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This paper presents performance analysis of dual-polarized M-ary Quad-
rature Amplitude Modulated (QAM) signals over nondispersive radio chan-
nels. In particular, dual-polarized, 16-QAM signals are examined. A simple
method for adaptive cancellation of static and fade-induced cross-polarization
interference is introduced. The cancellation is performed at baseband. For
this canceler, two adaptation methods are studied. The results indicate that
dual-polarized M-ary QAM is not feasible over fading channels unless means
of adaptive cancellation of the cross-polarization interference are provided.
The results also indicate that the adaptive algorithm employed in cross-
polarization interference cancellation should take into account noise power
reduction.

I. INTRODUCTION

Consider transmission of two orthogonally polarized Quadrative
Amplitude Modulated (QAM) carriers over a single communication
route. As an example, envision a dual-polarization radio communica-
tion system where the available bandwidth is “reused” in order to
double the route capacity by transmitting two independent M-ary
QAM signals over the same Radio Frequency (RF) channel, using
orthogonally polarized waves. Because of channel impairments, such
as fades or antenna imperfections, however, the orthogonally polarized
waves are received depolarized at the receiver. Consequently, there
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will be some interference imposed on each signal, causing errors in the
detection process. We refer to this effect as cross-polarization (x-pol)
distortion. For such a case, the x-pol parameters have randomly time-
variant characteristics unknown to the receiver in advance.

Several methods for canceling the x-pol distortion (XPD) in dual-
polarized systems have been proposed by investigators.'® The first
two references assume access to some beacon signals for cancellation
of the x-pol distortion. For instance, Chu?® considers the use of two
pilot tones, one for each polarization, to estimate the scattering matrix
of the radio channel, and applies a differential phase and attenuation
in the receive antenna feed to eliminate the x-pol interference and
restore the orthogonality. Steinberger® proposes a recursive equaliza-
tion structure that operates at RF and experimentally shows that the
device can cancel the x-pol distortion induced by fades over a terres-
trial radio link when dual-polarized eight-phase shift keying signals
are employed. RF/IF x-pol cancellation schemes are suitable when the
dual-polarized signals have to be transmitted over several nonregener-
ative hops, with cancellation occurring on each hop. Such might be
the case in many terrestrial radio communication applications where,
by avoiding baseband x-pol cancellation, the operation is more cost-
effective in terms of a reduced number of required modems. However,
for digitally modulated carriers, especially if used over a regenerative
transmission hop, the x-pol distortion can be eliminated directly at
baseband as a part of the information detection process. Attempts in
the area of baseband x-pol cancellation have been made by Culmone,’
and Nichols et al.?

In this study we suggest a very simple adaptive baseband canceler
to eliminate the x-pol distortion in dual-polarized M-ary QAM sys-
tems. Two methods of canceler taps adaptation are evaluated. We
analyze the performance of such systems by deriving an average
probability of error as a function of signal-to-noise ratio (s/n), x-pol
distortion, and nondispersive fade level with or without the baseband
canceler. The results indicate that over a typical fading radio channel
with static x-pol of about —25 dB, dual polarization of M-ary QAM
signals is possible only if some x-pol distortion cancellation method is
employed. In Section II, we explain the mathematical modeling of the
dual channel. The adaptive baseband canceler is described in Section
III. Section IV presents the performance analysis of dual-polarized,
M-ary QAM systems with or without x-pol distortion cancellation.
Section V gives the numerical performance results for 16-QAM sys-
tems. It should be noted that even though the analysis is a baseband
analysis, the results are also applicable to RF or Intermediate Fre-
quency (IF) cancellation systems employing similar adaptation algo-
rithms.
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Ii. DUAL-POLARIZATION CHANNEL MODEL

We consider transmission of two independent, orthogonally M-ary
QAM carriers with the same bandwidth and center frequency. The
bandpass signal on either of the two orthogonal channels can be
represented by

Si(t) = RAsi(exp(jwet)}, 1=1,2, 1)

where R.{-} denotes the real part, §;(t) is the low-pass complex enve-
lope, and w, is the nominal carrier frequency. The complex envelope
can be expressed as

o

§(t) = Y a(mht - mT), i=12, (2)

m=0

where &;(m) denotes the complex-valued information symbol stream,
and A(t) is the complex low-pass equivalent of the overall system
impulse response. The complex-valued symbols are denoted by

a;(m) = §;(m) + jB(m), =12,

where §;(m) and B:;(m) take on elements of the set {*xc, +3c, .-,
+(L — 1)c}, with L = ¥M, and M the number of levels of the M-ary
signal. The parameter, L, is chosen to be even. The constant, ¢, denotes
the distance of each point in the signal constellation from its nearest
decision region boundary. The random variables, §;(m) and 8;(m), are
identically distributed and take on the specified values with equal
probability. Note that in eq. (1) it is assumed that the data sequences
are synchronized and carrier signals are coherent. These assumptions,
however, may not be necessary in practice.

The channel is assumed to be of the slowly time-variant nondisper-
sive type that takes two independent streams of data and distorts the
transmission by introducing a fraction of one stream into the other. A
practical model of such a channel might be a satellite channel with
rain-induced attenuation and depolarization, which is usually nondis-
persive across the channel bandwidth; hence, depolarization of the
dual-polarized signals over such a channel resembles the described
scenario.

It is known that deep multipath fading of the main polarization
signals on microwave radio routes, in general, is dispersive. However,
because of the lack of empirical data concerning the dispersiveness of
the cross-polarized parameters, we confine this analysis to those radio
channels where all the signals are subjected to nondispersive fading
(for example, satellite channels).

The dual channel matrix is characterized by

QAM SIGNAL PERFORMANCE 501



A= [011 a12J , 3)

az1 Q22

in which the a;’s, j = 1, 2, k = 1, 2, are complex-valued quantities used
to represent the channel attenuation and phase shift. These quantities
are randomly time variant; however, the time variations are assumed
to be slow in comparison to the symbol rate of the signals. Such slow
variations can be tracked and canceled adaptively. The received low-
pass equivalent signals can be expressed as

ri(t) = andi(t) + apsa(t) + mlt) @
ro(t) = andi(t) + ax28:(t) + nalt),

where 7:(t) and ny(t) are independent, zero-mean, white Gaussian
processes. The received signals are filtered by receive filters matched
to the transmit signals and sampled at every symbol period. The
sampled signals are denoted by x;(k), { = 1, 2, and are expressed as

xa(k) = andy(k) + ands(k) + no(k). )

{mm=wwm+mmm+mm
The colored noise sequences, {n;(k)} and {ns(k)}, are independent
samples of zero-mean, complex-valued Gaussian processes with equal
variances

E“ ni(k) |2} = 0'?;, i = 15 2:

where E{.] denotes the statistical average. The factors a;; and ay
represent the in-line attenuation and phase shift; the factors a;, and
ap; represent the x-pol coupling on the two channels.
Data calculated by Chu® show that for linearly polarized waves, the
behavior of the cross-polarized signal amplitude can be described by
ToT _ |aij|2

XPL =
| a;;

i=12 j=12 i#] )

1*

where XPL is defined as cross-polarization factor of linearly polarized
waves® and

YDT — l g —4:12) —_ —80’,2,,
PL = 5 (D e > [1 — cos(41e™%"m))8, 4

where ¢, is the standard deviation of time-varying, mean-canting
angle O,, over various rainstorms, oo is the standard deviation of
anistropy angle O, 7 is the orientation angle of the quasi-vertical
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polarization, ¢ is proportional to in-line attenuation factor, and C/D
is proportional to differential propagation constants. Measured data
from COMSTAR II follow these calculations closely.® The comparison
is shown in Fig. 1 of Ref. 6. We will use these results to introduce an
average probability of error as a function of in-line attenuation level.

In the next section we describe a simple structure that can reduce
the x-pol distortion in such systems.

lll. ADAPTIVE BASEBAND CANCELER MODEL

The adaptive canceler that attempts to remove the x-pol distortion
is characterized by
W = [wll wlz} ,
Wa1 Wa2

where w’s, i = 1, 2,j = 1, 2 are the canceler coefficients. This adaptive
device, which is a part of the M-ary QAM detector circuit, is studied
under two adaptation methods. The first method employs a Least
Mean-Square (LMS) error algorithm and the second applies channel
matrix diagonalization. Figure 1 shows the LMS canceler structure.
The samples at the matched filter output of each receiver are inputs
to a bank of adaptive filters formed by a set of multiplier accumulators
(MACs). To update the coefficients of the canceler, each MAC con-
tains storage elements for storing the result of the multiplication of
the signal-sample detection error and the complex conjugate of the
corresponding received signal sample at the matched filter output.
The calculated coefficients are multiplied by the signal samples at the
matched filter output and used to cancel the x-pol distortion. The
detectors shown in Fig. 1 are part of the M-ary QAM demodulators.

The canceler structure consists of a simple adaptive filter, which
minimizes the least mean-square error in symbol estimation. The
theory of this type of filter is well known’ and is solely based on the
statistical orthogonality principle. According to this theory, mean-
square error is minimum when the error in symbol estimation is
statistically orthogonal to the variable being observed. In the case at
hand, we show the signal-sample estimation error by

(k) = aik) — ai(k), =12, (8)

where a;(k) is the detector input, as shown in Fig. 1. We now select
those canceler coefficients for which the mean-square error is mini-
mum, i.e., the results of solving min Ef{|e(k)|? + |ex(k)|?]. After
proceeding with the minimization process, the following set of equa-
tions will lead to the optimum determination of the coefficients w},
i=1,2,j=1,2:
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Fig. 1—Block diagram of adaptive LMS baseband canceler.
[lan | + |az|? + o2lwh + [anali + afeae]wls = afi
[efiann + awas]wh + [|ax|? + |az|? + 2wl = a5
Haui® + lawz|® + oilwd + [e21a71 + afe02]wds = als
l[a%ian + aia%lwd + [Jaa1|® + |axn|® + ohlwd: = a3 9)

As Fig. 1 shows, the signal samples at the canceler output for each
channel can be expressed as

{&1([@) = w11x1(k) + wleZ(k)

o) = wars(R) + wasxa(k), (10)

where &; and &, are complex quantities. In eq. (10), by substituting
xm(k)’s, m =1, 2 of eq. (5) and the coefficients w, i=1, 2,7 =1, 2 of
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eq. (9), one can form a decision variable for each channel for the
derivation of probability of error.

An alternate solution to this type of optimization problem, which
uses the steepest descent algorithm and is simple to implement, was
suggested by Widrow.® The solution is recursive and states that

wi = w + e(R)xf(R), =12, ji=1,2 (11)

where * denotes the complex conjugate and & represents the sampling
instant. In eq. (11) the noisy estimates of the cross-correlation of the
observed signal and error signal are used as unbiased estimates to
update the canceler coefficients at every baud interval. Such algo-
rithms are well known in adaptive filtering and equalization. The
realization of eq. (11) is shown in Fig. 1. The MACs in the figure
update eq. (11) by storing the result of multiplication of signal samples
and detection error samples.

As an alternative adaptation method, we consider a case where the
canceler coefficients are determined by forcing the x-pol interference
on each channel to zero.? This is equivalent to diagonalizing the overall
channel matrix; i.e., substituting x,,(k)’s of eq. (5) into eq. (10) and
forcing the coefficient of the undesired signal to zero on each channel,
ie., by

W11z + Wil = 0
{w21a11 + waeaz = 0. (12)

In this case we refer to the canceler as a diagonalizer. Amitay describes
the realization of an IF diagonalizer.® In analogy to intersymbol-
interference removal by zero-forcing equalization, this method can
also be referred to as zero-forcing cancellation. Figure 2 shows a block
diagram of the diagonalizer. Note that in canceling the interference,
the diagonalizer neglects the thermal noise completely.

In the following section we will evaluate the canceler for both cases
described.

IV. SYSTEM PERFORMANCE ANALYSIS

In this section we derive an upper bound on the average probability
of error for dual-polarized M-ary QAM signals with and without the
x-pol distortion canceler. Throughout this section it is assumed the
data sequences on the two polarized channels are independent, equally
likely, M-ary QAM signals. The channel is characterized by the matrix
introduced earlier. To simplify the derivation, with no loss of gener-
ality, we can assume the phase angles of a;; and ay; are zero and use
the normalized notations
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Q12 .
— = £ exp(j¢),
a1
a1 .
— = £ exp(j¢a),
[257)
and
a
— | = &. (13)
Qg2

All the variables introduced in eq. (13) are time variant, but the time
variations are slow relative to symbol rate so the receiver can obtain
perfect estimates of the channel matrix components. The phase pa-
rameters ¢; and ¢ in eq. (13) are uniformly distributed over [—, 7).
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Also, to further simplify the presentation of the results, we assume
§L=§& = § and & = 1. This model was shown by Chu to be a valid
model for depolarization of dual-polarized waves due to heavy rain-
fall.’® Furthermore, this simplified model of a x-pol channel still
provides means of evaluating the canceler performance, and the error
probability bounds derived should be useful in preliminary system
planning.

4.1 Performance in the presence of the canceler

In this section we first derive an average probability of error applying
the diagonalizer. Then we proceed with deriving an average error
probability for the LMS canceler.

To calculate a simple upper bound on the probability of error
performance when the diagonalizer is present, we use the complex
valued estimates of the data symbols at the canceler output given in
eq. (10), along with the constraints in eq. (12) and matched filter
outputs of eq. (5), to define the following simplified decision variables
for the two channels:

di(k) = an[l — £/ )a(k) + ny(k) — ny(k)se’®

{&Z(k) = ag[l — £2/ ) Gy(R) + ngo(k) — ny(k)ée’®: . (14)

As this equation shows, the decision variable for channel i depends on

the parameters of channel j, i # j,i =1, 2, j = 1, 2, namely, ¢; and n,.

Now consider the in-phase and quadrature-phase components of each

channel. The decision variable for channel 1 in eq. (14) can be
expressed in terms of its real and imaginary parts as

zr(k) = —3(k)E%cos(¢ + ¢2) + B(R)Esin(pr + b2)

1 1 .
+ — nig(R) + — ny(R)£ sin(g,)
a an

- aiu nar(k)€ cos(¢y)
zi(k) = —B(k)E%cos(d1 + d2) — d(R)Esin(dr + o)

1
+ — ny (k) — 1 nar(R)€ cos(es)
a1 an

1 .
— — nar(R)§ sin(¢y), (15)
an
where n;g(k) and niy(k), { = 1, 2, are the real and imaginary parts of
Gaussian noise samples at sampling instant k, which are identically

distributed random variables with the same variance, ¢2. Now, an
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error is made on channel 1 if | 2g| > ¢ or | zr| > ¢, where c, as stated
earlier, is the signal distance from its nearest decision region boundary
in the signal constellation. Therefore, the probability of error on
channel 1 can be expressed as

P, = % {P|2z] > ¢) + Plz| > o). (16)

Fo derive the error probability, we apply the well-known'' Chernoff
bound, which states

Pz > ¢} < exp(—\c)Efexp(Az)}, A=0, 17

where E{.} denotes the statistical average of the random variable 2.
This is valid for any A = 0. Using the positive A that minimizes the
right-hand side of eq. (17) establishes the least upper bound. Hence,
we apply eq. (17) to egs. (15) and (16) combined. The actual derivation
of the upper bound is in Appendix A.

The resulting probability of error bound is

_ 12
Po< e [" D T G 52]’ =L 08
where
vy = L23_ 1 Z—; = the unfaded s/n
| a;;| = the in-line voltage on channel i, 1=1, 2.
We define
XPD = 20 loge¢, dB (19)

as a measure of x-pol distortion to represent the cross-coupling be-
tween the two channels, and

v = 20 logyol |, dB 1=1,2 (20)

as a measure of flat-fade level. When there is no fade, v = 0 dB and
the only contribution to x-pol distortion is due to the static effects,
such as antenna imperfections, in which case XPD is denoted by
XPDo. The fade-induced part of the x-pol distortion is put into effect
when |a;] <1, i =1, 2. Now, eq. (7) can be applied to relate the
average probability of error to in-line attenuation and to remove the
x-pol factor in eq. (18). That is,
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L-1 3
.12 -
Pe(laul ) = L exp [ 2(L2 — 1)

v) ai|?

1 + v XPL? as|? + XPL

], i=12 (21)

We now proceed with reevaluating the probability of error when the
LMS canceler is employed. As we stated in Section III, the LMS
canceler adaptively calculates its coefficients so that the mean-square
error is minimized. By using the optimum set of coefficients of eq. (9)
in eq. (10), we can define a new decision variable for each channel;
that is,

= (whan + whan)a + Whai + whaz)a,

2
I

+ w?lnl + w(l)gnz (22)

= (whan + whan)a + (Whais + whas)d,

R
N
I

0 0
+ wainy + waen,,

where w’s are the optimum coefficients. As we see again, the decision
variable for channel i depends on the parameters of channel j, i # j,
i=1,2,j=1, 2. In a manner similar to what was explained for the
diagonalizer, we can calculate the probability of error for the LMS
canceler. The actual derivation of the bound is in Appendix B. The
resulting probability of error is

B o U N N S 1
Pes< Lx Jo <1 27r>exP{ 2(L2—1).‘Y®(¢)+A(¢)}d¢’ (23)

where

and V(¢), O(¢), and A(¢) are defined in eq. (34) of Appendix B. An
attempt to solve eq. (23) in a closed form turned out to be inconclusive,
so it was calculated on a computer numerically. To express eq. (23)
only in terms of fade level, again we can use eq. (7) to remove &.

To make a comparison, we remove the canceler and repeat the
derivation of the probability of error for a baseline, dual-polarized,
M-ary QAM system.

4.2 Performance of baseline, dual-polarized, M-ary QAM system

In this case the error-bound derivation is simplified because for
channel i the decision variables are independent of the other channel’s
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parameters, namely, ¢; and n;, j # I, 1 = 1, 2, j = 1, 2. Therefore, eq.
(15) is reduced to

) 1
zr(k) = &da(k)cos(dr) — EBz(R)sin(¢1) + — nur(k)
an
(24)
. 1
z1(k) = £Ba(k)cos(¢r) + £d2(R)sin(¢) + o nir (k).
11
Using a similar approach, as for the previous cases, we derive an upper

bound on the error probability. This derivation is given in Appendix
C. The result is

L-1 i 3 ylasl* |

P < =7 exp 1" 2= D 1 + &8 al?)

1=1,2 (25

This is a simple bound to calculate, and in terms of fade level, it can
be expressed as

3
L P [' 217 - 1)

P.(|a;|*) <

|2

e } i=1,2 (26
1+ 7|aii|2-XPL

The numerical results in the following section illustrate the perform-

ance.

V. NUMERICAL PERFORMANCE FOR 16 QAM

In this section we evaluate the bounds derived in the previous section
for dual-polarized 16-QAM signals.

First, we consider 16 QAM with no cancellation. The upper bound
of eq. (25) is shown in Fig. 3 for three different static x-pol distortion
(XPD,) values. These curves represent the average error probability
bound for 16-QAM signals as a function of static x-pol distortion and
s/n when no cancellation is adopted and no fading exists. Figure 3
also shows the theoretical performance of the 16 QAM and the
theoretical calculated upper bound, i.e., for the case when there is no
fade and no x-pol distortion. As we see, the upper bound curve is very
close to the actual theoretical curve. These results indicate that
improving the static x-pol can improve the overall performance sub-
stantially. Figure 4 demonstrates the bound in eq. (26) for 5-dB flat
fade, using Fig. 1 of Reference 6, which predicts an XPL of 28 dB for
a 5-dB flat fade. As we see, the sensitivity of the error probability to
the fade level is quite high.

Next, we apply the canceler and the diagonalizer described earlier
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Fig. 3—Probability of error vs. s/n for dual 16 QAM without canceler; no fading
exits.

and show the bounds in eqgs. (18) and (23) in Fig. 5 for different
XPDgs. High values of XPDgs could occur in poorly aligned antenna
systems. As Fig. 5 illustrated, the LMS canceler and the diagonalizer
behave quite differently. The LMS canceler improves the performance
significantly even at rather poor XPDs, e.g., XPD, = —5 dB, while the
diagonalizer is almost useless for such a case. As the XPD, value is
improved, e.g., for a XPD, = —25 dB, the performance of the two
cancelers becomes the same. This is because as XPD increases, the
diagonalizer coefficients grow in a direction to cancel XPD, while
neglecting the thermal noise completely; consequently, the noise power
in each channel is increased strongly. The LMS canceler, however, by
minimizing the combined noise and XPD power, produces an accept-
able performance. On the other hand, as XPD is improved, the
diagonalizer becomes as attractive as the LMS canceler since there is
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Fiiga4—Probability of error vs. 8/n for dual 16 QAM without canceler; 5-dB flat fade
applied.

not much XPD to cancel; consequently, there is not much noise
enhancement. However, over fading channels where XPD, dB can
even be positive, use of the LMS canceler will ensure a more reliable
system.

We then apply 5-dB flat fade and draw the average error rate bounds
for both cancelers as a function of fade level in Fig. 6. As we see, the
XPD is removed for a practically reasonable static XPD. The horizon-
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Fig. 5—Probability of error vs. s/n for dual 16 QAM with canceler; no fading exists.

tal translation of the curves reflects the 5-dB signal power loss due to
fade since we have employed unfaded s/n in sketching these figures.

Note that rain fading increases the system noise temperature as
follows. If we assume the noise temperature of the receiver and the
following stages to be Ty, and in the presence of rain, T}, the increased
system noise temperature in rain is

Tp = To + (1 = v)Train,
where
v = |a;| = in-line fade level
Train = effective temperature of the rain.

For example, for a flat fade of 5 dB and rain temperature of 280K, the
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system noise temperature increases by 122.5K. The additional increase
in noise temperature will further translate the curves in Fig. 6 to the
right, horizontally. In practice the noise power increase has to be
factored in system power budget.

V1. CONCLUSIONS

In this paper we studied the performance of dual-polarized, M-ary
QAM signals in terms of average probability of error as a function of
s/n, x-pol distortion, and fade level. An x-pol cancellation method
operating at baseband was suggested. Two different adaptation meth-
ods were considered in calculating the canceler coefficients. In partic-
ular, the performance was evaluated with and without the XPD
cancellation for 16-QAM signals in dual polarization with or without
fade. The results indicate that without applying some kind of x-pol
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cancellation, dual polarization of M-ary QAM signals is not feasible.
The results also indicate that the adaptive algorithm employed in
cross-polarization interference cancellation should take into account
noise power reduction.
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APPENDIX A
Derivation of Error Bound for the Diagonalizer

Consider one of the dual-polarized channels, e.g., channel 1. Using
the Chernoff bound for the in-phase rail of the M-ary QAM signal
and eq. (15) in Section 4.1,

P, = P{|zz] > ¢} < exp(—Xc) E{exp [—Aégzcos(d)) + N\BE2

sin(@) + o mg — 2o (nmcos(m) - nzlsin(m))]} . @7)

where

¢ =1+ P

Since the terms in the argument of the inner exponential are inde-
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pendent of each other, given that ¢ and ¢, are known, we can average
over independent variables first and then take the average of the result
with respect to phase variables. So,

P, < exp(—>\c)E¢,¢1{Ea[exp(—>\6£2cos ¢)]- Eslexp(A\B¢’sin ¢))

-Enm[exp <l n1n>]~Enm[exp (— Ag ancos(qbl))]
a1 an
'Enz,[eXP (2_151 n2ﬁin(¢1)>]}, (28)

where 6§ and 8 are the real and imaginary parts of a uniformly
distributed, complex-valued random variable. We now calculate the
statistical averages in eq. (28):

A A,
I, = E,,m[exp (a—n nm>:| = exp [2011 a,,:l

L2
Iy = Es{exp(—\o&icos ¢)} = % ¥ cosh{A£%c(2i — 1)cos(¢)}.
i=1

And, since

2 : LF—1x

—_— — S —_—

I El cosh{(2i — 1)x} < exp [ 3 2],
then,

NP LP — 1
T2 < exp [ E; — COSZ(¢>)]

Similarly,

L2 254 2
= Eglexp(ABsin(¢))} < exp [ 3 si n2(¢)]

252
I, = E,,m{exp (— — nzgcos(qbl))} [ COSZ(¢1)}

}\E 282 2
Ts < Enﬂ{exp (a_ n21sin(¢1)>} < exp [ 2a? = sin®(¢ )]

11

Therefore,
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L* — 1 N Mol | Nl
.= +
Eool-) = exp [ 3 2 2% 2d%
and

1 LP—1fc 8
P, < —Ac + Ni|l — + + =] 2
* exP[ e (20&’I 3 20 2d% (29

If we repeat the derivation for P,, = P,{|2z;| > c}, because of the
symmetry, we will find out that the result is the same as for P, ; i.e.,
L-1
Pe=T(Pel+Pez)~
We now calculate the least upper bound on P, by minimizing the
argument of the exponential in eq. (29) with respect to A. The result
for

c

>\min =
2_1_+L2—1 E4c2+_£2—
ot T 3 T2 T dh
is
(L-1) 3 ’Ylau|2
Ps—— - .
L P { AL = 1) 1 + & an |78 (30)

For channel 2 we find a similar result using | az; |? in eq. (30) instead
Of | an I2.

APPENDIX B

Derivation of Error Bound for the LMS Canceler

The derivation of error bound is somewhat tedious in this case. We
employ the decision variables of eq. (22) of Section 4.1 and after some
mathematical manipulations, find their real and imaginary parts. For
example, for channel 1, by introducing

v=lay| and ¢ = ¢ + ¢ (31)
fin = Reli — &) = 3 [A-5, + B-sy — C-Bs + D-ug
— E.-ny+ F-ngp — G-nyl
Zy = Imjay, — &} = I%I [A-B + B-B;+ C-6; + D-ny,

+ E-an + F-n21 + G-ngR],
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where
A = —(0; + vE07 + o7)
B = £v%2[cos ¢; + €Os ¢q]
C = &202[sin ¢; — sin ¢s]
D = + vol — v¥t%cos ¢
E = »#t%in ¢
= —1t cos ¢1 + [V3E® + vEei]cos ¢
G = —v% sin ¢; — [V*€® + véoli]sin ¢
H = [*8 + v* + oiF — 271 + cos ¢). (32)

In a similar manner as in Appendix A, we find an upper bound on
P, = P.{}2r| > c} using the Chernoff bound.
Following the method used in Appendix A, we define

L/2
Ty = Eal{exp <>\ (%) 61>} = % El cosh {)\ (%) (20 - l)c}

Ac2I2—1/[AV\
Sep 1 T3 \g/|

Similarly,
[A2%c2 12 — 1 (BY’]
hi=sexp 15— |7
and
22212 — 1 (C\"]
esex |3 \#
Also,

e o (8] -l 4]

Similarly,
A2, (EY
ro e [5 (5)]

2 2
el ]
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and

2 2
T's = exp [2\2— 0 (%) ] .

Therefore, using the Chernoff bound,

22— 1A%+ B*+
PelsEq,{exp [—)\c+>\—CL ¢

2 3 H?
N ,D*+E*+ F*+ G?
EO’n H2 )

where E4{-} is the expectation with respect to ¢. We can minimize the
argument of the exp{-} with respect to A\. The least upper bound
corresponds to

3 YV(4)
P, < Eq,{exp [— 2(L2 — 1) v0(¢) + A(¢)]}' e

This bound is conditioned on ¢; and ¢, so by taking the average over
¢, and ¢, the actual bound can be obtained. In eq. (33)
6(¢) = A+ B® + C*
A(¢p) = D*+ E* + F* + G*
V(¢) = H2
Hence,
0(¢) = (Vo2 + v2E%0L + o) + 28%%6A(1 + cos ¢)
A(@) = V(' + on + 20%6% + viEt + 1% + Y0 (34)
+ 288402 + £261) — A [VPE? + 202 + v¥cos ¢
Vip) = {(® + V& + 02)* — 25 %1 + cos ¢)}2
Since ¢; and ¢; are two independent random variables that are

uniformly distributed over (—=, ) and ¢ = ¢, + ¢, the probability
density function of ¢ is

1 1
f¢(¢)=2—<1——|¢|), O0<|¢|=<2m (35)
T 27

By using fs(¢), we can calculate the statistical average of the right-
hand side of the bound in eq. (33) and find the least upper bound on
P.,. Again, by symmetry

P,

2

= P{|5y| > ¢} = P,

12
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S50

L-1 L-1
P. === Py + P} =—7— P,
and
L-1 f 1 é
Pe< L o (1 27r>
3 YV(9)

"exp { 27 — 1) 70(6) + A(¢)} d¢, (30
) ) L*—1 ¢? )
in which v = = and V(¢), ©(¢), and A(¢) are defined in eq.
(34).
APPENDIX C

Derivation of Error Bound for the Baseline System

If we use a similar approach,

1
exp(—Xc)

L—
P < i

-E {exp {)\Eégcos(dh) — ABssin(¢y) + A nlk}’}- (37)

lau |

Following what was done in Appendices A and B,
Aan }] { AZU%’ }
=E, |ex = ex
' m[ P {|au| P 2|an|?

Iy = Eaz[exp {Agagcos(d)l)H
L2
= ;1

cosh[(2j — 1)eA¢ cos(¢y)]

i

J

2:2.2 T2 _
< exp [)\ 520 L 3 L COSZ(¢1)]

Fg = Eﬂz [exp {—A£62Sln(¢1)}:|

L/2

- % 3 cosh[(2] ~ et sin(4)]

2:2.2 72 _
< exp [)‘ 520 L - 1 sinz(dn)]. (39)
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Therefore,
(L—-1)

P, < I

exp(—Xc) - E4 {T1- T2 T's}

or

(L -1) 1 N, 11*-1 2“]
< e+ = —— o+ = S N2 (39
P, < 7 exp >\c+2|a11|20 5 3 (343 (39)

By minimizing the argument of exp[-] with respect to A and substi-
tuting Amin in eq. (37), the corresponding least upper bound is

Pe < u exp [ 3 ’Ylau‘z :l, (40)

L T2l -1) 1+ vElanl?
where
_roae
Y= 3 0?1,’

and, similarly, the probability of error for channel 2 can be obtained
by substituting | az: |? instead of | a;; |2 in eq. (40).
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