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The Trunk Implementation Plan (TIP) is a multiyear schedule of planned
trunk augments and disconnects that minimizes the impact of varying demand
and forecast uncertainties on the cost of implementing a network meeting
objective service criteria. This paper presents a theoretical development of the
TIP algorithm for hierarchical networks that accounts for modularity, facility,
and demand servicing constraints. First, we solve the only-route TIP problem
analytically using stochastic dynamic programming techniques. We show that
our analytical solution yields a numerically efficient algorithm for calculating
a multiyear, minimum-cost policy. Second, we present the results of our
analvsis showing that, in the presence of forecast uncertainty, a near-optimal
traffic network is obtained by introducing reserve capacity on the final trunk
groups only. Based on this result, we construct the TIP algorithm for hierar-
chical networks by combining conventional network engineering principles
with an optimal disconnect policy for high-usage trunk groups and the only-
route TIP sizing procedure for final groups. Using this algorithm we obtain
an economical multiyear schedule of trunk augments and disconnects for
hierarchical networks.

I. INTRODUCTION
1.1 Background and motivation

In the Bell operating companies and AT&T Communications, the
trunk forecasting process consists of: (1) traffic measurement and
offered load estimation, (2) projection of future traffic demands, and
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Fig. 1—Trunk network forecasting process.

(3) determination of the trunk group sizes for each of five or more
future years. Currently, the engineering procedure utilized in (3) is
based on independent, single-year network designs, each of which
minimizes the cost of satisfying anticipated demands for a given future
year.

Although substantial work has been done to improve the quality of
the trunk forecasting process,' the existing methods do not account
for several important implementation considerations, namely, the
existing trunk network, the variation of trunk demand from year to
year, uncertainty of demand forecasts, economics of maintaining or
rearranging trunks, and facility constraints. Consequently, in practice,
the output of (3) is modified by trunk forecasters to make the final
multiyear schedule of planned trunk augments and disconnects feasi-
ble and economically sensible. The adjustments to the mechanized
forecasting process are based on heuristic trunk disconnect guidelines
and engineering judgment. However, no quantitative attempt is made
to find an optimal multiyear trunk provisioning plan.

Accordingly, we identified the need for a mechanized system that
would compute an economical capacity expansion plan for the trunk
network. As Fig. 1 illustrates, the capacity expansion planning can be
regarded as the fourth major function of the trunk forecasting process.
The new mechanized system, called the Trunk Implementation Plan
(TIP), will provide a multiyear schedule of trunk augments and
disconnects that accounts for facility constraints while minimizing the
impact of forecast uncertainty and demand dynamics on the cost of
implementing a network meeting objecting service criteria.

In this work, we present a theoretical development of the TIP
algorithm and generalize the mathematical model of Ref. 4 to reflect
modularity and facility constraints. The problem formulation in Ref.
4 assumes a nonmodular engineering environment and no facility
constraints; i.e., the multiyear schedule of trunk augments and discon-
nects is cost-effective under the assumption that the sizes of the trunk
groups are nonnegative real numbers and that the cost of a trunk
group is proportional to the number of trunks in the group.

However, the assumptions of nonmodular engineering do not hold,
for example, for a new generation of digital terminals such as the
Digital Carrier Trunk (DCT), used for the 1A ESS,* and the Digital

*Trademark of AT&T Technologies, Inc.
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Interface Frame (DIF), used for 4ESS. The DCT and DIF require that
digital carriers [equivalent to 24 voice frequency (VF) circuits] ter-
minate directly on the switch. The dedication of network facilities by
destination implies that the cost of a trunk group has a per-module
component in addition to the per-circuit component. Therefore, in
Ref. 1, W. Elsner concluded that trunk groups terminating on such
facilities should be modularly engineered. In particular, Ref. 1 shows
that an engineering procedure that assumes only modular sizes (24
trunks for two-way groups) for high-usage and certain final trunk
groups provides significant economic benefits; see Fig. 2 for definitions
of trunking terminology.

In this paper, we replace the continuous TIP model of Ref. 4 by a
discrete TIP formulation that incorporates modularity constraints.
Then we derive an optimal modular network expansion policy for
high-usage and final trunk groups. In addition, we show how to modify
the TIP multiyear trunk-sizing procedures to reflect facility con-
straints.

1.2 Overview

Section II defines the notation and describes the mathematical
model for the only-route TIP problem. In Section III we present a
complete solution to the only-route TIP problem that accounts for
modularity, facility, and demand servicing constraints. Section IV
shows how to combine conventional network engineering principles
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Fig. 2—Trunking terminology.
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with the only-route TIP results to design an economical multiyear
hierarchical network.

. TIP MODEL FOR ONLY-ROUTE TRUNK GROUPS

We start our derivation of the TIP algorithm by considering the
multiyear engineering problem for only-route trunk groups (see Fig. 2
for a definition of only-route trunk groups). As we discuss in Section
4.3, our solution of the only-route problem will be utilized to plan
multiyear capacity expansion for hierarchical networks.

2.1 Mathematical model
2.1.1 Notation

First, we define the notation used in our mathematical model.

T(k)—number of trunks in service at the beginning of the kth year

u(k)—number of planned trunk augments/disconnects at the begin-
ning of the kth year

d(k)—the maximum number of trunks (peak demand) in trunks
during year k to guarantee the engineered blocking level

F,—the distribution of the peak trunk demand during year k&

c¥(u(k))—capital cost during year k&

c5(u(k))—labor cost during year k

c%(T(k), u(k))—maintenance cost during year k&

ci(d(k), T(k), u(k))—underprovision cost during year k

N—number of years in the forecast horizon

We assume that the number of trunks in service, T(k); the planned
trunk level, T(k) + u(k); and the peak demand, d(k); are expressed in
modules of m trunks. In the message network, m is equal to 1, 12, or
24. Consequently, F} is a discrete distribution function, defined in
accordance with the established rounding rules for engineering mod-
ular final groups.! That is, if Fj is a continuous distribution of the
peak demand, then F}, is obtained by

Fy(m2) = Fi(m&+ o),

where # is a nonnegative integer, and .~ is a rounding threshold,
o< w<<m.

2.1.2 Trunk group dynamics

According to the AT&T practice, if the blocking objective on an
only-route or alternate final trunk group is violated significantly, then
the trunk group is augmented during the year on an emergency basis
(demand servicing) to restore the engineered blocking level. Therefore,
the number of trunks in service at the beginning of the (k + 1)th year
is the sum of the planned trunk level for year 2 and the demand
servicing augmentation, if any, during year k. Thus, the trunk group
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dynamics that reflect the planned and demand servicing components
of the trunk provisioning process are modeled by

T(k + 1) = [T(k) + w(k)] + max[0, d(k) — (T(k) + u(k))]
= max|[y(k), d(k)], (1)

where y(k) = T(k) + u(k) represents the planned trunk level at year
k.

2.1.3 Objective function

The goal of the only-route TIP is to minimize the expected present
worth of trunk provisioning costs. If we denote the present worth of
the total cost for year k by gi(d(k), T(k), u(k)), then the TIP objective
function can be expressed as

N—-
muin J(u) = muin E 1 ;01 &ld@), TQ), u(i)]}, (2)

where u = (u(0), - - -, u(IN — 1)) and the expected value is taken over
the demands d(0), d(1), - - -, d(IN — 1).
The present worth of trunk provisioning costs at year & is equal to

gd(k), T(k), u(k)) = p*lci(u(k)) + c(u(k))
+ cA(T(k), u(k)) + ck(d(k), T(k), u(k))], (3)

where p is the discount factor (p < 1) that measures the worth of the
next year’s dollars in terms of present dollars.

The capital, labor, maintenance, and underprovision costs are as-
sumed to be piecewise linear with respect to modules of m trunks and
are defined for k=0, ..., N — 1 by

k
= {020 @
& >
qo - {0, Wz
c§(T(R), u(k)) = afy(k), (6)
chi(d(R), T(k), u(k)) = aimax(0, d(k) — y(k)), (M)

where y(k) = T(k) + u(k) is a planned trunk level at year k.

Equation (7) states that if the peak demand d(k) exceeds the planned
trunk level y(k) during year k, then the cost of providing the additional
trunks is proportional to the trunk shortage; if d(k) does not exceed
the planned level, then no cost is incurred. Thus, the underprovision
cost reflects the demand servicing policy as described by the trunk-

TRUNK FORECASTING 61



group dynamics equation (1). The assumption that the underprovision
cost is linear with respect to the trunk shortage will be discussed in
Section 2.1.4.

We assume that in (4) through (7) the per-trunk costs a%, - .-, a%
and b%, b% are nonnegative and satisfy the conditions

a’ + af > bt — bk, (8a)
bt — bt > 0, (8b)
at + a5 > p(af*™ + af™), (9a)
b} — b§ > p(b}*! — b5™), (9b)

at > ab + af + dab. (10)

Inequalities (8a) and (8b) state: first, that the cost of buying and
installing a trunk module is always greater than its salvage value
minus the disconnect expense; and second, that there is always an
incentive for disconnecting a trunk module. Inequalities (9a) and (9b)
show that it is uneconomical to augment a trunk group if not necessary
and also uneconomical to delay the disconnect decision. Finally, (10)
reflects the fact that it is always more costly to augment a trunk group
on an emergency, rather than on a planned, basis.

2.1.4 Demand servicing constraints

In general, the underprovision cost or, equivalently, the unsatisfied
demand penalty cost, involves all of the costs of planned servicing:
capital, labor, and maintenance, plus a penalty due to the fact that
demand servicing cannot be carried out with the normal planning
intervals and orderly procedures associated with planned servicing. It
is important to note that, in practice, the incremental underprovision
cost depends on a variety of factors such as switch, trunk, and/or
personnel availability. Typically, if the existing personnel and facilities
can satisfy the emergency servicing need, then the cost of underpro-
visioning is marginally higher than the cost of planned trunk augmen-
tation and can be computed by (7). However, if there is a shortage of
personnel or facilities, demand servicing becomes much more expen-
sive (than planned servicing) and highly undesirable.

Thus, to complete the problem formulation we need to specify that
the feasible solutions in the TIP model correspond to a level of demand
servicing not greater than an allowable threshold. In particular, we
require that the expected amount of demand servicing at year k not
exceed a specified level

E{max(0, d(k) — T(k) — u(k)} < BpEd(k),

where k=0, ..., N — 1 and 8, is a given constant.
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2.1.5 Mathematical model

The TIP problem can be viewed as a sequential stochastic decision
process. The state of the system, the number of trunks in service,
varies according to the trunk group dynamics given in eq. (1). At each
state of the process the cost function g.(d(k), T(k), u(k)) is defined via
(4) through (7). The problem then is: given the initial trunk level T'(0)
and future peak demand distributions Fg, Fy, - .-, Fy-1, find a set of
decisions (augments, disconnects), u* = {u*(0), ..., u*(N — 1)}, the
optimal policy, that minimizes the total expected trunk provisioning
cost over N years

N-1
J(u*) = min £ { Y &xld(k), T(k), u(k))} (11)
u k=0
subject to possible capacity limitation conditions
0= Tk + uk) < y(k) (12)
and demand servicing constraints
E{max(0, d(k) — T(k) — u(k))} = B:Ed(k), (13)

where k=0, 1, --., N — 1 and (k) are given modular thresholds that
represent facility constraints.

11l. SOLUTION FOR ONLY-ROUTE TRUNK GROUPS

Throughout the rest of this paper, we assume that the random
variables d(k) are statistically independent. We shall prove that under
this assumption the optimal control law to the only-route TIP problem
of Section 2.1.5 is defined by N pairs of scalars (S(0), (O)), .
(S(N — 1), S(N - 1)). The pair (S(k), S(k)) provides two critical
levels for year k. Specifically, at year k, the optimal control law is
to augment the number of trunks s up to the level S(k), to maintain
the trunk level if S(k) = T(k) < S(k), or to disconnect down to the
level S(k); that is, for k = 0, 1, , N — 1 the optimal decision

= u¥(T(k)) is given by

f S(k) — T(R) if T(k) < Sk)
if Sk) < Tk <SSk  (14)

uz(T(k)) =
* IS(k) T(R) if T(k) = S(k).

We note that the independence assumption for future demands is
critical for obtaining an analytical solution to the only-route TIP
problem. However, our numerical experience shows that cost-effec-
tiveness of the TIP solution as compared to currently used heuristic
trunk provisioning strategies is not sensitive to this assumption.

We start our derivation by considering the TIP formulation that
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ignores demand servicing constraints. Specifically, Sections 3.1 and
3.2 present a complete solution to the modular only-route TIP problem
described by (11) and (12). A similar nonmodular capacity manage-
ment problem is considered in Ref. 5. In Section 3.3, we generalize
this solution and obtain a numerically efficient algorithm that com-
putes an optimal policy under the constraint on the level of demand
servicing.

3.1 Optimality conditions

Since the demands are assumed to be independent, the TIP objective
function (2) can be transformed to the form®
min J(u) = min E{g,(d(0), T(0), u(0)) + min E{...

u u(0) d(0) u(l)

1) d(1)

+ min E {gn(dIN—-1), TIN — 1), u(N — 1))} .-}
w(N=-1) d(N-1)

To convert the right-hand side into a recursive form, we introduce the
optimal cost-to-go function for the year k, Vi(T(R)), that is, the
minimum expected cost over all possible strategies for years &,
k+1, ..., N—1 that assume T(k) trunks in service at the beginning
of year k. Then, by Bellman’s principle of optimality,® the optimal
policy in year k is obtained by solving the backward dynamic program-
ming recursion:

Vi(T(k)) = min E {gu(d(k), T(k), u(k))
u(k) d(k)

+ pVia(max(d(k), T(k) + u(k)))}, (15)

where Vy(T(N)) = 0 and the minimum is taken over all modular u(k)
such that the planned trunk level at year k satisfies the condition

0 = T(k) + u(k) = v(k). (16)

The sum of trunk provisioning costs for year k is composed of two
functions g :(-) and gro(-) defined by

gu(d(k), T(R), u(k))

_ J8k(d(R), T(k), u(k)),  u(k) =0
8r2(d(k), T(k), u(k)),  w(k) <0

atu(k) + afu(k) + di(T(k) + u(k)

+ afmax(d(k), T(k) + u(k), uwk) =0
bru(k) — blu(k) + a(T(R) + u(k))

+ akmax(d(k), T(k) + u(k)), u(k) < 0.

17

In what follows, we consider g:(-) as a function of d(k), T(k), and
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y(k) = T(k) + u(k). Then, from the optimality principle and (17) the
year k cost-to-go function is given by

{Jk,lmk), yk), (k) = T(k)
Jua(T(R), y(k)), O < y(k) < T(k)

E [8ra(d(R), T(R), y(k))
d(k)

+ o Vi(max(d(k), y(k)))],

= y(k) = T(k) (18)
dﬁ)[gh,z(d(k), T(k), ¥(k))

+ pVisa(max(d(k), y(k))],
0 < y(k) < T(k).

Note that from (17) J,1(T, ) and Ji (T, y) are well-defined functions
forally=0,m,2m, ---

To prove that a solution of (18) is given by (14) we first develop
sufficient conditions for the optimality of an (S, S) policy without
capacity constraints (y = ). We observe that Ji (T, T) = Jp2(T, T')
for all T'= 0. Accordingly, to prove the optimality of (14) it is sufficient
to show that the solutions of the minimization problems

Ju(T(k), y(k)) =

min Jy(T, y) (19)
y=T=0
and
min JoT, y) (20)
Tzy=0
are defined by
S T<3S
* W2 =
and
5, T>8

respectively, for some numbers S and S such that
0<S=<S<cw.

To simplify the notation, we have dropped the index k in (19) through
(22) and in the formulas in the rest of this section.

Consequently, the optimality of (21) and (22) is evident if there
exist a pair of numbers (S, S), S = S such that for any T'= 0
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Jl(Ty x) = JI(T5 3’), O0=x= Yy < ‘S (23)
ST, x) =di(T,y), S=<x=<y=sw

and
JuT, 2) < Ju(T,y), Ssxsy<w (24)
‘Jz(T, x) = Jz(T, y), O=<x= y = S.

To demonstrate (23) and (24) and to construct § and S we shall
prove an even stronger statement. Specifically, we consider the first
differences of J; and J5, defined by

AJ(T, y) = JI(T, y + m) — Ju(T, y)
and
AJAT, ) = JoT, y + m) — Jo(T, ),

and show that AJ; and AJ; satisfy the conditions:
1. AJY(T, y) = Ad1(y) and AJs(T, y) = Ada(y),
2. Adi(y) and AJy(y) are nondecreasing, and
3.0=<S=<S<o,

where

‘S = mln{yIAJl(y) = O’y = 07 m, }
and
S = min{y|Adx(y) 20,y =0, m, ---}. (25)

Note that (25) defines the minimum points of J; and </, respectively.
Furthermore, conditions (1) through (3) not only imply the optimality
of (14) but also suggest that we can find the critical thresholds
efficiently by applying a modular version of the bisection methods to
the first differences of J; and J;. The proof that J; and /., [defined
by (18)] satisfy these conditions is given in Appendix A.

The generalization to the constrained case follows immediately.
Because of the monotonicity of Ad1(y) and Ads(y) the optimal solution
under capacity constraints is given by

S* = min[S, v]
and
S* = min[S, v]. (26)

3.2 Computational procedure

As we prove in Appendix A, an optimal modular TIIi policy is
described by N pairs of critical threshold levels {(S(0), S(0)), ---,
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(S(N — 1), S(N — 1))} and each pair (S(k), S(k)) can be computed
by (25).

Consequently, to obtain an algorithm for calculating the optimal
policy we shall derive backward recursions for Ad,(T(k) + u(k)) and
Adro(T(R) + u(k)). In Appendix A we show that
Adri(y(R)) = [af + af + af — af(1 — Fu(y(R))Im

+ pAdﬁ)Vkﬂ(maX(d(k), y(k)) (27)

and
Adya(y(R)) = [bf — bS + af — af(1 — Fu(y(k)))]m
+ pAdg)Vm(maX(d(k), y(k)), (28)

where y(k) = T(k) + u(k).

Thus, we can confine our effort to the derivation of the backward
recursion for the first difference of the expected optimal cost-to-go
function defined by

AE Virr[max(d(k), y(k))]
= E Viu[max(d(k), y(k) + m)] = E Vi[max(d(k), y(k))]. (29)
d(k) d(k)

The details of our derivation are presented in Appendix B; we dem-
onstrate

A E Vialmax(d(R), y(k)]
d(k)

(—(a5*' + a5"Ym if y(k) < S(k + 1)

(a5 — af"' (1 — Fru(y(R)Im

= F(y)-4 + pAd(gan{maX[d(k + 1), ¥R} (30)
if Stk+1)=yk)<Sk+1)

— (05 — b5Ym if y(k) = Sk + 1).

Consequently, the backward recursions (27), (28), (80), and formulas
(25) define an algorithm that yields the complete set of optimal
threshold levels {S(N — 1, S(N - 1), ... (S’(O), S(0)} for the problem
described by (15) and (16).

3.3 Final solution of the only-route TIP problem

Now we apply the Lagrangean relaxation approach to show that the
computational procedure of Section 3.2 can be used to find an optimal
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solution to the original TIP formulation (11) through (13) that includes
demand servicing constraints. Indeed, let us consider the functional

N=1

H(u, A\) = J(u) + ¥ Mp"E max(0, d(k) — T(k) — u(k)), (31)
k=0

where A = ()\0, vy, >\N—1)-

Clearly, for any given A = 0, minimizing H(u, A) with respect to u
subject to (16) is equivalent to solving the problem described by (11)
and (12) with the incremental underprovision cost af replaced by

d§=a§+)\k.

To demonstrate that a solution to the problem (12) and (31) (with
appropriately fixed A) is, in fact, a solution to the original TIP problem,
(11) through (13), we need to prove the following general proposition:

Let u* be a minimum of the functional

N-1

J@) + Y MEp(uw)
=0

for all u € U, where J(u), Er(u) are arbitrary real-valued functions, U
is some set of admissible controls, and A = 0. Then, u* is a solution
to the problem:

min J(u)
uelU

subject to
Ey(u) = Ex(u*) (32)

for all k& such that A\, > 0.
The proof of this proposition is simple. By our hypothesis, for all
u € U we have

N-1 N-1

J(u*) + EO MEp(u*) < J(u) + EO MeE(u),

or
N-1

J(u*) = J(u) + kzo Me[Ex(u) — Ep(u*)]. (33)

Since X is a nonnegative vector the second term of the right-hand
side of (33) is nonpositive for any u € U such that conditions (32) are
satisfied. Therefore,

J(u*) = J(u)

for all admissible controls u such that E(u) < E,(u*) when A, > 0.
Q.ED.
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This result implies that the optimal solution of the original TIP
problem is also of the (S, S) type. Moreover, the proposition shows
that if we can find an optimal solution to the TIP problem (11) and
(12) with some incremental underprovision costs a5 = a% + A\, A, >0,
and if this solution results in expected demand servicing equal to
1003, percent, then it is an optimal solution to the problem described
by (11) through (13).

To utilize this result we need to derive formulas for computing
the expected demand servicing level for a given policy = = {(S(0),
5(0)), ---, (S(N — 1), S(N — 1))}. The derivation is given in Ap-
pendix C.

Now we can describe an algorithm to solve the TIP problem de-
scribed by (11) through (13). A numerical procedure for obtaining the
TIP solution can be outlined as follows:

Step 1—Set the initial vector of the Lagrange multipliers:

A=0 (34)

and identify the set K of years k for which the demand servicing
constraint level would be exceeded unless a positive value were set for
g

Step 2—Using the computational procedure described in Section
3.2, determine

7 = {(8(0), 8(0)), -+, (SN — 1), S(N — 1))}

that minimizes

H(u, 7). (35)
Step 3—Using the Step 2 solution =, for all years &, k € K, calculate
(X)) = {E max(0, d(k) — T(k))} — BrEd(k) (36)

and determine whether | 7| < ¢, where ¢, > 0 is some tolerance level.
If for every k the tolerance level ¢ is satisfied, stop; otherwise go to
Step 4.

Step 4—To reduce | n:], go back to Step 2 with A replaced by

A+ wn(N), 37

where w is an appropriate positive constant. (The constant w can be
adjusted by trial and error to speed up the iteration procedure.)

In general, the Lagrange multipliers vary from year to year depend-
ing on the demand characteristics, constraint levels, and cost coeffi-
cients. Our numerical experience revealed, however, that under rea-
sonable assumptions for TIP application [growing (declining) demand
pattern, 8, = 8, and a} = a;] the vector of Lagrange multipliers A* can
be approximated by A’ = (\’, ---, \’), where the constant \" depends
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only on a given level of demand servicing 8 and the coefficient of
variation of the demand.

Using the approach outlined in Appendix C, we verified that the
approximation of \* by A’ does not result in a significant cost penalty,
ie.,

min H(u, A*) = min H(u, \’).

Consequently, to obtain a numerically efficient TIP algorithm and to
facilitate TIP implementation, we developed a conversion table (as
illustrated on Fig. 3) that defines A\’ as a function of the demand
servicing constraint level (.

IV. NETWORK TIP

This section extends the only-route TIP to determine a multiyear
schedule of trunk augments and disconnects for a hierarchical network
that minimizes the present worth of the expected cost of planned and
demand servicing subject to capacity and demand servicing con-
straints.

We note that there is a fundamental difference between the only-
route and the hierarchical network TIP problems. The only-route TIP
problem answers two basic questions: first, how much extra capacity
is needed on a trunk group to hedge against forecast uncertainty and/
or to satisfy the constraint on the amount of demand servicing; second,

3.0
25|
B' IS AN ALLOWABLE PERCENTAGE OF TRUNKS ADDED IN
DEMAND SERVICING NORMALIZED BY THE COEFFICIENT OF
VARIATION OF THE DEMAND, §' = § /cvar.
20}~
i
©
+
<
+ 15
L3
=
=
1.0
05
] | 1 | 1 | 1 1
0 5 10 15 20 25 30 35 40 45

P
Fig. 3—Approximation of Lagrange multipliers.
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how should the year-by-year trunk requirements be smoothed to obtain
the optimal balance between the costs of maintaining and rearranging
trunks over a planning horizon. In the network case the major addi-
tional question is to determine where to provide extra capacity in the
network, that is, should this additional capacity be provided on all of
the trunk groups in the network or on specific trunk groups only?

4.1 Overview of network TIP solution

To develop a network TIP algorithm, we exploit the heuristic
principles used in conventional trunk group sizing procedures. In
particular, we decouple the network TIP problem into individual
cluster TIP problems, where a cluster is defined by a final trunk group
and all subtending high-usage groups that overflow to that final group
(Fig. 2 illustrates trunking terminology). T'o simplify the analysis we
shall assume that the demand servicing policy is to augment only the
final group when the blocking objective is violated. Our numerical
experience shows that if an unbiased traffic load forecasting algorithm
is used (such as in Ref. 3), then our demand servicing policy assump-
tion is not critical to the optimality of the final TIP solution. Conse-
quently, in this section we present a cluster-sizing procedure that
minimizes the expected present worth of planned servicing expendi-
tures on each high-usage (HU) trunk group plus the planned and
demand servicing expenditures on the corresponding final trunk group
subject to facility and demand servicing constraints.

The key idea of our solution is based on a heuristic argument that
suggests that a near optimal solution can be obtained by accounting
for forecast uncertainty and demand servicing constraints on the final
trunk group only. We draw this conclusion from our analysis in Section
4.2, where we consider a single-year TIP problem. Extending this to a
multiyear case we then assume that Truitt’s engineering procedure,
the ECCS rule,” can be used to find single-year, initial HU trunk
requirements that then will be adjusted to eliminate uneconomical
trunk group rearrangements.

Accordingly, in Section 4.3 we derive an optimal disconnect policy
for HU trunk groups, that is, we show how to satisfy the ECCS trunk
requirements for primary HU trunk groups while minimizing the
present worth of the planned servicing cost over a planning horizon.
As Fig. 4 shows, when the initial five-year TIP solution on primary
HU groups is obtained, the TIP algorithm proceeds by calculating
overflow traffic and sizing the intermediate HU trunk groups using,
again, the Truitt’s engineering procedure and an optimal disconnect
policy. After all subtending HU groups have been sized, the final trunk
group becomes the last and only choice for the remaining traffic to
reach its destination. Consequently, the capacity expansion planning
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Fig. 4—Network TIP algorithm.

problem for the final trunk group reduces to an only-route TIP
problem (11) through (13).

In Section 4.4 we show that under certain circumstances the initial
cluster TIP solution may provide less (more) trunk capacity on the
final trunk group than that necessary to satisfy the blocking objective
and the demand servicing constraint. In that case we show how to
improve the initial TIP solution by increasing (reducing) the sizes of
the subtending HU groups in an economical fashion.

4.2 Alternate routing under uncertainty

To analyze the impact of forecast error on the optimal design of
hierarchical networks we first formulate a single-year TIP problem
for a Truitt alternate routing triangle.” Referring to Fig. 5, we assume
that load (£ + ¢) is offered to the direct (HU) group, and background
loads (4 + &) and (4 + ) are offered to the first and second legs of
the alternate route, respectively, where ¢, €, e are the errors in the
load forecast. The trunk group sizes on the direct and alternate routes
are denoted by T, Ti, and T,, respectively. Then the problem of
determining T, T, T, to minimize the expected cost of trunk provi-
sioning activities during the year is given by
min E[CDT + CAlTl + CA2T2

TT,T,
+ Csimax(0, d; — Th) + Csomax(0, d; — T2)], (38)

where d; and d, are the number of trunks required on the alternate
route to satisfy the network service objective; Cp is the incremental
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Fig. 5—Alternate routing under uncertainty.

cost of adding a trunk to the direct route on a planned basis; C41, Ca2
and Cg;, Cs» are the incremental costs of planned and demand servicing
on the alternate route legs. Also, in (38) we assume that when the
calculated number of trunks required exceeds the number of trunks in
service the demand servicing augmentation is performed on the final
group only.

Our goal is to minimize (38) under the demand servicing constraints
given by

E max(O, d1 - Tl) = [BEdl
and
E max(0, d; — T») = BEd,, (39)

where the expected value is taken with respect to ¢, ¢; and ¢, ¢, €,
respectively.

In our numerical studies we investigated the cases when 10 to 100
erlangs of traffic are offered to the direct group and 10 to 500 erlangs
are offered to the alternate route. We also assumed that the coefficient
of variation of the demand forecast on the HU group, CVp, and each
leg of the alternate route, CV,4, and CV,,, vary between 0.0 to 0.25,
and that the demand servicing threshold, 8, is in the range from 5 to
30 percent. Finally, we assumed that the forecast errors ¢, ¢;, and ¢,
are statistically independent.

TRUNK FORECASTING 73



4.2.1 Major conclusions

We compared the optimal single-year TIP solution with the solution
that sizes the direct route by Truitt’s formula and then sizes the final
to satisfy the blocking objective and demand servicing constraint at
minimum cost. Our sensitivity analysis revealed that the optimal trunk
requirement on the HU trunk group does not change significantly with
changes in the coefficient of variation of the forecast, i.e., the optimal
solution accounts for uncertainty by providing extra capacity, mainly
on the final trunk group. More importantly, the cost difference be-
tween the optimal and the ECCS-based solutions is less than 1 percent.
Thus, we conclude that the expected trunk provisioning cost function
is very flat in the neighborhood of a solution point and the Truitt’s
HU solution is relatively close to the optimal HU trunk size.

To exploit the single-year ECCS design as a basis for a five-year
trunk plan on HU groups, we next address the question of how to
adjust the single-year trunk requirements to obtain an economical
trunk implementation schedule for a given planning horizon.

4.3 Optimal disconnect policy for high-usage groups

We shall use the notions and notation of Section 2.1, except that
d(k) now represents the deterministic (rather than random) ECCS
trunk requirement at year k.

As explained in Section 3.3, we omit the demand servicing constraint
while sizing HU trunk groups. Consequently, for HU trunk groups the
objective is to fulfill the ECCS trunk requirements at minimum cost,
1.e., to minimize

N-1
kgo pHetu(k)) + ch(u(k)) + c5(T(k), u(k))] (40)

subject to the ECCS constraints
T(R) + u(k) = d(k),
where T(0) is given and T'(k + 1) is defined by
T(k + 1) = T(R) + u(k). (41)

Under conditions (8) and (9) we will show that the optimal decision,
u*(k), has the following form:

d(k) — T(k), if d(k) = T(k)
u(k) = ymin { max d(k+10) = T(k), 0}, if d(k)<T(k), (42

where j* is the largest integer j such that

j‘_l . . % “x ™
bi—bi+ X plaf" < p(ai*" + af"). (43)
i=0
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Note that in (43) the cost coefficients have superscripts, while only p
is raised to a power.

Condition (43) states that the present worth of money recovered by
disconnecting a trunk module in year k and maintaining T(k + i) — m
trunks is less than the present worth of a trunk module purchase and
installation in year k + j* but is greater than this cost in year
E+j*+ 1.

The second half of the policy (42) dictates that if T(k) or more
trunks are required in some year k, k + 1, ---, k + j*, no trunks are
disconnected. Otherwise, trunks are disconnected to the lowest possi-
ble level not requiring any reconnections prior to year k + j* + 1.

To demonstrate that u*(k) = d(k) — T(k) if d(k) = T(k), we need to
show only that if u(k) > d(k) — T(k), then the corresponding control
strategy u' and (u(0), - .., u(N — 1)) can be improved by the strategy
w= W), ---,uk) ~m,ulk+1)+m, -, u(N — 1)), where u?® is
necessarily feasible. To show this we consider the two possible sce-
narios:

wk+1)>0 and uwk+1)=<0.
For u(k + 1) > 0, the cost difference, L(u') — L(u?), of the two
strategies u!, u? is
L) — L(u?) = p*m(at + af + a%) — p*"'m(at™ + af™).
Then from (27) and the positivity of a%, L(u') > L(u?). Similarly, when
u(k + 1) = 0 we obtain
L(u') — L(u®) = p*m(af + a5 +a3) — p"'m(b1"! — b5"), (44)

or, from (8) and (9), L(u') > L(u?).

To prove the second part of statement (42) we consider two cases.
First, let us show that if we have a control strategy u' = (u(0), -- -,
u(N — 1)) that disconnects fewer trunk modules in year k than
suggested by (42), i.e.,

bgnax_ {dk + i)} — T(k) < u(k) =0, (45)
i=0,-- . j*
then u' can be improved.

First assume that u(k + j) < 0 for some j such that 1 < j < j*. Let
k + j be the first such year. Then a better feasible policy is given by
w?>=w(0), ---,u(k)—m, --- ,u(k+j), - --). Indeed, for the difference
in planned servicing cost we get

i=0

-1
L(u") = L(u?) = p*m <b'1’ -bk+ Y ia§+i>
— pMm(bt" — b5Y), (46)
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and from (9),

L(u!) — L(u?®) > 0.
If there is no year k + j (1 < j < j*) for which u(k + j) <0, then from
(43) a less expensive feasible solution is presented by u? = (u(0), - - -,
ulR) —my -, ulk+j*+1)—m, -..).

Now, we consider the second case and demonstrate that if we
disconnect more trunks than specified by (42), i.e., u'(k) < u*(k) =
max{d(k + 1)} — T(k), then the solution u' can be improved by u? =
(u(0), ---, u(k) +m, ---, u(k + j) — m, ---), where j is such that
d(k + j) = max{d(k + i)}. By the first part of (42) we add only as many
trunks as needed. Therefore, if u*(k) < u*(k) then we can assume that
ul(k + j) = 0. Consequently, we get

j-1
L) — L(u?®) = —mp" [b’f —bi+ Y plak™ — pl(af” + af¥ )]

i=0
and from (43) we conclude
L(u!) — L(u? > 0.

The proof is complete.

Using the intuitively appealing solution described by (42) we can
construct a simple, numerically efficient scheme that evaluates the
optimal policy u*:

Step 1—If d(k) — T(k) is positive, set u*(k) = d(k) — T(k) and go to
Step 3.

Step 2—If d(k) — T(k) < 0, find maximum j for which (43) is
satisfied; that is, find

j*=max{j|15jsN—1—k,

Jj—=1
b bE+ S gk < pial + )]f
i=0

Then, compute d* = maxo<i<;+d(k + 1). If d* = T(k), set u*(k) = 0 and
go to Step 3; if d* < T(k), set u*(k) = d* — T(k) and go to Step 3.

Step 3—If k = N — 1, stop. Otherwise, set T(k + 1) = T(k) + u*(k),
replace k by k + 1, and go to Step 1.

If d(k) > T(k), the first step of algorithm simply augments the trunk
group up to the ECCS requirement at year k. The second step deter-
mines how many trunks to disconnect if the current requirement is
less than the number of trunks in service.

4.4 Final solution for HU trunk groups

The TIP algorithm described in Section 4.1 constructs a near
optimal schedule of trunk augments and disconnects by smoothing the
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ECCS high-usage trunk group requirements and by accounting for
forecast uncertainty on final trunk groups only. As we stated in Section
3.1, the TIP solution on final groups is defined by N pairs of critical
thresholds (S*(k), g*(k)), k=20, ..., N — 1. In practice, it is quite
possible that because of the condition

T(k) + u(k) < y(k),

the final group cannot be augmented to satisfy the blocking objective
and the demand servicing constraint at year k. In that case we show
how to adjust the sizes of subtending HU groups to reduce the load on
the final.

Thus, in the development to follow we assume that S(k) found by
(25) is greater than the constraint level at year &,

S(k) > v(k),
and, therefore, from eq. (26)
S*(k) = S*(k) = (k).

We note that the lower optimal threshold S(k) represents the
minimum number of trunks required to satisfy the blocking objective
and demand servicing constraint. Consequently, the difference S(k) —
S*(k) indicates the deficit in final trunks due to the facility con-
straints. T'o account for this deficit economically, we formulate the
problem of augmenting high-usage groups to relieve the final. First,
let us introduce the notation:

z(k) is the deficit in final trunks at year k, z(k) = S(k) — S*(k);

zj(k) 1is the portion of the deficit (number of final trunks) covered

by augmenting subtending high-usage group j at year k;

d;(k) is the trunk requirement on the subtending group j at year k;

B;(k) is the additional number of trunks on the subtending group j

at year k that compensates for one final trunk;

6;(k) is the maximum reduction in the final trunk requirement

that can be obtained by augmenting trunk group j at year k;

M is the total number of subtending trunk groups.

Also, we shall use the notation introduced in Section II for the cost
functions, ¢¥(.), c&(-), c¥(-), controls, u;(k), and number of trunks in
service at the beginning of the year, T;(k), where the index j identifies
the subtending trunk groups.

Given the initial trunk levels for high-usage groups, T:(0), ---,
Twm(0), we wish to find a multiyear schedule of trunk augments and
disconnects that minimizes the present worth of the planned servicing
costs,
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N-1 M

min L= min Y Y o*c¥(ui(k))

up,---uy k=0 j=1
c¥(u;(k)) + cH(Ti(R), w(R)] (4T)

subject to the following conditions:
1. The number of trunks in service on high-usage group j at year k
must be greater than the new, inflated trunk requirement, that is,

Ti(k) = di(k) + Bi(R)z(k). (48)

2. The total trunk requirements on the subtending high-usage
groups at year k [given by (48)] must be sufficient to cover the deficit
in final trunks, that is,

M
Y zi(R) = z(k). (49
j=1

3. Since we assumed that the demand servicing augmentation is

performed on the final group only, the trunk group dynamics equation
for the subtending high-usage groups is described by

Ti(k + 1) = Ti(k) + w(k). (50)
4. The unknown variables 2;(k) must satisfy feasibility constraints
0=< Zj(k) = 6_,(k) (51)

To solve the nonlinear optimization problem (47) through (51) note
that if all the nonnegative variables z;(k) are fixed, then the minimi-
zation problem can be decomposed as follows:

min L= Z mm Li(z(0), ---, z(N — 1))

e o N-1
= 21 Irhln 2 Pt (wi(k) + ¥ (u;(R)) + cF(Ti(k), u;(k))]-

Also, when z;(k) are fixed, the minimum of the cost functional L;,
Lj‘(zj(O), -+, zj(N — 1)) can be determined by the algorithm presented
in Section 4.3. Therefore, the trunk capacity allocation problem is
described by

min E Li(z(0), -+, z(N — 1)), (52)

(k) j=1

subject to
M
sz(k)ZZ(k), k=0,""N_1’
=1

where z;(k) satisfy feasibility constraints and L}"(~) is computed by
the algorithm of Section 4.3.
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We start by considering the case in which there is only one year,
k= k', such that z(k) > 0. Then since the unknown trunk quantities,
zj(R"), are integers we can use a forward dynamic programming recur-
sion for solving (47), i.e.,

fily) = rzt}ilr)llLf(zj(k’)) + -y = z(R)), j=1,---, M (53)

where fJ(y) = 0, 0 = z(k') = y;; yu = 2(k’), and L}"(zj(k’)) =
L}"(O, «ov, zi(kR"), --+, 0) is calculated by the algorithm of Section 4.3.

Note that modularity constraints on HU groups can be easily
incorporated into the discrete dynamic programming formulation (53)
to reduce the computational burden. Furthermore, the method outlined
by (53) can be used sequentially for each year for which z(k) > 0.
There is no guarantee, however, that this “one-year-at-a-time” pro-
cedure will terminate at a global optimum. Various refinements of the
“one-year-at-a-time” method are considered in Ref. 8. In general, these
refinements increase a chance to reach an optimum but require sig-
nificantly more computation.

Finally, we add that the same mathemathical approach can be used
to decrease the number of trunks on subtending high-usage groups
economically when there is an extra capacity on the final. Recall that
S*(k) represents the minimum trunk requirement at year & to satisfy
the blocking and demand servicing constraints. Consequently, if
T(k) > S*(k), then the difference between the planned trunk level
and the S*(k) defines the amount of extra capacity on the final group
at year k that can be used to reduce the planned servicing cost on
subtending high-usage groups.

V. FINAL REMARKS

We have described a theoretical development of a new capacity
expansion planning process, TIP, that provides a cost-effective mul-
tiyear schedule for trunk augments and disconnects for hierarchical
networks. In contrast to the existing traffic engineering procedures,
our solution accounts for forecast uncertainty, demand dynamics,
trunk implementation costs, facility constraints, and demand servicing
constraints. As we have shown in Sections III and IV, the dynamic
programming approach to the stochastic capacity expansion problem
yields a numerically efficient TIP algorithm that is easy to implement.

New, mechanized forecasting systems based on the TIP algorithm
have been recommended for implementation in the operating compa-
nies and AT&T Communications.
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APPENDIX A
Proof of (S, S) Optimality

We start our inductive proof by showing that an (S, S)-type policy
is optimal and by constructing the critical thresholds if N is equal to
one, i.e., the last year, N — 1, is, in fact, the only year of the planning
horizon.

A.1 The single-stage problem

For economy of notation, we shall drop the index, N — 1, from our
equations. From (15) we wish to find an optimal policy, u* = u*(T),
that satisfies

Elg(d, T, u™)} = min E{g(d, T, u)}. (54)

Equivalently, from (4) through (7), assuming T trunks in service at
the beginning of the year, we seek a planned trunk level y*(T) = T +
u*(T) that minimizes the single-year cost functional:

a(y = T) +axy — T) + asy

+ a,F max(0, d — y), y=T
bi(y —T) —bo(y = T) + asy

+ a,F max(0, d — y), y=<T.

J(T, y) = (55)

Note that when u = 0, the two branches of (55) are identical.
As we stressed in Section 3.1, to find an optimal solution of the

80 TECHNICAL JOURNAL, JANUARY 1984



single-stage problem described by (55), we shall show that the first
differences of Jo(T, T + u) and Jo(T, T + u) satisfy conditions (1)
through (3) of Section 3.1. Thus,

Adi(y) = (a1 + az + a3 — a;)m
+ a4E[max(d, y + m) — max(d, y)]
Ado(y) = (by — by + a3 — ai)m
+ a4E[max(d, y + m) — max(d, y)]. (56)

The second term in (56) represents the expected savings in demand
servicing if one additional trunk module is planned. This savings will
occur with probability 1 — F(y). Thus,

Ady(y) = (a1 + az + az)m — a,(1 — F(y))m,
Ady(y) = (by — ba + as)m — ay(1 — F(y))m. (67)

From (57), condition (1) and (2) of Section 3.1 are satisfied. Therefore,
we obtain the minimum points of J1(T, x) and J»(T, x) for all modular
x by applying (25). From (57) § and S are the smallest values of x on
the discrete set M such that

a; +a; + az

Flx) =1 —
ay
by — by +
and Flx) =1 — ;%“_3 . (58)
4

Then, from inequalities (8) through (10), S and S satisfy (3).
Consequently, the optimal single-stage decision for augmenting or
disconnecting trunks in the unconstrained case is given by (3.1) and
S and S are defined by (58). In the presence of capacity constraints,

we need to modify S and S only by (26).

A.2 The multistage problem

In this section, we prove by induction the optimality of an (S, S)-
type policy for stage k by showing that the two branches of the cost-
to-go function J(T(k), ¥(k)) satisfy conditions (1) to (3) of Section
3.1.

To simplify the recursion for J,(T(k), y(k)) we introduce the auxil-
jary function Wy(y):

Wi(y) = afy + pVin(y). (59)

From the optimality principle and (59), the cost-to-go function from
state T'(k) can be expressed by
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( (a} + af + af — af)y(k) — (af + ab)T(k)
+ dﬁ) Wi(max(d(k), y(k))),

y(k) = T(k)
JT(R), y(k) = 1 (b} — b + af — ad) y(k) — & — b)T(R) 60
+ E Wimax(d(k), (b)),

y(k) < T(R).

From (15) and (59), W,_,(y) satisfies the recursion

Wiei(y) = min E {a§™"y + plci(u(k)) + c5(u(k))
u(k) d(k)

+ ak(y + u(k)) — ai(y + u(k)) + Wi(max(d(k), y + u(k)))]}, (61)

wherek=N-1,...,0.

As in Section 3.1, we consider the two branches of Ji(T(k), y(k)),
that is, J1(T(k), y(k)) and Jy(T(k), ¥(k)). Then, we need to show
that J,; and J}.» satisfy conditions (1) to (3).

From the definition of J,; and J,2 and (60), condition (1) is trivial.
To demonstrate (2) we have to prove that for any &

AHy(x) = E Wi(max{(d(k), x + m)) — E W.(max(d(k), x))
dik) (k)

is a nondecreasing function of x. First, we consider the case k =
N-1.

We shall approach (2) by studying the properties of Wx-,(x) and
applying standard convexity results. In particular, since Wx-,(x) and
max(d, x) are monotonically increasing functions in x with nondecreas-
ing first differences, the composite function Wy_;(max(d, x)) must
also be an increasing function in x with nondecreasing first differ-
ences.® In addition, the monotonicity of the functions Wy_,(max(d, x))
and AWy_i1(max(d, x)) is preserved by the expected value operation.
Thus, condition (2) is satisfied for k =N — 1.

To prove condition (2) inductively for an arbitrary k we have to
show that recursion (61) preserves monotonicity of W,(y) and AW,(y).

First, assuming the monotonicity of Wy(y) and AW,(y) we obtain
(in a fashion similar to that for the case k = N — 1) that the composite
function Wi[max(d(k), y + u(k))] has the same properties in y. Because
of linearity in y of the remaining part of the right-hand side of (61)
and the cost-of-money assumption, p < 1, the expression under the
expected value sign in (61) is the sum of increasing functions in y with
nondecreasing first differences. Thus

Wk—l(y) = mln Ef(y9 d(k)a u(k))’ (62)
u(k) d(k)
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where f(y, d(k), u(k)) is increasing in y and Af(y, d(k), u(k)) is
nondecreasing in y.

Second, the monotonicity of f(-) and Af(-) in y implies the mono-
tonicity of the expected value. Thus, from D. Dantizig’s convexity
preservation result, it follows that the minimum of the expected value
of f(.) is also a convex sequence in y, that is, the first differences are
nondecreasing in y. Also, the monotonicity of f(.) is preserved by
the minimum (infimum) operation. Indeed, if an arbitrary function
f(y, 2) is increasing in y for each z, then for any y; < y,, and 2, we
have

inf fy, 2) < f(y1, 2) < f(y2, 2)

and, therefore,
inf f(y1, 2) < inf f(ys, 2).
For completion of the proof, we need to demonstrate (3), i.e., that
in the case with no capacity constraints, y(k) = o, the minimum

points of Jx, and Ji2, S(k) and S(k), respectively, are finite and satisfy
the condition

0 < S(k) < S(k) < . (63)
Calculating the first differences of JJi; and J; 2, we obtain

Adra(y(R)) = [af + af + af — ak(1 — Fu(y(k))Im
+ pAdﬁ)Vkﬂ(maX(d(k), y(k))),

Adia(y(R)) = [bf — b5 + af — a§(1 — Fu(y(k))Im
+ pAdg) Vie1(max(d(k), y(R))), (64)
where the first differences AEV,,, are taken with respect to y(k).
Since Fi(x) — 1 as x — o, it follows from (64) that
lim Adyy(x) = [af + af + aflm — p[b}*! — b5 m,
lim Adyq(x) = [b% — bs + ab]lm — p[b¥™! — b5 m. (65)
Relationship (65) shows that for sufficiently large x, both expres-
sions are necessarily positive. Therefore, S(k) and S(k), which denote

the smallest elements of the discrete set M = {0, m, 2m, ---}, such
that

AJk,l(x) >0 and AJk,g(x) =0 (66)
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for (64), are finite. In addition, since a¥ + a% > b% — b4, it follows that
Ady1(x) = Jpo(x) for all x; hence,

S(k) < S(k).

Thus, if (k) is equal to infinity, then an (S, S‘)—type policy is optimal
for the year k. We note that convexity preservation arguments hold for
any region on which our sequences are defined. Consequently, in the
constrained case, an optimal solution is given by (26).

The proof for the multistage problem is complete.

APPENDIX B
Derivation of the Recursion

To obtain explicit formulas for calculating Ady; and Ady s, we shall
use several recursions derived in Appendix A. In particular, since the

optimal policy for stage & + 1 is described by (S(k + 1), S(k + 1)),
applying u*(k + 1) in (60) we can rewrite eq. (15) as

[ (a% + o + af - oSk + 1)
— (@ + af"™HT(k + 1)
+ Win(max(d(k + 1), S(k + 1)))
if Tk+1)<Sk+1)
af Tk + 1) — o' T(k + 1)
+ Wk+1(max(d(k+ 1), T(k+ 1))) (67)
if Sk+1)<Tk+1)<SE+1)
(BF + bEY + T — aHS(k + 1)
— (b = BEHT(k + 1)
+ Wia(max(d(k + 1), Sk + 1))
if Tk+1)=Sk+1),

Vir(T(k+1)) = 1

where the expected value is taken with respect to Fj.;, the demand
distribution at year k + 1. Note that at the boundary (S(k + 1) and
S(k + 1)) the two corresponding branches of (67) are identical. Now,
we shall carry (67) one step backward. Thus, we replace T'(k + 1) by
the trunk group dynamics equation and consider that T(k) [rather
than T(k + 1)] is fixed. To simplify the notation we replace T(k) +
u(k) by y. In the rest of the section our objective is to obtain a recursion
for

A E Viy(max(d(k), ¥))
d(k)
= E Viu[max(d(k), y + m)] — E Vpn[max(d(k), y)].
d(k) d(k)
From (67) we obtain
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(— (@¥* + a5 )ymFu(y)
it y<S(k+1)

[ak — af™ + ak Frri () ImFu(y)
+AE {p E Viip{max

d(k) d(k+1)

A E Via(max(d(k),y)) = (68)
d(k)

-[d(k +1), max(d(k), )1} }

if S(k+1)=<y=<S8(k+1)

— (O = bETYmF.(y)
if y=S(k+1).

First, we note that

AVisa(max(d(k), ) = {AV"“(”’ k) =y (69)

0, d(k) > y.
From (69) it follows that
AdE)Vk+1(maX(d(k)9 ¥)) = F(y)AVini(y). (70)

Second, we set R = max[d(k), d(k + 1)]. Then
AVisolmax[d(k + 1), max(d(k), y)]}

AVk+2(3’), R = Yy

0, R>y (T

= AVioimax(y, R)} = {

Taking expectation with respect to the demand distribution Fy,, we
obtain

_ Frii(y)AViea(y), dk) =y
Ad(gl)VHg{max(y, R)} = J|’O,k ' s d(k) > v. (72)

Consequently,

AE { E )Vk+2{max(y, R)}}’ = Fu())Fret(Y)AVia(y).  (73)

d(k) (d(k+1

Applying (70) and (73), we arrive at

—(@¥' +afY)m if y<Sk+1)
[a5* — af*' (1 — Fra(y)Im
AVia(y) = + pFp1(y)AVieo(y) (74)
if Sk+1)=<y<S8Sk+1)
— (b — b5™Yym if y = S(k + 1).
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Finally, we note that because of (70}, (74) gives the desired recursion:
Adg) Vis1(max(d(k), y))

—(a5™ + afhm
it y< S+ 1)
[a5™ — a§* (1 — Fra(y))Im
= Fi(y)- + pA E Vip{max[d(k + 1), y]}
W d(k+1)

if Sk+1)<y<S8Sk+1)

_(blle+1 - b122+1)m

if y=S8k+1).

APPENDIX C
Computing Demand Servicing Level

As we discussed in Section 3.3, to solve the TIP problem described
by (11) through (13) we need to learn how to compute the expected
level of demand servicing for a given (S, S)-type policy .

For a given =, the planned trunk level y(k) = T(k) + u(k) is
a random variable that depends only on the previous demands
d(0), ---, d(k — 1) and is independent of the future demands
d(k), ---, d(N — 1). Accordingly, for the expected level of demand
servicing corresponding to T, we get

E{max(0, d(k) — y(k))}
= E,w{E{max(0, d(k) — y(k)) | y(R)}}

= f [ f '(y—x)d&(y)] dGi(x), (75)

where Gi(x) is the distribution function of the planned trunk level
y(k).

By the definition of the optimal policy u*, the distribution function
G of T(k) + u*(k) is

Gi(x) = P(y(k) = x) = P(T(k) + u*(k) < x)

o if xS< (k) _
= P(T(k) =%, if Sk <x<S8k) (76)
|1, if x> S(k)

fork=0,1,... , N—1.

Using the fact that, for a given policy =, the planned trunk level
y(k) is independent of the demand at that year, d(k), and our as-
sumption that d(k — 1) is independent of d(0), d(1), .-, d(k — 2),
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we can derive a simple recursive formula for G.(x) by calculating
P(T(k) < x)):

Hy(x) = P(T(k) = x)
= P{max(d(k — 1), y(k — 1)) < x}
= P(dk— 1) =x)-P(y(k ~ 1) < x)
= Fi1(x) - Gr-1(x)

0, if x<Sk-1
= Fua(®)- Ha(z), if Sk=1)=z<8k-1 (17
1, if x= 8k - 1),

fork=1,2,... , N—1.

Recalling that, at the beginning of the first year, the number of
trunks in service, T'(0), is specified, we have

an - {0 2570

Formulas (76) to (78) together with expression (27) specify the
forward recursion for calculating the expected demand servicing level
atyear k(k =0, ---, N — 1) associated with the policy 7.

Note that using similar independence arguments we can derive
forward recursions for calculating other quantities of practical interest
such as the total expected cost of trunk provisioning over the planning
horizon, the difference in capital cost for two competing (S, S)-type
policies, or the probability of demand servicing. The last quantity is
another important measure of demand servicing activity, since it
allows us to predict the portion of only-route groups that will require
emergency servicing in a given year.

To calculate the probability of demand servicing, for example, we
observe that for a given policy 7 the planned trunk level y(k) depends
only on the previous demands d(0), - - - , d(k — 1). Thus we obtain

Pld(k) > y(k)} = J; [1 — Fu(x)]dGi(x),

where G(-) is the distribution function of y(k). Integrating by parts
and replacing G, by H,, we arrive at

Sy

P(d(kr) > y(k)) = Hy(x)dFi(x) + 1 ~ Fy(S(k)),

Sk

k=0,1,...,N—-1,
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