AT&T Bell Laboratories Technical Journal
Vol. 63, No. 6, July-August 1984
Printed in U.S.A.

Coding for a Write-Once Memory

By J. K. WOLF,* A. D. WYNER,' ). ZIV,* and ). KORNERS
(Manuscript received October 21, 1983)

A write-once memory (WOM) is a binary storage medium in which the
individual bit positions can be changed from the 0 state to the 1 state only
once. Examples of WOMs are paper tapes, punched cards, and, most impor-
tantly, optical disks. For the latter storage medium, the 1’s are marked by a
laser that burns away a portion of the disk. In a recent paper, Rivest and
Shamir showed that it is possible to update or rewrite a WOM to a surprising
degree, and that the total amount of information which can be stored in an
N-position WOM in many write/read “generations” or “stages” can be much
larger than N.! In this paper we extend their results in several directions. Let
C(T, N) be the total number of bits of information that can be stored in an
N-position WOM using T write/read generations. We consider the four cases
that result when the writer (encoder) and/or reader (decoder) know the state
of the memory at the previous generation. For three of these cases, when
either the encoder and/or decoder knows the previous state, we show that
C(T, N) ~ N log(T + 1), with T held fixed, as N—w. For the remaining case,
when neither the encoder nor the decoder knows the previous state, we show
that C(T, N) <N #2/(61n 2) ~ N (2.37) and that this bound can be approached
arbitrarily closely with T, N sufficiently large.

I. INTRODUCTION

A write-once memory (WOM) is a binary storage medium in which
the individual bit positions can be changed from the 0 state to the 1
state only once. Examples of WOMs are paper tapes, punched cards,
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and, most importantly, optical disks. For the latter storage medium,
the 1’s are marked by a laser that burns away a portion of the disk. In
a recent paper, Rivest and Shamir showed that it is possible to update
or rewrite a WOM to a surprising degree, and that the total amount
of information that can be stored in an N-position WOM in many
write/read “generations” or “stages” can be much larger than N.' In
this paper we extend their results in several directions. (See Section
II, “Discussion on previous work.”)

To fix ideas, consider an N-position WOM which we use successively
for T write/read generations. Assume that N is large. Assume that
initially all memory positions are in the 0 state, and that at the ¢-th
write/read stage (1 < t < T'), the writer (encoder) and the reader
(decoder) are aware of the state of the memory after the previous [i.e.,
(t — 1)-th] write.

At the first write stage, the encoder writes N independent and
uniformly distributed bits, of which about half (N/2) will be 0. At the
second write stage, the encoder writes about N/2 independent uni-
formly distributed bits using only the positions that were in the 0 state
after the first write stage. The reader will be able to read the second
generation information since we are assuming that it knows the state
of the memory after the first generation. We continue in this way,
storing N2~ ¢~V bits at the ¢-th generation, for ¢ < T. Thus, the total
number of bits of information that is stored in T generations is about

N N N N

N+E+§+¥+ +2T—-1

when T is large. Thus, we see that a total of more than N bits can be

stored in the N-bit-position WOM. Actually, we can do somewhat
better.

Let {g.}Z;, 0 < g. < 1, be arbitrary. At the first generation, write

=2(1 — 27T)N ~ 2N,

1’s on g; N-bit positions. This can be done in q]\l[\f ways, so that we
1

can store

N
B, =
1 10g2 <Q1N>

bits at the first generation. (All logarithms in this paper are taken to
the base two.) Prior to the second write stage, there are (1 — ¢;)N
positions in the 0 state. At the second stage, write on a fraction g, of
these positions, storing

_ N1 - q)
B = log (N(l - ql)q2>

bits. Continuing in this way for successive stages—writing on a frac-
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tion ¢, of the (1 — g)(1 — gq2) -+ (1 — q:-1)N positions, which are in
the O state prior to the ¢-th write—we can store

t—1
N H1 1 - gq)
j=
B, =1 =
tT 8 \Ng. T 1 - )
ji=1
Np: -+ Pea
=1 ,
°8 <Np1 *r e Pe-1q: (1a)
bits at the t-th generation (1 <t < T'), where
p¢=1“Qt, l=t=T. (lb)

Using the Stirling formula for the factorial, we see that when N is
large, we can store about Nh(p.) [[=} p; bits at the t-th generation,
where h(A\) = =X log A — (1 — X) log (1 = A) (0 = X\ = 1) is the binary
entropy function,* and [[iZl pj = 1fort = 1. _

Suppose that we define the rate R, as 1/N times the number of bits
which are stored at the ¢-th generation. Our principal problem is to
find the family of achievable R, Ry, -- -, R;, for the four situations
that arise when, at the ¢-th generation, the encoder and/or decoder is,
or is not, informed of the state of the memory after the previous
[(¢ = 1)-th] write generation. (We hold T fixed, and let N—x.) In
particular we are interested in the total rate

T
CT = 2 Rts (2)
t=1

at which information can be stored in the memory after T generations.
For the case considered above (with the encoder and decoder in-
formed),

t—

1
bj- 3)

J=1

T
Cr= Y h(p)
t=1
The choice of the {p;}, or alternately the {g;}, which maximizes Cr is
given by
Lemmal:Let0<p,<1,fort=1,2,...,T. Then
T t—1
2 hp) ]I pj < log(T + 1), (4a)
=1 j=1
*Take h(0) = h(1) = 0. It follows immediately from the Stirling formula that
lim l1og<N> = h(),0< A< 1.

N—»wN )\N
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with equality when

T—t+1
p=m— g 1st=T (4b)
Proof:For T=1,2, ..., define
T t—1
Fr(py, -+, pr) = 21 h(py) 11 pi, (5)
t= j=1
0=<p;<1,1=t=T. Observe that
T t—-1
Fr(py, -+, pr) = h(p1) + p1 22 h(p:) I12 pj
t=! J=
= h(p1) + prFr(p2, -+ , Pr). (6)

We now prove the lemma by induction on T. When T' = 1, Fi(p,) =
h(p1) = log(2), with equality when p; = 1/2. Assume that the lemma
holds for T'= T, — 1. We will show (a) Fr, < log(T, + 1), and (b) with
{p:} given by (4b) with T'= T, Fr,(p1, - -+, pr,) = log(To + 1).

To show (a), invoke (6) and the induction hypothesis, yielding

Fr,(p1, p2, -+, P1,) = h{p1) + pilog To. (7

Setting the derivative of the right member of (7) (which is a concave
function of p;) with respect to p; equal to zero, we see that the right
member is maximized at p; = To/(To + 1), so that

T To
FTo(ply e ’pTo) = h<T0+ 1) + T()+ 1 log TO
= log(To + 1),
which is (a).
To show (b) let
=Tz D=trl oy,

C(To-1D—t+2’

The induction hypothesis implies that
Fry i\, -+ - 5 A1) = log To.

Further, for p; given by (4b) with T = Ty, p;+1 = A.. Thus, (6) yields

T, T,
Frpu, - ) =h (TO " 1) * i los T
= log(TO + 1)’

establishing (b), and the lemma.
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Applying Lemma 1 and (3) we see that for the case where the
encoder and decoder are informed, we can achieve Cr = log(T + 1).
Thus, we can store a total of about N log(T + 1) bits on an N-position
WOM in T generations (with T held fixed as N—). In the sequel we
will show that the simple scheme outlined above is essentially optimal.
Quite surprisingly for two of the other cases—encoder or decoder
informed—we can do just as well, i.e., achieve Cy = log(T + 1). For
the fourth case—neither the encoder nor decoder informed—we show
that, as T, the maximum achievable Cris (x%/6)log e = 2.37, which
is considerably less than log(T + 1) but nevertheless significantly
greater than unity.

il. FORMAL STATEMENT OF THE PROBLEM AND RESULTS

The memory consists of N cells or bit positions that can be in either
the 0 or 1 state. Assume initially that all cells are in the state 0. At
time (or generation) t = 1,2, ..., T, data S’ is stored in the memory.
Assume that {S is a set of independent random K;-vectors, and that
St is uniformly distributed in binary K;-space, 1 < t =< T. Denote
the state of the memory at time t by Y¢ = (Y, Yi, -+, Yin), where
Yn=00rland Y°= (0,0, ---,0).

At time t, the encoder inputs into the memory a binary N-vector
X*=(Xa, - -+, Xiv) (which is a function of 8* and perhaps Y*!) and
the state of the memory changes to Y¢, where

O lf th = Yt—l,n = 0’
1 otherwise.

Ytn = in \% Yt-—l,n = Jl (8)

The contents of the memory may now be read, and an estimate S* of
the data S* obtained. The error rate is

P = % Edu(S', 8., ©)
t

where E( ) is expectation and where dy(u, v) is the number of
positions in which the binary N-vectors u and v differ (Hamming
distance). St is a function of Y* and perhaps Y.

We now consider four cases.

Case 1 (encoder and decoder informed):

Xt = fa(S, YD,
St = fH(Y, YY), (10)

1 = t = T. The functions f& and f5 are the encoder and decoder

functions, respectively. In this case both the encoder and the decoder

are informed of the state of the memory at the previous generation.
Case 2 (encoder informed, decoder uninformed):
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X = f&(S4, Y,

St = fH(Y"), (11)
l=t=T.
Case 3 (encoder uninformed, decoder informed):
X* = f&(S"),
8t = fH(Y", YY), (12)
1=<t=T.
Case 4 (encoder and decoder uninformed):
X' = f&(SY,
8 = f5(YY, (13)
1=t=<T.

For a given Case (1 through 4) and a given T = 1, we say that a
(rate-) vector ¥ = (ry, r2, -+, rr) 0 < r; = 1, is achievable if, for
arbitrary ¢ > 0, there exists an encoder/decoder with parameters
T, N, {KJL, such that, for 1 =t < T,

K.

N =r—e (14a)

Pi=e 14b)

Similarly, a (total rate) R is achievable if, for arbitrary ¢ > 0, there
exists an encoder/decoder with parameters T, N, {K,}T such that

1 T

NEK:ZR—G, (15a)
t=1

T

Y PiK,

= (15b)
Y K,

t=1

The left member of (15b) is the expected fraction of the total of
¥T K, bits which are decoded in error. The capacity Cr of the WOM
is the supremum of the achievable total rates.

In each Case (1 through 4) we seek to find the family of achievable
rate vectors. We now summarize our results.

Let p = (p1, p2, - -+, pr) be a T vector for which0 =p,=1,1<t=<
T, and let

t—1
Zr(p) = {r =(ry,rey o+, rr): 0=<r. < h(p) _I_Ilpj}‘, (16)
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where, as in Section I, A()\) is the binary entropy function. Finally,
define

Rr = Y Zr(p). (17)

In the sequel, we will establish the following two theorems, which
assert that for Cases 1 through 3 (encoder and/or decoder informed),
Ppis the family of achievable rates.

Theorem 1 (direct half): For Cases 1 through 3, let T = 1 be given. If
r € %, then r is achievable.

Theorem 2 (converse half): For Cases 1 through 3, and any encoder/
decoder with parameters T, N, {K,}, and error probabilities {P%}, there

exists @ member ¥ = (ry, ro, - -+, rr) of % such that
K, .
N = r. + h(PY, 1=t=T (18)

It follows from the discussion in Section I that the capacity (for
Cases 1 through 3) is Cr = log(T + 1). It is also a consequence of our
proof of Theorem 1 for Case 2, that for the codes constructed, P. = 0,
1<t=<T.

For Case 4 (encoder and decoder uninformed), we cannot completely
characterize the family of achievable rate vectors. We do, however,
establish the following theorems.

Let p = (p1, p2, - -+, pr) be a T-vector for which 0 =p, =1 (1 =
t<T). Let
Qo =0, (19a)
t
Q =11 p; 1<t=<T. (19b)
=1
Let 2%(p) be the set of ¥ = (ry, - -, rp) for which
re < h(Q) — p:h(Q:-1), (20)

forl<t=<T. Forr € Z7(p),
T

T
< tgl h(Q:) — p:h(Q-1)

t=1

T
= h(Qr) + El (1 = p)h(Q:-1). (21)

We now state

Theorem 3 (existence): For Case 4, let T = 1 be given. If r € Z7(p),
for some p, then r is achievable.
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Theorem 4 (partial converse): For Case 4, and any encoder/decoder
with parameters T, N, {K,}, and error probabilities {P%}, then

T
T K El Pek:
(Z _t) 1—~h _:_T_
=1 S K,
=1

T
< sup X
I‘ELI;' r(p) t=1

T
= sup {h(QT) - tgl 1- pt)h(Qt—l)} 2 pr. (22)

It follows from Theorem 4 that if R is an achievable total rate, then
R < p7. Furthermore, we show in Section III that

2

pr < % logse =~ 2.37318, (23a)
and that
7l"2
lim py = — logge. (23b)
T—s0 6

Discussion of previous work

An information theoretic treatment of coding for memories of this
type was given by Kusnetsov and Tsybatov? in 1974. They studied
binary memories with defective cells—typically cells that are “stuck
at 1”. Their work was extended and generalized considerably by
Heegard and El Gamal.? Rivest and Shamir® originated the concept of
rewriting on WOMs. Their problem is similar to that in previous
models with the “stuck at 1” state of Ref. 3 and Ref. 2 being the result
of writing on the WOM in previous generations. In the new problem,
the system designer must balance the needs of memory users at all
generations. In a very recent paper, Heegard* generalized the Rivest-
Shamir results in several ways.

The models in all of the above papers correspond to our Case 2, in
that it is always assumed that the encoder can read the memory before
writing, and that the decoder is unaware of the state of the memory
before the present write. Heegard and El Gamal® proved a coding
theorem for the memory with “stuck at 1” defects which can be adapted
to our rewriting on WOM’s problem. Essentially this was done by
Rivest and Shamir, although they apparently were not aware of the
earlier work. Concerning Case 2, our results represent an extension of
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previous results in that our converse theorem (Theorem 2, Case 2)
holds for codes with a small error probability, and not a zero error
probability as in Ref. 4 and Ref. 1. Our results for Cases 1, 3, and 4
are new.

IIl. PROOF OF CONVERSES

In this section we establish the converse Theorems 2 and 4.

Proof of Theorem 2: It suffices to establish Theorem 2 for Case 1 (both
encoder and decoder informed). Let {f%, fb}%, define an encoder/
decoder for Case 1 [defined by (10)] with parameters T, N, {K,} and
error probabilities {P.}. Consider the t-th generation. Since S¢, X*, Y?,
St is a Markov chain given Y*', the data processing theorem yields*

a

I(S% S YY) < I(X% Y Y. (24a)
Now
I(S5 8| Y™Y) = H(S!|Y™!) — H(SY§, YY)
= H(S') — H(S'|8Y, (24b)

where the inequality follows from the independence of Sf and Y*?,
which implies H(S*|Y*") = H(SY = K., and from the fact that
conditioning decreases entropy. Further, from Fano’s inequality,
1/N H(S!|S" =< h(P!), so that (24) yields
— I(X‘ YY) = I}f] — h(P%). (25)
Now, writing Y= (Y, Y, -+, Yiv), we have for0 =t < T,

l t. Yt t—1 (l)l 3 t—1
NI(X,YIY )SNH(YIY )

NS
21*-‘ =z~
||M2 ﬁmz

H (Yen| Yiorn)

(3

H(le Yi-1n = 0)Pr{Y,1, = 0}. (26)
Step 1 is a standard inequality; step 2 follows from the fact that the
entropy of a vector is no greater than the sum of the entropies of its

components, and conditioning decreases entropy; and step 3 follows
from H(Y;,| Yi-1,» = 1) = 0. Setting

* Remember Y°= (0,0, - .-, 0).
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Qtn = P {Y = 0}
1 N
Q N § Qtn,
1=n=<N,1=<t=<T, wehave Q,, = Q1,» and

Pr{ Ytn = 0, Yt—l,n = 0}

Pr{Y,,= 0| Y1, = 0} = Br Y. = 0]
t—=1l,n —

— Pr{ Ytn = 0} — Qtn
Pr{Y,,, =0} Qt—l,n.

Qtn
Hence H(Y| Y1, =0) = h ( ), and (26) become

N
SIS VY = Q,_l,nh< Q"‘)

Qv
=Gy 3 e (Q?:)
=0 (g £ 0
= Qi1h (Q(f_t ) (27)

The second inequality in (27) follows from the concavity of h(.).
Combining (25) and (27) we have, for 1 =t =< T,

@ ()= & - wip, (28)

Now let us define p, = Qe =1,1=t=<T. Since Q = 1, we have
t—1

Q: = [I}=1 pj, so that (28) is

t
N = 11 pih(p) + h(PY, (29)
J=1
1 =t = T. Comparison of (29) with (16) yields (18) and Theorem 2
We now turn our attention to Theorem 4. Let £ % (-) and f")( ), 1
t<T define an encoder/decoder for Case 4 with parameters
T, N, {K.}L,, and error probabilities {P}Z,. Then
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T T
YK =3 HSH U HS, 8% ..., 87
t=1 t=1

(i) H(SY, 8% ...,8T, YL Y? ..., YhH

= H(YT) + H(S, 8% ..., ST, Y!... YT‘1|YT)

= H(YT) + Ur, (30)
where

U=HS, ---,8, Y, ..., YY), 1=t=T (31

Step 1 in eq. (30) follows from the independence of the {S*}], and step
2 from the fact that Y* is functionally determined by S?, 8%, ..., S,
1<t=<T. (Take Uy=0.)

Now,forl=t=<T,

U, = H(S, YY)
+ H(SY ..., S"L YL, ..., Y2 YL S, YY)
O HYS, YY) + H(S'| YY)
+ H(SY, ..., S"L YL ..., YR YY)
@ H(Y" S, X4 YY) + H(SH YY) + U, (32)

where step 1 follows from the fact that (S, ..., S, Y, ..., Y?),
(S, Y*) are conditionally independent given Y*™, and step 2 follows
from X* = f&(S%).

Now from Fano’s inequality,

H(S'|Y") = K;h(P),
and since conditioning decreases entropy,
H(Y"! 8, X, YY) <= HY XS YY).
Thus, from (32),for 1 =t < T,
(U: — Umy) = HIYTH XY YY) + Kh(P)).

Summing on ¢, we obtain (noting that U, = 0)
T T
Ur< Y HYHX, YY) + Y Kh(PY).
t=1 t=1
Substituting into (30) we have
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T T T
Y K, = HY? + Y HY™' XYY + ), K.h(P!
k=1 t=1 t=1

N N T T

= Y HYr) + ¥ Y HYr14| X Yiu) + 2 K:W(Pe).  (33)

n=1 n=1 t=1 t=

Applying the concavity of h(.) and Jensen’s inequality, we have

o  — 2 K:h(P?)
El K:h(P;) = (2} Kt> S K,
3 3 K.P:
- (2 Kt)h< 2 Kt >7

so that (33) yields

(5.0) -0 (2529

N T
< 21 [H(an) + 21 H( Y:—l,anmYm)]. (34)

Now fix n (1 =n= N) and write th = Xt, Ym = Yt, Yt—l,n = Yt—l-
The random variables X, Y,, Y,_, are binary. Consider, for2 <t < T,

H( Yt—lIXth) = H( Yt—l, Xt, Y:) - H(Xt, Yt)
O H(Yi, X)) — H(X,, YY)
=H(Y:) + H(X,|Y.) — H(X) — H(Y,| X))

@ H(Y.) — H(Y,| X)),

where step 1 follows from Y, = X, V Y., and step 2 from the
independence of X, and Y,—,. Now put back the n dependence. Letting
Pin=Pr{X,,=0},1<t=<T,1=n= N, we have from the independence

of the {X,.} L,
PriY, =0} =Pr{iX;, = Xon=--- = Xpn =0}

t
= H ptn é Qtn:
Jj=1

and
Pr{Ym = 0|th = O} = Pr{Yt—l,n = O} = Qt—l,n’

and
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Pr{Y,,=0]|X,,=1}=0.
Thus (35) is
H(Y-10| Xin Yin) = M Qi-1,0) + Pinh(Q1-1,n)
= (1 = pw)h(Qe-1,n),

and the term in brackets in (34) is

T
H(Yr) + Y H(Yi1,0| Xin Yin)
=1

T
= h(QTn) + 21 (1 - ptn)h(Qt—l,n)

Thus (34) is

which is Theorem 4.
Our final task in this section is to establish (23a) and (23b). We
begin by establishing the following:

Proposition 1: Let 0 < a <b < ». Then

b
f h(e™)dx = (1 — e *)h(e™).

Proof: Lety =e* y1=¢% v, =€ Then 0 <y <y, <1 and we
must show

b Y1
f h(e™)dx = f r) dy = ( - }2> h(y1)
a Yo y gl

h(yl)
Y1

=(y1 — Yo) ——

But hy) is nonincreasing (i My _ ylog(l —y) = 0>, so that
y dy y

h») can be underbounded in the integral by h(y,)/v:, establishing the

proposition.
Since pr is nondecreasing in T, we can establish (23a) and (23b) by
showing that

0 7T2
sup 21 (1 = p)h(Qe-y) = E log e, (36)
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where the supremum is with respect to sequences {p;}i;, where 0 <
p:=<1, and Q; = [I1 p;. Let {p} be given, and consider

Y = 21 (1 — p)h(Q:-1). (37)

For1l <t < o, let a; = —In p;, so that p, = ¢™*, and

t t t
Q=IIp=1I e%=exp {— 2 aj} = e,

SRt =1
where x; = Y,{.; o;. (Take xo = 0.) Thus,
p:= e % = e_(xt_xt—l),

and

¥ = Ez: (1 — p)h(Q:-1)

= 2 - e"("t-xz—l))h(e_xt-l)

t=1

=Yy f h(e ®)dx = lim f h(e™)dx,
t=1 vYx t—oo 0

t—1

where the inequality follows from the Proposition 1. Since h(-) = 0
and

f " he)dx = f R gy
0
= (logee) f ( =D - y)) dy

= (logze) —

we have shown that

2

sup ¢ = sup X(1 — p)h(Qr1) = (logse) %. (38)

Furthermore, ¢ can be made arbitrarily close to the right member of
(38) by setting p; = e for sufficiently small 6 > 0. In other words,

© Ld 2
y=3 (1-edheEe™ > f h(e)dx = (log €) =,
t=1 0 6
as 6—0. This completes the verification of (23a) and (23b).
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IV. PROOFS OF (DIRECT) THEOREMS 1 and 3

In this section we give proofs of the “direct” coding theorems
(Theorems 1 and 3). Actually, we need two proofs (for Cases 2 and 3)
for Theorem 1. We give these in Sections 4.1 and 4.3, respectively,
and prove Theorem 3 (for Case 4) in Section 4.4.

4.1 Case 2 (encoder informed, decoder uninformed)

We begin with some definitions. The weight, |u|, of a binary N-
vector u is the number of nonzero entries in u. Let By(w) be the set
of binary N vectors with weight w. We say that binary N-vector u
covers the binary N-vector v, denoted u > v, if u has 0 entries only in
positions in which v has 0 entries. Thus, for example, when N = 4,
(1010) > (1000), but (1010) does not cover (1100).

Now consider the encoder for Case 2 with the parameters
N, T, (KT given. Let M, = 25, 1 < t < T. We will specify an ad hoc
encoder as follows. Let {w,}Z, satisfy

O=wy<w; -+ <wr=<N.

The encoder will see to it that | Y‘| = w,, 1 = ¢ = T. It does this by
setting X¢ equal to an N-vector which covers Y (so that X‘ = Y?)
and for which | X*| = | Y| = w,. The encoding is done as follows. For
1=t=<T,let{AL}l, 1 <= m < M, be a partition of By(w;). Thus, for
1<t=<T,

AL C By(w), 1=m=M,
AL N AL = ¢, m#m,

M,
2 Al = Bn(w,).
m=1

At the t-th write, the encoder observes Y*!, and if 8¢ corresponds to
message m, it searches A, to find a vector that covers Y*'. If it finds
such a vector, y, it sets X’ = Y’ = y. The decoder can recover the
message m by observing that Y* € A%, Also | Y| = w,. An error will
occur if and only if no y which covers Y can be found in A%,
Forl<st<T, 1<=m=<M,,u€& By(w,.,), let F(u, AL) =0or1
according as A, contains a vector that covers u. Clearly, we make no
errorforl<t=<=T,1<m=<M,,if

T M,
yay ¥ > F(u, A}) =0. (39)

t=1 m=1 uEBp(w;_;)

Now turn to Theorem 2. Let T, ¢ > 0, r € % be given. We will
show that with N sufficiently large and with {w,} suitably chosen, and
with K,/N = log M, = r, — ¢, that there exists a family of partitions
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{AL} for which ¢ = 0. Thus we will have shown that not only is
r € % achievable, but that P% can be made equal to 0. We do this by
choosing the partitions {A%,} at random (according to a probability law
which we will specify later) and computing the expectation E . We
will show that E y—0 as N—. Since ¢ is integer valued, when E ¢ <
1, there must be a family of partitions for which y = 0.
Here is how the random partitions are chosen: For 1 < ¢t < T, pick
a v € By(w,) and place it in class A%, with probability 1/M, (1 = m <
M,). Do this independently for each of the members of By(w,), and
each t. Under this random experiment, y is a random variable and
Ey=YY Y EF(uAp). (40)

t m uEBp(w,;)
For fixed t, m, u € By(w;-1),

for all v € By(w,) such that v > u,
v & AL

1\" -,
= (1 - M) < exp {M}, (41)

where », is the number of vectors v € By(w;) which cover u € By(w;—,).
Since in choosing v to cover u we must place w;.—; 1’s in those positions
in which u is 1, and we can put the remaining w; — w,—; 1’s in any of
the remaining N — w,-; positions, we have

(N - wt_1>
Ve = .
Wy — W1
We now choose the {w,}. Since r € %#r, there must be a vector p =
(p1, - -+ , pr) such that r € Zr(p). Let

E F(u, A) = Pr {

Wy = N - QtNa
where Q, = [[.21 p; (and € = 1). Then, as N—,
Q1N NQ,_1h(1—p)+0(logN)
= = NQuih(1=p)+OllogN), 42
& (Qt—l(l - pJN, 42)

Substituting (41) and (42) into (40) and using M, < 2V, | By(w,) | = 2V
we have

E ¢ < T22Nexp {_ﬁl 2NQz—1h(pt)+0(logN)}'

t
Setting K,/N = 1/Nlog M; =r, — ¢ < Q-1 h(p;) — ¢, we have
E ¢ = T exp{—2"+™} _ 0,

which is what we had to prove.
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4.2 Random coding

In this section we state the well-known random channel-coding
theorem® in a form that will enable us to establish our direct theorems
for Cases 3 and 4 with little difficulty. Consider a discrete memoryless
channel with input and output alphabets 2, % respectively, and
transition probability P.(y|x), y € % x € 2. A code ¥ with param-

eters N, M is a subset & = {Xy, ---, Xy} € 2 with cardinality
|| = M. The maximum-likelihood decoder is a mapping
Fp: YN {1,2, ..., M} for which fp(y) = the smallest m such that
PM(y|xm) =2 PV(y|Xm), m #m, (43a)
where
N
PN (y|x) = H1 P.(yn] Xn), (43b)
y=(y1’ cvt ,yN)E ?/N;x=(x11 ny)E -Q/N-Letq)m(y, -Cg)=0

or 1 according as fp(y) = m or # m. When each of the M-code vectors
in % are used with equal probability, the “word” error probability is

M
Po=22 3 3 PR(YIxX0)Ba(y, ©). (44)
m=1 yEE"/N

Now let po(x), x € Z, be a probability distribution on 2, and let I,
be the mutual information corresponding to the distribution
po{x)P.(y]|x) on 2 X % A random-code ensemble is constructed as
follows. Let the M-code vectors X,,, in % be drawn independently with
Pr{X,, = (x1, - - - , x5)} = 121 po(x,). The quantity P, in (44) is now
a random variable which depends on the choice of % Write it as
P.(¥), and write its expectation E P.( %) = g(N, M). Of course, g(-)
depends on po(-) and P.(-|-) too. We now state the well-known
random-coding theorem.?

Theorem 5: Let P.(-|-) and po(-) be given, and let g(N, M) and I be
as defined above. Then, with % > 0, held fixed,
g(N, 2"B) — 0, as N—oo,

provided R < I,.

We conclude from this theorem that provided N is sufficiently large,
there exists at least one code ¥ with parameters N and M = 2% such
that P.( %) is arbitrarily small.

4.3 Case 3 (encoder uninformed, decoder informed)

For a given N, T and encoder/decoder as defined in Section II, we
can think of the information K,-vector S* as an integer in {1, 2, - - -,
M.}, where M, = 2% and set
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xL=fk(m), 1=t=<T, 1=m=M,. (45)

Thus at the ¢-th generation, when the message is m, the encoder writes
xt,. Let % = {x5L}Me, be the “code” for the ¢-th generation, 1 s t < T.
The proofs for this theorem and the next depend on a random choice
of { Z}L,. Here is a rough and imprecise sketch of the main idea.
Let {p} L, satisfy 0 = p, = 1,1 = t < T. The codes { %.} are chosen
randomly and independently, according to the following probability
law. Each of the M; code vectors in %; is chosen independently, with

the probability that the mth code vector be x = (x,, .-, 25) € 2V
is equal to []2.; p“(x,), where
p?0) =p, pP1)=1-p. (46)

Now let us consider the t-th write/read generation. Prior to the ¢-th
write, the n-th bit position will be a 0, i.e., Y;—;, = 0, if it was not
written in each of the (¢t — 1) previous generations. In some “average”
sense, this happens with probability [[/Z1 p; = Q:-1. Since the decoder
at the t-th generation knows Y, , and Y,,, and it is impossible for
Y1, =1, Y, = 0, there are essentially three possible “outputs”
(Y1, Yin) & Zin. Zin can take the values: a & (0,0),b 4 (0,1),c &
(1, 1). If, for example, the channel input X,, = 0, then

Pr{Zm = (0, 0) = alth = 0} = Pr{Yt_]__n = 0} = Qt—l-

Thus, as far as the t-th generation is concerned, Z* is the output of
the memoryless channel with input X, output Z and transition prob-
ability given by Fig. 1. The random-coding theorem suggests that, in
the ¢-th generation, we can have highly reliable transmission provided
that M, < 2¥Y9 where I, is the I(X; Z), which results when the input
X to the channel in Fig. 1 has Pr{X = 0} = p;. Thus,

Pt

Fig. 1—Equivalent channel for Case 3.
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IL,=1(X;2)=H(Z) - HZ|X)
= H(V, Z) - H(Z|X),

where V=V(Z) =1whenZ =aqor b, and V = 0 when Z = ¢. Since
H(V) = h(Q:-1) and H(Z| X) = h(Q:-1), we have

I.= H(V) + H(Z| V) — H(Z|X)
= h(Qw1) + Pr{V = O}JH(Z|V = 0)
+ Pr{V = 1JH(Z|V = 1) — h(Q._)
= Pr{V = 1}JH(Z|V = 1) = Q_1h(p,). (47)

Thus we are led to conjecture that, for a given T and p, any r € %r(p)
[given by (16)] is achievable for Case 3. We now proceed to a rigorous
proof.

Again, consider an encoder/decoder with parameters N, T, {K}.
Consider the ¢t-th write/read generation. Suppose S'=m (1 = m =<
M,), and consider

Pr{Y' =y, Y! = y*!|S* = m}
= Pr{Y"™" = y"f(y'|y*'xh), (48a)
where f(y'|y*?, xb) =1if
y' =y Vxi (48b)

(“V” is bitwise “inclusive or”), and f = 0 otherwise. Now Pr{Y! =
vy} depends on the codes %/, 1 <j <t — 1 (but not on %). Let us
make this dependence explicit and write

Pr{Yt _— yt, Yt—l — yt—llst — m}
= P(yty yt_llxin’ -%.7 D] %—1)' (49)

Now, let y* = (ya, Y2, -+, ¥n), and note that (y.—1,n, ¥:n) cannot
take the value (1, 0). Let us define a = (0, 1), b = (1, 0), ¢ = (1, 1), and
let z* = (24, 212, - - - , 2wn), Where
2t = (yt—l,m ytn) € {a, b; C} 4 g

Now write (49) as

Pr{Yt = yt’ Yt_l = yt_list = m} = P(zt|x£n7 %’ Tty %—1)- (50)
Finally, let the vector (p., ps, ---, pr) be arbitrary, 0 < pr<1,1 <
t = T. Let the codes %4 --- %r be chosen independently according to

the presciption given above eq. (46). Then (with x%, held fixed), the
expectation

E P(z'|x}, &, -+, %) = PO (2'|x}), (61)
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where P™(z!|x%,) corresponds to the discrete memoryless channel
with input alphabet 2= {0, 1}, and output alphabet Z= {a, b, ¢} and
transition probability represented by Fig. 1.

Now consider the decoder at the ¢-th read generation. The decoder
examines Y?, Y% Let us use the following decoding rule. When (Y¢,
YY) =z € 2V, let fp(z) be the smallest m, 1 = m < M,, such that

PN (ztxt) = PN (z!|x%,), m’ # m.

Let y£.(z%, %) be 0 or 1 according as fp(z*) = m, fp(z*) # m. Then the
error probability* at the t-th generation (given S‘ = m) is, using (50),

Pi< 3 PriYl =y Y =y'|S = m]

t—1

= 2 P(ztlen’ %, b %—1)‘1, (zt —%)y (52)

z'e

and the overall error probability is

T M,
Pin
El mgl Mt
T M,
E 2 D M P(z'|x},, 4, - G-)¥n(z, Z). (53)
t=1 m=1 z* t
Taking the expectation of P%,, over the random-code ensemble defined
above, and noting that the random codes %4, - - - , £rare independent,

we have from (51) and (53)
Z E[ 2 EP(N)(Z | X0 ) W (2, ﬁf)] (54)

where the expectation in the right number of (53) is taken with respect
to %.. Applying Theorem 5, we conclude that for € > 0, this expectation
—0, as N—, provided

M, = 2809,

where I, = Q,-1h(p,). See (47). Thus for given T, p = (p1, - - - , pr), We
have established that r € Z%r(p) is achievable. This is Theorem 1 for
Case 3.

4.4 Case 4 (encoder and decoder uninformed)

In this section we establish Theorem 3 for the situation in Case 4
(encoder and decoder uninformed of the state of the memory at the
previous generation). The proof is almost exactly the same as that of

* The right member of (52) is the so-called “word error probability”, i.e., the proba-
bility that 8¢ # S*. P as defined by (9) < Pr{S* # §*}.
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Theorem 1 for Case 3, which was given in Section 4.3 (where only the
encoder was uninformed).

Let T, p = (p1, - - - , pr)(0 < p, < 1) be given. The codes { £} L, are
defined exactly as in Section 4.3, and we use a random-code ensemble
exactly as above (46). Since the decoder at the ¢-th generation is
uninformed of Y*, it must operate on Y* instead of Z as in Case 3.
This leads us to define the channel in Fig. 2 to replace the channel in
Fig. 1, to define P(- | -).

The rest of the proof parallels the proof in Section 4.3, but here

I, =1(X; Y)=H(Y) — H(Y|X)
= h(pQ:-1) — Pr{X = 0JH(Y|X = 0)
—PriX=1H(Y|X=1)

= h(p:Q:-1) — p:(Qe-1) = h(Q) — pch(Q:-1).

Referring to (19a) and (19b) and (20) leads us to conclude that any r
={(ry, ..., rr) € #7(p) is achievable, which is Theorem 3.

5. SOME AD-HOC RESULTS

Let us look at the family of achievable rates for Cases 1 through 3
when we impose the additional constraint that the rates at each
generation be equal, i.e., that B, = R, 1 < t < T. This is the case
studied by Rivest and Shamir.! There is no closed-form expression for
the maximum achievable R, but we can find it numerically as follows.

We seek aset {p,},0 =p,<1,1 <t =< T, such that

t—-1

R; = h(p,) H1 pi =R (65)
=
Thus if pr is chosen, Rr—; = R implies that

h(pr-1) = pr-1h(p7),

for which there is exactly one solution for pr_;. Further, 1/2 < pr_; = 1.
Define a()\), 1/2 = A < 1, as the unique solution of

Qpy
Py 0 00

1-Qr4

1-p, 10 1

Fig. 2—Equivalent channel for Case 4.
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ha) = ah(N). (56)

We see that
Pr-1 = al(p7)
pr— = ala(pr))
p1 = TV (py), (57)

where o®(-) is the kth iterate of a(-). Differentiating (56) with respect

to A yields
da() _ (dA\" _ (R'(a) = RO\
a <da> ‘( “h (V) ) >0,

1/2 < X < 1. Thus, o' V(-) is monotonically increasing. Since R; =
h(p:) = R, we maximize R by minimizing p; = «'™?(pr). Thus choose
pi=1/2.

The iterates «¥(1/2) can be obtained graphically or numerically in
a straightforward manner. We obtained o™(1/2) = 0.77291 ...,
a®(1/2) = 0.83524, «®(1/2) = 0.86876, «¥(1/2) = 0.89021. Thus, under
the constraint R, = R, we have for T = 4, C = Y% R, = 4h(a*(1/2)) =
1.997 ..., while the unconstrained total capacity is log(4 + 1) =
2.3219 ...,

Several ad-hoc coding schemes were investigated for Case 2 where
the encoder is informed of the previous contents of the WOM but the
decoder is uninformed. Only the results for one of these schemes is
repeated here. ‘

The simplest case of the coding scheme to be discussed is to consider
that the WOM is segmented into two equal-sized sub-WOMs, one for
storing data and one for directing the decoder to the newly written
data. In the first generation the encoder writes in the data-storing
sub-WOM and the reader reads from that sub-WOM. For subsequent
generations, the encoder does two write operations. It first copies the
state of the data-storing sub-WOM into the second sub-WOM. It then
writes new data, only in these positions of the data-storing sub-WOM
in which there are zeros. By comparing the information in the two
halves of the sub-WOM, the decoder knows in which positions (of the
data-storing sub-WOM) the new data have been written.

Rather than optimize and analyze this simple case, we do this for a
generalized version of this scheme. We take the N-bit WOM and
subdivide it into [N/K] K-bit bytes. At each generation, if a given byte
is the all-zero sequence, the encoder can use it to convey new data.
However, if it is any other sequence, the encoder nulls it by overwriting
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the all-one sequence in that portion of the memory. The decoder treats
any byte other than the all-one byte as carrying new information.

The encoder uses the following scheme to write new information.
On the t-th generation, i = 1, 2, ..., T, it writes the all-zero word
with probability p, and it writes any of the (2% — 2) words that are not
all zero or all one with equal probability (1 — p,)/(2¥ — 2). It does not
use the all-one word to carry information.

The rate of information for the T generations is as follows:

1 1 - 1
Bi=% [—pllog p1— (1 — p)log %] £ ¢ [k(p)],

=%ﬂk(pt)) t=2’3""7T-

The total rate sum for this scheme is then

R,

1
Cr= X [k(p1) + prk(p2) + -+ + (p1p2 - - - Pr-1)k(pp)].
In a manner similar to that used in Section I, one can prove that for
a fixed K, the maximum Cr is obtained for

[ - 1E*—2) + @2F - 1)]
iek-2)+ @2-1)

Pr-i =
resulting in a maximum C, of
1 )
Cr= % log(T'(2K — 2) + 1).

For T'= 2 and 3, the largest values of Cr are obtained for K = 3, and
for T' = 4, the largest values of Cy are obtained for K = 2.
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