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We present a simple recursive algorithm for computing moments of two­
dimensional integer arrays. It uses only additions and can be implemented for
high-speed and real-time computation at video rates. We describe Comple­
mentary Metal-Oxide Semiconductor (CMOS), Very Large-Scale Integrated
(VLSI) implementation of the algorithm in a single chip that can calculate
the 16 moments Jli.j (i, j = 0, 1, 2, 3) (i.e., up to the sixth-order moment) on
512 X 512 array of 8-bit integers in real time (at video rate). Such a chip can
have potential applications in image processing, graphics, and robotics. The
basic building block of the system is a single-pole digital filter that is imple­
mented by recursive addition. The complexities involved in designing the chip,
as well as its area, are significantly reduced by taking advantage of the fact
that the column samples of the data array can be processed at a much slower
rate than the row samples. An estimate of the chip area obtained from the
layout design of the individual cells is given.

I. INTRODUCTION

Moments are familiar from statistics and mechanics, and are finding
applications in other areas, among them video processing.lr' The mean,
or first moment, is a particularly robust estimator of the 'center' of a
distribution. Similarly, the centroid is a good single indication of the
location of an extended object. We want to use it for pinpointing the
position of a light pen."

A possible brake on calculating moments, particularly in real-time
applications, may well have been the computational burden that they
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appear to entail. It would seem that the calculation calls for exponen­
tiations and multiplications, as well as additions. However, given real­
world measurements that are finite in precision, range, and number,
and are at regular intervals, the calculation of moments can involve
much less effort than at first seems necessary.

One scheme has already been reported'' in which the multiplying
coefficients are generated without exponentiation and in which the
multiplications are distributed over the individual bits of the measure­
ments and are therefore accomplished by single AND gates. An even
simpler approach is possible, requiring less computation by an order
of magnitude, and is reported here.

Our approach comes about from recognizing that Infinite Impulse
Response (IIR) digital filters with impulse responses h(n) = u(n), or
nu(n) or n2u(n) or niu(n), with u(n) the unit step sequences, will
calculate respectively the zeroth-, first-, second-, and ith-order mo­
ments of their input sequence. It is a straightforward matter to extend
this to arrays in the plane and higher dimensionality, since the
computations along the different dimensions are separable from each
other.

The poles of the required filters can be very easily realized by first­
order sections, and these are nothing more than recursions with unity
feedback. Thus, if only the poles, and not zeros, of these filters are
realized, the computation between successive sample points is just one
addition and can be instrumented to take place in real time on picture
data from standard television. The basic building block of the system,
then, will be a first-order stage, and the resulting filter will have a
highly regular and recursive structure that is extremely attractive for
Very Large-Scale Integrated (VLSI) implementation.

As will be seen in Section III, the consequence of discarding the
zeros of these filters is that the output of, say, the mth stage, rather
than being the mth-order moment itself, is a linear combination of
first through mth-order moments. This, however, does not create any
major difficulty because the coefficients of this linear combination are
exactly known, and therefore starting from zeroth-order moment, at
each stage the effect of previous moments can be removed by subtrac­
tion in a post-processing step.

We describe a design for a custom Integrated Circuit (IC) in Com­
plementary Metal-Oxide Semiconductor (CMOS) technology that can
calculate the 16 moments, /li,j (i, j = 0, 1, 2, 3), of a 512 X 512, 8 bits/
pixel image in real time (i.e., at conventional video rate).

II. THE TASK

Given the array x(n, m)(n = 0, 1, ... N, m = 0, 1, ... M) of integer
values, the moments about m = 0, n =°are
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N M
Jl&i = ~ ~ nimix(n, m)

n=O m=O

(1)n~o ni C~') m/xtn, m»).

Only the innermost computations, corresponding to along line in
television, have to be at speed. The outer computations are at lower
rate by a factor of M. The choice of n = 0, m = °as the pivot for the
moments is arbitrary. Well-known expressions relate the moments
about one pivot to those about another. The pivot point about which
we chose to do the computations is n = N, m = M, i.e.,

.. N . M .
Jl',j = ~ (N - n)' ~ (M - m)Jx(n, m).

n=O m=O
(2)

III. THE ALGORITHM

We first consider the one-dimensional case. Consider a sequence
x(n) n = 0, 1, ... N; if this sequence is applied to the input of a digital
filter with impulse response h(n) = niu(n), then from the well-known
convolution theorem the output will be

N
y(n) = ~ x(k)h(n - k)

k=O

N .
= ~ x(k)(n - k)'.

k=O
(3)

If this output is evaluated at n = N, then we will have
N .

y(N) = ~ x(k)(N - k)',
k=O

(4)

which is the ith-order moment of x(n) about the point n = N. Figure
1 shows the filter for i = 0. This is a single-pole filter with the transfer
function liz - 1 in z-transform domain. Its implementation is trivial,
just an adder with one sample delay and a feedback, or basically an
accumulator. For higher-order moments (i = 1, 2, ... ) the filter will
have both poles and zeros. In general, for the ith-order moment we
have i zeros and a pole of order i + 1 located at z = 1. The first and

DELAY
T*T1~_------'~y(nT)

L ~ y(NT)=Jl'

Fig. l-Single-pole filter for generating zeroth-order moment.
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All-Pole Impulse
Response,

h(n)
Transfer Function,

H(z)

Impulse
Response,

h(n)

Table I-Impulse response and transfer function of moment filters
All-Pole
Transfer
Function,

H(z)

Moment
Order,

1

o

1

2

3

u(n)

nu(n)

1
z - 1

z
(z - 1)2
z(z + 1)
(z - 1)3

Z(Z2 + 4z + 1)

(z - 1)4

1
z - 1

1
(z - 1)2

1
(z - 1)3

1
(z - 1)4

u(n)

(n-1)u(n-1)

1/2 (n - 2)2u(n - 2)
+ 1/2 (n - 2)u(n - 2)
1/6 (n - 3)3u(n - 3)

+ 1/2 (n - S)2u(n - 3)
+ 1/3 (n - 3)u(n - 3)

(5)

second columns of Table I, respectively, show the impulse response
and transfer function of the moment filters for i = 0, 1, 2, 3. If we
discard the zeros of the transfer function, then for the ith-order
moment we obtain the all-pole filter

A 1
Hi(z) = (z _ l)i+l .

This filter can be very easily implemented by cascading i + 1 first­
order stages similar to the one shown in Fig. 1. Obviously, the output
of the filter without zeros will no longer be just the ith-order moment
of its input signal except for i = 0. We examine this next.

Starting from i = °with the z-transform pair,
A 1 A

Ho(Z) = --1 <=> ho(n) = u(n),z-
and, using the differentiation property of the z transform, we can
progressively derive the impulse responses hi(n) corresponding to
Hi(z) = l/(z - l)i+l for all values of i. The results for i = 0, 1, 2, 3 are
shown in the fourth column of Table I. To see the effect of zero
elimination, let us consider the case for i = 3 as an example. From
Table I we have:

A 1 3 1 2
h3(n) = (3 (n - 3) uin - 3) + "2 (n - 3) u(n - 3)

1+ 3 (n - 3)u(n - 3). (6)

Convolving this impulse response with the input x(n) and evaluating
the output at n = N + 3 will result in:
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(7)

1 N 1 N
Y3(N + 3) = (3 k~O x(k)(N - k)3 + "2 k~O x(k)(N - k)2

1 N

+ "3 k~O x(k)(N - k)

_1 3 1 2 1 1
-(31l +"2 1l +"3 1l,

which is a linear combination of first-, second-, and third-order mo­
ments. Similarly, for an arbitrary value of i, the output of the filter
evaluated at n = N + i will be a linear combination of first through
ith-order moments, i.e.:

i
Yi(N + i) = ~ k/'1lt'.

/'=1
(8)

Conversely, the moments 1li (i = 0, 1, ... ) can be expressed as a linear
combination of the filter outputs Yi(N+i); in matrix notation,

~=ct ~

where

[

Yo(N) ]
y = Y1(N + 1)

Y2(N + 2) .

The coefficient matrix C can be easily derived from the impulse
responses hi(n). For i = 5, this matrix is:

1 0 0 0 0 0
0 1 0 0 0 0

C= 0 -1 2 0 0 0 (10)0 1 -6 6 0 0
0 -1 14 -36 24 0
0 1 -30 150 -240 120

Figure 2 shows the complete filter structure for generating zeroth­
through third-order moments. The delay introduced on the output of
each stage is necessary for synchronizing the output before performing
the matrix operation.

So far in this section we have been discussing the moment calcula­
tion problem for a one-dimensional sequence x(n); extending the
algorithm to two or higher dimensions is a straightforward matter.
This is true because the computations along the different directions
are separable. Consider an array of integers x(n, m) (n = 0, 1, '" N,
m = 0, 1, ... M), which can, for example, be the digitized samples

MOMENT CALCULATIONS 221



x(nT)

(N+3)T

Fig. 2-Moment filter for generating zeroth- through third-order moments.

of a video image. As mentioned in Section II, the moments Jl i,j [i.e.,
(i + j)th order] of this array can be computed from

.. N . M .
Jl',J = 1: (N - n)' 1: (M - m)Jx(n, m)

n=O m=O

N .
= 1: (N - n)'Yj(n).

n=O
(11)

The inner summation, Yj(n), represents the jth-order moment of the
nth row ("along-line moment") which, as discussed previously, can be
computed by filtering the samples on that row with a filter with the
impulse response mju(m) (row filter) and evaluating the output at
m=M.

Now JliJ is equal to the ith-order moment of the sequence Yj(n) and
can be computed using a filter with impulse response niu(n) (column
filter). Figure 3 shows the filter block diagram for generating JliJ• The
input to the column filter implementing eq. (11) is updated every
M samples of the input signal, corresponding to one row of the array
x(n, m); the row filter is also reset at this time. If the array x(n, m)
represents the digitized samples of a video image, then for real-time
operation, the sampling rate will be equal to the pixel frequency for
the row filter and line frequency for the column filter. As we will see
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in Section IV, this fact greatly reduces the complexity of implemen­
tation.

The column filters can be realized with single-pole stages in exactly
the same manner as was previously discussed in this section. There
are two alternatives. One is to use the filter structure shown in Fig. 2,
which includes the dematrixing operation, for the column filters as
well and make it a building block for implementing the two-dimen­
sional filter. The block diagram of Fig. 4 illustrates this approach. In
this case the outputs of the two-dimensional filter will be the true
moments /li j

• The other alternative is to use the original single-pole
stage shown in Fig. 1 as the building block for constructing the two­
dimensional filter. In this case the outputs of the filter will be a linear
combination of the moments; to obtain the actual moments /li j

, a
dematrixing operation has to be done at the end of the process (i.e.,
after the last row of the input array has passed through the filter).
Figure 5 shows the complete two-dimensional structure implementing
this latter filter configuration. From the implementation point of view
this structure is more attractive than the former realization. (More on
this in the following section.) The relationship between the array
x(n, m) in Fig. 5 and the input signal is determined by the sampling
strategy. For example, if f(t) is a sequentially scanned signal to be
filtered, then

m=M n=N

x(n,m)

x(n,m)-----j h(m)=miU(m) ~~ h(n)=niU(n) ~o---".iJ

Fig. 3-Block diagram ofthe filter for generating Il ii •

ROW FILTER

".0,0 ".1,0 ".2,0 ".3,0
0:: 0:: 0:: 0::
UJ UJ UJ UJ

".0,1 f- ".1.1 f- ".2,1 f- ".3,1 f-
-' -' -' -'
LL. LL. LL. LL.

Z Z Z Z
".0,2 :;; ".1,2 :;; ".2,2 :;; ".3.2 :;;

=> => => =>-' -' -' -'0 0 0 0o o o o
".0,3 ".1,3 ".2,3 ".3,3

Fig. 4-Moment filter for generating Il ii (i,j = 0,1,2,3) using the filter shown in Fig.
2 as a building block.
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x(n, m) = f(mT + nT'),

where T is the pixel period and T' is the line period.

IV. VLSI IMPLEMENTAliON

In this section we describe VLSI design for implementation of our
two-dimensional filtering algorithm, which can calculate the moments
p,iJ (i = 0, 1, 2, 3, j = 0, 1, 2, 3) of a 512 x 512, 8 bits/pixel image in
real time (i.e., at conventional video rate). We consider a maximum
chip size of 6 mm x 6 mm. To meet the speed requirement the picture
element (pel) processing time should be less than 125 ns.

We examine the two filter structures shown in Figs. 4 and 5 for
possible VLSI implementation. The boxes labeled 'row filter' and
'column filter' in Fig. 4 could be made identical, and each could be
realized by one chip. Then the two-dimensional filter would be con­
structed by putting five of these chips together. This may at first seem
a reasonable approach, but in fact, it is not: the speed requirements
are set by the calculations that are performed in the 'row filter', while
the size of the accumulators is dictated by the 'column filters'. The
result would be very large accumulators (up to 64 bits) operating at
the high rate of at least 8 MHz. Moreover, that implementation would
preclude any possibility of having all calculations done on a single
chip.

With the structure of Fig. 5, all mismatches of speed and size can
be avoided. What is more, the whole system can be put on a single
chip with an area occupancy only slightly greater than needed for a
single filter of Fig. 4. The only shortcoming of the system of Fig. 5
compared to that of Fig. 4 is that it is the poles-only realization and
requires external dematrixing. That, however, is only minor, for those
calculations involve only a few multiplications and additions, and can
be readily performed by the host processor that would use the com­
puted moments.

The basic building block of the filter in Fig. 5 is an accumulator
functioning as a single-pole digital filter. The maximum word lengths
that may appear as outputs and hence determine minimum accumu­
lator sizes increase with order. For 8-bit input data samples in a 512
x 512 array, the accumulations along the row section may progressively
reach 17, 25, 33, and 41 bits, and those in the last column section,
progressively 48, 55, 62, and 68 bits.

To achieve the required speed in the row section, we have decided
to use look-ahead carry adders. The column sections could be imple­
mented with simple ripple carry adders occupying much less area and
obviously making it possible to accommodate all circuits on the avail­
able chip area. In fact, we do even better than that by using serial
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additions. Conversion to serial streams when passing data from the
top row into the columns is in any case indicated by wiring consider­
ations.

If given parallel operations in both row and columns, there would
be inordinate numbers of wires that would have to pass down vertically,
presenting a difficult routing problem. To alleviate this, we decided to
use a parallel-to-serial convertor on the output of each stage of the
row filter and transfer serially the outputs to the column heads. Note
that the along-row and down-to-column transfers take place at differ­
ent times, the latter only once every line during the horizontal­
blanking interval, and that the horizontal connections remain in
parallel without any sacrifice in speed. To achieve the dual feed-out,
the output registers of the along-row accumulators are designed as
parallel in parallel/serial out shift registers.

Once given serial streams into the columns, there is no point in
converting back to parallel operation or using ripple carry adders: the
accumulations can be done equally well serially, using for each stage
a one-bit full adder and a shift register. The block diagram of Fig. 6
illustrates this final design. The upper portion of this figure shows the
four stages of the row filter. The lower portion is divided into four
sections that correspond to the four column filters and receive their
input from the serial output of the shift registers of the row-filter
accumulators.

64 BIT
SHIFT REGISTER

1 BIT
FULL ADDER

11ST STAGE 2ND STAGE - 3RD STAGE - 4TH STAGE' l ROW FILTERr
I
I
I
I

.J

I a: a: a: a:
w w w w

I f- f- f- f-
!!l en !!l en

17-BIT <.!l 25-BIT ~- 33-BIT o 41-BIT ~
ADDER ~I- ADDER a: ADDER ~- ADDER a:

I f- f- f- f-
u, u, ~ u,

I I :I: :I: Ien en en en

L_ ;:=...d----t---t---- I-

~ ..........
........I

~
..........

..........
r-f

.J'"I

UMN FILTER{~
OMPOSED OF ........I

IAL STAGES . _

~
rl "1-+

'-- - '-- -

INPUT
DATA

ONE COL
C

FOUR SER

Fig. 6-Block diagram of a VLSI design for single-chip implementation of the two­
dimensional moment-generating filter.
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VSS RESET

END
OF

PIXEL

INPUT
DATA

z
0
i=

z I-<{
--I

0 "i'=>
Z i= -::;;:
0 I-<{ "=>

I-~
--I o

Z "'=> -o
0 --I M::;;: <{
i= "'=> M=>

I-<{ J,::;;: o
--I "'=> o -"i'=> o <{
,,::;;: o
-=> <{

oo
<{

ADDER-REGISTER FILE

OUTPUT
READY

E
E

CD

Fig. 7-Floor plan and input/output pins for the design shown in Fig. 6.

Each section consists of four stages stacked on top of each other,
each containing a one-bit full adder (the dark area) and a 64-bit shift
register composing a 64-bit serial accumulator. The feedback path for
the accumulator is not shown in the figure.

The design of the chip is not complete yet, but a conservative
estimate ofthe size has been obtained from the design of the individual
cells. The design is for CMOS technology with a two-micrometer
design rule. Figure 7 shows the result of the size estimate in a floor
plan block diagram drawn in proportion to the 6 mm X 6 mm boundary.
Each section of the floor plan is drawn 15-percent larger in both
dimensions than the layout size estimated from individual cell designs.
As can be seen from Fig. 7, there is still plenty of silicon area left for
adding the timing and control section and, if desired, one or two more
column stages for generating higher-order moments. The anticipated
input/output pins for this chip are also shown in Fig. 7. The chip
operation is synchronized with the input image data through three
synch pulses: End of Pixel (EOP), End of Line (EOL), and End of
Frame (EOF). After the output data ready signal is asserted, the host
processor should read the 16 outputs, yO,O, yO,I, ... y3,3, in serial format.
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V. CONCLUSION

We have described a simple and powerful algorithm for computing
moments of a two-dimensional array of integers using digital filters.
The algorithm involves only addition operation and is very suitable
for real-time implementation. A two-dimensional digital filter with a
separable impulse response, h(n, m) = niu(n)mju(m), can generate the
(i + j)th order moment of its input. Realization of an all-pole version
of such a filter results in a filter with a highly regular structure capable
of producing all the moments, from zeroth to (i +j)th order, of a two­
dimensional input data array. We have shown that the consequence
of eliminating the zeros of the filter and using an all-pole version is
that the outputs will be a linear combination of the moments rather
than the direct moments themselves. But this does not create any
difficulty because the constant coefficients of the linear combination
are known and a simple dematrixing operation at the end of the
process will recover the actual moments. The basic building block of
our moment filter is a single-pole digital filter that can be easily
implemented by an accumulator. We have proposed a VLSI design for
single chip implementation of this moment calculation algorithm. The
preliminary results obtained from the layout design of the individual
cells for 2-micrometer CMOS technology indicate that on a single 6
mm X 6 mm chip, we can certainly implement a filter for generating
the 16 moments ,."i,j (i, j = 0, 1, 2,3) of a 512 X 512, 8 bits/pixel image
in real time.
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