T

Then, the subproblem algorithm canbe adapted as



Algorithm 4. The Master Problem
Step0: Let Yj =0 andjeB l forflllj;B2;:fW;~~~=

Step 1: Solve the routing subproblemusingAlgorithm and determinethe lowerboundL, upperbound U,
andvaluesofvariable~Yj. IfH.0Z, th~~JetZ~Uan~savethe incumbentsolution.

Step 2: IfYi:S;. r,for a11~,STOP(o~bac~cktoan unfathomedprevious node, subjectto the computertime
limit); otherwise, for allJeB b if LYjJ >D' letYj = LYjJ.

Step3: Selecta branch variablej· an.d ~l'f\Ilc~~~rction.fI.~cor~ing to t#e criteriadescribedin the branching
strategy section.In the case ofan up..branch, let Yr~ Yj' + 1;in the case ofa down-branch, move
j. from set B1 to set B2. Goto Step 1.

shownin Algorithm 3 to producea lowerbound.In Step
3,we make sure that Uj + Vj does not exceedKj/Tfor
links in set B i- Also note that in Step 2 the nonnegativity
of slacks is checked onlyforvariables in the set 131U B 2'

Becausethe procedure for minimizing Lu,v (x,y) is a
heuristic, the solution valueobtainedmaynot be a true
lowerbound. Nevertheless, if the solution is reasonably
close to optimal, it can stillbe used effectively for selec­
tionofthe branch variables and branchingdirection.

Branching Strategy. Asindicated earlier,imposing
the type-lor type-2 constraintson the variables Yj consti­
tutes the branching process in our approach. At the root
node,eachYj has a type-I constraintYj ~ 0 imposed on it
(i.e., je B 1 , and Yj = 0), which really amountsto no con­
straint at all. Solving the subproblemwill yielda certain
valueforYj, which, in alllikelihood, will be fractional.
Then the up-branch corresponds to setting Yj = rYjl (i.e.,
Yj rounded up to the nearest integer value) and j stays in
set B 1. On the other hand, a down-branch will corres­
pond to setting Yj = LyiJ (i.e.,Yj rounded down to the
nearest integervalue) and moving j fromB 1 to B2.

In branch-and-bound algorithms, a commonly
used criterionfor selection ofthe branch variable is to
pickthe variable whosevalueis closest to an integer
value. We use this criterionfor the selection ofthe
branch variable and first examine the obvious branch
direction (i.e., the up-branch if the fractional value is
closer to one, and the down-branch if it is closer to zero).
If the resulting increase in the lowerbound is modest,

we ignorethe other branch and continue. However, if the
increase is significant, the other branch is alsoexamined
and the branch withthe smallervalue oflowerbound is
selected. If the difference betweenthe lower boundsfor
the twobranches is very small, then the information
corresponding to one branch is savedso that it maybe
used as a starting pointfor possible future backtracking.

Ateach node ofthe branch-and-bound tree, a
feasible solution and,hence, an upperboundfor the mas­
ter problemis immediately available by upward rounding
ofvariables y.

Algorithm for the Master Problem. Basedon these
observations, Algorithm 4 is the algorithm for the master
problem.

A More Effective Lower Bound at the Root Node
The solution ofthe routingsubproblem at the

root node ofthe branch-and-bound tree yieldsa lower
bound on the master problem. However, this lower
bound is not very tight, particularly whenthe direct-route
analysis is not desired,because this boundcompletely
ignores the integrality constrainton variablesYi: In this
section, we develop a more effective lowerbound, which
is partlyable to take into accountthe integrality.ofy.,
This bound is applicable for the case whendirect-route
analysis is not desired.

Considera cut (indexed by t) ofthe network that
partitions the node set into twosubsets N, and Nt. LetA t
be the set oflinkson the cut.All circuitsthat haveone
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Table I. Seven-Node Problems

Problem Circuits/node-pair Normalized Percent above
number Low priority High priority solution lower bound

1 3 a 100 27
2 2 1 109 1
3 1 2 109 I
4 a 3 142 14
5 4 a 100 30
6 3 1 109 1
7 2 2 109 1
8 1 3 142 14
9 a 4 145 19

10 5 a 100 17
11 4 1 100 17
12 3 2 100 17
13 2 3 100 17
14 1 4 104 19
15 a 5 138 9
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end-point in set N, and the other in Nt must flow across
this cut. Obviously, the totalcapacity available on the
links in this cut must exceed this flow. If the totalflow
required across the cut is It, there must be at least
Iit/Tl high-capacity facilities on this cut.The number of
facilities on the cut can be expressed as a function ofvari­
ablesy., and is givenby the expression ,1: Yj' Therefore,

lEA,
anyfeasible solution to the network design problem
must satisfy the following inequality across everycut t :

Letus decompose It, the flow across cut t , into
three components correspondingto the three priority
levels. Let these components be ff, !l, and I? , respec­
tively. Now consider the case ofa single-link failure
across the cut. All high-priority circuitsmust stillbe able
to get across the cut. In addition, any normal-priority cir­
cuits that were not using the failed linkwill continue to
use the capacity ofthe cut, because they cannotbe
preempted. Becausethe capacity ofa facility is T, the
number ofsuch unaffected normal-priority circuitsmust
be at least max(f/ - T, 0).This implies the following
constraint:

AT&TTECHNICALJOURNAL. MAY/JUNE 1989

Becauseeach feasible integer solution must satisfy these
twoconstraintsfor each cut, it is easy to see that the sol­
utionofthe following linear programis a lowerboundon
the cost of the optimal network.

Minimize

subjectto: ,L Yj ~ r~1 V t
lEA,

r
n + max(j? - T, 0)1L Yj -1 ~ T V t

jEA,

s,~ 0

Although there are manypossible cuts, it is not neces­
sary to include them all in this problem. Our experience
showsthat evena smallsubset ofappropriately selected
cuts is enough to producea good lowerbound.

Notethat the problemsolved to obtain this
bounddoes not involve the flow variables. Asa result,
even if an integrality condition is imposed on the vari­
ablesYj, the optimal solution to this problem maynot be
feasible for the original problem. We use this boundonly
to assess the quality ofa final solution, and not for any
branchingdecisions. The effectiveness ofthis lower
bound will be apparentfromthe computational results
givenin the next section.



Table II. Ten-Node Problems

Problem Circuits/node-pair Normalized Percent above
number Low priority High priority solution lower bound

1 2 0 100 19
2 1 1 114 11
3 0 2 149 15
4 3 0 100 13
5 2 1 102 16
6 1 2 113 15
7 0 3 151 21
8 4 0 100 16
9 3 1 100 16

10 2 2 100 16
11 1 3 117 17
12 0 4 131 14
13 5 0 100 16
14 4 1 100 16
15 3 2 100 16
16 2 3 106 12
17 1 4 108 14
18 0 5 127 17

Computational Results
The algorithmwas tested on twosets ofprob­

lems, one with seven nodes and the other withten
nodes.These are the typical sizes ofhigh-capacity back­
bones for most private corporatenetworks. Within each
set, severalprobleminstanceswere created by varying
the number ofcircuitsbetweeneach node-pair and the
mix ofhigh-and low-priority circuits. Within each
instance, the number ofcircuitsand the mixofhigh-and
low-priority circuitsis the same for each node-pair. Thus,
for a givena node set, a probleminstance is defined by
twonumbers: the number ofhigh-priority circuitsfor
each node-pair, and the number oflow-priority circuits.

The algorithmwas used to design networks
withoutdirect routes.The capacity ofthe high-capacity
facilities was assumed to be 24circuits. The results of
computational testing for the seven-node problemsare
listed inTable I and for the ten-node problemsinTable
II. In both tables, columns2 and 3 list the number oflow­
and high-priority circuitsfor each node-pair in the prob­
lem. Column 4 shows the normalized cost of the solution
obtained, where, withineach problemset, the cost for
the networkwith alllow-priority circuitsis normalized
to 100. Column 5 showsthe percent difference be-
tween the solution and the lowerbound described in
the preceding section.

Note that the normalized solution value also
reflectsthe premiumfor survivability. The premium for
survivability is defined as the percentagebywhichthe
cost ofa networkexceeds the cost of the equivalent base
network in whichallcircuitsare oflow priority. As
expected, the premiumincreasesas the ratioofhigh­
priority circuitsis increasedin each subset ofproblems.
It is interestingto note that the premiumfor full surviva­
bility (i.e., when allcircuitsare ofhigh priority) varies
from27percent to 51percent.This variability is to be
expectedbecause ofthe high capacity ofthe facilities. In
somecases, the base network (i.e., whenallcircuitsare
oflow priority) maycontain a large amountofspare
capacity and, in somecases,verylittle. It is intuitively
obvious that the premiumfor survivability will be low in
the formercase and high in the latter case.

For the seven-node problems, the gap between
the lowerbound and the solution variesfrom1 percent
to 30percent,withan average gap of 12percent.For the
ten-node problems, the gap variesfrom 11 percent to 21
percentwithan averageof 15percent.The computer
time taken to solve the problemsvariedfrom2 seconds
to 27seconds for the first set, and from15to 300 sec­
onds for the second set.The computertimeincreases
rapidly withthe number ofhigh-priority circuitsand the
number ofnodes in the problem.
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The computational results should be viewed in
light of the complexity ofthis problem. In a problemwith
n nodes, the number of topology variables is n (n -1) /2.
The number of routingvariables for everynode-pair
is equal to the total number ofpaths betweenthe two
nodes,whichgrows as a factorial function ofthe number
ofnodes in the problem. In a ten-node problem, the
number ofpaths withfive or fewerlinksbetweenany
pairofnodes couldbe as high as 162, thus leadingto a
totalof7290 routingvariables if there wasonlyone cir­
cuit per node-pair. The consideration oflink-disjoint
path-pairs for high-priority circuitsfurther adds to the
complexity of the problem. That is whythe computation
time rises steeplyas the number ofhigh-priority circuits
in the problemis increased.

Conclusion and Future Work
We have presented an algorithmic framework

for designinghigh-capacity networksand addressingthe
survivability issue.Although the results appear to be
satisfactory, it should be possible to improve the running
time as well as the solution quality ofthe algorithm. The
shortest-path or path-pair problemfor high-priority cir­
cuits is a majorcomputational bottleneckand deserves
further improvement. The LP-based lowerbound was
used onlyto assess the quality ofthe solution. It maybe
possible to use the topology information contained in
its solution to further improve the performance ofthe
algorithm.

The algorithms described in this paper are
implemented inAT&T's E-INOS (Enhanced Interactive
Network Optimization System). AT&T uses E-INOS to
designvoice, data, and integratednetworksforAT&T
customers.
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