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Let S(b, c) be the class of all real-valued bounded functions s(t) of the form
s(t) = g(t) + cos ct, (1

where g is bandlimited to [—b, b] and 0 < b < ¢ < ® and such that
(—1)* s(kn/c) > 0, k=0, £1, %2, ..., (ii)

a condition that is always satisfied if |g(¢)| < 1. In earlier papers we showed
that such functions could be reconstructed from a knowledge of their zeros in
the interval (¢ — T, t + T) to within an accuracy 0(e™*T), where A = ¢ — b. This
paper generalizes these results to functions of the form (i) satisfying the
condition that s(t) have only real zeros, a condition which is weaker than (ii).
The bounds on the accuracy of the reconstruction obtained are weaker. This
paper also shows that every interval of length greater than 27/), where A = ¢
— b > 0, must contain at least one zero of s(t), and that s(t) satisfies

|s(t)] < 277!, —o < t < oo,

where p = 2¢/ .

I. INTRODUCTION

References 1 and 2 present various practical means for recovery of
signals s(t) in a certain class S(b, ¢) from their zeros. The class S(b,
¢) consists of all real-valued bounded signals s(¢) of the form

s(t) = g(t) + cos ct, (1a)
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where g is bandlimited to [—b, b], 0 = b < ¢ < =, and such that
(—1)* s(kx/c) >0, k=0,%1,+2 ..., (1b)

which is satisfied, for example, if | g(¢) | < 1.
The alternation condition (1a) ensures that s(t) has only real simple
zeros {tu},

k
7"<tk<(k+1)§, R=0,+1, £2, .-, (1c)

i.e., the zeros of s(t) are interlaced with the zeros of sin ct.
The recovery procedures involve operations on the so-called funda-
mental function associated with the zeros {t,} of s,

h(t) = J(t) — ct, (2)

where J(t) is a jump function increasing by = at each zero t;, J(0) =
0. The linearly decreasing term —ct just offsets the growth of J(¢t) so
that

-7 < h(t) <, —o < t < oo, 3)

The practicality of the recovery procedures owes to the fact, estab-
lished in Ref. 1, that h(¢) is a high-pass function, having no spectrum
in the (angular) frequency interval (—A\, \), where

A=c—b 4)
is the “gap frequency” associated with the class S(b, ¢). The basic
recovery formula given in Ref. 1 is

5(0) = L{sgn s(0)lexplA(], 5)

where £ is the Hilbert transform of h. Since h(t) is a bounded high-
pass function, a good estimate hr(t) for A(¢) can be made from the
knowledge of h in a finite moving interval (¢t — T, t + T'); L.e., from the
zeros b in the interval (¢t — T, t + T'), leading to an estimate sr(¢),

sr(t) = Slsgm sOlexpllr(®)] (6)
such that
2~
|s(t) = sr(t)| < A= Ty [s(e) . (7

In Ref. 2, generalizations of the basic recovery formula were devel-
oped, showing how s(t) could be recovered from bandlimited versions
of h(t) or, equivalently, from bandlimited versions of

ht)y=m= i ot — t) —c. 8)
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Here we wish to extend the validity of the previous results by
removing the alternation condition (1b), simply requiring that s(¢) of
the form (1) have only real zeros {¢.}. For practical purposes we would
also require the zeros to be simple, but here we allow each zero ¢, to
have multiplicity m.

Several interesting questions now arise:

1. What is the longest possible zero-free interval for s(¢)?

2. How many zeros, counted according to multiplicity, can s(t) have
in a closed interval of length 77

3. How large can | h(t) | be?

4. How large can |s(t) | be?

The basic question here is the third question. A bound on |Ah(t)]| is
needed to establish that h(¢t) is a high-pass function with no spectrum
in (=X, A). In order for | h(t) | to be bounded it is necessary, of course,
for s(t) to have a limited zero-free interval and a limited number of
zeros in any interval of fixed length. The fourth question is one of
corollary interest.

Once we establish that

-M<hit)sM

we conclude that k is high-pass, so the results in Ref. 2 remain valid
and the reconstruction algorithm in Ref. 1 remains valid, with (7)
replaced by

M
1+ e\ T
[s(t) — sr(t)] < é {s(®) | [(%i—:ﬁ> - 1]_

In order to obtain a bound on | h(t) | we consider
R(t)=m X md(t — tx) — ¢ (9)

and show that h’(t) is a high-pass distribution with no spectrum in
(=X, A). To do this we must first show that the total mass of the
distribution in any interval of fixed length T is uniformly bounded. A
crude bound is obtained which, together with the exponential decay
in the upper half plane u > 0 of

s'(t + iu)
s(t + )

Ic,

establishes that h’(¢) has no spectrum in (=X, A\); that is,
f AR (t)dt = 0
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or

T Y maht) = f _h at, (10)

where f,(¢) is any bandlimited function of L, whose Fourier transform
vanishes outside (—A, A).

The “quadrature formula” (10), together with appropriately chosen
f», gives an upper bound for the longest possible zero-free interval of
s(t).

The fundamental function h(t), under the less restrictive condition,
is of the form

h(t) = J(t) — ct, (11)

where now J(t) is a jump function increasing by m,= at each zero ¢ of
multiplicity m;. The levels of J(¢) are still multiples of = but we do
not (necessarily) have J(0) = 0 as before. If, for example, s(0) # 0,
then J(0) = nw, where n is determined by the condition that h(t) have
zero average value. To obtain an upper bound on | (t) | we write h(t)
as an “unbiased” integral of h'(t). An unbiased integral of a high-pass
function is a particular integral that is also high-pass; e.g., the unbiased
integral of cos At is A 'sin At. Owing to the spectral gap (—A, A) the
unbiased integral may be obtained by convolution with an integrating
kernel (see Ref. 3) I,(¢) belonging to L, satisfying

f L(t)e ™dt = l |w] = A (12)
—co lw

There is, then, an equivalence class of kernels {I,(¢)}. If we further
require

f L(t)dt = 0, (13)
for example, by requiring I,(t) to be an odd function, then
h(t) = = 2 mi(t — o). (14)

We choose a particular integrating kernel I,(¢) and a particular f,(¢)
[for which (10) is valid] such that

—H(t) = L(t) s AlB), —o<t<oo, (15)

and hence obtain
—c f flx)dx < h(t) < ¢ f H(x)dx, —o<t<ow, (16)
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The upper and lower bounds for h(t) readily give an upper bound for
the number of zeros of s(t), counted according to multiplicity, in a
closed interval of length 7. .

It is of interest to determine an upper bound for |s(¢)|, which
amounts to determining an upper bound for A(t), the Hilbert transform
of h(t), in (5). Now |ﬁ(t) | is not bounded, since h(t) has logarithmic
singularities at the discontinuities of h(t), i.e., at the zeros of s(t).
However, A(t) is bounded above. The Hilbert transform is given by
(see Ref. 4)

h(t) = J: h(x)Ky\(t — x)dx, an
where K, is any function of the form
Ky =29 (172)
and
[r(t) is bandlimited to [—X, A] (17b)
AO)=1 (17¢)
f O] L <. (17d)
It1>1 | t]

The integral in (17) is interpreted as a Cauchy principal value. With
suitable further restrictions on f, we can write (17) as

h(t) = 7—1r J: : R (x)Lp(t — x)dx
= i maLa(t — t) — % J: : La(x)dx, (18)
where
Li(t) = f_ w rK\(x)dx, t<0, (18a)
L,\(t) = La(=9). (18b)

In accord with (17d) the integral in (18a) is absolutely convergent for
t < 0 and we obtain (18b) by choosing f, even, and such that L, is
integrable. For the problem here we further choose f) so that

L,(t) <0, —o <t < o, (18c¢)
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© 0
f Ly(x)dx = 2 f Ly(x)dx (integrate by parts)

= hm {tL,\(t) -7 £ xKx(x)dx}

= -2 f fAlx)dx = f Hlx)dx. (18d)
Then from (18), with (18¢) and (18d), we have

h(t) < f f(x)dx, -0 <t < oo, (19)

Here, we choose an appropriate f,, subject to (17b) through (17d) and
(18c¢), so as to minimize the integral in (19).

The results stated below are sharp only for the case 2¢/A = m, an
integer. It is not at all clear how one would proceed to improve the
results when 2¢/X is not an integer. Still, the results show that signals
of the form (1) having only real zeros are very “nice” in that they
behave, at worst, much like polynomials of order [2¢/A] in cos At/2.

II. RESULTS
Theorem 1: Let s(t) be any function of the form

s(t) = cos ct + g(t),

where g(t) is a bounded real-valued function bandlimited to [—b, b), 0 <
b < ¢, such that s(t) has only real zeros {ty} with corresponding multi-
plicities {my}. Then the distribution

h(t)y=m= i med(t — t) — ¢

has no spectrum in (—\, A}, where
A=c—b.
That is, for every f\ in L, of the form

N
@) = J:)\ F(w)e™tdw

we have

J: AR (t)dt = 0

or

"5 ) = |50 d
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Theorem 2: Suppose

5wt = | pod,

where
ME > 0; tk+l > tk)

‘holds for every f in L, of the form

Y
fit) =f F(w)e™dw.
-

Then
brer — tp < 2@/, k=0, £1, £2, ...,

where equality holding for any k implies

tk=271rk+0, k=0, *1, 2, ...
with
2
uk=%, B=0,+1, 2, ... .

Corollary 2: Let s(t) satisfy the hypotheses of Theorem 1. Then every
interval of length >2m /X contains at least one zero of s(t). Furthermore,

if s(t) has a zero-free open interval of length 2z /), then

2 _
A

s(t) = (_21)" {2 cos(%t + n—’:)} ,

where n is some integer.
Theorem 3: Under the hypotheses of Theorem 2, the distribution

m, an integer (=2),

and

p'(t) = _2 ped(t — &) — 1

has an (unbiased) integral u(t) satisfying

-7 T
—}\—ﬁu(t)$x, —o0 < { < 00,

where equality holding (on either side) for one value of t implies

SIGNAL CLIPPING—Ii!
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2
tk=7”k+0, k=0, £l £2,
ﬂk—%’ k=0’ i]-’ iz;

Corollary 3.1: Under the hypotheses of Theorem 1 there is a function of
the form

h(t) = J(t) — ct,

where J(t) is a jump function increasing by myw at each zero t of
multiplicity ms, satisfying

_—Msh(t)s%c, —0 < t < 0o,

and

f_ h(O)fi(t)dt = 0

for every fi in Ly whose Fourier transform vanishes outside (—\, A),
A=b—-c>0.

Furthermore, equality for one value of t in
e

h(t)| <= —

LOIEE

gives the same conclusion as Corollary 2.

Corollary 3.2: Let s(t) satisfy the hypotheses of Theorem 1 and denote
by Nr(x), the number of zeros of s(t), counted according to multiplicity,
in the closed interval [x, x + T). Then

cT  2c

Nr(x) € — + —, (—o < x < ®)
T A
with equality possible if, and only if,
2c .
—=m, an integer,

A

and

= A nm\|” :
s(t) = 3 2 cos 2 t+ m , n an integer,

and x and x + T are zeros of s(t).
Theorem 4: Let s(t) satisfy the hypotheses of Theorem 1. Then
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[s(®)] < 2@M1 —0 < t < oo,

where equality for any t gives the conclusion of Corollary 2.

1Il. PROOF OF THEOREM 1

The basic definition of the class H()\) of high-pass functions is as
follows.
Definition: H(\) consists of all functions h(t) satisfying

x+T
1.f |h(t) |dt < M(T), —o<x<ow

2. f h(t)A(t)dt = 0, for all fiin Ly

whose Fourier transforms vanish outside (=X, \).

The basic representation theorem for H(\) established in Ref. 5 is
as follows.
Representation Theorem: A real-valued function h(t) belongs to H()\),
if, and only if,

h(t) = lim h(t + iu) almost all ¢,
u—0+

where
h(t + iu) = Re{H(t + u)}
and H(7) is analytic in the upper-half plane u > 0,
|H(z)| = 0(e™), u—w,

x+T
f |h(t + iu)|dt < M(T), -o<zx<o, uz0.

Actually, H(\) could have been defined to include distributions
having limited mass in any interval of fixed length. As it stands, the
closure of H()\) includes such distributions.

We consider

_ .s'(1) _

H'(r)=1i ()

¢, T=t+iu. (20)

We have
s’(r) _ —csin cr + g'(7)
s(7) cos et + g(7)

Since g(t) and g’ (t) are bandlimited to [—b, b], the growth of g(+) and
g’(7) is no faster than that of cos br. Thus,
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s'(t+iu)

— — . —Au
St + ) ¢ tan c(t + iu) + 0(e™¥), u — o,
= —ic + 0(e™¥), uw—> oA =c — b). (21)
We have
s'(r) .. & m
) T m T (22)
So
, . e .”(t—tk)—iu _
H(t+zu)—li§z§l——t_tk)2+u2 my — c. (23)
Setting
h'(t + iu) = RelH'(¢ + iu)} (24)
we have
Rt +iu) = Y — c, (25)

St - t)? + ud

where the sum is absolutely convergent (p. 86, Ref. 6).
Now let Nr(x) denote the number of zeros of s(t), counted according
to multiplicity, in the interval [x — T, x + T']. Then

0

mrpl u
— >N —_—
S (e — t)? + u? 7(x) T? + u?

Thus

Nr(x) ﬁ <c¢+ h'(x+ iu).

Setting u = T we have

Nr(x) < 2¢T + 2Th'(x + iT). (26)
Since h'(x + iT) = 0(e™T), T — o, we have
Nr(x) < 2¢T + ¢, for sufficiently large T. 27)

Now

fx+T x+T P Mol
! u) | dt < 2¢T + f e
. | (¢ + w) | c . dt {2 =)+ uz}

< 2¢T + j:w Wi-{-u“’ Nr(t)dt

< 2¢T + w(2cT + ). (28)

388 TECHNICAL JOURNAL, MARCH 1984



It follows from (28) and (21) and the Representation Theorem that

f R/t + iw)fi(t)dt = 0, u>0, (29)

where f, is any function of L; given by a finite Fourier integral over
(=X, A). The integral in (29) is absolutely convergent.

‘J:m [h'(t + )| | Ar(t)|dt
SM(T)Y max |A@)]

kTst<(k+1)T

with the bound independent of w.
Thus we may write

f h'(t+iu)fx(t)dt=2mkf = __uhlt)
e E

tk)2

and let u — O to obtain the quadrature formula

"5 mht = | A

This completes the proof of Theorem 1.

IV. PROOF OF THEOREM 2
We are given for the stipulated f,,

_§ pefr(te) = j:m AH)dt

we >0, thar > bk,

(see p. 101, Ref. 6)

f Ale)de

(30)

(31)

and wish to prove that tp1 — & < 27/A, all k. To do this we take

2

cos E t
) = ———,

T 2

F -t

which satisfies the stipulation and

- ™

t) > — <ti<_

A >0, T<i<l
™
< 0, t| =,
HE

(32)

(32a)
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f_ fi(t)dt = 0.

Now suppose in (31) that

27
tn+1 - tn > ._A-.

Setting T\, = (t,+1 + t,)/2, we have for f, given by (32),
2 mefilte — Th) = 0,
where in accord with (33), | t, — T| > =/A, all k. Since

HE) <0 for [t]|>=/A

(32b)

(33)

(34)

we conclude, since u, > 0, that ¢, — T, is a zero of fi(t), greater in

magnitude than the first; i.e., (33) implies
|ty — Th| = (20, + 1) g\r-, Uy a positive integer (all k).

But now if we apply the formula (31) to g\(t — T%), where

A
cos —t |2
t 2
o) =20 _ - =0
T 2 T 2
P—t 3\—2—t

we obtain, if (35) is true,

| - Tode= 5§ st T =0,

which is obviously false. Hence (33) is false, i.e., we must have

ter1 — b = 27’” s all k.

Now suppose

27
tn+1 - tn = T-

With the same f, as before, we conclude that (39) implies
ty — Thn = (v + )7/, v an integer (all k).

(35)

(36)

(37

(38)

(39)

(40)

In other words, (39) implies that (£, — ¢;) is an even multiple of =/},

all k and j. We have established (38),
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0<tk+1—tks277r for all k&
Then (39) implies

tk=2—):r-k+0, k=0, x1, %2, .-.. (41)

With ¢, given by (41) we have for

sin 5 t|2
S)‘(t) = é . ’ (42)
2
J: s\t — )t = Y wsa(te — ;) = pjsy(0)
== g}\zv all j7 (43)

which completes the proof of Theorem 2.

V. PROOF OF COROLLARY 2
Under the hypotheses of Theorem 1 we have the quadrature formula,

T3 mfilt) = | _ e,

where {t} are the zeros of s(t) having associated multiplicities {ma},
me = 1, tyey — tp > 0. It follows from Theorem 2 that tpe — tp < 27/A,
i.e., that every interval of length >2x/\ contains at least one zero of
s(t). Furthermore, if tp+1 — £ = 27/\ for some &, then (Theorem 2)

tk=M+T, all k,
A
2
yk=%mk=7, all &,

i.e., the zeros have a common multiplicity

—>\£ = m an integer (=2).

Thus we can have f,+; — t, = 27/\ only if 2¢/\ is an integer m
(necessarily =2, since A = ¢ — b < ¢) and then only if all zeros have
multiplicity m on a lattice of spacing 27 /]; i.e., if

mg =

s(t)=A {2 cos%(t— T)} .
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The possibilities for A and T are determined by the top frequency
content;

A
s(t) = 24 cos %5 (t — T) + g(t) = cos mT + g(b),
1.e.,
m\T

2

24 = cos nm.

V1. PROOF OF THEOREM 3
The high-pass distribution

W(t) = i wolt—t) =1, >0, (44)
has an unbiased integral given by
wt) = 5 e - - | neoas (45)
f_ : |L(8) | dt < o, (45a)
f_ : L(t)e-tdt = 715 lo] = A, (45b)

It was shown in Ref. 3 that an equivalent description of an integrating
kernel I,(t) is

I6) = 5 sgn t = g,(0), (46)

where g, is any function bandlimited to [—X, A] such that (45a) holds.
A useful construction for g, is as follows.

Suppose fi(t) is bandlimited to [—A, A], even, and its analytic
continuation f(7) is positive on the imaginary axis. Then for each ¢ =

0;
_
! {1 A(is)}

w(t? + £2)

alt; &) = (47)

is bandlimited to [—\, A].
Now we define the bandlimited function g, as

alt) = j; at; £)d¢
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_1[“’ t g_tfx(t)f
Trdo 2+ (t2+f)fx(lf)

_1 t;&(t) f .
Sgeenis @+ s ] (48)
This gives the useful representation for 1ntegrat1ng kernels
L(t) = tf\(t) f m (49)
We have
) dé 17 _dt
fo "@+ EORGE) F D R 50
So I, will belong to L, if (and only if)
f KO gy < o, (51)
=1 |t
Now if
AGE) > H0)  for £>0, (62)

as 1s always the case for even f, having only real zeros,

g g?
AGE) = A0) T1 (1 + t—>,
k K

then

Itlfw dt 1 f |t dt
0 T(t2+f2)fx(if) A0) mJo 2+ g2

1
2f (0), (t#0). (53)
Thus if (51) and (562) hold, we have
LML
[L(t)] < 2 140)]’ <t <o, (54)

with equality for some nonzero & if and only if f\() = 0.
Now we choose

sin é t| 2
1 2
At) == X

-t
2

(55)

so that the corresponding integrating kernel (49) is odd and satisfies
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=) = L(t) < fi(t). (56)
We then have for this I,

We) = 3 whilt = 6, (57

and since u; > 0, we have

o

ut) == X mh(t = t) (57a)
< i ufa(t = ). (57b)
But
i pfat — t) = f_: it — x)dx = ;
Therefore,
Z}\’-’su(t)sg, —w < t < o0, (58)

We have equality holding on either side in (56) only for ¢ = 2kwx/\,
k # 0, with

L(0+) = /,(0) = 1/2
I(0-) = —f\(0) = -1/2.

So equality can hold in (57a) as a limit from the left, and in (57b) as
a limit from the right, if and only if

by = %% + 4, all k&, (59)
implying as before
My = 2%, all k. (60)

VII. PROOF OF COROLLARY 3.1
We set h/(t)/c = p’(t) and apply Theorem 3 to obtain

—7mC

< ht) < %c (61)

If fi is any function of L; whose Fourier transform vanishes outside
(=X, A), then
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Iw A)h(t)dt = J:w alt)h’(¢)dt,

where

alt) = J:m A\t — x)dx (62a)

J: |gx(t)|dt < J: A(®) Idt-I | I(¢) | dt. (62b)
Thus g, belongs to L; and its Fourier transform
> > >
Exw) = falw)\(w)
vanishes outside (—\, ). Hence
J: AE)h(t)dt = J: SR’ (t)dt = 0. (63)

We could also establish this result by using the Representation Theo-
rem for high-pass functions in Section III, and identifying h(t) as

h(t) = m Re{H(t + iu)}, (64)
where
H(r) = i log G(7) (64a)
and
G(r) = 2™"s(1) = 1 + 2e*7g(7) + ¥ (65)
Git+iu)=1+ 0™, u— o, (65a)

Here H(7) is a particular integral of H'(7) defined in (20), viz.,

H(r) = - f H'(z)dz. (66)
However, bounds on h(t) are not readily available from the represen-
tation (64) or (66), but more so from the unbiased integral of h'(¢).
The conditions for equality are argued as before in the proof of
Corollary 2.

VHI. PROOF OF COROLLARY 3.2
We have

p'(t) = % h'(t) = % _2 mpd(t — te) — 1. (67)
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Then

x+T+0

fo p' (B)dt = p(x + T + 0) — u(x — 0). (68)

Now the number of zeros of s(¢) in [x, x + T is
Nr(x)= ¥ ma. (69)

kxstp<a+T
Thus
x+T+0 x

fo w’(t)dt = . Nrp(x) — T. (70)

According to Theorem 3

- T
—_—= t) = —.
N u(t) N
So
2
T Nolx) = T< ==,
c A
or
2c ¢
Npx) =s=—+-T. (71)
A T

The implications of equality are argued again as in Corollary 2.

IX. PROOF OF THEOREM 4
We have [cf. (64) and (65)]

h(t) + ih(t) = lim i log{e®™™*™2s(t + iu)}, (72)
u—0+
where £ is the Hilbert transform of h.
Then
1 .
Is(6)] = 5¢*. (73)
To obtain an upper bound on £ we use ( 18); i.e.,
h(t) = 3 muLa(t — ti) — % f Ly(x)dx, (74)
where
t
Ly(t) = f fr(x)dx, t<0, (74a)
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Ly(t) = Ly(—t) (74Db)
f» is bandlimited to [—X, A] (74c)
with £(0) = 1,
) = fl=1),

o

and such that f | La(2) | dt < oo,

We want an upper bound on A(t), say h(0). Since {my} are positive
(integers), we would like

Ly\(t) < 0, -0 < f < oo, (75)
so that
A(t) < — 7% f_ : Lix)dx, —o<t<w. (76)
Then equality, e.g.,
h(0) = — ﬁ f_ : La(x)dx,

would imply Ly(—tg) =0, all k.

We expect the lattice distribution is extremal again, requiring L,(¢)
to vanish with (cos A\t/2)? in order to obtain the least upper bound for
h. We need an alternate construction for L,. To obtain this we write

Lx(t)=—f @dx, t>0,

logt+f 1—_££x—)dx—f de.
¢ x 10X

Then, since L, is even we have
Li(t) = log|t| + F\(t), (77)

where F is an even entire function of exponential type A such that
L\(t) is absolutely integrable,

F\(t) = J: L‘—g{*—(")dx— fl fi(;—)dx, (77a)

Ait) =1
—
Now we obtain an alternate construction for F.

We suppose that gy is an even entire function of exponential type
), positive on the imaginary axis and define for each £ = 0

F(t) = (77b)
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EG &@) ;

G)\(t; E) = t2 + gg - 1+ 52- (78)
Then we set
@) =J; Gi(t; £)d¢
N R _ f“ £
a j; <t2 +£ 1+ g2> dt —&lt) (t* + £9)gn(if) at
_ _ ” £d¢
and then
Lyt) =lo |t|+F(t)=—g(t)fm£;d£ (80)
: 8 : " @+ g
We have
at) [~ &dt o
Ly(t) ~ — 7 Jo z0E) t —> o0, (81)
So L, will be absolutely integrable if (and only if)
[ lew %< (82
1t1>1 t
The particular L, we want is
L(t) = —cos® At £dt (83)

2 Jo AE

(t? + £%)cosh?® 5

We can evaluate the integral of L, indirectly by considering

_,
)\ - ’
1 At\"™
s(t) = 2 <2 cos ~2—> .
Then
mmwn=zmm—m—§fme,
where

T
t,= 2k + 1) X’

398 TECHNICAL JOURNAL, MARCH 1984



log 2|s(0)| = — 7—cr J: Ly(x)dx,

mlog 2=— mA f Li(x)dx,
27T —o0
i.e., for L, given by (83) we have
® 2
f Li(t)dt = — 7" log 2. (84)
Thus we have from (84) and (76)

N 2¢
h(t) < 0N log 2, —00 < t < 0, (85)

with equality attainable only for the lattice distribution, giving
[s(t)] < 2@/M-1 —o <t < o, (86)

where equality for any t implies the conclusion of Corollary 2, by the
same argument.
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