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In most time-shared computer systems a program is processed by the central
processing unit for, at most, a fixed period of time called a time slice, or
quantum. If the program requires more processing after it has received its
quantum, it is placed at the end of a run queue. This procedure is repeated
until the program has finished executing. To the user who submitted the
program the two most important performance measures of such a system are
the mean and variance of the program’s total elapsed time of execution. This
total elapsed time is often referred to as the “response time”. In this paper we
investigate the effect of the quantum size on the mean and variance of the
response time.

I. INTRODUCTION

The round-robin queue has been studied by several authors as a
model of time-shared computer systems. In a time-shared system, the
arrivals of requests for service as well as the service times may be
thought of as random variables. From the user’s point of view, the two
most important measures of performance in such a system are the
mean and variance of the response time. The round-robin discipline
implicitly favors jobs with shorter service times, in the sense that the
mean response time is approximately a linear function of the service
time.! Thus far, however, the variance has proved to be intractable in
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the case of a general service-time distribution. In the case of exponen-
tial service times, Muntz has found the Laplace transform of the
waiting-time distribution.?

The round-robin model can be described as follows: New arrivals
join the end of the queue, and all jobs in the queue are served on a
first-come first-served basis until they have completed their service
requirement or have received one quantum of service. When a job has
completed service, it leaves the system, and the next job in the queue
begins service immediately. If a job requires more service after receiv-
ing its quantum, it rejoins the queue. In this paper we assume that the
arrival process is Poisson but the service times are governed by a
general distribution. Overhead due to switching between jobs can be
included by adjusting the service requirement. For simplicity of ex-
position we assume that the quantum is constant. Variable quantum
sizes also yield to our method of analysis.

In this paper we address the following questions:

1. What value of the quantum minimizes the mean sojourn time of
a given class of jobs?

2. For a given class of jobs what is the variance of the sojourn time
and what quantum minimizes the variance in the sojourn time?

Here “sojourn time” refers to the total amount of time that a job is
in the queueing system, both in the queue and in service. To answer
the second question, we use a new light traffic-heavy traffic interpo-
lation (which we will call the RS interpolation) developed by M.
Reiman and B. Simon, which makes use of a “light traffic derivative”.?

In Section II we describe exactly how one calculates the mean
waiting time in a round-robin queue. In Section III the results on
minimizing the response time and a simple method for finding the
optimal quantum are presented. The RS interpolation is described in
Section IV, and in Section V we present some numerical examples.

II. THE MEAN WAITING TIME

The mean waiting time in a round-robin queue has been studied by
several authors.*® By “waiting” time we mean the total amount of
time that the job spends in the queue (but not in service). In this
section we describe the authors’ analysis and set the notation that will
be used throughout the paper. As mentioned above, we assume that
the arrival process is Poisson with rate A and that the service times of
_newly arriving jobs are independent, identically distributed random
variables with distribution function F and density f. Let q denote the
quantum size. We say that a job in the system is type j if its service
time requirement as a newly arriving job is between (j — 1)q and jg,
and we say that it is type (i, j) if it is type j and has received between
(i — 1)q and iq units of service.
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The following are additional notations:
m is the mean service time.
p is the traffic intensity, Am.
p; is the probability a newly arriving job is type j.

m; is the mean amount of time that a type (i, j) job in the queue
will occupy the server the next time it receives service.

M;; is the second moment of the amount of time that a type (i, j)
job in the queue will occupy the server the next time it receives
service.

R; is the mean forward recurrence time of a type (i, j) job.

€); is the mean number of type (i, j) jobs in the queue.

w; is the mean amount of time that a job must wait in the queue
in the ith time in the queue.

W is the mean amount of time that an arbitrary job must wait in
the queue before it completes its total service-time requirement.

2.1 Linear equations for the w;
A derivation of the following equations is contained in Ref. 5.
wr = Y myQy; + \pymyRy, (1)
j=1

1<i<j

and forn = 2

X myQ; + ApjmiMnioy,;
j=zn
1=<i<j—n+1

Wn

n—1
+ X
i=

i=1

(2 )\pkmik> (wn—i + q). (2)

k=i

Using Little’s Law, which takes the form @; = Ap;w; in this case, we
can eliminate @; from (1) and (2). One can easily verify that the
matrix form of the equations for the w; is

w = pMw + pb, 3)

where w is the vector whose ith component is w;, and M and b are a
matrix and a vector, respectively, that are independent of p. Finally,
the mean waiting time, W, is given by

W= g Piwi. 4)

The following fact can be used to simplify the expression for b:
b1 = 2m‘1 E ijijs

Jj=1
1=i<j
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and for n = 2
b, = q. (5)
2.2 Favoring a class of jobs

Using the above results we can compute the mean waiting time W*
of a particular class of jobs if we are given the service-time distribution
F; of arrivals of that class:

8

J

W= 3 (1 - F((j - D).

U

Figure 1 suggests that, at least in some fairly typical cases, the
quantum size that minimizes the mean waiting time of a preferred
class of jobs is neither very big [which is, in essence, First-In First-
Out (FIFO)] nor very small (processor-sharing), but is just big enough
to let all the preferred jobs complete service without having to feed
back.

In this example, F, is uniform between one and three, F, is uniform
between four and eight, and F = 0.75 F, + 0.25 F,. In addition, A =
0.1, so p = 0.3. Note that ¢ = 3 minimizes W' over all ¢, and in
addition, the mean waiting time of the complementary class decreases
with increasing q.

2.3 A simple method for approximating the optimal quantum size

Since the expression for W' is complicated, it is quite difficult to
find the optimal quantum ¢, without significant computational effort.
The following observation (from numerical experiments) yields a
simple method for finding go.

Observation: The value of g that minimizes [d W'(0)]/(dp) is close
to the value of g that minimizes W* (for arbitrary values of p, 0 < p <
1).

An easy calculation using (3) implies that

1 e
O3 1 - Rl - Daby
Y j=1
Using (5) we see that
1 [~
dV‘; ©) =b +q Y [1 - F(ol
P j=1

IIl. THE RS INTERPOLATION
3.1 Description

We describe the interpolation as it is applied to the steady-state
waiting time distribution in the round-robin queue with Poisson
arrivals. The interested reader is directed to Ref. 3 for a general
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Fig. 1—Expected sojourn times as a function of the quantum for (a) type II jobs and
(b) type I jobs.

treatment of the method. Let W,(p), 0 < p < 1, be the nth moment of
the steady-state waiting time distribution as a function of p, the traffic
intensity. Let W,(p) = (1 ~ p)"W,(p) when 0 < p < 1, and let W,(1)
= %}i_r}rll(l — p)"W,.(p). W,(1) is well-defined and finite by the argument

in Ref. 6.
Note that W,(0) = W, (0) is zero and W, (1) can be calculated as the

heavy traffic limit using a diffusion process. One can interpolate
between light and heavy traffic to get the approximation formula:

W.(1)p + W.(0) _ Wa(1)p

e L
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This idea is, of course, well known. The novelty of the RS interpo-
lation is that it makes use of the derivative of W,(p) at p = 0, which
we will denote by W.(0). It is clear that W;,(0) = W.(0). The RS
interpolation is

(Wa(1) — W(0))p® + Wa (0o

Wn(p) = (1 _ p)n

3.2 The light traffic derivative

Let g be a fixed quantum, and let o(x, a, b) be the total waiting time
of a tagged job, J;, that requires a units of service given that in the
entire history of the system exactly one other job, J,, arrives x units
of time after J; and requires b units of service. Here, a and b are
nonnegative real numbers, and x is any real number with negative x,
implying that J; arrived before ;. Figure 2 describes ¢.

Let

on{a, b) = f o(x, a, b)"dx

and let F; be the service-time distribution of J;, i = 1, 2. The following
theorem allows us to calculate W, (0).

Theorem 1:

W5(0) = E(Fp)™ J; J; an(a, b)dFi(a)dF2(b).

The proof of a more general version of this result is contained in
Ref. 3. We now present a formula for W;,(0) using the above theorem.
A straightforward calculation yields

7n(a, b) = {b — max[0, (Lb/q! — La/ql)g]}i***/(n + 1)
+ max(0, Lb/q] — La/ql)[(La/q) + 1)"**
- la/qI™g™/(n + 1)

min

+ max(0, La/q) — Lb/ql)gb™ + q"** Y, k",
k=0

where min = min (la/ql, Lb/ql) and Lx is the greatest integer less than
x.
Hence,

(j+1)g (i+1)q
Wi(0) = E(F2)™ X f n(a, b)dF(a)dFx(b)
q iq

ij=0 Jj

(7+1)q
= E(F)™ Y (Fu(G + 1)g) — Fi(ig) JJ; n(i, D)AF,(b).

i,j=0
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And

+lg
f Gn(i, b)dFy(b) = M},1i[max(0, j — i)ql/(n + 1)
Jjq

+ M?Z.(0)max(0, i — j)g

min(i,j)

+ M, [q"“ Y k™ + max(0, j — i)
=0

[(l + 1)n+1 — in+1]qn+l/(n + 1)]
Here M?%(x) = [$*D9 (b — x)*dFy(b).

3.3 The heavy traffic limit

The queueing system under consideration in this paper is a special
case of the multiclass feedback queue analyzed in Ref. 6. Here we
follow the development in Ref. 7 for the readers’ convenience.

Let U(t) denote the unfinished work process. Formally,

U(t) = V() — Oinf{V(s)},

where V(t) = L(t) — t and L(t) is the total amount of work entering
the system in [0, t]. (We assume the system is empty at ¢ = 0.) Define
a sequence of systems whose parameters, and queue-length and so-
journ-time processes are indexed by n = 1, and consider the normalized
processes

U(n) (nt)
Vn

over some finite interval, which we normalize to [0, 1] for convenience.
For a heavy traffic limit we assume \™ — m™ as n — ». We have the
result of D. C. Igelhart and W. Whitt (1971).

Theorem 2: If

U(n)(t) = y n=1

lim(e™ — 1) vn=¢, —0 < ¢ < o0,
n—o

thenasn— o
(‘](n) = U = RBM[C’ m—l(s + mZ)]’

where = denotes weak convergence.

Here s is the variance in the service times, and a is the variance in
the interarrival times. RBM(d, o2) is one-dimensional reflected
Brownian motion with drift d and infinitesimal variance ¢

Now consider the normalized queue-length process
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A M(nt) . C_ .
Q,j(t)=T, O<st=lnz=zlj=zl1=<i=]j.

We have
i j
Ut = Y ¥ QP(t) T my.
j=1 i=1 k=i
Here = means

lim sup | U™(@) — 3 é Q) é my| =0
k=

n—o 0stsl j=1 i=1 i
in probability.
Theorem 3: Let
Y*"(t) = sup | \pyQy(t) — Ap; Q) |,

where the supremum is taken first over all1=i<jand1=<1i <j’ and

then over all j, j' = 1. If \™ — m™, then as n — o, sup Y™(t)
O=t=1

converges in probability to zero.
Using these results one can prove the following.

Theorem 4: Under the conditions of Theorem 2,
QP = a0
as n — o, where
=3 M\p i imy;.
j=1 i=1

Next we consider sojourn times. Again we use the normalization
wi”(nt)
“Vn
For single-pass jobs (i.e., i = 1),

o) = T myQP(e).

j=1
1=i<j

&M(t) = O<st=<1l,ni=1

So from Theorem 4 we see that
Gf(t) = T 0™() ¥ Apmy.

rs
Thus, from p'” — 1 and Theorem 3 one can prove Theorem 5.
Theorem 5: Under the conditions of Theorem 2,
& = T

as n — oo,
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Let &,(t) = TU(¢) so that
@1(t) = RBM[-T7%, T %(As + A7)

Since we are interested only in the stationary behavior of the
queueing system, we observe that the stationary density of RBM
(e, B), (< 0) is

2| a| B exp(2a8  x).
So the kth moment of the stationary distribution of RBM(«, ) is
K(2|a|p)7*
fork=1,2, ..

Let wf(p), 0 = p < 1 be the kth moment of the amount of time a
job waits in the queue the ith time in the queue, and let

wHp)(1 — p)* 0=p<l1
~k =
G (e) limof(p)(1 —p)* p=1.
p—1

The above results yield Theorem 6.
Theorem 6: For all i,

@¥1) = wf(1) = K[2T/(As + \7H] 75
Furthermore, W,(1), is given by
W.(1) = ai(1) T j*p;

j=1

V. SOME NUMERICAL EXAMPLES

In this section, we present numerical examples of two sorts. Figures
3 and 4 demonstrate the accuracy of the interpolation when applied
to the mean sojourn time. Here we are comparing the interpolation
with the exact formula given in Section II. In addition, these examples
tell us that for some typical load situations, the quantum that mini-
mizes the sojourn time for the type I jobs does not seriously degrade
sojourn time for the type II jobs.

Figures 5 through 10 present the approximation to the variance in
the waiting time for some typical choices of service times using the
RS interpolation to approximate the second moment Wy(p) of the
waiting time. An interesting thing here is the similarity between the
mean and variance regardless of the service-time distribution. Notice
that the qualitative properties of the mean and variance of the sojourn
time as a function of the quantum size are quite sensitive to the
service-time distribution. In the case of exponential service times it
appears that the waiting time gets smaller as the quantum gets smaller,
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whereas in the deterministic and uniform cases it is best to allow all
the favored jobs to finish in one quantum.
The following notations are used in Figs. 3 through 10.
rho is the overall traffic intensity of the example queue.
p 1is the proportion of jobs that are type L.
G1 is the service-time distribution of the type I jobs.
G2 is the service-time distribution of the type II jobs.
EXP(X) means an exponential distribution with mean X.
D means a deterministic distribution with mean X.
U(X,Y) means a distribution that is uniform between X and Y.
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