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This paper presents an analysis of a multichannel Time Division Multiple
Access (TDMA) blocking system. Such a system is of interest for real-time
voice-traffic applications. The effects of different traffic-assignment algo-
rithms, traffic loads, number of channels, number of time slots, and number
of traffic nodes on system performance are studied, where performance is
measured by the probability that an incoming message will be blocked. An
approximate analytical solution is found, the results of which compare exceed-
ingly well with results obtained from computer simulation. Also derived is a
rigorous lower bound on the blocking probability. Collectively, these results
indicate that, for most systems of interest, blocking probability is insensitive
to the assignment algorithm used. The performance of an assignment algo-
rithm that is simplest to implement is therefore nearly optimal.

I. INTRODUCTION

A multichannel Time Division Multiple Access (TDMA) protocol
provides an efficient means of sharing a high-capacity communication
channel among a network of users. In a multichannel TDMA system,
the aggregate channel capacity is partitioned in both the frequency
and time domains. Each of several channels has some fraction of total
bandwidth and consists of a series of time slots. A fixed number of
channel time slots are combined to form the TDMA frame. There is
an extensive literature describing and analyzing this protocol, espe-
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cially in the context of scanning beam communication satellite sys-
tems.!6

The sequence of slot-by-slot switching configurations, which de-
scribes the origin and destination nodes of the traffic links assigned
to each channel and time slot, is called a traffic assignment. Much
attention has been focused on the problem of designing efficient
traffic-assignment algorithms for the static case, i.e., where the assign-
ment schedule does not change from frame to frame. However, because
messages originate at random times and are of random duration, such
a static assignment can be wasteful of bandwidth, since a time slot is
unused during idle periods.

To overcome the inefficiency of a static assignment, a network
controller can allocate channels and time slots to the traffic nodes
according to instantaneous traffic needs. In this scheme, the switching
configuration may change from frame to frame. This dynamic assign-
ment of channel capacity is called Demand Assignment TDMA (DA/
TDMA).

This paper presents an analysis of a multichannel DA/TDMA
protocol. We consider a blocking system in which incoming traffic
that cannot be immediately serviced is blocked (i.e., turned away).
Only one type of incoming traffic is considered. Thus, this model is
appropriate for a voice-traffic system.

We compare the blocking probability obtained using an optimal-
assignment algorithm, which allows a complete reconfiguration of the
switching pattern in each frame, with the blocking probability obtained
using a fixed-assignment algorithm, which allows no rearrangement
of existing traffic; i.e., in the fixed-assignment case, a message that
requires more than one frame for transmission occupies the same
channel and time slot in each frame. Notice that both the optimal-
and fixed-assignment algorithms are more general than a static reser-
vation scheme in which the switching configuration is the same in
each frame. A tight lower bound on blocking probability obtained
using an optimal-assignment algorithm is derived in addition to an
accurate approximation for the blocking probability resulting from a
type of fixed assignment called random assignment. Based upon our
analytical results, we conclude that, for systems of moderate size, the
blocking probabilities obtained using optimal- and fixed-assignment
schemes are nearly identical. This is a significant finding since it
implies that the complexity of optimal assignment is usually unnec-
essary.

The next section describes the multichannel DA/TDMA protocol
and the traffic assignment problem. Section III contains a description
of the network mathematical model used for the analysis, and a
derivation of the equilibrium-state equations for the associated Mar-
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kov process. Section IV computes the probability that an incoming-
traffic request is blocked, and Section V presents comparisons of
analytical with computer simulation results.

Il. THE MULTICHANNEL ASSIGNMENT PROBLEM

This section describes the multichannel traffic-assignment problem.
We start with a network consisting of communicating traffic nodes.
The channel capacity in this case is partitioned both in the frequency
and time domains. In particular, the bandwidth, B, of the transmission
medium is divided into m channels, each having bandwidth B/m, and
each channel consists of a series of time slots. A prespecified number
of channel time slots are combined to form a transmission frame that
continually repeats itself. The reservation multichannel TDMA pro-
tocol under consideration assumes a network controller that assigns
time slots to incoming-traffic requests on a noninterfering basis.

Figure 1 shows one frame of a multichannel TDMA scheme with
three channels and four time slots per frame. Each slot shows a traffic
link assigned to that interval. The configuration shown in Fig. 1 will
henceforth be referred to as a channel-time slot matrix. Denoting the
number of channels by m and the number of time slots by ¢, this
matrix will in general have m rows and ¢ columns, and each entry will
be a two-dimensional vector consisting of the transmitting and receiv-
ing nodes. Notice that this multichannel technique assumes that each
node can transmit and/or receive on any (single) channel during a
given time slot, and that the channel on which a node is transmitting
or receiving can change over successive time slots. Furthermore, we
also assume that the assigned channel and time slot for a given traffic
link may change from frame to frame. In particular, the traffic link 1-
2 shown in Fig. 1 may be reassigned from channel 1/time slot 2 to
some other channel and time slot in subsequent frames.

The assignment of incoming traffic to available time slots is gov-

4-3 2-1 1-3 3-2
2-1 3-2 4-2 2-3
3-2 1-3 3-4 1-4

Fig. 1—One three-channel time division multiple access frame.

TDMA BLOCKING SYSTEM 91



erned by the following fundamental constraint: one node may not
transmit or receive on two different channels during the same time
slot. In contrast to single-channel TDMA, in the multichannel case
the network controller must not only determine whether a slot is being
used, but must also determine whether a given traffic request can be
assigned to that slot without violating the fundamental constraint. It
therefore may not be possible to assign a given traffic request even
though empty time slots exist.

Given unlimited computational capability, it may be desirable to
rearrange traffic already assigned to the channel-time slot matrix in
order to accommodate a new traffic arrival. It is therefore of interest
to know under what conditions a set of traffic requests can be assigned.
Denoting the number of traffic nodes by n, we define the n X n traffic
matrix T as the matrix whose (i, j)th element contains the number of
traffic-units node i is transmitting to node j (each traffic unit repre-
sents one packet and is assigned to one time slot). Given a traffic
matrix, T, and an empty channel-time slot matrix, all of the traffic
can be assigned without violating the fundamental constraint if and
only if the following matrix constraints are satisfied:’

T1 < cl, (1a)
1'T<cl’ (1b)

and
1'T1 < me, (1c)

where 1 is an n-dimensional vector whose elements are all unity, m
denotes the number of channels, ¢ denotes the number of time slots,
and prime denotes transpose. These equations imply that no trans-
mitting node requires more than c time slots, no receiving node requires
more than ¢ time slots, and that the total traffic demand is less than
the total number (mc) of available time slots. To check whether it is
possible to assign a new traffic request, one therefore need only check
the matrix constraint set (1) where T contains traffic already assigned
in addition to the new traffic request.

Because traffic requests are time varying, of ultimate interest is how
to assign incoming traffic dynamically so as to minimize the number
of times a new traffic request cannot be assigned without rearranging
assigned traffic. This problem is quite difficult and has not yet been
addressed in the open literature. The difficulty arises from the fact
that future traffic requests are unknown, and hence, given any assign-
ment rule, it is always possible to receive a sequence of traffic requests
such that one can be assigned only if existing traffic is rearranged.
Given a matrix T such that the constraint set (1) is satisfied, however,
the static problem of efficiently assigning all of the traffic in T to an
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empty channel-time slot matrix has been addressed in Refs. 6 and 8
through 10. We also point out that these methods do not result in a
unique assignment.

If we assume that a total rearrangement of existing traffic is allowed
at the time each traffic request is made, then an optimal traffic
assignment scheme can be inferred from the matrix constraint set (1).
{“Optimal” in this case means that the probability of not being able
to assign a new traffic request is minimized.) In particular, each time
a new traffic request is made, the traffic matrix constraint set (1) is
checked. If they are satisfied, then a “brute force” method for assigning
the new traffic request would be to “empty out” the existing channel-
time slot matrix and reassign all of this traffic along with the new
traffic request via one of the methods suggested in Refs. 6 and 8
through 10. Certainly, this scheme requires much more computational
power than necessary. If a new traffic request cannot be assigned to
existing empty time slots, it is likely that very few (i.e., one or two)
existing traffic assignments would have to be rearranged in order to
assign the new traffic request.

If traffic assignments are to be made real time, as in a satellite
system, the complexity of the assignment scheme becomes a crucial
issue. The brute force optimal assignment scheme previously described
would optimize system performance; however, under moderate to
heavy loads, this scheme is likely to be impractical so that simpler
assignment schemes, which yield suboptimal performance (i.e., a
higher blocking probability), must be used. This raises the question of
how much performance degradation is caused by using simpler assign-
ment schemes rather than an optimal assignment scheme that permits
an unlimited number of rearrangements.

The approach taken in this paper is to compare analytically the
blocking probability obtained for a given system using an optimal
assignment algorithm with the blocking probability obtained using
fixed-assignment algorithms, which allow no rearrangement. Under a
fixed-assignment algorithm, if a new traffic request cannot be assigned
to a given channel-time slot matrix, it is blocked. Notice that to
determine whether incoming traffic can be assigned when using an
optimal-assignment algorithm, the traffic matrix must be examined,
whereas when using a fixed-assignment algorithm, the channel-time
slot matrix must be examined.

11l. MATHEMATICAL FORMULATION
3.1 Traffic model

The purpose of this subsection is to specify the mathematical model
used to generate the analytical results in the following sections. The
incoming traffic is modeled as the sum of independent Poisson proc-
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esses flowing between each pair of traffic nodes. We therefore have an
arrival rate matrix, A, whose (i, j)th element is the Poisson rate at
which messages are transmitted from node i to node j. The flow rates
for traffic between each pair of nodes are assumed to be identical, i.e.,
A = N'11’ where A’ is a constant. The total traffic arrival rate, A, is
therefore the sum of the rates between each pair of nodes.

Because the traffic out of each node is assumed to be independent
of the traffic out of all other nodes, given a new traffic request, the
probability that the request originated from a specific node ¢ is 1/n
and, similarly, the probability that the destination is node j is also
1/n. Because the transmission processes between each pair of nodes
are independent, the probability that a given traffic request originates
from node i and is sent to node j is 1/n2

If a traffic request can be assigned, it occupies one slot of the
channel-time slot matrix for a random amount of time, depending on
the message length. This “service” time is assumed to be exponentially
distributed. Associated with the incoming traffic is therefore the
exponential service rate, u. For analytical convenience, we assume
that this distribution is continuous in the sense that departures from
the channel-time slot matrix can occur at any time instant. Notice,
however, that for a real system, departures occur only at the end of a
given frame. The corresponding service time distributions must there-
fore be “discretized” since service times must be an integer numbers
of frames. This effect becomes negligible, however, if the average
service time consists of a large number of frames (i.e., >100).

3.2 Derivation of equilibrium-state equations for optimal assignment

The derivations of the state equations for the Markov processes
associated with optimal and fixed assignments are virtually identical.
We present, therefore, only the details of the derivation for optimal
assignment and then indicate how to modify that derivation to obtain
the state equations for fixed assignment.

When an optimal assignment algorithm is used, the traffic matrix
T determines whether an incoming traffic request is blocked. Because
the traffic arrival process is Poisson and the service times are expo-
nential, the evolution of the traffic matrix T is described by a Markov
process. The set of states for the Markov process associated with
optimal assignment is, therefore, the set of n X n matrices T with
integer elements that satisfy the constraint set (1). The following
notation is helpful in defining the transition rates for the process:

S = {T|T satisfies (1a) through (1c)} (2a)
Se={T|TES, 1'T1 = k} (2b)
St = {T*|T* € S, 3(j, j) such that T* = T — e;e/} (2¢)
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St = {T*|T* € S, 3(, j) such that T* =T + e;e/}, (2d)

where e; is the n X 1 vector with 1 in the ith place and 0 elsewhere.
The set S;, is the set of all states such that there are k messages in the
system; St and S are the sets of states into which the process makes
transitions via departures and arrivals, respectively, given that the
process is in state T. Notice that if T* € ST, then T € S+ and,
similarly, if T* € S%, then T € S7t-.

Let r(T?, T?) be the transition rate’ between any two states T' and
T2 Notice that a transition from state T" to a state T2 can occur only
via a single arrival or a single departure. The rate r(T?, T?) is,
therefore, nonzero if and only if T! = T?, or T! and T? differ from
each other in exactly one element and that difference is one. Thus,

thu, if T?€ St
A/n?, if T2€ S

r(T, T = | 1 -2 thu — % | S, if T'=T2 (3)
LJ
0, otherwise,

where T! and T? differ in the (i, j)th element, ¢} is the (i, j)th element
of T, 1/u is the mean service time for messages, A\/n? is the expected
rate at which messages between nodes ¢ and j are generated, and | A |
denotes the number of elements in the set A.

Because the performance of a TDMA assignment algorithm is
measured in terms of steady-state network behavior, we focus on the
limiting steady-state distribution of the state variable T. To prove
that the steady-state distribution exists, note that the state space
consists of matrices with integer elements that satisfy the constraint
set (1), and it is therefore finite. The transition rates given in (3) do
not depend explicitly on time, so the process is time homogeneous.
Finally, it can be shown the process is irreducible and contains no
periodicities. Therefore, the steady-state distribution exists. Although
we obtain a closed-form expression for the steady-state distribution
in Appendix A, it can be explicitly computed only in very few cases.
We therefore develop an alternative method of analyzing the system,
which does not require the explicit formula. This approach, moreover,
provides valuable insight into our problem and allows us to provide a
unified treatment of both optimal- and fixed-assignment algorithms.

The next step is to derive the equilibrium equations that the steady-
state probability distribution p(T) must satisfy. Using the notation
introduced earlier, we have the flow equation®*

tThe function r(- , -) is technically the infinitesimal generator of the Markov process
associated with optimal assignment.
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2 p(Mr(T, T)= 2 p(T)(T',T), TES. (4)
TI’ES T'eS

T'=T T #T

The intuitive meaning of (4) is that for every state T, the probability
flow rate out of T must equal the probability flow rate into T.

The following lemma may be used to derive an alternative form for
(4). Let |A| represent the number of elements in the set A and let
p(f|'T) denote the probability, conditioned on state T, that an arrival,
chosen from the uniform distribution of origin-destination pairs, does
not violate the set of matrix constraints; i.e., p(f|T) is the probability
that an arrival “fits” (can be assigned). Then we have

Lemma 1: The probability flow out of state T € S satisfies
2 p(Mr(T, T)= 2 p(T)r(T,T") + Z p(T)r(T, T’) (5a)
T #T T'EST T'ESt

T'eS

= pkp(T) + Ap(f| T)p(T), (5b)
where 1'T1 = k, which equals the number of occupied time slots, and
| ST
P(FIT) = 23, ®

The proof of this lemma appears in Appendix B.

This lemma shows that the flow out of any state T is composed of
two terms: the first term in (5b), ukp(T), reflects transitions that
occur because there is a departure, while the second term,
Ap(fIT)p(T), reflects transitions that occur because an admissible
request is generated.

Applying Lemma 1 to the left side of (4) and noting that, if
T #+ T, r(T’, T) # 0if and only if T’ € St or T’ € S%, we obtain
the flow equation

ukp(T) + Xp(f] T)p(T)
= I p(T)r(T, D)+ 3 p(T)T,T), TES. (1)

Equation (7) describes the probabilistic flows into and out of each
state. In principle, (7) can be solved to yield a closed form solution for
the steady-state distribution of the state variable, p(T) (see Appendix
A). Unfortunately, it is very difficult to evaluate this expression for
most cases of interest. In order to calculate the system blocking
probability, Py, however, it is unnecessary to evaluate the steady-state
distribution of T. It is shown in the next section that it is enough to
know only certain aggregate quantities depending only on the number
of messages in the system, k. Notice that the “state” k is an aggregate
state composed of all traffic matrices T € S,. We therefore are
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interested in deriving an analogous equation to (7) that describes the
steady-state flows between the sets of states Sy, k=10,1,2, -.-.. A
direct technique for obtaining this equation is to sum both sides of (7)
over the set T € S..

Let po(k) be the steady-state probability that the state of the system
is contained in S, which is the probability that there are k occupied
time slots; and let po(f| k) be, in analogy with p(f|T), the probability
of a fit given that the system contains & messages, i.e.,

po(k) = Z p(T) (8a)
TeS,

2, P Tp(T)
polfIk) = ",

where the O subscript indicates that an optimal assignment algorithm
is assumed. The following theorem gives the flow equations for the
distribution po(k).
Theorem 1: The probabilities { po(k)} satisfy the equations
[uk + Apol(f|k)]po(k)

= u(k + Dpolk + 1) + Apo(f|k — D)po(k — 1), (9)

where po(k) = 0 for k < 0 or k> mec.

(8b)

The proof of this theorem is given in Appendix C.

Equation (9) expresses the equality of probability flows between the
sets S;. Given that the system is in state T, the next transition can
only be into a state T’ € St or T’ € S#%. Suppose, for example, that
T € Si; then T’ € S,—; or T’ € Si41; i.e., transitions out of any state
in S, are always into a state in S,—; or Sp.;. Note that (9) is a set of
“birth-death” equations, which we will solve in Section IV to give an
expression for { po(k)} in terms of A, u, and { po(f| k)}. (These equations
do not, however, imply that the & process is Markov.) In contrast to
the solution of (7) we show in Section IV that it is possible to obtain
a close approximation to the solution of (9) that can be easily evalu-
ated.

3.3 Equilibrium state equations for fixed assignment

To derive the flow equations [corresponding to (5), (7), and (9)] for
the Markov process defined by a fixed-assignment algorithm, we
redefine the set of states as the set of channel-time slot matrices M
defined in Section II. The following notation is analogous to (2):

L = {M|M is an admissible channel-time slot matrix} (10a)

L, = {M|M € L, M contains k units of traffic} (10b)
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Ly = {M*|M* € L, A — j) and (m*, ¢*) such that M*

=M - (i — jlemes} (10c)
L = (M*|M* € L, 3(i — j) and (m*, ¢*) such that M*

=M+ (i — jlemelr}, (10d)

where (i — j) represents one unit of traffic from node i to node j, ¢,
is the m X 1 vector with 1 in the m*th place and 0 elsewhere, e. is the
¢ X 1 vector with 1 in the ¢*th place and 0 elsewhere, and the notation

*=M + (i — j)emre~ means that the channel-time slot matrices M*
and M differ from each other only in the (m*, ¢*) position. A + sign
indicates that M* contains the traffic pair (i — j) in the (m*, ¢*)
position, whereas the (m*, ¢*) position in M is empty; the — sign
indicates that M contains the traffic pair ( — j) in the (m*, ¢*)
position, whereas the (m*, ¢*) position in M* is empty.

Let r(M?, M?) be the transition rate between any two states M* and
M2 Then we have

i, if M?€ Ly
MM, M?), if M?€ Lip
M, M) =]1—- |M'|u - N EL MM, M?), if M'=M?* (11)
2eLip
0, otherwise,

where | M| is the total number of traffic pairs in M. The transition
rate A\(M?, M?) is the rate at which a new arrival (I — j) is assigned to
M., thereby changing M' to M2. Let al’ denote the number of slots
in M! into which the arrival (i — j) can be assigned. If assignments
are made by selecting one out of the ayy’ available slots from a
uniform distribution, then

A
1 M2 =
A(M 3 M ) = W’
where X is the total traffic-arrival rate. This fixed-assignment scheme,
where traffic arrivals are randomly assigned to available time slots
according to a uniform distribution, will henceforth be referred to as
random assignment. It is not necessary, however, to assume random
assignment in order to derive the flow equation that follows.

We denote the steady-state probability distribution of the Markov
process for fixed assignment as p(M). The existence proof for p(M) is
the same as that for p(T). Also, let p(f|M) denote the conditional
probability, given that the state is M, that an arrival chosen from the

tThe function r(-, -} is the infinitesimal generator for the associated fixed assign-
ment process.
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uniform distribution of origin-destination pairs can be assigned with-
out reassigning any existing traffic, i.e., the probability of a fit under
the fixed-assignment rule. Finally, we define

Am = {(i — j)lay” > 0} (12)

as the set of all traffic pairs which can be assigned to M.

Proceeding as in the case of optimal assignment, we can derive the
flow equations for the fixed-assignment case by merely changing
notation. The probability of a fit, p(f| M), in this case is simply the
number of traffic pair arrivals that can be assigned under the fixed
assignment rule divided by the total number of possible pairs. Thus,
in analogy with (6) we have

a1 = 1231, (13)

where Ay is defined in (12). In analogy with the flow equations (7)
and (9) for optimal assignment, the fixed-assignment flow equations
are

ukp(M) + Ap(f|M)p(M) = MEL_ p(M")r(M’, M)
+ 2T pM)r(M’, M), MeL, k=1, ---,me, (14)
M'EL}

and
[kk + Apr(f|R)pr(k) = u(k + Dpr(k + 1)
+)\pF(f|k_1)pF(k_1)y k=1, s, MG, (15)

where

pr(R) = 2 p(M) (16a)
MeL,

W2, PUIMPOD
pr(k) ’

and the F subscript indicates that a fixed-assignment algorithm is
assumed. Note that (15) is, like (9), a system of birth-death equations.

pr(flk) = (16b)

IV. PERFORMANCE ANALYSIS
4.1 Properties of blocking probabilities

The performance of a multichannel TDMA blocking system is
measured in terms of the steady-state probability that an arrival is

blocked or lost. Of course, this blocking probability depends on the
assignment algorithm. Conditioned on the state of the system, the
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blocking probability is simply 1 — p(f|T) or 1 — p(f| M), for optimal
or fixed assignment, respectively. The unconditional blocking proba-
bility is given by

1- P§= = PU1ITP(T) (17)

or

1—Ph= =, PUIM)p(M), (18)

where P$ and P are blocking probabilities using respectively optimal-
and fixed-assignment algorithms. As discussed in Section III and
Appendix A, it is extremely difficult to compute p(T) for most systems
of interest, and hence (17) and (18) cannot be used directly to compute
P% and P%. In this section, however, we derive bounds and approxi-
mations for (17) and (18) by using the aggregate-state equations (9)
and (15). This provides a means of quantitively comparing assignment
algorithms and estimating the performance of the system as parame-
ters such as n, m, and c vary.

We obtain equivalent expressions for the blocking probabilities as
follows:

1-P§= Tgs p(fIT)p(T)

2 = p(fITp(T)
=1 Tes,

2, polf1B)pok), (19)

where po(f| k) and po(k) satisfy (8); similarly P§ satisfies
1 - Pf= 2 pr(f|R)pr(k), (20)

where pr(f| k) and pp(f) satisfy (16).
Equations (19) and (20) are particular cases of the folowing general
expression for blocking probability;

1-Py= 3 k), (21)

where ¢, and p(k) satisfy the birth-death system of equations
[uk + Ailp(R) = u(k + Dp(k + 1) + Ap-1p(k — 1), (22)

subject to the boundary conditions ¢»c = 0 and p(k) = 0 for £ <0 or
k> me; and =, p(k) = 1. Solving (22) and substituting into (21) yields
an expression for the blocking probability in terms of the ¢;’s; i.e.,
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k
— II
k! b j=0 9
p(k) = A (23)
"Ew L 'f[l é
=0 i1 P 5 ¥
and from (21)
me—1 1 k
2z X o I ¢,
k=0 R!  j=0
1—Pg=—"" (24)
me 1 ; i—1
i ; P jI=I o,

where p = Mu. If ¢r = po(f|k) or ¢» = pr(f|k), then Pg = P$ or
Pp = P&, respectively. Another case of particular interest is where
¢r=11if 0 < kB < mc and ¢, = 0 otherwise. We denote this set of
probabilities, which corresponds to the mc server Erlang-loss system,
as pe(f|k). The expression for blocking probability, P%, is called
Erlang’s loss or B formula. The Erlang formula applies to a single-
channel TDMA system where only the constraint (1¢) in (1) must
hold. An important property of Pp stated in the following lemma,
which may be used to derive bounds on assignment algorithm perform-
ance, is that Pp is a monotonically nonincreasing function of ¢, for
k=0,1, ..., me.

Lemma 2: The blocking probability Pg = Pg(dq, - - -, ¢me) satisfies
0Pg
<0, k=0, ..., me 25
90 (25)

The proof of this lemma appears in Appendix D.

It is intuitively reasonable that the blocking probability should
increase as more system constraints are added. This is indeed the case,
as the next theorem shows.

Theorem 2: The optimal assignment, fixed assignment, and Erlang
blocking probabilities satisfy

P% < P§ < PE. (26)

Proof: If the system is in state k, then an arrival can be assigned by a
fixed-assignment algorithm only if it can be assigned by an optimal
algorithm and so, for all k, we have pr(f|k) < po(f|k). It is clear that
po(f| k) < pe(f| k), for all k. Therefore, (25) implies (26). Q.E.D.

As the ratio of the number of nodes n to the number of channels m
increases, it becomes less likely that an arrival will match any of the
traffic pairs already assigned to a given time slot. Consequently, for
large n/m, we expect that if there is an open slot, it should be relatively
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easy to assign a new traffic request. To be more precise, as n/m

increases, the system performance approaches that of an Erlang sys-
tem.

Theorem 3: lim P§ = lim PY = P&, (27

n
——0 ——300
m m

Proof: Theorem 2 implies that it is sufficient to show that P§ — P&,
For all & < (mc — 1) we have pr(f|k) = pr(flmec — 1). Because the
nodes are symmetric, the probability of a fit given one empty slot is:

pr(flme — 1) = <ml>
n

which is the probability that the origin and destination nodes of an
arrival chosen from a uniform distribution do not match (m — 1)
randomly chosen origin-destination pairs. Thus, we have

. 1, k<
lim pr(f]k) = [O o

— 00
m

which is pg(f| k). Because (24) is a continuous function of the ¢;’s, we
have lim,/n..P% = P§. QE.D.

Although it is easy to compute the Erlang lower bound P%, it is
extremely difficult to calculate P§ or P%. The difficulty lies in the
calculation of pr(f|k) and po(f|k) as functions of k. In particular,
notice from (8b) and (16b) that the state probabilities p(T € S;) and
p(M € L) must be known. The aggregate flow egs. (9) and (15) have
therefore not made the exact computation of P§ and P any easier.
However, the advantage in using these equations is that we can derive
an accurate approximation for pr(f| k), thereby enabling the calcula-
tion of an approximation for the corresponding blocking probability.

4.2 Approximate calculation of blocking probability with random
assignment

In order to approximate the blocking probability resulting from
fixed assignment, we first approximate pr(f|k) and subsequently
substitute the resulting expression for ¢, in (24). Let k= (ky, -- -, k¢)
be the vector of time slot occupancy; i.e., there are k; units of traffic
in the ith column of the channel-time slot matrix. The probability of
a fit can be expressed as

pr(flk) = 2 pe(flE)pe(k| k), (28)

where Q; is the set of all occupancy vectors k such that Zk; = k,
pr(f|R) is the conditional fit probability given that the occupancy
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vector is k, and pr(k| k) is the conditional probability that the occu-
pancy vector is k given there are k units of traffic in the system.

To calculate pr(f| &), note that: (1) the &; traffic units in time slot i
are characterized by k; pairs of integers between 1 and n, which satisfy
the fundamental constraint, and because the traffic between nodes is
assumed to be symmetric, these integer pairs are equally likely; (2) if
k; = m, then any new requests cannot be assigned to the ith time slot.
We also use the following assumption; and (3) information about
traffic in time slot ; provides no information about traffic in a different
time slot j (traffic in different slots is independent). This assumption
is certainly very accurate for a large number of nodes; however, it is
quite difficult to prove or disprove in general. An arriving unit of
traffic can be assigned to time slot i if and only if its origin does not
match any of the k; origins and its destination does not match any of
the k; destinations of traffic already assigned to column i. Observation
(1) implies that this event has probability [(n — k;)/n]®. A unit of
traffic cannot be assigned, i.e., does not fit, if and only if it does not
fit into any time slot. Thus, using observations (2) and (3), we have
that the probability of no fit is the product

— bL\?
- (5 )
{ilky<m] n

and hence, the probability of a fit, given &, is
n— ki 2
P RS I

{ilky<m} n

where the product is assumed to be one if {i| k; < m} is the empty set.

Intuition suggests that given k units of traffic in the system, the
occupied slots, when random assignment is used, are uniformly dis-
tributed throughout the channel-time slot matrix. That is,

¢ m
II | ki
i=1

where the numerator is the number of ways to have k; units of traffic
inslot i (i =1, ---, ¢) and the denominator is the total number of
ways to have k units of traffic in the system. The following example
shows, however, that this intuition is misleading and (30) is not the
correct distribution.

Consider a system with n =3, m = 2, ¢ = 2. Figure 2 is a transition
diagram illustrating transition rates into the states corresponding to
k = 2. The ordered pairs, e.g., (1, 1), represent the occupancy vectors

pr(R|R) =

(30)
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Fig. 2—Transition diagram for example with two channels, two time slots, and three
nodes.

k for channel-time slot matrices containing two units of traffic, and g
is the probability that an arriving unit of traffic can be assigned to the
column containing the single unit already assigned. Using (30), it is
easily verified that the uniformly distributed assumption implies that

prl(1, 1)k = 2] = 2{pr[(0, 2) |k = 2] + prl(2, 0) |k = 2]}. (31)

It is easy to show by writing the flow equation and using the fact
pr(k) = pr(k|k)p(k) that (31) can be satisfied only if the rate from
k = 11into (1, 1) is twice the rate into the pair of states (0, 2) and (2,
0), i.e., only if A — Ag/3 = 2Ag/3. But the preceding equation can be
satisfied only if ¢ = 1, which is clearly not true for this system.
Therefore, (30) is not correct and the assumption of uniformly distrib-
uted occupancy is not strictly true. We may, however, approximate
pr(k| k) by (30), which when combined with (28) and the expression
for pr(flk), (29), gives an approximation to pr(f|k) when random
assignment is used. That approximation may, in turn, be used in (24)
to provide an approximation to P%.

Intuitively, one would expect that the approximation for pz(f|&)
given by (28) through (30) is accurate for the case of random assign-
ment. In this case (30) becomes more accurate as the ratio of the
number of nodes to the number of channels n/m increases. This is
because the probability that a new arrival can be assigned to a
randomly picked empty time slot increases with n/m. The selection of
empty slots in the channel-time slot matrix to which new arrivals are
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assigned therefore becomes less biased. The simulations in Section V
indicate that in fact our approximation is extremely accurate for
relatively small systems (i.e., four channels, five time slots, and ten
nodes). Fixed-assignment schemes other than random assignment are
possible, however, where the approximation (30) may not be accurate.
For example, it may be desirable to pack the assigned traffic as closely
as possible to the left or to the right of the channel-time slot matrix
to increase the probability that some column has a relatively large
number of empty slots. For this case, the distribution of slot patterns
p(k{k) may be significantly different from the distribution resulting
from random assignment.

An upper bound on the blocking probability obtained using any
fixed-assignment scheme can be derived in principle by calculating a
lower bound on the fit probability, pr(f| k). From (28),

pr(flk) = Z pr(f|E)pr(k|k)

> min pr(f|k) = p¥™(f|k). (32)

A lower bound on pr(f|k) is therefore obtained by assuming that
traffic already assigned is arranged in the configuration which mini-
mizes the probability that a new arrival can be assigned. From Lemma
2 and Theorem 2 we have that

Pg = Pg = PB[pFMIN(fl]-)’ e :pIIE!IN(flmC)]’ (33)

where the blocking probability, Pg, as a function of the fit probabilities
is given by (24). Unfortunately, the expression for pr(f|k), given by
(29), relies upon an independence assumption which has not been
proven. Consequently, combining (24), (29), and (33) may not consti-
tute a rigorous upper bound on the blocking probability. The derivation
of a tight upper bound on pr(f| k), and hence on the blocking proba-
bility, P&, therefore remains an open problem.

This completes the presentation of analytical results that can be
used to evaluate multichannel TDMA performance using either opti-
mal- or fixed-assignment schemes. To summarize, we have obtained
an approximation for the blocking probability resulting from random
assignment [given by (24), (28), (29), and (30)], and a lower bound on
the blocking probability using optimal assignment (i.e., the Erlang
blocking probability, P£). These quantities can be easily evaluated
with the aid of a computer. In the next section we compare these
analytical results with computer simulation results.

V. NUMERICAL RESULTS

The analytical results of the last two sections are now illustrated
via some specific examples. Figure 3 shows plots of the probability
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Fig. 3—Probability of a fit vs. number of occupied slots using random assignment for
a system with four channels and five time slots.

that a new traffic arrival can be assigned, given that there are k units
of traffic already present in the channel-time slot matrix [ pr(f|k)
given by (28) through (30)], vs. & for a system with four channels and
five time slots per channel. Curves are shown for a system with 5
nodes, 10 nodes, and 50 nodes. These curves approximate the proba-
bility that an incoming traffic arrival can be assigned using random
assignment. As the number of nodes increases, the curves converge
rapidly to the single-channel (step function) case with nm time slots.
The same set of curves computed for a system with 4 channels and 10
time slots per channel were nearly identical to those shown in Fig. 3
and are therefore omitted.

It is reasonable to expect that if the fit probabilities shown in Fig.
3 are close to the single-channel case, then the corresponding system
blocking probabilities should also be close to the analogous single-
channel blocking probability. This is indeed the case as illustrated in
Figs. 4 through 7. In each case plots of blocking probabilities vs.
normalized load for the single-channel case (Erlang B formula with
nm servers), and for the multichannel case using random and optimal
assignment are shown. The optimal-assignment curves were obtained
by computer simulation. The random-assignment curves were ob-
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Fig. 4—Blocking probability vs. offered load for a system with 4 channels, 5 time
slots, and 10 nodes.
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Fig. 5—Blocking probability vs. offered load for a system with 4 channels, 5 time
slots, and 50 nodes.

tained both analytically via the approximation described in the last
section [(24) and (28) through (30)], and by computer simulation. In
all cases the approximate analytical curves are nearly identical to the
corresponding simulated curves. Figures 4 and 5 show plots for a
system with 4 channels, 5 time slots per channel, and 10 nodes and 50
nodes, respectively. Figures 6 and 7 show analogous plots for systems
with 4 channels and 10 time slots per channel.

Figures 4 through 7 indicate that the differences between the sim-
ulation results, the analytical approximation, and the lower (single-
channel) bound on multichannel blocking probabilities are significant
only for systems with a relatively small number of nodes. For the cases
shown here, the single-channel system exhibits at most moderate
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Fig. 6—Blocking probability vs. offered load for a system with 4 channels, 10 time
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Fig. 7—Blocking probability vs. offered load for a system with 4 channels, 10 time
slots, and 50 nodes.

108 TECHNICAL JOURNAL, JANUARY 1984



performance improvements over the multichannel random-assignment
case. Results obtained for additional cases indicate that if the ratio of
nodes to channels (n/m) is greater than 10, the difference between
blocking probabilities obtained using a multichannel system with a
fixed-assignment algorithm and an analogous single-channel system
is negligible. This condition is likely to be satisfied in many satellite
systems, and hence we reach the important conclusion that, for prac-
tical systems, the simplest of assignment schemes will perform nearly
as well as an optimal-assignment scheme.

We point out that the traffic model used here must be modified in
order to study duplex voice traffic. In this case each traffic request
from node i to node j also generates a simultaneous traffic request
from node j to node i. This alternative traffic model does not require
major changes in any of our previous arguments, and hence results
obtained from using this model should correspond with those given
here.

VI. CONCLUSIONS

This paper has provided tools with which to evaluate the perform-
ance of multichannel TDMA blocking systems. For any multichannel
assignment scheme (fixed or optimal), a lower bound on system
blocking probability has been obtained along with an accurate approx-
imation for the blocking probability resulting from random assign-
ment.

The numerical results in Section V indicate that multichannel
blocking probability is relatively insensitive to the assignment algo-
rithm used when a moderate number of nodes are present. If the ratio
of the number of nodes to number of channels is 10 or greater, the
difference between blocking probabilities obtained using a multichan-
nel system with a fixed-assignment algorithm and an analogous single-
channel system is negligible. This conclusion is fortunate since it
implies that the performance of an assignment algorithm, which is
simplest to implement, will be nearly optimal.

The results in this paper pertain to networks which handle voice
traffic only. Of equal interest are analogous results which apply to
networks handling data traffic. Specifically, it would be useful to know
whether the performance of a multichannel TDMA queueing system
is also insensitive to the particular assignment algorithm used. This
issue requires further investigation.
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APPENDIX A

Steady-State Distribution of the Markov Process Associated with Optimal
Assignment

To derive the steady-state distribution of the Markov process asso-
ciated with optimal assignment, consider a set of n® independent
M/M/» queues, labeled by the indices (i, j), with arrival rates A\; and
mean service times u;'. Define the Markov process g; as the number
of customers in the queue (i, j). Then each process g; is a birth-death
process with a steady-state distribution given by

1 (\"
pilgy) = — <_J> e, gy = 0.
Qi+ \Mij

Thus, the matrix process Q = [g;] has the steady-state distribution
given by

1 (A\"
pQ) =T — | =) e, g;=0.
Lj Qijs \Mij

Now restrict the process Q to the set of states such that the matrix
constraints (1) are satisfied, and set A\; = A/n® and u; = p. The
resulting process is the Markov process T defined in Section III. By
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Corollary 1.10 in Kelly,'? the steady-state distribution of T is

t;
11 l -A_ Je—X/n2n
iJ tu' nzu

% s
2 11 i _>\__ oMt
TES | tl]' n2ﬂ

where S is defined by (2a)." Note that (34) is the conditional probability
distribution of the Q process, given that the state is contained in S,
ie, p(Q|Q € S). Evaluating the denominator in (34) requires an
enumeration off all the states in S, a formidable task for moderately
sized systems.

p(T) = TeES, (34)

APPENDIX B
Proof of Lemma 1

This appendix contains the proof of Lemma 1. From (4), we have

z p(Mr(T, T)=_Z p(T)r(T, T)+_2Z p(T)r(T, T"). (35)
T'#T T'eSy T'eS%

Substituting (3) for #(T, T’) in the first term on the right yields
Z p(Mr(T, Ty =p(T) _Z r(T, T
T'EST T'EST

= p(T) lz‘% tin = p(T)uk, (36)

where 3, ; t; = k is the total traffic in T. Similarly, for the second term
on the right,

= p(Mr(T, T) =p(T) = r(T,T)

T'ESy+
= 2
- p(T) T'EZST+ A/n

= p(T)A| Sr+|/n® (37

An arrival is modeled as a selection from n® equally likely possibilities,
of which | St+| can be assigned, given that the state is T. Therefore,
the conditional probability that an arrival can be assigned is

p(fIT) = |St|/n* (38)
Combining (35) through (38) gives (5).

tThis distribution was also derived in Ref. 13.
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APPENDIX C
Proof of Theorem 1

To prove Theorem 1, we sum the flow equations in (7) over the set
of states with k units of traffic, i.e.,

Tgs [ekp(T) + Ap(f| T)p(T)]

=2z Z pTHyx(TV',T)+ = Z p(T)Hr(T',T). (39
TES, T'EST

TES, T'€SH T
The left-hand term is
2 [ukp(T) + Ap(fIT)p(T)] = pk Z p(T) + X 2 p(f|T)
TeS,, TeS, TeS,

-p(T)
= ukpo(k) + Apolf|R)po(k). (40)

We evaluate the terms on the right side of (39) by interchanging the
order of summation, which is permissible since the sums are always
finite. Because Sy4+; = Ures, ST, and for T' € Sy, r(T’, T) # 0 only
if T’ € 8%, interchanging the sums in the first term on the right yields

Z I p(THr(T,T)=_2 Z p(T)r(T’, T).

TeS, T'€St T'ESp. TES,

Butif TV € Spyi and T € Si, then r(T’, T) # O only if T € S7-.
Consequently,

zZ Z pMTHir(T',T)= 2 Z p(T)Hr(T’',T)

T'€Sy,, TES, T'€Sy,; TEST

=_ 2 p(T)uk+1)

T'ESpy
= ulk + Dpo(k + 1), (41)

where the next to the last step follows from Lemma 1. A similar
argument shows that the second term on the right is

T Z pMT', T)= = Z p(T)r((T",T)

TeS, T'ESt T'€Sy., TES,

z z p(T')(T’,'T)

T'ES,, TESH

T,e%k_l p(T)Ap(f1T’)

Apo(flk — D)po(k — 1). (42)
Combining (40) through (42) yields (9).
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APPENDIX D
Proof of Lemma 2

Lemma 2 is stated in the literature and although some unpublished
proofs are referenced in Ref. 14, there does not seem to be a published
proof.

We prove this theorem by calculating the partial derivatives and
showing that they are nonnegative in the region of interest. Differen-
tiating (24) gives

me—1 _]__ & k ‘
9 | AR LY b0an - a®b @
Ay 5 1 [b1(1) + oD
k=0 k! P j=0 ¢
where
) = 1 k bu(l) = 1 k
a1()=25pa() 1()=Eﬁpa(—1)
me 1
ax(l) = 2 CE pkﬁ(k) bu(l) = 2 p*B(k — 1)
and
k k
a(k) = I1 ¢; Bk) = 11 ¢;
j=0 j=0
L
a(-1) = B(-1) = 1.
The derivative (43) is nonnegative if and only if
bi(D)as(l) — ar(l)by(l) = 0. (44)

The expression (44) is a polynomial in p with powers ranging from !
to me + | — 1. We will show that the coefficient of each power is
nonnegative. Let me + [ — 1 = s = | and define the sets

QlE{(kl,kg)lkl+k2=3,0<k1$l,l<k2$mc—1}
Qo= {(ks, R)|Rs + ku=5,0s ks - 1,1+ 1< ky < mcl.

Now the coefficient of p° in (44) may be written as

alls = DB(ks) = 2 i alk)Blh = 1. (49)

s?l kilka!
Define the set
Q2 = {(By, ko) | (B1, k) € Qi Ry 2 1)
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and note that (ks, k) € Qs ifandonly if ks =k — 1, ks =ka + 1, where
(ky, k) € Q12 C Q. This implies that (45) is equal to w; + w2, where

1
w; = 91_2912 k_l'];;' a(k1 - 1)6(k2) =0 (468)
=3 | - 1 ] alls — 1)B(ky).  (46b)
©2 = Rtk (ki — Dl(ky + 1)!

A term in the sum w, is negative if and only if (k. + 1)/k < 1. But
this inequality and the definition of Qi imply that [ + 1 <k +1<
k., which is impossible because k; < ! for (ki, k2) € Q1a- Consequently,
we have w, = 0. This w; = 0 implies that (44) and (45) are nonnegative;
therefore, each partial derivative (43) is nonnegative. Q.E.D.
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